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Preface

Give me a place to stand on, and I will move the Earth.
Archimedes

Mathematics is the language with which God has written the universe.
Galileo Galilei

As a well spent day brings happy sleep, so life well used brings happy death
Leonardo da Vinci

Scientists investigate that which already is;engineers create that which has never
been
Albert Einstein

The primary goals of this book are to present the basic concepts and principles of
mathematical programming in terms of set-valued analysis (Chapters 2 and 3) and
on the basis of the method of approximation, to develop a comprehensive optimal-
ity theory of problems described by ordinary and partial differential inclusions
(DFI) (Chapters 4—6). This book consists of six chapters divided into sections and
subsections, and contains many results that have not been published in the mono-
graphic literature.

In Chapter 1, convex sets and convex functions are studied in the setting of n-
dimensional Euclidean space. However, the reader familiar with functional analysis
can generalize the main results to the case of infinite-dimensional functional
spaces. In spite of the fact that the stated notions and results are known, they play a
decisive role for obtaining the main results in the next chapters of the book. The
key issues of convex analysis in finite-dimensional spaces have been addressed in
the books Convex Analysis by Rockafellar and Convex Analysis and Extremum
Problems by B.N. Pshenichnyi. The identifications of convex functions and their
epigraphs make it easy to pass back and forth between the geometric and analytical
approaches. It is shown that convex sets and functions form classes of objects pre-
served under numerous operations of combination; pointwise addition, pointwise
supremum, and infimal convolution of convex functions are convex.

In Chapter 2, the apparatus of locally adjoint mappings (LAM) (which is new)
is studied in the light of convex analysis. It is the fundamental concept in what fol-
lows, and it is used to obtain the optimality conditions for the problems posed in
this book. We give the calculus of LAM on different multivalued mappings, such
as the sum, composition, and inverse. We introduce the adjoint (not locally adjoint)
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mapping, using the recession cone, and the connection between the adjoint and
LAM is established. Based on the adjoint mapping, the duality theorems for convex
set-valued mappings are proved.

Chapter 3 is devoted to applications of these basic tools to the study of mathemati-
cal programming with possibly nonsmooth data. Starting with problems of mathemati-
cal programming under functional and geometric constraints, we then consider
various problems of constrained optimization, minimax problems and equilibrium
constraints, infimal convolution of convex functions, duality in convex programming,
and duality relations. In order to formulate a necessary condition for the existence of
an extremum, of course, some special condition by function taking part in the given
problem is required. In particular, in some neighborhood of a point minimizing our
objective function, we deal with the comparatively easily computable functions. As is
known, a smooth function admits a linear approximation. On the other hand, a convex
function can be approached by positively homogeneous functions. However, a non-
smooth and nonconvex function cannot be approximated in a neighborhood of a point
by positively homogeneous functions. Precisely this class of functions is required for
introducing the concept of convex upper approximations (CUAs). The key tools of
our analysis are based on the extremal principle and its modifications together with
the LAM calculus.

Chapters 4 and 5 deal mostly with optimal control problems of the Bolza type
described by ordinary differential, high-order differential, delay-differential, and
neutral functional-differential inclusions. The development and applications of the
LAM are demonstrated in these problems with ordinary discrete and differential
inclusions. In particular, for polyhedral DFI, under the corresponding condition for
generality of position, the theorem of the number of switchings is proved. The cor-
responding results are obtained for linear optimal control problems in linear mani-
folds. For a nonautonomous polyhedral DFI, a special condition for generality of
position is formulated. Moreover, for problems described by ordinary nonconvex
DFI under the specially formulated monotonicity and #,-transversality conditions,
sufficient conditions for optimality are proved.

In Chapter 6, we continue the study of optimal control problems governed by dis-
crete and differential inclusions with distributed parameters, which during the past
15—20 years has been a basic source of inspiration for analysis and applications. Using
LAM and the discrete-approximation method in Hamiltonian and Euler—Lagrange
forms, we derive necessary and sufficient optimality conditions for various boundary
values (Dirichlet, Neumann, Cauchy) problems for first-order, elliptic, parabolic, and
hyperbolic types of discrete and partial DFI. One of the most characteristic features of
such approaches with partial DFI is peculiar to the presence of equivalents to the LAM.
Such problems have essential specific features in comparison with the ordinary differ-
ential model considered in the second part of the book. For every concrete problem
with partial DFI, we establish rather interesting equivalence results that shed new light
on both qualitative and quantitative relationships between continuous and discrete
approximation problems.
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In Chapter 5 and the second part of Chapter 6, we construct the dual problem of
convex problems for ordinary and partial differential inclusions of hyperbolic, para-
bolic, and elliptic types. We study separately the duality problems with first-order
partial differential inclusions. As is known, duality problems have always been at
the center of convex optimality theory and its applications. In this book, we formu-
late duality results and search for the conditions under which primary and dual pro-
blems are connected by such duality relations. For duality constructions of convex
problems, we use the duality theorems concerning infimal convolution and the
addition of convex functions.

Thus, we can list the major features of our book that make it unique:

» The introduction of a new concept of LAM and its calculus.

» The connection between LAM and adjoint (not locally) mappings defined in terms of the
recession cone.

» Duality theorems for convex multivalued mappings established in terms of a Hamiltonian
function.

* The basic results of mathematical programming in terms of Hamiltonian functions.

» Under a suitable condition for generality of position, the theorem of the finiteness of
switching numbers for optimal control of polyhedral differential inclusions.

* Under a special #,-transversality condition, new sufficient conditions for optimality in
terms of extended Euler—Lagrange inclusions for Bolza-type problems with ordinary dif-
ferential inclusions and state constraints.

* A new class of optimal control problems for higher-order differential inclusions.

» Duality relations in mathematical problems with equilibrium constraints via recession
cones. Major features using the method of discrete approximation.

» Optimization of first-order discrete and partial differential inclusions. Note that one of the
characteristic features of optimization of Cauchy for first-order discrete inclusions is the
intrinsic presence of the infinite dimensional self-adjoint Hilbert space /,.

» Optimization of Darboux-type partial differential inclusions and duality.

» Optimization of elliptic, hyperbolic, and parabolic types of discrete and partial differential
inclusions and duality.

» Optimization of partial differential inclusions with a second-order elliptic operator.

» Equivalence results that facilitate making a bridge between discrete and corresponding
discrete-approximation problems.

Throughout this book, a proof is marked with an empty square [J and its end is
marked with a Halmos box, M. Since many problems in engineering reduce to
such problems, the book will be of interest to mathematicians and nonmathemati-
cian specialists whose study involves the use of ordinary and partial differential
equations (inclusions) and approximation methods and its applications, as well as
to undergraduate, graduate, and postgraduate students at universities and technical
colleges. In other words, the book is intended for a broad audience—students of
universities and colleges with comprehensive mathematical programs, engineers,
economists, and mathematicians involved in the solution of extremal problems.

Basic material has also been incorporated into many lectures given by the author at
various international conferences in London, UK; Zurich, Switzerland; and Leipzig,
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Germany, and the Banach international mathematical center in Warsaw, Poland,
during recent years.

This book includes an index of symbols and notation, and a subject index. Using
the subject index, the reader can easily find the page where some notion or notation
is introduced. Our notation and terminology are generally consistent with those
used by Rockafellar, Mordukhovich, and Pshenichnyi in their writings. For the
reader’s convenience, an introduction in each chapter of the book describes the
contents and commentaries, and outlines a selection of material that would be
appropriate for the subject. This book is also accompanied by an abundant bibliog-
raphy. Parts of this book have been used by me in teaching graduate and postgradu-
ate students on Convex Analysis, Optimal Control Theory, and Nonlinear Analysis
and Its Applications at Azerbaijan State University and Istanbul Technical
University.

Prof. Elimhan N. Mahmudov
Baku and Istanbul
August 2011



Acknowledgments

My first thanks go to Boris S. Mordukhovich, Professor in the Department of
Mathematics at Wayne State University, who inspired me during the work on this
book. I am particularly indebted to Alex Rubinov, V.F. Demyanov, and A.V.
Kryazhimskii at all stages of this book for recognizing and supporting my first
efforts in the field of locally adjoint mappings and optimization. I am indebted to
the Institute of Cybernetics, headed by T.A. Aliev, Academician of the National
Academy of Sciences of Azerbaijan. I would like to thank my genial colleagues C.
Kahraman, N. Serarslan, and S. Polat of Istanbul Technical University for their sup-
port during the preparation of this book. I am very grateful to the supportive editors
at Elsevier for their help during the preparation and publishing of this book; the
timely publication of this book is a direct consequence of the help of Lisa Tickner,
Publishing Director at Elsevier. Especially valuable help was provided by my doc-
toral students Ozkan Deger, Murat Unal, and Kutay Ting. And I thank my pencil
sharpener, my younger daughter Elmira, for her interest in my book.

Prof. Elimhan N. Mahmudov
Baku and Istanbul
August 2011



About the Author

Elimhan N. Mahmudov was born in Kosali, Karayazi, and after graduating the secondary
school with a gold medal for being the most successful student, he attended Azerbaijan
State University as part of the Mechanical—Mathematical Department. From 1973 to
1977, he was a PhD student at the Cybernetics Institute of Academy of Sciences of
Ukraine advised by Prof. B.N. Pshenichnyi—Academician, one of the most prominent
authorities in the fields of theory of extremal problems, numerical methods, and game
theory. EXN. Mahmudov defended his thesis in Ukraine in 1980. He then worked as a
Ph.D. and senior scientific associate at the Cybernetics Institute of Academy of Sciences
of Azerbaijan until 1995. He also taught part time at the Azerbaijan State University and
was a permanent member of the Physical—Mathematical Doctoral Sciences Committee
in Azerbaijan. On the recommendation of the Physical-Mathematical Doctoral
Committee of the Taras Shevchenko’s Kiev State University, in 1992 he became a Doctor
of Physical—Mathematical Sciences, and he has earned both a Ph.D. and a Doctorate of
Sciences from Moscow. In 1992, he received a Grant Support for Mathematics by
National Science Foundation in Washington, DC, and became a member of the American
Mathematical Society.

Prof. Mahmudov has devoted numerous research papers to Convex Analysis,
Approximation Theory, Optimal Control Theory, Dual Problems, and Mathematical
Economy, which have been published in high-level Science Citation Index (SCI) jour-
nals in the former Soviet Union, the United States, and Europe. His textbooks include
Mathematical Analysis and Its Applications, published in 2002 by Papatya, Istanbul,
and Single Variable Differential and Integral Calculus (in press). He has lectured on
the problems of Optimal Control at International Conferences in England, France,
Switzerland, Germany, Poland, Russia, and Turkey, and at the World Mathematical
Banach Center in Warsaw, Poland. He is an Editor of the journal Advances in Pure
Mathematics (APM).

Prof. Mahmudov currently teaches Nonlinear Programming, Game Theory, and
applications in Economics, Nonlinear Optimization, and Numerical Analysis at
Istanbul Technical University. He enjoys playing chess, playing Tar and Saz,
Azerbaijan folk instruments, and traveling and is an avid painter.



1 Convex Sets and Functions

1.1 Introduction

Convexity is an attractive subject to study, for many reasons; it draws upon geome-
try, analysis, linear algebra, and topology, and it has a role to play in such topics as
classical optimal control theory, game theory, linear programming, and convex pro-
gramming. Convex sets and convex functions are studied in this chapter in the set-
ting of n-dimensional Euclidean space R". (However, if you are familiar with
functional analysis, you will be able to generalize the main results to the case of
infinite dimensional functional spaces.) These results play a decisive role in obtain-
ing the main results in the next chapters of this book. In the field of convex analy-
sis, you can consult Rockafellar [228] and Pshenichnyi [226] for related and
additional material (most of the familiar results on convex analysis presented in
this chapter are taken from Pshenichnyi [226]). The basic idea in convexity is that
a convex function on R” can be identified with a convex subset of R"*!, which is
called the epigraph of the given function. This identification makes it easy to move
back and forth between geometrical and analytical approaches. It is shown that
pointwise addition of functions, pointwise supremum, and infimal convolution of
convex functions are convex, in fact, convex sets and functions are classes of
objects that are preserved under numerous operations of combination. A function is
closed if its epigraph is closed. The latter is equivalent to lower semicontinuity of
functions. This leads to the notion of the closure operation for proper convex func-
tions, which corresponds to the closure operation for epigraphs.

In Section 1.2, we study some topological properties of sets and their convex
hull, and consider how a convex set can be characterized by both Minkowski’s
method and support functions. The role of dimensionality in the generation of con-
vex hulls is explored in Carathéodory’s theorem (Theorem 1.1). It is interesting
that Theorem 1.2 (Gauss—Lucas) says that the roots of the derivative of a noncon-
stant complex polynomial belong to the convex hull of the set of roots of the poly-
nomial itself. The foundations for extremal theory are laid in the Separation
Theorems 1.5—1.7.

In Section 1.3, we discuss the convex cone, which is one of the important con-
cepts in convex analysis and extremal theory. The investigation of its properties is
connected with the calculation of the dual cone.

The cones Kj, ..., K, are called separable if there exist not all zero vectors
x; €K}, such that x7 + --- +x} =0. By Theorem 1.12, if K=K;N---NK,,, then
either K* = K + --- + K or the cones K|, ..., K,, are separable. By Lemma 1.17,

Approximation and Optimization of Discrete and Differential Inclusions. DOI: 10.1016/B978-0-12-388428-2.00001-1
© 2011 Elsevier Inc. All rights reserved.
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(KiN--NKy'= K} + --- + K. But since for polyhedral cones, K| + --- + K is
also a polyhedral cone, this sum of cones is closed and the bar above it can be
removed. One of the remarkable properties of a polyhedral set is that it can be repre-
sented as a sum of polytope (polyhedron) and polyhedral cone. Conversely, the sum
of any polytope and polyhedral cone is a polyhedral set (Theorem 1.14). The reces-
sion cone of a nonempty convex set M, i.e., the set of vectors X such that M +x < M
is denoted by 0" M and for a bounded set 07 M = {0}.

In Section 1.4, we develop the main properties of convex functions. Recall that
by Definition 1.20 a function f is said to be proper, if fix) < +oo for at least one x
and f(x) > —oo for every x. A function that is not proper is improper. It follows
from Lemma 1.24 that dom fis convex, even if f is an improper function. Besides,
an improper convex function may have a finite values only at points of the relative
boundary of dom f. The sum of proper convex functions f;, i =1, ..., m with non-
negative coefficients is convex (Lemma 1.27).

It is known that the indicator function &, -) of M is useful as a correspondence
between convex sets and convex functions. Then note that the sum of proper con-
vex functions f;, i=1,...,m with nonnegative coefficients may not be a proper
function (Lemma 1.27). For example, for the disjoint sets M; and M,, the sum of
indicator functions 6y, + dp, is identically +oo.

We shall denote the gradient of f at x by f'(x) and the Hessian matrix of f at x by
f"(x), whose (i.j)th element is 6°f/ox'ox’. Then if f is twice differentiable, the con-
vexity of f and the positive semidefiniteness of f”(x) are equivalent. Of course, the
latter is an important result not only in analysis but also in nonlinear programming.

Lemma 1.29 implies that properness of convex functions is not always preserved
by infimal convolution f| @f,, which is commutative, associative, and convexity-
preserving. Indeed, if f; and f, are linear functions not equal to each other, then
their infimal convolution identically is —co.

The convex hull conv g of a nonconvex function g, defined as the greatest con-
vex function majorized by g, is used in establishing the dual problem governed by
polyhedral maps in Section 5.2. In Theorems 1.16 and 1.17, the continuity and
Lipschitz properties of convex functions are shown. By Theorem 1.18, f, a proper
convex function, is necessarily continuous on ri dom f. As is seen from this theo-
rem, a convex function is continuous in dom f and may have a point of discontinuity
only in its boundary. In order to characterize the case in which there is no such dis-
continuity, it is convenient to introduce the closure function concept (a function f'is
said to be a closure if its epigraph epi fis a closed set in R"*"). By Definition 1.26,
the recession function is denoted by f0* and defined as epi (fO7)=0" (epi /).
Obviously, if fis a proper convex function, then the recession function f0* of fis a
positively homogeneous proper convex function.

Section 1.5 is devoted to the conjugate of a convex function, which is one of the
basic concepts both of convex analysis and of duality theory. The definition of the
conjugate of a function grows naturally out of the fact that the epigraph of a closed
proper convex function on R” is the intersection of the closed half-spaces in R""!
that contain it. The function defined as f*(x*) = sup,{(x,x*) —f(x)} is called the
conjugate of f. It is closed and convex. It is useful to remember, in particular, that
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Young’s inequality f(x) + f*(x*) = (x,x*) holds for any function. If here fis a proper
convex function, then we shall refer to this relation as Fenchel’s inequality. Taking
conjugates clearly reverses functional inequalities: f; = f, implies f;* =f5.

The polar of a set M is denoted by MO and defined as M° = {x*: Hy,(x*) =1},
where Hj(x*) is a support function of M. Note that if K is a convex cone, then
K° = {x*:(xx*) =0, VxeK} and so K*=—K°. Then ry(xX*) = dp0(x*), where
ry(+) is Minkowski’s function. If fis a closed proper convex function, then f= f**
(Theorem 1.21). Thus, the conjugacy operation f—f* induces a symmetric one-
to-one correspondence in the class of all closed proper convex functions on R". By
Theorem 1.23, if fis a closed proper convex positively homogeneous function, then
f5(x*) = gom s+(x*) and dom f* is a closed set. The conjugate function of the
support function of a closed convex set is the indicator function of this set
(Theorem 1.25).

In Section 1.6, we analyze directional derivatives and subdifferentials of convex
functions. The theory of subdifferentiation is a fundamental tool in the analysis of
extremum problems. It is known that, in general, convex functions are not differen-
tiable. Nevertheless, these functions have many useful differential properties, and
one of them is the fact that directional derivatives exist universally. Moreover, for
convex function can be defined as the notion of subgradient and the set of subgra-
dients is the subdifferential conception. If f is a proper convex function and
xpedom f, then the value of the directional derivative f'(xo,p), finitely or not,
always exists for all p (Lemma 1.31). Obviously, the subdifferential 0f(xg) is a
closed convex set. The directional derivative f'(xq,p) is a positively homogeneous
convex function of p. Theorem 1.27 asserts that x* € 9f(xp) if and only if (xp,x*) —
Sfxp) =f*(x*). This simple fact will be used in the next investigations. Also, if fis a
closed proper convex function, then x* € df(xp) if and only if xoe df*(x*) (Corollary
1.2). In Section 1.4, we will see that multiplication by positive constants of convex
functions, their addition, and the pointwise supremum of convex functions are
again convex. So it is important to calculate the subdifferentials of such functions.
We have that for fix) = « fo(x), a >0, 0f(xp) = adfp(xp). Let f1, f>» be proper convex
functions and f= f; + f5, xoedom fiNdom f, and suppose either (1) there is a point
x; €dom fiNdom f>, where f; is continuous, or (2) ri dom f;Nri dom f> # (J. Then &f
(x0) = Of1(x0) + Of2(xg) (Moreau—Rockafellar). In Theorem 1.31, we calculate the
subdifferential of functions of the form f(x) = sup, {f(x, @): a€A}.

If a set M is given by the inequality of the form M = {x: fix) =0}, where fis a
convex function, then under the existence of an interior point it is proved that the
dual cone is expressed by cone Of(xp), i.e., [cone(M — xp)]* = —cone Of(xp)
(Theorem 1.33).

1.2 Some Basic Properties of Convex Sets

We consider the vector x, belonging to n-dimensional real Euclidean space X = R”".
We also consider its dual space X* =R". In this book, the inner product of two
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vectors xeX and x* € X* is defined by (x,x*) = 37, x'x", where x’ and x* are the
components of x and x*, respectively. Let us explain the difference between the
two spaces X and X*. The point is that each element of X* plays the role of a linear
function defined on X. It is well known that any linear function I(x) defined on X
can be given by some x* so that /(x) = (x,x*). Thus, in order to emphasize the fact
that x* defines a linear function, we introduced such notation.

Definition 1.1. A subset M is said to be convex if

Axy+XoxeM, A, =0, A\ +X=1.

Whenever x;, x,eM, it follows that &J and R” are convex.
Let us give some important properties of convex sets.

Lemma 1.1. Let {M;:iel} be a collection of nonempty convex sets in R”, where
[ is an arbitrary index set. Then the intersection
M= N M,'
iel
is also convex.
[0 By definition, if x;, x,€M, then x;, xo,€M,, i€l, and so \x; + \xp,eM; for all
iel and hence A\ x; + Mbx,e MM

Lemma 1.2. If M, and M, are convex sets in R”, then so is the sum ¢;M; + c,M>,
where c;, ¢, are real numbers.

[0 Recall that by definition, ¢;M; + c,M, is the set of points of the form
c1X1 + cax,, wWhere x €M, x,€M,. Now, the proof of the lemma follows from the
definition of a convex set. ll

Lemma 1.3. If M is a convex set and ¢; =0, ¢, =0, then

(Cl + Cz)M = C]M + CzM.

[ The inclusion = would be true whether M is convex or not. The reverse inclu-
sion D follows from the convexity relation

C1 C2
M> M + M
cptce citoep

on multiplying through by c; + ¢;, provided ¢ + ¢, >0. If ¢; = ¢, =0, the asser-
tion of the theorem is trivial. ll

Definition 1.2. A point x is called a convex combination of points xi, ..., x,, if
there are nonnegative numbers )i, ..., A, such that

X:)\lxl + .- +)\me
)\iEO, i=1,...,m, )\1+"'+)\m:1~

(1.1)
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Lemma 1.4. If M is a convex set and x;eM, i =1, ..., m, then the set M contains
all the convex combinations of elements x, ... , X,,.

[ It is convenient to use mathematical induction; for m = 2, the assertion follows
from the definition. Make the induction hypothesis that M contains all the convex
combinations of elements x, ..., x,,, where m = k. We show that

X = /\1)(1 + /\2x2 + .-+ /\kxk + )\k+1xk+1 eEM

for all \; such that \;=0, A\; + --- + A\, = 1. For convenience, suppose \; > 0.
Thus, 1-— )‘k+] = )\] + .-+ >\k>0 Since

k Y 1 k
Zl_)\k-H B 1_/\k+lz)\[:1’

i=1 i=1

by the induction hypothesis

Al

= —X =+ ...
1= v

y xkeM.

n k
1= Nt
Therefore, by the definition of convex set

x= (1= Nt1)y + M1 41 €M W

Note that in many situations in which convex combinations occur in applied mathe-
matics, Aj, ..., A, can be interpreted as proportions or probabilities. For example,
if m particles with masses «q, ..., q, are located at points xi,...,x, of RS,
the center of gravity of the system is the point x = A\jx; + --- + \,x,,, where
A= aif(a; + -+ + ). In this convex combination, ); is the proportion of the
weight, which is at x;.

Definition 1.3. The intersection of all convex sets containing M is called the con-
vex hull of a set M and denoted by conv M.

We show that conv M is the smallest convex set containing M, characterizing it
as the set of all convex combinations of points of M. Using this characterization,
we prove two combinatorial results, one due to Carathéodory, the other to
Gauss—Lucas on the location of the roots of the derivative of complex polynomial.

According to Lemma 1.1, conv M is a convex set. Since M <conv M, by
Lemma 1.4 it contains all the convex combinations of elements xq, ..., X,,:

X=Ax;+ -+ Nux, xieM, i=1,...,m
A=0, i=1,....m, M+ -+, =1

Moreover, it is not hard to see that the set of such points itself is convex. Thus,
on the one hand, conv M contains all the convex combinations (Eq. 1.1) of ele-
ments Xy, ..., X,,; on the other hand, by Definition 1.3, conv M S M.

Thus, we have obtained the following result.
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Lemma 1.5. Let M be a set in X =R". Then conv M is the set of all convex combi-
nations of points of M.

Carathéodory’s theorem, which is proved below, states that each point of the
convex hull conv M can be expressed as a convex combination of n + 1 or fewer
points of the set. Thus, a point in the convex hull of a set in R? is either a point of
the set or belongs to a line segment, a triangle, or a tetrahedron with vertices in
the set.

Theorem 1.1. (Carathéodory) Let M be any set in X =R" and x be any point in
conv M. Then x can be expressed as a convex combination of n + 1 or fewer points

of M; i.e., for every xeconv M, there are points x, ..., x,€ M, such that
x= )\i)q + -+ Ax,, (1.2)
ME++AN=1 A =0,...,)\=0,

where r=n + 1.

L] In fact, we must show that r=n + 1. Take a point of the form of Eq. (1.1) and
show that the number of nonzero terms in Eq. (1.1) can be reduced if m>n+ 1. It
is sufficient to assume that )\; > 0. Consider the (n + 1)-dimensional vectors (x;1),

i=1,...,m. Since by assumption, the number of such vectors is m >n + 1, there
is a linear dependence. Hence, there exist scalars «;, i =1, ..., m, not all zero such
that
m
Z QX = 0 (1 3)
i=1
and
m
a; =0. (1.4)

Of course, by Eq. (1.4) there are necessarily positive «;. Let us denote

\
€0=min{—':a,«>0, i=1,...,m}.

Q;

Suppose the minimum is attained at i =iy. Then it is clear that for any o,
i=1,...,m

N =N —¢coq; =0.

Obviously by (1.3) and (1.4),
XM:X = Zm:Aixi — &0 (iam) =X
i=1 i=1 i=1
ix = i)\i ) (i%) =1
i=1 i=1 i=1
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By the choice of ¢, the new coefficients 2\ are nonnegative, and at least one of
them is 0. We therefore have an expression of x as a nonnegative linear combina-
tion of fewer than m elements. This reduction is possible until m >n + 1.1

Theorem 1.2. (Gauss—Lucas) The roots of the derivative of a nonconstant complex
polynomial belong to the convex hull of the set of roots of the polynomial itself.
[ Let P be the complex polynomial defined by the equation

P(Z) = aOZn + e ta,—1z2tay,
where n=1 and aq, ..., a, are complex numbers with ay# 0. Then

P(2) = ao(z — 20) - (2 — 2n),

where 71, ..., z, are the roots of P, each being repeated according to its multiplic-
ity. A routine verification shows that for z#zy, ..., Z,,
P'(z 1 1 -7 I~
@ _ = '2 e (1.5)
Pz) z—z 2=z |z—zl |z =z

where 7 is the conjugate of z. Now, let z be a root of P’. We establish the theorem
by showing z as a convex combination of zj, ..., z,. This can be done trivially if z
is one of zj,...,z, so we assume that this is not the case. Setting P'(z) =0 in
Eq. (1.5), we find that

7zl+...+—zn
o= lz—z |z — z?
1 1 ’

- 4+
2 2
|z — z1l |z — zal

which expresses z as a convex combination of zj, ..., z,. Here we have used the
fact that if P'(z) =0, then P'(Z)=0.1

Note that the open unit ball B in R” centered at the origin and radius 1 is the set
of all points of R" whose distance from the origin is less than 1; i.e.,

B={x: x| <1}, lxll={xx)">

Definition 1.4. A point x of a set M in R" is said to be an interior point of M, if
there exists a number € >0 such that x + eBS M.

The set of interior points of M is called the interior of M and denoted by int M.
Clearly, int M;<int M, when M; =M,. A set in R”, each of whose points is an
interior point of the set, is said to be open. Since int M <=M is always true, M is
open if and only if int M = M. Clearly, the sets (J and R" are open.

Definition 1.5. A point x is said to be a limit point of M if there exists a sequence
x;€M that converges to x. The set of all limit points of M is called the closure of
M and is denoted by M.



8 Approximation and Optimization of Discrete and Differential Inclusions

Lemma 1.6. The closure and interior of a convex set M are convex sets.
O If M is convex, then x;eint M and x,eint M imply that x; +&BSM,
Xy + e,BS M. Let Ajx; + Aox, be the convex combination of points x; and x,. Thus,

/\1()61 + ElB) + /\2()62 + EzB) = )\1)61 + )\2)62 + (/\181 + /\QEZ)BEM;

i.e., A\jx; + Apx, is a point of int M.

Now, if x;,x,€M, then by definition of a closure set there exist sequences
Xig Xox €M, such that xi; —xq, xop = Xo. Let Ajxqx + Aoxoi be the convex combina-
tion of points xy;, xox. Therefore, since A\jxy; + Axpr€ M, we have Ajx; + \oxy =
liIIlkH oo(>\lx1k + )\1X2k) EM. |

Definition 1.6. Let M be a convex set in R” and x, be any point of M. Then the
intersection of all possible underlying (carrier) subspaces containing M — xq
is called the linear hull for a set M and denoted by Lin M. In other words, Lin
M is the smallest subspace of R” that contains M. The affine hull Aff M of a set M
is the intersection of all affine sets (synonyms used by other authors for affine set
include affine manifold, affine variety, linear variety, flat) in R" containing M.

Thus, we may refer to Aff M as the smallest affine set containing M. Then we
can define the affine hull as Aff M = xy + Lin M.

Definition 1.7. The relative interior of a convex set M in R”, which we denote by
ri M, is defined as the interior that results when M is regarded as a subset of its
affine hull Aff M. That is, ri M consists of the points x; € Aff M for which there
exists an € >0, such that x, e M whenever x, € Aff M and ||x; — x;|| =¢; i.e.,

riM = {xeaff M : e >0, (x + eB) N (aff M) M},

where B is a closed unit ball. Observe that i McMcM. Naturally, M is said to be
relatively open if ri M = M.

Definition 1.8. The dimension of a convex set M is the dimension of Lin M and is
denoted by dim M.

A set of m + 1 points xg, X1, ..., X, is said to be affinely independent if Aff {x,,
X1s « -+ » X} 18 m-dimensional. If {x, xy, ..., x,,} is affinely independent, its con-
vex hull is called an m-dimensional simplex, and xy, xy, ... , X, are called the verti-
ces of the simplex.

For an n-dimensional convex set, Aff M = R" by definition, so ri M = int M.

It should be pointed out that although the inclusion M; =M, implies M; =M,
and int M, cint M,, it does not generally imply ri M, cri M,. For example, if M,
is a square in R? and M, is one of the sides of M, then ri M, and ri M, are both
nonempty but disjoint.
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Lemma 1.7.1i M =r1i M.

] Observe that Lin M is a closed set containing M, i.e., Lin M DM. On the other
hand, Lin M =Lin M. It is also clear that ri M <ri M. Let us show the reverse
inclusion. Let xeri M and suppose e, ..., e, is a basis for Lin M. Then, for small ¢
we have

eleM, k=1,...,r,

=x+e| e —
Tk k r+1

€
=X— eeM,
o r+1
where e = e + --- + ¢,. The vectors y;, — yy = e, are linearly independent and

1
+
r+1

y0+ Yr.

r+1

This equality means that x is an interior point of an r-dimensional simplex with

vertices Yy, - .., ¥, Taking points y; € M sufficiently close to y;, we see that x is an

interior point of a simplex with vertices y. It follows that x is also an interior point
of M. Thus, riM=>ri M.

Definition 1.9. The intersection of all closed convex sets containing M is called the
closed convex hull of a set M and denoted by conv M.

Lemma 1.8. conv M = conv M.

[J Since conv M is the intersection of all convex sets containing M, we have the
inclusion conv M = conv M. It follows that conv M = conv M. Conversely,
conv M is a closed convex set. Hence, conv M < conv M. This ends the proof of
lemma. l

Theorem 1.3. The convex hull of a compact set is itself compact.
[0 Remember that a set in R” is compact if and only if it is both closed and
bounded (or, equivalently, if each sequence of its points contains some subse-
quence that converges to a point of the given set).

If M is compact and xeconv M, then by Theorem 1.1 we can write:

n+l n+1
X = Z)\ixi, x;eM, X\ =0, Z)\izl.
i=1 =1
Therefore,

n+1

Il =) Nllxll =c,
=1
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where c¢ is a constant such that ||x|| =c¢ for all xe M. Thus, conv M is a bounded
set. We show that M is a closed set. Let

nt+l nt+l

Xy = Zl: NikXik,  Xik €M, Z] A = 1. (1.6)

Since the sequences \; and x;; are bounded, they contain convergent subsequences.
Without loss of generality, assume that \;; — ;o and x;; — x;0€ M (remember that M
is compact). Then by passing to the limit in Eq. (1.6), we have

nt+l nt+l

Xo = E XioXio, Xio€M, E Aio = 1.
= P

It follows that xyeconv M, so conv M is closed. B
The following property of closures and relative interiors of convex sets is
fundamental.

Theorem 1.4. Let M be a convex set in R". If x;eM,x;eriM, then (1 —N\)
X1 + My eri M for all A in (0,1). In addition, M =r1i M.
O If x, eri M, then x, + Lin MN(¢B) =M. Hence, it follows that

(1 — )\)Xl + )\(.Xz + Lin M(EB)) = (1 - )\)x1 + Ax; + Lin M()\EB)EM

That is, since 1i M =r1i M by Lemma 1.7, we have (1 — \)x; + A, eri M. Now, let
X0 €M, xeM, x,— xg, My —0. Thus, (1 — A\)xx + \yeri M if yeri M.

Therefore, x, is a limit point for ri M. Consequently, M =ri M. The reverse
inclusion is trivial. l

Lemma 1.9. Let M be a convex set and xo €M, but xo¢ M. Then in any neighbor-
hood of x, there are points not contained in M.

[0 Take a point yeri M. Then the points of the ray y + A(xo —y), A>1, do not
belong to M. We argue by contradiction. Suppose that if A>1, then
x; =y + Mxo —y)eM. Thus, by Theorem 1.4, we deduce that

1 1
Xo = Xx] + (1 — X)yeri M.

But by hypothesis, xo¢ M. This contradiction proves the lemma. l

The results on the separation of convex sets that we establish below are among
the most important ones in convexity. They are based on the fact that a hyperplane
in R"” divides R" into two, in the sense that the complement of the hyperplane is
the union of two disjoint open convex sets—the open half-spaces associated
with the hyperplane. A hyperplane H is said to separate the sets M| and M, if M,
lies in one of the closed half-spaces determined by H, and M, lies in other. Some
kinds (properly, strongly) of separation the reader can find, for example, in Refs.
[111, 226]. Obviously, if a hyperplane separates two sets, then it also separates
their convex hulls; for this reason, we consider only the separation of convex sets.
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Theorem 1.5. Let M be a nonempty convex set and assume that xo¢ M. Then there
are x* and £ > 0, such that

(6, x*) = (x9,x*) —e  VxeM.

O Let y be the point of M closest to x (since M is closed, a point y exists) such
that

Ilx = xoll = lly = xoll, VxeM.

The convexity of M implies that Ax + (1 — \)y =y + Mx —y)eM for all Ae[0,1].
Thus,

1o+ (1= )y = x0l> = (v = x0 + A(x = y),y = X0 + A(x — )
= lly = xoll* + 22 (x = y,y = x0) + X[lx = yII* = [ly = xol|*.

As a result of a simple transformation we obtain

20—y, y —x0) + Alx —yI>=0, Ae[0,1].
In particular, if A =0 it follows that

(x =¥,y = x0) =0. (1.7)
Let x* =xg—y, e=|x* ||2. Here, y # xo, because xo¢ M by hypothesis.

This implies that x* #0 and so € >0. Now, the inequality in Eq. (1.7) can be

rewritten as follows:

(0, x") = (p,x") = (x0,x") = (x*,x7) = (x0,x") —e.
for arbitrary xe M.l

Theorem 1.6. Let M be a convex set not containing xo. Then, there is a point
x* # 0 such that

(x, x*) = {x0,x*) VxeM.
[0 The assertion follows from the previous theorem if xo¢ M. So assume that
Xo ¢ M. Then, by Lemma 1.9, there exists a sequence xj — X, xkg_f]l_/l . Then, accord-

ing to Theorem 1.5,

(x,x) = (0, x) —ex, € >0.
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Since g >0, it follows that xj # 0. Taking into account that ¢ is arbitrarily small
and xi # 0, we can write

<_> s<_> (18)
[l 1l [l 1

The sequence xj/|lxf|| is bounded and so contains a convergent subsequence.
Without loss of generality, suppose that

£3
Xk

[l

x5, gl =1. (1.9)

Thus, by passing to the limit in Eq. (1.8), we have (x, x{j) = (xo,x().H
Theorem 1.7. If M, and M, are nonempty disjoint convex sets, then there exists
x* =0 such that
{1, X7) = {x2,x%)
for all x; e M, x,€M,.
[0 Consider the convex set M = M| — M,. Since M and M, are nonempty disjoint

convex sets, the point xo = 0 does not belong to M. Then by the preceding theorem
we obtain the existence of x* % 0 such that

{x, x*) = (0,x") (1.10)

for all xeM; i.e., for x = x; — x», x,€M,, x,€M,. Then by substituting x = x; — x,
into Eq. (1.10), we obtain

(x1 —Xz,x*)SO, x €M, xeM,. 1
Theorem 1.8. Let M, and M, be nonempty disjoint closed convex sets, one of
which is compact. Then there exist x* # 0 and € > 0 such that

(x1,X") = (x2,x*) —¢  Vx;eM;, xeM.
[J Observe that, as in the proof of the preceding theorem, the point x, = 0 does not
belong to M = M; — M,. But since M, and M, are closed and one of them is com-
pact, it is not hard to see that M is a closed set. Thus, 0¢ M. Applying the preced-

ing theorem ends the proof of this theorem.

Definition 1.10. Let M be a convex set and O eint M. Then a function
. X
ry(x) = 1nf{a ta>0,— eM}
o

defined on X = R" is called a Minkowski (or gauge) function.
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Since Oeint M, o 'xeM for any x, when « is sufficiently large and ry(x) is
always a finite number. Besides, by definition, r,,(x) = 0.

Lemma 1.10. Let M be a convex set and Oeint M. Then:

a. ry(Ax) = Ary(x) it A=0;

b. ry(x) =1, if xe M and ry(x) = 1, if x¢ M;
c. ryx+y)=ry ) +ry®).

[ a. Let A\a; = a. We have

Ax
ry(\x) =inf{ a:a>0,~eM 3 =inf {\a; : oy >0, ;' xe M)}
« (e (&3]

= \inf{a; : a1 >0, al_lxeM} = Ary(x).
(&3]

b. If xeM, then x/1 €M, so that ry(x) = 1. Now, let x¢ M. On the contrary, if ry(x) <1,
then there is o < 1 such that o 'xe M. Because 0e M and M is convex, we can write

x=(1—a)0+ala 'x)eM,

which contradicts the fact that x¢ M. Thus, ry(x) =1 for all x¢ M.

c. Let v>ry(x) +ry(y). Then there are o and ( so that y=a+ 8, a>rykx),
> ry(y). The inequality > ry(x) implies that a ‘xeM. Indeed, by definition of
ry(x), there is a number «; such that o> o > ry(x) and al_lxeM . Because M is con-
vex and 0eM, it follows that o 'x = (1 — o 1a)0 + o 'ay (o 'x) e M. Similarly, we
can prove that 3 'ye M. Thus, we have

xty x+y «

¥ a+ﬁ_a+ﬁ

() + a—fﬁ(ﬁ"y)eM.

Consequently, ry(x+y)=+. But since ~ is an arbitrary number satisfying
v > ry(x) + 1y (), finally we obtain

r(x +y) = ry(x) + ru(y).

We now associate with each nonempty convex set a convex function known as its
support function. ll

Definition 1.11. The support function Hy, of a nonempty set M in R” is defined by:
Hy(x*) = sup{(x,x*) : xe M}.

Theorem 1.9. Let M be a closed convex set. Then xe M if and only if
(x,x") = Hy (x) (1.11)

for all x*.
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[0 If xeM, then according to the definition of support function, the inequality in
Eq. (1.11) is satisfied.

Conversely, let Eq. (1.11) be satisfied for xq and xo¢ M. Then by Theorem 1.5,
there exist x* and € > 0 such that

<x7~x*) = (x09X*> - €

for all xe M. Thus, the least upper bound (supremum) of the left-hand side of this
inequality is Hy(x); i.e.,

Hy (x") = (x0,x") — ¢,

which contradicts Eq. (1.11).H
Thus, a convex set can be characterized by both Minkowski’s function and sup-
port functions.

By way of an example, we find the support function H,, of the set M defined as
M={x=(xy,...,x,)€R": |x;] + -- + |x,| = 1}.
Let x* = (x},...,x}). Then
Hy(x*) = sup (x*, x) = sup{xx] + - + x5 0 |xi| + -+ + x| =1}
x

xeM
= sup{|xjllxi] + -+ g bl 2l e A bl =13
X

= sup{[max(|xyl, ..., |, DI(lxi] + -+ + [xal) s ber| + - + x| = 1)
=max{|x]],..., x|}
Let ke{l,...,n} be such that |x| =max{|x}],...,|x}|}. Define a point x=
(x1, ..., x,) of M by the conditions x; =0 when i#k and xj is 1 or —1 according

to whether x} is nonnegative or negative. Then

(", x) = || = max{|xl, ..., [x,[},
and, therefore, Hy(x*) = max{|x]|,...,|x}|}. We have thus shown that
Hy(x*) = max{|x]|,..., |x}]}.

1.3 Convex Cones and Dual Cones

A convex cone is one of the important concepts in the theory of extremal problems.
To investigate its properties, first we must calculate the dual cone.
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Definition 1.12. A convex set K is said to be a cone if xeK and A >0 imply that
Mek.

Lemma 1.11. If x, ..., x,,€eK, \; >0, ..., \,,>0, then
)\]xl + )\2x2 + .-+ /\mmeK.

O The proof of the lemma follows immediately from the formula:

A A
Mxp + e+ Ay = /\(Tlx1 ot 7xm>,

where A= \; + --- + \,,, which is Lemma 1.4, and the definition of a cone. i
Thus, a convex cone (or, briefly, a cone) contains any linear combination with posi-
tive coefficients of its elements.

We assume, unless otherwise stated, that the cones being considered are convex.

Definition 1.13. The set of vectors x* e X* = R" for which (x,x*) =0 holds for all
xeK is called the dual cone to the cone K and is denoted by K*. Briefly, it can be
written as follows:

K'={xeX": (x,x*)=0 VxeK]}.

Obviously, K* is a convex cone.
Some important properties of cones follow.

Lemma 1.12. K* is a closed cone.
O If x{ e K*, then (x},x) =0 for all xe K. By passing to the limit in this inequality
as x; — x5, k— o0, we have

(x,x5)=0 Vxek,
which means that x;e K*. H

Lemma 1.13. K and K have the same dual cones; i.e., K* = (K)*.

O If x*e(K)*, then {(x,x*)=0 for all xeK and so for all xeK. Hence, x*eK*.
Conversely, if x* € K*, then by continuity, (x,x*) is nonnegative, because elements
of K are the limit points of K.l

Lemma 1.14. If K is a closed cone and (x,x*) =0 for all x* € K*, then xe K.
O We argue by contradiction. Suppose xo¢ K, but (xo,x*) =0 for all x* € K*. Since
Xo¢ K, by Theorem 1.8, there exist ¥* and ¢ >0 such that

{x0,X*) = (x,X") —¢ (1.12)
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for all xe K. We show that
inf (x,x*) =0 (1.13)

xek

Indeed, since by definition x€ K implies Axe K, A >0, any cone K contains ele-
ments sufficiently close to zero. In particular, a closed cone always contains the
zero point, so the infimum of (x,x*) cannot be greater than zero. On the other
hand, according to Eq. (1.12), the inner product (x,x*) is bounded below. We prove
that {x,x*) =0. On the contrary, suppose that there exists a point x; €K such that
(x,Xx*) <0. Then denoting x = A\x; and by passing to the limit in (x,X*), as
A— +o0, we observe that (x,X*) — — oo. This contradiction proves that (x,x*) =0.
It follows that the formula in Eq. (1.13) is true. Thus, X* € K*. Setting x = 0 in the
inequality in Eq. (1.12), we have (x,X*) < —e&, which contradicts that (xpx*) =0
for all x* € K*. Consequently, xoe K.l

Naturally, later on we denote K** = (K*)*.

Lemma 1.15. If K is a closed cone, then K** = K.
[0 According to Definition 1.13, we can write

K™ ={x:{x,x)=0, x"eK'}.

And if xeK, then (x,x*) =0 for x* € K*. Conversely, if K is closed, then by the pre-
vious lemma, from the inequality, (x,x*) =0 for all x* € K*, it follows that xe K.l

Note that in the more general case for any convex cone, K** = K. This follows
from Lemma 1.13 because K** = (K)* and so K** = (K)™* =K.

Lemma 1.16. Let K; and K, be convex cones. Then K; + K5 is also a convex cone
and

(K, + Ky)* = KF N Kj.

[ Note that the convexity of K; + K, follows immediately from Lemma 1.2. On
the other hand, it is easy to see that if K| + K, contains a point x = x| + x,, x; €K],
x,€K,, then it also contains an element M\x = Ax; + A, A>0. Moreover, x*€
(K7 + K»)* if and only if

(X1 +x2, XYy =0, x1€Ki, xeKo.

Since x; and x, change independently and one of them can tend to zero, if neces-
sary, the latter inequality is equivalent to the inequalities

(x1,x*) =0, x1€kj,

(x2,x*) =0, x€Ky;

ie, x*eK{ and x*eKj. Thus, it is proved that x*e(K; + K5)* if and only if
xeKink;.m
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Lemma 1.17. If the cones K; and K, are closed, then

(Ky N K>)* =KF + K3 (1.14)

[ In fact, by using the previous results, we can write

(K1 N Kp)" = (K{* NK3)" = (K +K3)")" = (K] + K)" =K{ +K;. W

Remark 1.1. We mention that a bar denotes the closure of a set. It should be
pointed out that, in general, the formula in Eq. (1.14) is not true without the clo-
sure: the left-hand side of Eq. (1.14) is always closed, but the right-hand side may
or may not be closed.

Lemma 1.18. If (x,x*) is bounded below for all xeK, then x*e€K*. Moreover, if
xeint K, then

{x,x*y >0

for all x* e K*, x* #£0.

O In fact, the first assertion is proved in Lemma 1.14. We show the second asser-
tion. If xeint K, then there is an € >0 such that x + eB< K, where B is the
Euclidean unit ball. Hence,

(x +ez,x")=0

for all x* € K* and ze B. Then it follows that

Z

x*
(x,x*) = esub(—z,x*) = ¢ LX) =¢ellx*| >0;
z€B fl* I

ie., (x,x*) >0 for all x* e K*, x* #0. 1

Theorem 1.10. Let K, ..., K, be convex cones. In order that their intersection be
empty, it is necessary and sufficient that there exist x; €K}, i=1,...,m not all
zero, such that

XA xt =0,

m

O Consider the Cartesian product X" =X XX X --- X X=R"™. The elements of

X" have the form (x, x5, ..., X,,), Wwhere x;€X(i =1, ..., m). Obviously, the scalar
product of vectors (xy, ..., x,) and (x},...,x}) can be written in the form of the
sum:

(X1, X7) + (X0, 25) + -+ + (X, X,).
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Consider two cones in X™ of the form

K=K X -+ XK, ={(x1,...,%,) : x1€K1, ..., x, €K},
P={(x,...,x): xeX}.

Since N, K; =, it is not hard to see that the cones K and P are disjoint, i.e.,

KNP =. Applying Theorem 1.6, we determine that there is a vector (x7,...,x})
such that

(e, X)) + o+ xt) = (o) o (X, X)) (1.15)
for all xeX, x, €Ky, ..., x,,€K,,.

The inequality in Eq. (1.15) implies that (x;, x') is bounded on K, i =1,2, ..., m.
By Lemma 1.18, it follows that

xekK!, i=1,....,m (1.16)
By Eq. (1.15), (x,x] + --- + xJ;) is bounded above for all xe X. Since a nonzero lin-
ear function takes infinitely large values, the boundedness of (x,x] + --- +x})

implies that

X Xt =0, (1.17)

*
m

Now taking into account Egs. (1.16) and (1.17), we have the desired result. ll

Theorem 1.11. Let K, K,, ..., K,, be convex cones. If K= K;NK,N---NK,, and
K, Nint K,N---Nint K,,, # <, then

K*=K{+ - +K.
OJ The validity of the inclusion

K*2K! + - +K*

is verified immediately, starting from the definition of a dual cone. We prove the
inverse inclusion. Let x* € K*, x* # 0 denote

Ko ={x: (x,x*) <0}

We show that the cones K, and K are disjoint. On the contrary, suppose that there
exists an element x, € KoyNK £ J. Since x, € K, we have:

(x1,x*) <0.
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On the other hand, since x; €K, x* € K*, by definition of dual cone,

(-xla-X*> =0.
Therefore, the last two inequalities contradict each other, so KoNK # . Consider
the dual cone K. Suppose that (x.x*) <O implies that (x,y*) =0; ie., y*eKf,

y*#0. Then x* and y* are linearly dependent vectors. This means that there are
numbers o and a, (at least one of them is nonzero) such that

ax* — azy* =0.

Because x* #0 and y* # 0, we have a, #0 and
Y=, A=ar/a.

Moreover,

0= (x,y") = Alx,x")

for all xeKy. Since (x,x*) <O, it follows from the last inequality that A <O0. If
y*=0, we put y* =0 - x*. Thus, we find that

Ky={":y"=X* A=0}.

Because the cones K, and K are disjoint (i.e., Ky, Ky, ..., K,, are disjoint), accord-
ing to preceding theorems, there exist vectors y*eKj, xf €K}, i=1,...,m such
that

yot+xi+ - +x =0, (1.18)

where not all terms are zero. By using y* = \x* and A =0, we rewrite Eq. (1.18) in
the form

—XF=a e a (1.19)

m

Observe that if A <0, then

x'= (—i>x1‘+ <—§\>x;+ et <—/l\>x;‘neKT+ e+ K

Here, note that x e K}, i=1,...,m.
Next, we show that A # 0. On the contrary, suppose that A = 0. Then, it follows
from Eq. (1.19) that

Xt xt =0 (1.20)
1

*
m
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Here, not all x} are zero and so at least two of them, say x| and xj, are nonzero. By
the hypotheses of the theorem, there exists a point xoe K Nint K, ---Nint K,,, so that
by Lemma 1.18

<XQ,X;> >0

and (xp,x}) =0 for i # 2. Then taking into account Eq. (1.20), we establish the fol-
lowing contradiction:

0= (xp,x] +x5+ - +x,

) = (x0,x7) + -+ + {x0,x,) >0;

ie.,0>0.1
Theorem 1.12. Let K, ..., K,, be convex cones and K = K;N---NK,,,. Then either
K=K+ - +K (1.21)

or there exist x] e K}, not all zero, such that

XA xt =0,

*
m

[ If for all x*eK* it occurs that A <0 in Eq. (1.19), then x* can be represented as
a sum of x’ eK}. Clearly, this representation implies Eq. (1.21). If A =0 for some
x*, then the formula in Eq. (1.20) is satisfied. l

As is shown in Theorem 1.11, if the intersection of cones is empty, then the
equality in Eq. (1.20) is true.

Definition 1.14. The cones K, ..., K,, are called separable if there exist vectors
x; €K}, not all zero, such that

X4 42 =0,

Definition 1.15. Let M be an arbitrary nonempty set in R”. The cone defined by
cone M ={x:x= M, x;eM, \>0}
is called the cone generated by M.

Lemma 1.19. If M is a convex set, then cone M is a convex cone.
[ Take x; econe M and x, econe M. Then

X1 = XX, X = Na, X1, 2 €M, A, \a>0.
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Let a; >0 and a, > 0 be arbitrary numbers. Then we can write:

ax; T anxy = ag Aixr + oo doX;
oA )y
X1
a1 A T ax )\ aiA T ax

= (a1 +042/\2){ X, | econe M.

Here, we have used the fact that M is convex, and so

A — ar
X
041/\1 + 042>\2 ! Oq)\] + 042)\2

)6_2:| eM.l

Lemma 1.20. Let M be a convex set. Then x* €(cone M)* if and only if (x,x*) =0
for all xeM.
[ In fact, x* € (cone M)* if and only if
A, x*y =0
for all A\=0 and all xe M. Since A =0, it follows that (x,x*) =0 for all xe M.l

Definition 1.16. Let M be a nonempty convex set in R”. The recession cone of M
is denoted by 0" M and is defined as

0"M=1{x #0:x+XxeM, VxeM, VA=0} U {0}.
Observe that if M is bounded, it certainly contains no half-lines, so that

0t M ={0}.
As examples of recession cones in R2, for

M

1
= (.x1,x2):x1>0, Xz—* )
X1
My = {(x1,x2) : x1 >0, x, >0} U {(0,0)},
one has

0" M) ={(x1,x) : x1 =0, x, =0},
0" My = {(x1,x2) : x1 >0, x2 >0} U {(0,0)} = M,.

Moreover, if

M={x:(x,x}) =, kel},
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where x} eR", 3,eR' and I is an arbitrary index set, then

0" M={x: (x,x))<0,kel}.
Definition 1.17. A polyhedral convex set in R" is a set that can be expressed as the
intersection of some finite family of closed half-spaces, that is, as the set of solu-
tions to some finite system of inequalities of the form

X)) =0 k=1,...,L (1.22)
The definition of a polyhedral set immediately makes it clear why such sets play a
leading role in linear programming.

In particular, if the finite system of inequalities in Eq. (1.22) is homogeneous

Be=0,k=1,...,D;1e.,

(x5 =0,k=1,...,1 (1.23)
then the set of solutions to this finite system of inequalities is called a polyhedral
convex cone. A bounded polyhedral convex set is a polytope (polyhedron), which

is the convex hull of finitely many points. Clearly, a polyhedral set is closed.

Theorem 1.13. (Farkas) If K is a polyhedral cone, then the dual cone K* is polyhe-
dral and consists of the elements of the form

I

* _ *

X = E YXe> 1 =0.
=1

L] Consider a polyhedral cone

k=1

!
K= {x* (= Z’ykxz, 'ykZO}.
By the definition of a dual cone, xe(K)*, if

]
<xa27kxz>207 ’szo, k=1,...,L
k=1

It follows that

(Lx)=0, k=1,...1
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i.e., xeK. Thus, K = (K)*. Consequently, since K is closed as a polyhedral cone,
we have

K=& =Kkn

Lemma 1.21. The sum of polyhedral cones is a polyhedral cone.
O Let K; and K, be polyhedral cones. Then there exists a collection of vectors x;,
i=1,...,mand xp, j=1,..., [ such that all x;eK;, x,€K, can be represented as

m ]
X = ZAixil: Ai=z0, x»= Z’ijjz, 7, =0.
i=1 J=1
If now xe K; + K>, then

m 1
x=x1+tx= Z)\ixn + Z’ijst Ai=0, v7;,=0;
p =

i.e., K; + K5 is a polyhedral cone.
Lemma 1.22. If K|, ..., K,, are polyhedral cones, then

(Kin--NK,)" =K+ +K.

[0 According to Lemma 1.17, we have

(KN NK,) =Kf + - + K.

Since K}, i=1,...,m are polyhedral cones, by Lemma 1.21, K} + --- + K is also
a polyhedral cone. Thus, this sum of cones is closed and the bar above it can be
removed. ll

Theorem 1.14. A polyhedral set can be represented as a sum of a polytope and a
polyhedral cone. Conversely, the sum of any polytope and a polyhedral cone is a
polyhedral set.

O Let us introduce an additional coordinate x° and consider a system of homoge-
neous inequalities

x5 =28, =0, k=1,...,I; =0 (1.24)
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Clearly, the set of solutions to this system is a polyhedral cone in R"*!, the ele-
ments of which can be represented as follows:

0 m 0
(£)-(0) =

=]

where (§0> is an (n + 1)-dimensional vector in R"*! Observe that A =0 is arbi-
trary. In particular, taking A; =1, \; =0, i #}, the inequality in Eq. (1.25) implies
that x{ = 0.

Let

P={j:x)=0,j=1,...,m}

and

1+={j:x;’>o,j=1,...,m}.

Denoting y; = x;/x], ~; = Nx), jeI", we rewrite the inequality in Eq. (1.25) in the
forms:

=" =D "y, =0 (1.26)

jelr jelr
and

x= NGt Y AN (E) =D At Y e =0

jel® jelt J jel® jelt

Thus, every solution of Eq. (1.24) can be represented in the form of Eq. (1.26).
Remember that setting =1, a solution to Eq. (1.22) is obtained from a solution
to Eq. (1.24). Consequently, every solution of Eq. (1.22) can be represented in the
form

x=) NG+ D vy, A=0 (1.27)
jelt jert
and
Y y=1, =0, jel. (1.28)
jert

Note that the first term on the right-hand side of Eq. (1.27) represents a point of
a polyhedral cone, while the second term is a point of some polytope. Similarly,
taking into account Eqgs. (1.27) and (1.28) in reverse direction, it can be shown that
the sum of any polytope and polyhedral cone is a polyhedral set.
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1.4 The Main Properties of Convex Functions
Let f be a function whose values are real or *oo and whose domain is a subset of

R". The effective domain of a function f (dom f) is the set of points of R” on which
the values of f are real or —c0:

dom f = {x: f(x)< +o0}.
The epigraph of fis the set of pairs xoe R' and xe X = R” such that x° = f(x):
epif = {(%,0) 1 2" =f(x)}.

It should be noted that a point (xo,x) eR"*! belongs to epi f, if xedom f, because in
the case f(x) = +o0, there is no real number x° such that x° = f(x). It is not hard to
see that the function f can be defined by epi f as follows:

fx) = ir})f{xo : (2% x)eepif}). (1.29)

Thus, there is a close connection between subsets of R”"! and functions defined
on R”.

Definition 1.18. A function fis said to be convex if epi f is a convex set.
Definition 1.19. A function f is said to be proper if fix) <<+oo for at least one
x and f{x) > —oo for every x. A function that is not proper is improper.

Thus, f is proper if and only if dom f# & and f(x) is finite for xedom f.

Lemma 1.23. Let f be a proper function. Then fis convex if and only if

SO + Ax2) = Aif () + Aof (x2),
M=0, =0, MN+X=1

(1.30)
L] If fis convex, then, by Definition 1.18, for all Aj, A, =0, \{ + A\ =1,

A, x) + Ao, x2) = (Arx] + Xoxd, Aixy + Aoxp) €epi f
if (x,x1)eepif, (x3,x2) epif or, equivalently,

FOuxs + Aox2) = A + oxd.

In particular, if x? = f(x1), x) = f(x), then

FOuxt + Ax2) = ANif(x) + Xof (x2),
AMtTX=1 A, =0
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Conversely, it is not hard to see that if f is a proper function satisfying
Eq. (1.30), then fis convex.H

Lemma 1.24. If fis convex, then its dom f'is a convex set.
O Let x;, xedom f. Then there exist x, x5 such that f(x;) =x?, f(x) =x3. Thus,
(9, x1)eepif, (x,x,) epif, and so

M@0, x1) + X, x2) eepif,
M+HX=1, A, =0

or
FOuxt + XAoxp) = Apxf + Aox).

Consequently, fil;x; + Axx,) is not equal to +00, and so A\jx; + Apxpedom f. M

It follows from Lemma 1.24 that dom fis convex, even if f is an improper func-
tion. Consider such a function. Let yedom f, for which f{y) = —oo, but xeri dom f.
Then (x —y)eLin dom f and so x; =x + e(x — y)edom f for a sufficiently small
€>0. It is clear that

€
1+e¢e

X1 + y.

1+e

If yo is any number and x? = f(x;), then (yo,y)eepi f [remember that f{y) = —o0],
(x9,x1)eepif, and so by virtue of the convexity of epi f,

Loy & p 1 + - eepif
X X i
T+e T 1T+ 1+ Pt/
f=f LXI + y|= R
l1+e¢ 1+¢ I+t 1+e
In the latter inequality, by passing to the limit as y°— —co, we have fix) = —o0.
Therefore, if fis an improper convex function, then f{x) = —oo for every xeri dom f.

It follows that an improper convex function may take finite values only at points of
the relative boundary of dom f.

Lemma 1.25. Let f;, i€l be a collection of convex functions, where [ is an arbitrary
index set. Then their pointwise supremum

fx)= sugﬁ(x)

is a convex function.
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OJ It is not hard to see that
epif = N epifs,
iel
which is a convex set by Lemma 1.1.H

Lemma 1.26. (Jensen’s inequality) Let f be a proper convex function. Then

f()\lxl + . +/\mxm)5>\lf(xl)+ +/\mf(xm):
)\520, i=1,...,m, >\1+"'+Am:1.

O Without loss of generality, let \;>0, iel. If x;¢ dom f, then fix;)= +o0,
Aif(x;) = +oo and the inequality is fulfilled trivially, because its right-hand side is
equal to +o0.

Now, let x;edom f, i=1,...,m. Since epi f is a convex set, by Lemma 1.4, the
inclusion ( f(x;),x;) eepi f implies that

(AfCer) + ==+ Apf (), Aixy + -+ + Ayxin) €€pi f.
Thus,

JOuxr + o+ Ax) = Afn) + - 4 Af (). B

Lemma 1.27. The sum of proper convex functions f;, i =1, ..., m with nonnega-
tive coefficients is convex.
Ol Since f;, i = 1, ..., m are proper convex functions, by Lemma 1.23,

filaxr + Aoxz) = Aifi(x1) + Aofi(x2),

where A\; =0, A\, =0, and A\ + A, =1. Thus, multiplying these inequalities by
«; = 0 and then adding them, we have

z aifi(Aix + Aoxa) = A Z a;fi(x) + X Z a;fi(x). 1
i=1 i=1 i=1

There are some useful correspondences between convex sets and convex func-
tions. The simplest associates with each set M in R" the indicator function &, ()
of M, where

0, eEM,
o ={.% iew

Clearly, M is convex if and only if 6,, (-) is a convex function on R".
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Note that the resulting function of Lemma 1.27 may not be a proper function.
For example, for the disjoint sets M; and M,, the sum of indicator functions
Om, + 6u, is identically +o0.

Now, we show that on the basis of Lemmas 1.25—1.27 a new class of convex
functions can be constructed. Let f be a proper function. Choose a point peR" and
construct a function

gxp(a) =f(x + ap).

Lemma 1.28. A function f is convex if and only if g, ,(a) is convex in « for all x
and p.
L] If fis convex, then for all A\; =0, A\, =0, A\; + A, =1, we have

gep(Mar + ) =f(x + (Mg + laaz)p)

=f(A1(x + a1p) + Xa(x + azp))
= Aif(x + aip) + Xa(x + azp)

= )\lgx,p(al) + >\2gx,p(a2)~

Conversely, let g, ,(a) be convex on « for all x and p. Then

f()\lx] + /\2)62) =f(x2 + (/\] 1+ X\ 'O)(X] _)CZ))
= gxz,xl—xz()\l 1+ O)
= /\lgxz,)m*xz(l) + )\2gxz,x|*x2(0)
= Af(xn) + Aof(x2). W

We shall denote the gradient of f at point x by f'(x) and the Hessian matrix of
f at x whose (i,j)th element is &*flox'@x’ by f”(x). Thus, f'(x) is a column vector

with components af(x)/axi, i=1,...,n,and
f//( ) azf('x) . 1 . 1
x) = — i=1,...,n, j=1,...,n.
axla‘x] b 2 2 2 J b 2

Let denote g(a) = fix + ap). It is not hard to verify that

g (@)= ({p.f'(x+ap)),
g'(a) = (p.f"(x + ap)p).

Theorem 1.15. Let f be a differentiable function. Then the following assertions are
equivalent:

1. fis convex.

2. flxp) — flx)) = (xo — x1, f/(xy)) for all x; and x,.

3. (p.f'(x + ap)) is nondecreasing function on « for all x and p.

4. If fis twice differentiable, then f’(x) is positive semidefinite matrix.
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1 We show that (1) implies (2). In fact, since
FUA = Nx1 + o) =(1 = Nf(x) + M), 0<A<I,
then

fler + A —x1)) — f(x1)
A

=f(x) —fQx).

By passing to the limit as A— 0, we have:
(02 = x1,f(x1)) =f(x2) = f(x1). (1.31)

Now we show that (2)— (3). Taking x; =x + a1p, x, =x + app in Eq. (1.31), we
get

gx,p(OQ) - gx,p(al) = (OQ - Oél)([’,f/(x + 051P)>~
Similarly,

gx,p(al) - gx,p(OQ) =(ag — sz)(l%f/(x + 052[7»

if x; =x+ ayp, x; =x + a;p. From the last two inequalities, it follows that (say
Qi > O[l)

gx,p(OQ) - gx,p(al)
Qy — ()

(paf/(x + alp)) = = (p’f/(x + azP))-

We show that (3)—(1). Let g/x’p(a) = (p,f'(x + ap)) be a nondecreasing function of
«. Hence, g;,p(ozl) = g;c,p(az) if ap = .
Suppose that 0 <y <1. Then
1

0= (e — ) [l (o + 702 = ) = g, (a1 + s ~ a)lar

0
=(1- /-L)gx,p(al) + ,ugx,p(OQ) - gx,p((l — pwag + pan);

i.e., g, () is convex. On the basis of Lemma 1.28, we conclude that f is convex.
Let f be a twice differentiable function. We show that (4) 2 (3). Since g;’p(a) is
nondecreasing,

8:,(@) = (p.f"(x + ap)p) =0, (1.32)

and so the matrix f”(x) is positive semidefinite. Conversely, if Eq. (1.32) is satis-
fied, then g, (a) is nonnegative and hence g, (@)= (p.f"(x+ap)p) is
nondecreasing.

Consequently, we have that (1) > (2)—>(3)— (1) and (4)=(3). 1
It is not hard to see that a quadratic function

1
f() = 3 (x.AY + (x,b),
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where A is a symmetric n X n matrix, is convex on R" if and only if A is positive
semidefinite; i.e.,

(z,Az) =0 for every zeR".

Lemma 1.29. Let f1, /5, . . . , f, be proper convex functions on R”, and let

)= inf{ﬁ () +fox2) + - ful) T2 BN D =x}.
=1

Then fis a convex function on R".
O Let E;=epif;and E=E| + --- + E,,. Then E is a convex set in R By defini-
tion, (x,xo)eE if and only if there exist x;eR”", x? eR so that x? =f(x),
WO =x)+ - +x% and x=x; + -+ +x,,. Thus, the f defined in the theorem is the
convex function obtained from E by the construction in formula in Eq. (1.29).H

Definition 1.20. The function fin Lemma 1.29 will be denoted by /1 @£ ® --- ®frn
and the operation @ is called infimal convolution. The terminology arises from the
fact that in the case of two functions,

(iDL = ifvl_f{fl (x—y)+ L0}

and this is analogous to the classical formula for integral convolution.
Let f; be the Euclidean norm and f, be the indicator function of a convex set M.
Then we get

(H @)X = inf{llx =yl + ou(y)} = Inf lx =yl = du(),

which establishes the convexity of the distance function dy,( - ).

If f> = 6y, M = {b} for some fixed point beR", then (f; ®f>)(x) =fi(x — b). Hence,
f1® 6, is the function whose graph is obtained by translating the graph of f; hori-
zontally by b.

Properness of convex functions is not always preserved by infimal convolution,
because the infimum in the formula in Lemma 1.29 may be —oo. Indeed, if f; and
/> are linear functions not equal to each other, then their infimal convolution is
identically —oo. Note that fi@f, can be defined for any functions fj, f>:
R" — [0, +0o0] in terms of addition of epigraphs:

(i @f)) = inflx : (°,x) € (epi fi + epi f2)}.

As an operation on the family of all functions from R" to [—o0, +00], infimal
convolution is commutative, associative, and convexity-preserving.
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Definition 1.21. The convex hull of a nonconvex function g is the function
f=conv g, defined by

f) = ir%f{x0 : (1% x) e conv(epi g)}.
X
It is the greatest convex function majorized by g.

The convex hull of an arbitrary collection of functions {f;: ieI} on R”, denoted
by conv {f;: iel}, is the convex hull of the pointwise infimum of the collection:

conv{f; : iel}(x) = inf{xoeR : (2% x) econv (UI epif,-) }
115

Lemma 1.30. Let g be a convex function and oy <oy < ay; ap, a1, aedom g.
Then

g(az) — glaw) - glar) —glag) . glay) — glaw) - glan) — g(al).

>

Qy — O ap — ap — Qp — (]
[ Setting
Q) — Qg Qp —
A= S M=1- = ,
Qy — O Qy — O
Q) — Qg Qp — ()
AN + Moy = ap + ap = af.
Qy — O Qy — Oy
Hence,
a1 —

glay) =g(Aiag + Mag) =

Qo Qy —
glaz) +
(%)) [0

o
g(a).
(%)

Subtracting g(ag) from this inequality, we have

— (g(az) — g(ao)).
(%) (%))

Q] — ¢

glar) — glag) =

Deleting oy — oy from this inequality, we obtain the first inequality of the lemma.
On the other hand, since A\; + A\, =1,

a1 — Qp

Qo — (g o] — Qg Qy — ]
——g(a) + ——gla)) = ——g(a) + ——g(a),
(%) (%)) (%) (7)) (%) a (%) Q)
or
Qp — (g ap — Qo
——[g(a) = g(a)] = ——[g(2) — g(a)].
Qp — Qg Qp — Qo

This is the desired inequality. l
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Note that from the first inequality it can be deduced that (g(a) — g(ap))/ (@ — av)
is a monotonically nondecreasing function in o, o> .
It seems that the convexity of a function is closely connected with its continuity.

Theorem 1.16. Let a proper convex function f be bounded above in a neighbor-
hood of some point xoedom f. Then fis continuous at x.

0J Without loss of generality, suppose that x, = 0. Let €2 be an open ball with the
center the origin such that f{x) <c¢; for all xe{). Consider a function g(a) = flax)
for fixed xe2. Taking in the first inequality of Lemma 1.30, ag =0, ay =a >0,
a, =1, we have

g(a) —g(0) _ g(1) —g(0)
a - 1 '

Because
g)=f(x)=ci, g0)=f0)=cy,
we also have

flax) = f(0) =2ca. (1.33)

Moreover, setting ag= —1, a; =0, a, =« in the second inequality of Lemma
1.30, we have

8(0) —g(=1) _ g(e) —g(0)

0—(-1) a
whence
—2c1a=f(ax) — f(0). (1.34)

Thus, it follows from the inequalities (1.33) and (1.34) that
|f(ax) —f(O)] =2ca. (1.35)

Take € >0 and set 6 =&/(2cy) <1, Q5= 0. Let yes. Then there is xe§2 such
that y = éx. Thus, according to Eq. (1.35), we have

|f0) = fO)] = [ f(6x) = f(0)| =26¢) =
i.e., fis continuous at xo =0.H

Theorem 1.17. If a convex function f is continuous at x,, then f satisfies the
Lipschitz condition for neighborhood points of x:

| f(x) = f(x0)| = Lllx — xol,

where L is some constant.
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I Suppose that xo = 0. Let €2 be an open ball of radius r centered at the origin.
Take ye (), satisfying the inequality |y|| < /2, and set x = (#/2)(y/||y||). By using
Eq. (1.35), we obtain

F0) —£0)] = ]f(z”y” )—fw)]suwn,

where L =4c/r.

Theorem 1.18. Let f be a proper convex function. Then fis continuous on ri dom f.
L1 Any point, xoeri dom f can be made an interior point of some simplex with ver-
tices yo, ..., yxedom f, where k = dim dom f. Every point of this simplex has the
form:

x:)\0y0+ +)\kyk9 )‘5203 l:O, 1,-"’k5
)‘O+)\1+"'+)\k:1~

Thus,

£ = 20f(0) + -+ Af ) = max f(v);

i.e., f is bounded in some neighborhood of x,. Consider a convex function of
y=Xx—Xp:

g(y) =f( + xp),yeLin dom f.

Now apply Theorem 1.15. 1

As is seen from this theorem, a convex function is continuous in dom f and may
have a point of discontinuity only in its boundary. In order to characterize the case
in which there is no such discontinuity, it is convenient to introduce the closure
function concept.

Definition 1.22. A function f is said to be a closure if its epigraph epi f is a closed
set.

Theorem 1.19. The following three conditions are equivalent:

1. fis a closure.
2. The level sets C, = {x: fix) = a} are convex for every ae R
3. fis lower semicontinuous throughout R”"

[0 We show that (1) —(2). Let x;— xo and f(x;) = . Without loss of generality, we
suppose that flx;) » 1 = a, where p is either finite or —oo.

We show that fixg) = —oo if p=—o0. In fact, if fixg) = po is finite, then
Sixi) < po — € for large k. Consider the sequence of points (1o — €, x;) €epi f. Since
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(o — €, x3) = (1o — €, xp) and epi fis closed, then (ug — €,x9) €epi f; i.e., po — €=
f(xo) = po. This contradiction proves that f(xg) = —c0, i.e., xo€ C,.

If w is finite, then (fixy), xi) — (i, xp) €epi f, s0 o= pu = f(xy); i.e., again xg€C,,.
Thus, C, is closed.

Suppose now that (2) is satisfied. If x;— xy and f(x;) — «, then for all ¢ >0 and
sufficiently large k we have f(x;) = a + € and hence fixg) = a + ¢ (C, + - is closed).
Since ¢ is arbitrarily small, then f{xo) = . Thus, (2) —(3).

Finally we show that (3) —(1). Remember that f is lower semicontinuous at a
point x if for every sequence x; — X,

liminf f(x) = f(xo).

Thus, if xg Ef(xk),f(xg, x) = (x°, xp), then

L= liin inf f(x) = f(xo);

i.e., (x°xo) eepi f, which implies that epi f is closed.

Theorem 1.20. If f is a closed convex function and f(xg) is finite at x,, then
flx) > —o0 everywhere.

[1 Above, it was shown that if f takes the value —oo, then fix) = —oo for all xeri
dom f. But by Theorem 1.4, if xedom f then (1 — A)x + Ax; eri dom f for all A and
x1eri dom f. Because f'is closed,

f)= lAi?(}f((l — Mx+ Axy) = —o0;

ie., fix)=—oo for all xedom f. Thus, if f is finite at even one point, then
fix)> —oo for all x.l

Definition 1.23. If fis a convex function, then the function f defined by

epif = epi f
F) = inf(x : (2, veepif)

is said to be the closure of f. Since the closure of a convex set is convex (Lemma
1.6), it follows that f is a convex function.
A convex function is said to be closed if f =f.

Definition 1.24. A function f on R” is said to be positively homogeneous (of degree
one) if for every x one has

FOX) = N(&), A>0.
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Clearly, positive homogeneity is equivalent to the epigraph’s being a cone in
R™"! An example of a positively homogeneous convex function that is not simply
a linear function is f{x) = ||x]|.

Furthermore, if fis convex, then

S +x2) =f(2 (;xl + ;x2)> = 2f<;x1 + ;xz) =f(x1) +f(x2)

or, more generally,

f(xl T+ +xm)§f(xl)+ <ot (o).

Setting in the previous inequality x; =0, x, =x, we obtain flx) =f0) + f(x); i.e.,
f(0)=0.

Let f be a positively homogeneous closed proper convex function. By virtue of the
closure of f,

&i%f(M) = lim Af(x) =0=£(0).

Thus, f{0) = 0 for homogeneous closed proper convex functions.

Now, let f be an arbitrary convex function on R” not identically +oo. The epi-
graph of f as a nonempty convex set in R"*! has a recession cone 0" (epi f). By
definition, (y°,y)e0”" (epi f) if and only if

(%0 + A0%y) = & + W, x + Ay eepi f
for every (x°,x) epi f and A =0. This means that

fle+ ) =fx) +X°
for every x and A=0. By definition, the latter inequality holds for every x and
every A=0 as long as it holds for every x with A = 1. In any case, for a given y,
the values of y° for which (y°,y)e0" (epi f) will form either a closed interval of R
unbounded above or the empty interval. Hence, 0" (epi f) is the epigraph of some
function.
Definition 1.25. The recession function is denoted by 0 and defined as

epi (f0") = 0" (epi f).

Obviously, if fis a proper convex function, then the recession function f0* of f
is a positively homogeneous proper convex function.
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1.5 Conjugate of Convex Function

The definition of the conjugate of a function grows naturally out of the fact that the
epigraph of a closed proper convex function on R” is the intersection of the closed
half-spaces in """ that contain it. Remember that a closed convex set can be char-
acterized completely by its support function

Hy(x*) = sup{(x,x*) : xe M}

We now calculate the support function of the epigraph of a closed convex func-
tion f. Taking into account that epi fcR""', we can write

Hpi f(xo*,x*) = sup{(x,x*) +x°2" : (x°, x)eepi f}.

(+0,x)

If x” >0, then for a given x the number x” may be an arbitrary number, larger
than f(x). Hence He; ¢ (x ,X*) = +o0. It remains to calculate H,; r when ¥ =0.
Below, we will show that for the evaluation of H.p; 4 x) <0 when fis a closed
convex function, it is sufficient to find Hep; ( — 1, x%). If 1% = —1, then

Hepi (= 1,x%) = sup{(x,x*)x" 1 2% =f(x)} = Sup{ x,x") = f(0)}.

(0.,x)

Definition 1.26. The function
fH &) = sup{(x,x") — f(x)}

is called the conjugate of f.

Lemma 1.31. The conjugate function is closed and convex.
[ For a fixed x the function (x,x*) — f{x) is linear in x*, so it is closed and convex
in x*. The epigraph of f*(x*) is the intersection of the epigraphs of the closed con-
vex functions (x,x*) — f(x). Therefore, epi f* is closed and convex.Hl

For example, consider the function f{x) = (1/2)x*, xeR. Then, by definition,

1 1 1
fr(x) = sup {x'x* — 2x2} = sup {2x*2 _ 2(x_x*)2};

1
fem= Ex*2, x*eR.

i.e.,

It is useful to remember, in particular, that Young’s inequality,

) + (%) = (x,x%),
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holds for any function. If here, f is proper and convex, then we shall refer to this
relation as Fenchel’s inequality.
Taking conjugates clearly reverses inequalities: f; = f, implies fi* = f,*.

The polar of a set M is denoted by M° and defined as

MO = {x* : Hy(x*) = 1}.
Note that if K is a convex cone, then
KO ={x*: (x,x")=0 VxeK},
and so K* = —K°. Let us calculate the conjugate of Minkowski’s function ry( - ):
7 (%) = sup{ (x,x*) — ras(x)} = sup{ {x,x*) —inf[a>0: o xe M]}

=sup{{x,x*) —a:a>0,a"'xe M} =sup{sup[{x,x*) :xe aM] — a: >0}
= sup{afsup (x,x*) 1]} = 6p0(x),

a>0 xeM

where §y0(-) is the indicator function of M°.
Theorem 1.21. If fis a closed proper convex function, then
F=r
where, according to Definition 1.22,
[ = S;p{<x,X*> AR
[0 By Fenchel’s inequality,
J) = (6, x%) = f1(x"),
and so
J) =, ().

In particular, it follows that dom f=dom f**. Let xoedom f. Choose v < f(xy) and
consider in R"*! the following set:

P.= {(xo’x) X —Xp€eB, X0 =9},
where B is the unit ball in R". Since epi f is closed, then for sufficiently small ¢ the

sets P. and epi f are disjoint. We argue by contradiction. Suppose that there exists
a sequence (xg,xk)ePEk, er—0, xg =+ such that (xg,xk)eepif. Since &;,—0,



38 Approximation and Optimization of Discrete and Differential Inclusions

X=X, limy_, o x2 =+, and by virtue of the fact that epi f is closed,
v = limy_, o x = f(x0). This contradiction proves that epi fNP. = . Thus we can
separate epi f and P.. Then there is a nonzero vector (", x*) such that

X030+ (3, x%) = a0 20 + (x, x%)

0%y)eP., (X, x)eepif. (1.36)

Since y° can be chosen as any number less than +, from Eq. (1.36), it follows
that x° < 0. Actually, we show that x*" < 0. If xX° = 0, then Eq. (1.36) implies that

(y,x*) = (x,x*), y—xo€eB, xedomf.

Setting x = xy, we have
(y —x0,x") =0, y—xo€eB.
By virtue of the arbitrariness of y — xoecB, this inequality is satisfied only if

= (. In turn, this contradicts the fact that (xo*,x*) is nonzero.
Let now x> = —1. Then Eq. (1.36) takes the form

0 * 0 %
=y (y, X)) = =+ (x,x),
W<~ y—xpeeB, xXX=f(x). (1.37)
Let y =+, x” = f(x), y = xo. Thus, from Eq. (1.37) we obtain
(0, x*) —y = sup{ x, ) — F(0)} = ().

or
¥ = {x0,x") = 1 (x"),

whence
7= sup{{xo, x — OO} =1 (o). (1.38)

Since + is an arbitrary number less than f(x,), Eq. (1.36) implies that
J(xo) =/ (xo).

Comparing this inequality with f(xg) = f**(xo), we conclude that f(xg) = f**(xo).

Now assume that xo¢ dom f; i.e., fixo) = +o0. In just the same way as before,
taking arbitrary + it can be shown that epi fNP. = for a small £ and Eq. (1.36)
holds.

If for arbitrarily large v we have x° <0, then Eq. (1.38) holds for v, and so
S (xp) = +o0.

Now let x° = 0 for some v. Then from Eq. (1.36), we obtain

v, x*y = (x,x*), y—xo€eB, xedomf,
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or
(y — x0,X*) = {(x — x9,x"), y—xp€eB, xedomj.
Thus,
—e|x*[l= sup {x,x") — (xo,x") (1.39)
xedom f

Remember that there exists a point x; such that f(x;) is a finite number. Hence,
by substituting v <f(x;), y = x; into Eq. (1.37), we derive:

=Y+ (x,x7) = = () + {x,x");
ie., f*(x*) = —v + (x1,x*). Thus, there is a vector x} with finite f(x7). It follows

that
O+ ax®) = sup{(x, x] + ax™) — f()} =f*(x]) + o sup (x,x¥)

xedom f

and hence, taking into account Eq. (1.39),

Fx) = (x0) = (x0, x] + ax™) — f*(x] + ax™)
= o,xp) =G+ albro, ) = sup (ra”)
= (x0,x7) —f*(x]) + aclx*|| - +o0  asa— +oo. M

Theorem 1.22. If f is closed, proper, and convex, then f* is closed, proper, and
convex.

[J By Lemma 1.31 f* is closed and convex. It remains to prove that it is proper.
Because f(x) is a finite number for some x; edom f, then

FE) = (g, x") — fx),

and so f* is not equal to —oo. In the proof of the preceding theorem, we saw that
there exists x7 with f*(x7) finite. This means that f is proper.

Corollary 1.1. If fis lower semicontinuous at xo€dom f, then fxg) = f**(x).
The conjugate function of f, a closed proper convex positively homogeneous func-
tion, is

(") = sup{(x,x") = f()} = —f(0) = 0.

If there exists a point x; such that

(x1,x") = f(x1) >0,
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then

ffx)= ili%{(MhX*) —f(x)) = ili% A[(x1, x) = flx)] = +oo.

Thus, f*(x*) take only two values, 0 and +o0:

ook * 0, x*edomf*,
f (X )_6d0mf*(x) {+00, x*¢d0mf*.

Theorem 1.23. If fis closed, proper, convex, and positively homogeneous, then
f*(X*) = 5d0mf*(x*)

and dom f* is a closed set.
O It remains only to prove that dom f* is closed. Actually, /* is a closed function.
Then, it is not hard to see that the indicator function of dom f* is closed if and
only if dom f* is closed. H

Let fix) = |x|, xeR. This function is positively homogeneous, and by Theorem
1.22, its conjugate is d4om s+. Indeed,

v _ )0, if xf[=1,
f(x)_{—l—oo, if x| > 1,

and dom f* = {x* eR:|x*| = 1}; i.e., f*(x*) = Sgom r~(x*).
Theorem 1.24. If fis positively homogeneous, closed, proper, and convex, then

f(x) = sup{{x,x*) : x* edom f*}.

0 We apply Theorem 1.21. Indeed, we have f(x) =f**(x). Then, by Theorem 1.23,
f* = 6domf*( : ) and

£ = Sup{(6,x) ~ gom ()} = F* (") = sup{(x,x") : " e dom f*}. W

Theorem 1.25. The conjugate function of the support function of a closed convex
set is the indicator function of this set.
[0 Let C* be a closed convex set in x* = R" and

f(x) = sup{{x,x*) : x* € C*}. (1.40)
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Obviously, fis a closed convex positively homogeneous function. Besides, f is
the support function of C*.

Consider the indicator function §¢+(x*) of the set C*. Clearly, its conjugate func-
tion is

sup{ (x,x*) = 6(x*|C)} = sup{(x,x") 1 x" € C*} = £ ().

Thus, fis the conjugate function of §+(x*). Finally, by Theorem 1.20, we obtain

[ra)=6a7C), ff=c.m

1.6 Directional Derivatives and Subdifferentials

In general, convex functions are not differentiable. Nevertheless, these functions
have many useful “differential” properties, and one of them is the fact that direc-
tional derivatives exist universally. Moreover, for convex functions, a notion of
subgradient can be defined and the set of subgradients yields the subdifferential
conception.

Recall that the directional derivative of f at x with respect to a vector peX =R"
is defined to be the limit

, o e+ Ap) —f(x)
£x,p) = lim = AR,
if it exists.

Lemma 1.32. Let f be a proper convex function and xpedom f. Then the value
f (xo, p), finite or not, exists for all p.

O If xo + Ap¢ dom f for all A>0, then flxog+ A\p) = +oo and f'(xg, p) = +o0. If
Xo + Ap¢ dom f for a small )\, then according to Lemma 1.31 the quotient

fxo + Ap) — f(x0)
A

is a nonincreasing function of A, when A | 0. Therefore, the limit

fxo + Ap) — f(x0)
A

/ — 1
fx,p) lim

exists.
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Lemma 1.33. If xo + \p¢ dom f for Ae[—, +¢], € >0, then the value f'(xo,p) is
finite.

] By the second inequality of Lemma 1.31, setting ag= —¢, a1 =0, ap = A, we
have

J(xo) —f(xo —ep) _ fxo + Ap) — f(x0)
€ N A '

Whence, by passing to the limit as A |0, we have

S0+ Ap) —f(xo) _
s >

Plao =10 S0 =)

Lemma 1.34. The directional derivative f'(xo,p) is a positively homogeneous con-

vex function of p.

L] By definition of a directional derivative, for o > 0:

Jf&o + Aap) —flxo) _ . f(xo + Aa)p — f(xo)
= o lim

A AL0 (M)

f'(x0, ap) = 1/\%1 = of '(xo,p).

Furthermore, for A\;, A\, =0, A\; + X\, = 1, we have

J o+ AA1p1 + Aop2)) —f(x0) _ f(Ai(xo+ Ap1) + Aa(xo + Ap2)) — Aif(xo) — Aof (xo)
A A

- )\lf(xo + /\P)i) —f(xo0) n Azf(xo + )\P/\z) —f(xo)

Thus, by passing to the limit as A |0, we obtain

f'(xo, Aip1 + Xap2) = Aif'(x0, P1) + Xof ' (x0, p2). A

Definition 1.27. A vector x* is said to be a subgradient of the proper convex func-
tion f at the point xoedom fif

f(x) = f(x0) = (x — x0,x*) V.

This condition says that the graph of the affine function «(x)=f(xq)+
(x*,x — xp) is the nonvertical supporting hyperplane to the convex set epi f at the
point (xo,f(xo)).
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Lemma 1.35. Let f be a proper convex function at xoedom f. Then x* is a subgra-
dient of f at xq if and only if

f'x0.p) = (p,x*)  Vp. (1.41)
O] If x* is a subgradient, then

fxo + Ap) = f(x0) = AMp, x"),

whence

fxo + Ap) — f(x0) .

| 0.x")

and f(xg,p) = (p,x*). Conversely, if Eq. (1.41) is satisfied, then for all 0 < A <1,

F0) — fxo) = Jlxo + 1(x —1 x0)) —f (x0)

_ f(xo + Mx — xo)) —f(xo)
- A

= f'(x0,x — X0) = (x — x0,X%);

i.e., x* is a subgradient. H

Definition 1.28. The set of subgradients of f at a point x, is called the subdifferen-
tial of f at xq and is denoted Of(xy):

of (x0) = {x™ 1 f(x) — f(x0) = (x — X0, x")  Vx}.

In general, 0f(xp) may be empty. If Of(xy) is not empty, f is said to be subdifferenti-
able at xy. For example, the Euclidean norm f(x) = ||x|| is subdifferentiable at every
x, although it is not differentiable at x =0 and

of(0) = {x" : [|xll = (x*,x)  Vx}.

In other words, it is the Euclidean unit ball. For x # 0, the subdifferential Jf(x) =
{Ixl *x}. In particular, the subdifferential of the function fix) = |x|, xeR at x=0
is of(0) = [, +1].

Lemma 1.36. The subdifferential 0f(x,) is a closed convex set.

L] The proof is obtained by direct verification of the definition. ll
It follows from Lemma 1.35 that

Af (x0) = Gpf '(x0,0),
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where 0, is a subdifferential of f'(xo,p) with respect to p. Actually, by definition,
f (x0,0) =0, so Eq. (1.41) can be rewritten as follows:

f'(x0,p) = f'(x0,0) = (p,x"),
50 x* €0,/ (x0,0).
Theorem 1.26. If f'(xy, - ) is closed, then Jf(x,) is nonempty and

£ Gio,p) = sup{(p, ) : X" €3f (x0)).

[J Since f(xo, - ) is positively homogeneous, closed, and convex, by Theorem 1.24,

(0, p) = sup{(p,x") : x* € dom(f’(xo, *))*}. (1.42)

where (f'(xq, - ))* is the conjugate function of f'(xq,p) relative to p; i.e.,

(f'(x0, )"(") = sup{{p,x™) = (f'(x0.p)}. (1.43)
p

Now, recalling that

ey < [0 edom(f (xo, )",
(f (o, ) (x )—{m, ¢ dom(f'(xe. )"

and so taking into account Eq. (1.43), we have that x*edom(f'(xo,-))* if and
only if
0= (p,x*) = f'(x0, p),
which is equivalent to Eq. (1.41). It follows that
of (xo) = Opf’ "(x0,0) = dom(f"(xo, -))".
The latter formula together with Eq. (1.42) ends the proof of the theorem.

Theorem 1.27. x* € 6f(xy) if and only if (xp,x*) — flixg) =f*(x).
[J In fact, by definition, x* € 9f(xy) if

(x0,x") = f(x0) = {x,x%) = f(x).
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Thus,
{x0,x™) — f(x0) = sup{{x,x") — f(x)}

and so

(x0,x") = flxo) = f*(x").
On the other hand, by Fenchel’s inequality, (xo,x*) =f*(x*), and so
{x0,X*) = f(x0) =f*(x*). W

Corollary 1.2. If fis a closed proper convex function, then x* € 9f(x) if and only if
XoEOf *(x*).

O By Theorem 1.26, xoeof*(x*) is equivalent to (xp,x*) — f*(x*) = f**(x¢), which
by Theorem 1.20, fixg) =f**(xo), coincides with the condition of Theorem 1.26. l

Remark 1.2. It can be shown that for a convex function f, continuous at x, its sub-
differential Of(xp) is a nonempty bounded set. Then, Theorem 1.26 has the form

f,(x()ap) = II}EX{([), X*> ix* eaf(x())}-

In this direction we particularly refer the reader, for example, to Ref. [224,
p. 74].
O Actually, xo€ of*(x*) is equivalent to

(x0,X™) = f*(x0) = f*(x"),

and this coincides with the condition (xo,x*) — fixg) =f"(x*) of Theorem 1.26, if
fxo) = f**(x0). W

Theorem 1.28. If fis a convex function differentiable at x,, then the subdifferential
consists of the single gradient vector at this point, i.e.,

9f (xo) = {f'(x0)}.

] For a function f, differentiable at xo, we can write:

f'(xo0,p) = (p.f'(x0)),

and hence, f'(xo,p) is a closed function of p. By Theorem 1.26, we then have

(P () = supl{p, ") : 3" €0 (x0)}.
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In turn, it is easy to see that this formula holds, if 9f(xg) consists of the point
f(x0). 1

In Section 1.4, we have seen that multiplication by a positive constant, addition,
and pointwise supremum of convex functions are again convex. So it is important
to calculate the behavior of subdifferentials under these operations.

Lemma 1.37. Let f; be a convex function and a > 0. Then f(x) = afy(x) is subdif-
ferentiable and

f (xo) = adfo(xo)-
[0 The proof is elementary. ll

Lemma 1.38. Let f}, f> be proper convex functions and let f=f; + f>. Then
9f (x0) 2f1(xo) + f2(x0).

O Suppose x} €dfi(xo), x5 €0fa(xp), or, equivalently,

fi(x) = fixo) = {x —xo,x7) Vx
fo(x) = folxo) = (x — x0,x3)  Vx.

Adding these inequalities, we obtain x} + x5 € Of (xp). Thus, of=20f; + of>.
Theorem 1.29. (Moreau—Rockafellar) Let f;, f> be a proper convex function and

f=fi t 15, xoedom f; N dom f>. Suppose that either (1) there is a point x; edom
fi N dom f, where f; is continuous or (2) ri dom f; N ri dom f> # . Then

of (xo) = 0f1(x0) + Afa(x0).
[ For the proof, refer to Refs. [111:59,224:78,226:78,228:223]. 1
We next calculate the subdifferential of the indicator function 68,,(xy), xo€M.
By definition x* € 69,,(xo) if and only if
86M(x) — 8(SM()C0) = (x— )C(),X*> Vx.

But 00y/(xp) = 0. If x¢ M, then by definition of the indicator function, 98,(x) =
+o0 and the last inequality is always fulfilled. For xe M, we obtain

0= (x—xp,x"). (1.44)
Let

coneM —xp)={p:p=MNx—x0), A>0, xeM}.
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Then the inequality in Eq. (1.44) is equivalent to

—x* e (cone(M — xp))*.

Thus,

06y(x0) = —(cone(M — xp))*. (1.45)
Now, if K;, i=1,...,m, are convex cones and 0€K;, then cone(K;—0) =K,
and so

00k, (0) =K. (1.46)

Observe that
O (¥) = Ok, () + - + O, (). (1.47)

Theorem 1.30. Suppose that ri K; N---Nri K,,, 2. Then
Kin--NKy)" =K+ +K:.

O Clearly, domék,(-) = K;. And so, by hypothesis,
ridom &(-|K;)N --- Nridom 8(-|K,,) # .

Then taking into account Egs. (1.46) and (1.47) by Theorem 1.29, we have

m

—(ﬁm) =06, (0)=086k,(0) + - + 86k, (0) = —K} — - — K;;. M

Theorem 1.31. Let M™* be a closed convex set and

F(x) = sup{{x,x*) : x* e M*}.

Then

of (xo) = {x"eM™ : (xo,x") = f(x0)}.

In particular, if xy = 0, then 9f(0) = M*.
O If x* e M*, (xo,x*) = flxg), then

J(x) = fx0) = (x,x7) = (x0,x") = (x — X0, x7);

i.e., x* € 9f(xo).
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Conversely, let xjedf(xp). We must prove that xjje M*. Suppose the contrary,
i.e., that xj;¢ M*. Then by Theorem 1.5 there is vector p such that

sup{{p, x*) : x* e M*} < (p,xg). (1.48)
On the other hand, it is not hard to see that

sup{(x = xo,x") : x* €M™} = f(x) = flx0) = (x = x0, x5)-

Taking x = xo + p in this inequality, we obtain
sup{{p,x") : x" e M"} = (p, x7),
o

which contradicts the inequality (1.48). Hence, xj;e M*. By assumption x§ € 0f (xo)
and so

F(x) = (x,x5) = f(x0) — {(x0,x7)-
Setting x =0, we have (xo,x;) =f(xo). On the other hand, the hypothesis xjje M*
implies that f(xo) = (xo,x;). Consequently, (xo,x{) =f(xo). Furthermore, if xo =0,

then f(0) = (0,x*) = 0 for all x* e M*, and so of(0) = M*.1

Theorem 1.32. Let A be compact and f(x,«) be convex in x for every fixed a€A
and continuous in some neighborhood of xy and in € A. Then

ort =con (| U oftn.a))
where
fx) = sup{f(x, ) : €A}, Ax)={a€cA:f(x,a)=rf(x)}.

I For the proof, refer to Refs. [111:225,226:87,214:114]. 1
Remember that the cone generated by M — x is defined as follows:

cone(M —xp)={p:p=Ax—xp), A>0, xeM},

where xoe M and M is a convex set. In the theory of extremal problems, one of the
important problems is to calculate the dual cone, [cone(M — x¢)]*.

Theorem 1.33. Let f be a convex function and

M={x:f(x)=0}
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and suppose that x; €M is such that f{x;) <O0. If f{xg) =0 and f'(xo,-) is a closed
function, then

[cone(M — xp)]* = —cone 9f (xo).
[J Since
0>f(x1) =f(x1) = f(x0) = (x1 = x0,x%),  x"€0f(x0),
the point zero does not belong to the closed convex set df(xy). We show that

cone Of (xg) = {x" : x* = X}, A=0, x5e0df(xo)}

is a closed set. Indeed, let )\, and x{ be sequences such that M\xjf—x*,
A >0, x;e€df(xp), x* # 0. Then the sequence ) is bounded, for suppose the con-
trary: if A\y— +oo, then A¢llxf]| = [|x*||, and so ||xf|| —0. This contradiction (0¢ of
(x0)) proves that )\, is bounded. By virtue of the boundedness of );, assume that
M—>Xo>0. Hence, x; converges to A, 'x* and since of(x*) is closed,
Ao Lx* € 0f (x). Thus, x* € cone df(xo) and cone df(xo) is closed.

By definition, pe[ — cone 0f(xo)]* if and only if

(P, =) =0, A>0, xjedf(x);
1.e.,

su*p{(p, x5) 2 x5 €0f(x0)} =0. (1.49)

Since by hypothesis, f'(xq, - ) is closed, then by Theorem 1.26 and Eq. (1.49), we
have

[—cone 0f (x0)]* = {p : f'(x0,p) =0}.

Take p; = x; — xo. Then for 0 < A <1,

Sfxo + Ap1) — f(xo)
A

f'(xo,p1) = =f(x1) — f(x0) <0,

and by virtue of the convexity of f'(xq, p) relative to p,
f(xo, A1 + (1 = Mp) = Xf'(x0, 1) + (1 = N)f'(x0,p) <O (1.50)

if f'(xo, p) = 0.
Now, let p = A(x — xq), xe M, A>0; i.e., pecone(M — xp). Then f(x) =0 and

0=f(x) = f(x0) = (x —x0, x*), x"€0f(xo).
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Therefore,

Sup{(p, ') : " €0f (¥0)} = Asup{(x — x0,2") : x" €0 (x0)} <O0.

It follows that
cone(M — x0)< {p : f'(x0,p) =O0).

On the other hand, if f'(xo, p) <O, then for small A >0,

[0 + Ap) =f(x0) + Af'(xo,p) + o(A) = Af'(x0, p) + 0(X) <0,

and so xo + ApeM. The latter implies that p e cone(M — x;). Now, it follows from
Eq. (1.50) that A\p; + (1 — A)pecone(M — xp) if pe {p:f (xo,p) =0}. We obtain that
every point of cone{p:f'(xg,p) =0} is a limit point of cone(M — xg) as A tends to
Zero.

Since the cone{p:(f'(xo, p) =0)} is closed, (f'(xo, p) is closed relative to p and
Theorem 1.19 is valid), and

cone(M — x0) 2 {p : f'(x0,p) =0},

then

{p 1 f'(x0,p) =0} = cone(M — xo).
Because

{p : f'(x0,p) = 0} = [ — cone &f (xo)]",
we have

[—cone Jf (xo)]* = cone(M — xp).
Since cone Of(xy) is closed by Lemmas 1.13 and 1.15, we obtain

—cone of (xp) = [—cone f(xo)]** = [cone(M — x¢)]* = [cone(M — x¢)]*. W

Theorem 1.34. Let f be a convex function, continuous at xoe M, M = {x: fix) =0},
and suppose that there is a point x; such that f{x;) <0. Then

{0}, flxo) <0,

[cone(M — xo)]" = { —cone f(xp), f(xo) =0.
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O If fixg) <O, then by virtue of the continuity of f at xy, we derive that xo + \peM
for every P and sufficiently small A > 0. Thus, cone(M — xy) = X = R". Hence the
dual cone of cone (M — x() consists of a single point, which is the first assertion of

the theorem. The second assertion is a consequence of the previous theorem and
Theorem 1.26.H



2 Multivalued Locally Adjoint
Mappings

2.1 Introduction

In this chapter, we first introduce the basic definitions and properties of multiva-
lued (set-valued) mappings (functions) F:X— P(Y), where X and Y are finite
dimensional Euclidean spaces. The reader can find more details and discussions on
major achievements in this direction in Refs. [9,14,18,22,38—40,85,87,93,141,191,
231,238,243,265]. In this simple case, although X = X*, Y =Y*, Z=Z*, in general,
we denote the elements of the adjoint spaces by x*, y*, z*, respectively. We prove
some of their basic topological properties such as their boundedness and the
Lipschitz conditions they satisfy (in the Hausdorff metric). In particular, for quasi-
superlinear mappings, we formulate a boundedness condition.

Local properties of differentiable functions are well described by the concept of
the derivative and the gradient function. For convex functions, instead of the gradi-
ent, we use subdifferentials. In the case of multivalued functions, a similar role is
played by an important concept of this book: the locally adjoint mappings.

For a convex multivalued mapping F, the multivalued mapping F* from Y* to
X* defined by F*(y*;2) = {x" : (x", =y*) €K, p(x,y)} is called the locally adjoint
mapping (LAM) to F at the point (x, y) € gph F, where K, r(x,) is the dual to the
cone Ky, r(z) = cone(gph F —z). The adjoint mapping (AM) F* defined by the
recession cone 0 gph F is bounded if and only if dom F = X.

By Theorem 2.1, all sets F*(y*;(x, y)) for every yeF(x; y*) are the same and
equal to O.H(x,y*), where H(x,y*)= sup,{(y,y*):y€eF(x)} is the Hamiltonian
function, which is concave in x and convex in y*, and F(x; y*) is an Argmaximum
set. The LAM, F*(y*; z), for a closed bounded convex multivalued mapping F is
upper semicontinuous and uniformly bounded (Theorems 2.2 and 2.3). By Lemma
2.6, x* is an element of the LAM F* if and only if M(x*, y*) = (x, x*) — H(x, y*),
where

Mx*,y*) = (ixnyf){(x,X*> = (,)") : (x,y)egph F}.

By Theorem 2.5, for a closed convex multivalued mapping F, its AM is the clo-
sure of union of locally adjoint mappings over ze gph F.
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If F is a convex multivalued mapping and « # 0 is any real number, then
G*'D"; (x, ay)] = lalF*[y"sgn o (x, y)],

where G(x) = aF(x) (Lemma 2.7).

In Section 2.3, we prepare the calculus of LAM on different multivalued func-
tions that arise in optimization problems. Note that in Refs. [193,194,198], general
calculus rules for normal cones to nonconvex sets and coderivatives of nonsmooth
multivalued mappings under natural and verifiable assumptions are obtained. We
refer the reader to Refs. [52,54,60,65,77,132,194,209,230] for various constructions
of this type. For the inverse mapping, F~', we have

F Y Ix*, (3, )] = —(F*) '[—x*,(x,y)] (Theorem 2.6)

Then, we compute the LAM for the sum F(x) = F(x) + --- + Fn(x), intersection
F(x)= (N, F;)(x) = NY, Fi(x), Cartesian product F = F; X F5 X --- X Fy, as well
as composition FyoFy—_jo---oF|, of given convex mappings F; : X—>P(Y),i=1, ...,
N. Now, let F: X1—>P(X2) be a convex multivalued function, and let A and B be
linear transformations from X° to X' and from X to X°, respectively. Construct a
new mapping G : X° —>P(X3 ) defined by G(x) = BF(Ax). In Section 2.2, using the
LAM to the composition mapping F o A, we compute the LAM to G.

In Section 2.4, we compute the LAM of different concrete maps, usually ones
given by inequality constraints. First, calculus results in the related LAM setting
were obtained by Pshenichnyi [226]. If F: X— P(Y) is a bounded closed convex
multivalued mapping, and ¢ is a proper convex function such that dom ¢ = Z, then
Oftxo) = {x* — F*(—=y*; 20):(x*, y*) €0:p(20)}, where f(x) = miny{p(x,y) : y€F(x)}
(Theorem 2.11). For a map defined by F(x) = {y:p(x, y) =0}, then under the exis-
tence of an interior point,

F*(y*;520) = {= Mg 0 y* = Ayp, (55, vp) € 0-0(20), A=0}.

From the applied point of view, the polyhedral mapping plays an important role.
The latter notion was explicitly introduced by Mahmudov and Pshenichnyi
[140,141] and Mahmudov [143]. Let X =Y =R", A, B be m X n matrices, and d be
an m-dimensional column vector. A polyhedral mapping is defined, the graph of
which is the following polyhedral set in R"” X R"™:

gph F ={(x,y) : Ax —By=d}, F(x)={y:Ax— By=d}.

By Theorem 2.16, the Hamiltonian function H( - ,y*) for a polyhedral mapping is
closed and its LAM is the step function in the argument z(:

F*(y*;20) = {—A"A 1 y" = —=B*A\, A=0, (Axo—Byo—d, ) =0}.
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A polyhedral mapping F is bounded if and only if B*R"} =R", where R”, is a
positive orthant of R™. In addition, xedom F if and only if (u,d—Ax)=0,
YueN={ueR™ B*u=0,u=0} (Theorem 2.17).

Moreover, a polyhedral mapping F is bounded and dom F =R" if and only if
F(x) = Cx + F(0) for some matrix C (Theorem 2.18).

In Section 2.5, we will prove a result, which can be considered as the duality
theorem for a convex multivalued mapping. As will be seen in the next chapters,
this result implies a lot of other theorems of convex analysis and theories of extre-
mal problems.

By Theorem 2.19, if F is a convex mapping and its Hamiltonian function H,
regarded as a function of x, is closed, and further, if there is a point x; for which
H(xy, y*) is finite, then

inf{{x, x") — M(x",y")} = H(x,y").

Note that the following result is important for duality relations: for a convex
mapping F,

dom M = {(x*,y*) : M(x*,y*)> —o0} = (0" gph F)*.

If, in addition, F is quasisuperlinear, then we have equality. Furthermore, if
H(-,y*) is a closed proper convex function, then the duality relation

inf  {(x,x") —M(@x*,y*)} = sup (y,y")
x*eF*(y*) yeF(x)

holds (Theorem 2.20). In particular, if gph F is a cone, then infycp«y=)(x, x*) =
SUP, ¢ iy (V> ). Let M be a closed convex subset in X and N be a convex subset in Y.
Further, let f(x,y) be convex in x and concave in y. Then, by computing the
Hamiltonian and support function of an auxiliary multivalued mapping, a minimax
relation can be established:

inf sup f(x,y) = sup inf f(x,y).
XEMyGN yeNXEM

2.2 Locally Adjoint Mappings to Convex Multivalued
Mappings

In this chapter, we first introduce the basic definitions and properties of multiva-
lued (set-valued) mappings (functions) F:X— P(Y), where X and Y are finite
dimensional Euclidean space and P(Y) denotes the family of all subsets of Y.

Let us denote the Cartesian product X X Y by Z, so that if xe X, yeY, then a pair
(x, y) denotes some point z of the space Z. As in Chapter 1, (x,y) is the scalar



56 Approximation and Optimization of Discrete and Differential Inclusions

(inner) product of the elements x, y. Even in this finite dimensional case, to which
we confine ourselves at first for simplicity, although X=X*, Y=Y* Z=Z7* in
general we denote elements of the adjoint spaces by x*, y*, z*, respectively.
Let M be an arbitrary subset of Z= X X Y. This defines the multivalued mapping
F by the formula
Fx)={y: (x,y)eM}.

The set M is called the graph of multivalued function F and is denoted by
gph F:

gph F = {(x,y) : ye F(x)}
Later on, we set

dom F'=f{x: F(x) #Q},  [|F)I = sup{lly]l : ye F(x)}.

By definition, ||| = 0.
Definition 2.1. A multivalued mapping F is convex if its graph is convex.
Definition 2.2. A multivalued mapping F is convex valued if F(x) is convex in Y.
Definition 2.3. A multivalued mapping F is closed if its graph is closed.

Definition 2.4. A multivalued mapping F is bounded if there exists a constant
C >0, such that

IF) = C(1 + [|x])).

Definition 2.5. A multivalued mapping F is said to be upper semicontinuous at xg
if for any neighborhood U of zero in Y there exists a neighborhood V of zero in X
such that

F(x)SF(xo) +U Vxexy+V.
Definition 2.6. A multivalued mapping F is said to be lower semicontinuous at a
point x, if for any neighborhood U of zero in Y there exists a neighborhood V of

zero in X such that

F(xo))=F(x)+U Vxexy+V.
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Definition 2.7. A multivalued mapping F is said to be continuous at a point xy, if it
is both upper and lower semicontinuous at a point x,. It is said to be continuous if
it is continuous at every x€X.

Definition 2.8. We say that a multivalued mapping F is Lipschitzian in the set €2 if
pla(x), a(x2)) = Llx; — x|,

where p is the Hausdorff metric; i.e.,

y eAY2E y,€BYIE

p(A,B)=maX{Sup inf [[y1 = y2ll, sup ian lly1 —yzll}

and L is called its Lipschitz constant.

Lemma 2.1. Let F be a closed convex multivalued mapping and suppose that at
some xo€dom F the set F(xg) is bounded. Then F is bounded.

[0 Assuming that F' is not bounded, there is a sequence z; = (xz, ¥x), Yx € F(x;) such
that [yl /(1 + [lxell) = +co. Let |lxll=r. Setting A\ = [lxell/(1 + [lyxll), we see
that A\, — 0. Take yoe F(xo) and consider the points

X = Nexx + (1= Xoxo, Ve = My + (1 — M)yo.

Since 0 <\, <1 for large k and F is convex, y, € F(x;) for large k. Observes
that X; — xo. Moreover,

_ Yk
Vi = (1 + Ix ) == + (1 = A)yo.
el

There is no loss of generality if we assume that yi /|yl = w, [lw| = 1. Also, by
virtue of the boundedness of ||x;||, we obtain |x;|| = . Thus, y,— (1 + a)w + yy.
Since F is closed, (1 + a)w + yge F(xp). On the other hand, since y, is an arbitrary
point of F(xg), we have

(1 + a)w + F(xo) S F(xp)

which contradicts the fact that the set F(xy) is bounded. Let now |xi]| > +oo. In
this case, we put Ay = (1 + [|x¢|))/(lx|l & |). Then taking into account

N e B

Vi = + (1= X)vo
AT

and that (1 + |lx]|)/|lxx]l = L, repeating the previous argument we again derive a
contradiction. H
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Lemma 2.2. Let graph F = K and K be a closed convex cone. Then, F is bounded
if and only if F(0) = {0}.

LI If F(0) = {0}, then F is bounded, by the previous lemma. On the contrary, if F
is bounded, then yo# 0, yge F(0) does not exist, because (0, yg) = (0, Ayog) eK for
all A>0; i.e., AygeF(0), A> 0, and we obtain that F(0) is not bounded, which is a
contradiction. ll

Remark 2.1. If a multivalued mapping F is quasisuperlinear—i.e., its graph is
represented as gph F = Q) + K, where () is a convex compactum and K is a closed
convex cone—then in a similar way it can be shown that for the boundedness of
such mappings, the hypothesis of the lemma consists of K N (0 X Y) = {0}.

Definition 2.9. Let 0° gph F be the recession cone (see Definition 1.16) of a con-
vex mapping F; i.e.,

0" gph F={(x,y): (x + XX,y + \XX)egph F, A=0 V(x,y)e gph F}.
Then, we call the multivalued mapping F* defined by
F*(y*) = {(x* 1 (", —y*)e(0 " gph F)"}
the adjoint (AM) to the convex F.

Lemma 2.3. The AM F* is bounded if and only if dom F' = X.

[0 Observe that (0" gph F)* is always closed, so F* is a closed convex mapping.
According to the previous lemma it is enough to show that F*(0) = {0} if and only
if dom F=X. Let x* € F*(0); i.e.,

(x,x") = (0,0) =0, (x,y)€0" gph F.
Then
(x,x*) =0, xedom F. (2.1
If dom F =X, then Eq. (2.1) implies that x* =0, i.e., F*(0) = {0}. Conversely, if
x* =0, then dom F lies in the half-space defined by Eq. (2.1). Thus, F*(0) contains
a nonzero element, that is not bounded, if dom F# X.
Lemma 2.4. Let F be a closed convex mapping, bounded at xyeint(dom F). Then,
in some neighborhood of x,, the mapping F is Lipschitzean.

[ Since xgeint(dom F), there is » >0 such that x, + rB<dom F, where B is the
unit ball centered at the origin. Set

, X — X r r
X=xg+r———=(1—-—|xo+ ——x
llx — xoll llx — xoll llx — xoll



Multivalued Locally Adjoint Mappings 59

v X—Xxo _ r r
X' =xg—r———=(1+ Xo — X.
llx — xoll llx = xoll llx — xoll
Then
X — X X — X X=X r
O TV e W o B N
r r [[x = xol| + 7 lx —xoll +7

Since xexg + rB, then ||x — xo|| =r, and it follows from the preceding formulas
that x and x, are convex combinations of x’, xy and x”, x, respectively.
By virtue of the convexity of F,

F(x)2 MF(X’) + (1 - M) Flxo)

and

llx = xoll r
F(x))2 ——2 F(x)+ ———— F(x). (2.2)
Y= = xoll + - Ix —xoll +

Let yeF(X), y'eF(x"), yoe F(xg), yeF(x) be points from the corresponding
sets. Then from the first inclusion of Eq. (2.2), we obtain

llx = xo|
F(x)Ef(v’—yo)ero

or

voeF) - 20—y 3

Note that by Lemma 2.1 the set F(x) is bounded. Hence,

Yl =CA+ XM, lyoll = CA + llxoll),
1Y = yoll = C(1 + [IX'[]) + C(1 + [lxol]).

Since ||x'|| = ||xo|l + r, finally we have
" = yoll = C2 + 2|lxoll + 7).
Now, it follows from Eq. (2.3) that

CQ2 + 2|lxoll + 1)
YEF() + — == x — xo|B
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or, since Yy is an arbitrary point of F(xy),

F(xo) S F(x) + xollB.

C2 +2|xoll + 1)
- - 7 ”x —
r
Taking into account the second inclusion of Eq. (2.2), by analogy it can be
shown that

F(x)= F(xp) +

2C(1 + [lxol| +
%”JC_XOHB-

In turn, from these inclusions, we have

Xol. M

p(F (), Flrgp = 2SO0 ED,

Corollary 2.1. Let Q2<int(dom F) be a compactum, Then, a closed convex map-
ping F bounded at a point X satisfies a Lipschitz condition on ).

[0 By virtue of the compactness of €2, there is » > 0 such that €2 + rB S int(dom F).
Therefore, xy can be taken arbitrarily from 2 and r then chosen suitably, as in the
proof of the previous lemma. l

Local properties of differentiable functions are well described by the concept of
the derivative and the gradient function. For convex functions, instead of the gradi-
ent, we use subdifferentials. In the case of multivalued functions, a similar role is
played by an important concept of this book: the locally adjoint mappings (LAMs).

Let us introduce some important notations. The function defined as

H(x,y*) = sup{(y, V) i yeF(x)}, y'eY* =R" (2.4)

is said to be the Hamiltonian function. Moreover, let us denote

M(x*,y*) = (i)pyf){<x,x*> — (»,Y") : (x,y)egph F}. (2.5)

We put H(x, y*) = —o0 if F(x) = .
It is clear that

MG,y = inf((x,x°) = ")) (2.6)

i.e.,

M(x*,y*) = (x,x*) — H(x,y*) V.
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Furthermore, it follows from Eq. (2.6) that

M, y") = = (=H(,y")"(x").

Lemma 2.5. Let F be a convex multivalued mapping. Then
F(Ax; + Ax)2 /\1F()C]) + MF(), M =0, =0, + =1 (27)

and H (-,y*) is a concave function.
O If (xy, y1) egph F, (x2, y2) egph F, then since gph F is convex,

()\lx] + Aoxa, )\1y| + )\zyz)egph F.
Thus, Ajy; + Ay, F(A1x; + Aox,). Observe that y; and y, are arbitrary points of
the sets F(x;) and F(x,), respectively, and so the first assertion is proved.
Moreover, by virtue of Eq. (2.7),
H(Aix1 + Xoxo, y*) = supy {(y,y") 1 ye F(A\ix1 + Aoxz)}
= sup{{Aiy1 + Xay2,¥*) 1 y1 €F(x1),y2 € F(x2)}

Yi.y2

= MH(x1,y") + MH(xp,y"). 1
Take a point ze gph F and denote
Kgph £(z) = cone(gph F — 2); (2.8)
ie.,
Koph r(2) ={Z2:2= Mz1 —2), A>0, z1egph F}.
It is not hard to see that
Kopn £(z) = {Z : 2+ Aze gph F for sufficiently small A > 0}.
The Argmaximum set is defined as
Fay) ={yeF(x): (y,y") =H(xy")} (2.9
The multivalued mapping
F(%) = {y: (%, ) €Kgpn r(2)}

is defined completely by the cone Kypn (z) and gph F, = Kypp £(2).



62 Approximation and Optimization of Discrete and Differential Inclusions

Definition 2.10. For a convex multivalued mapping F, a multivalued mapping F*
from Y* into X* defined by

Fr(y"i2) = {x" 1 (&%, =) e Ky, p(x )}

is called the LAM to F at the point (x, y)egph F, where K r(x,y) is the dual to
the cone Kgpp p(x, y).

Theorem 2.1. Let F : X— P(Y) be a convex multivalued mapping. Then

* (- _ JOHM, "), yeF(x,y),
F* ("5 (x,y) = { &, yé F(x,y*),

where
OxH (x,y*) = —0x[—H(x, y")].
[J Obviously, 0,H(x, y*) is the set of x* such that
H(x1,y") — H(x,y") = (x; —x, x*) VxjeX (2.10)

Let x*€F*(y*; 2), = (x,y). By the definition of the dual cone Kj,, #(2) this
means that

(x,x*) = (3,5 =0, (x,y)€Kgn r(2)
or
(x1 —=x,x") = (y1 = »,y") =0, (x1,y1)egph F. (2.11)
If x; = x, y; € F(x), this inequality implies that
3y =0y, yieF);
ie., yeF(x, y*) and
(. y") = H(x, y").
Then, it follows from Eq. (2.11) that
(y") = Hx,y") = (6 — x,x7).

Taking the supremum over y; € F(x;) gives us the inequality

H(xp,y") — H(x,y") = (x1 — x,x7),
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or x*€0,H(x, y*). Now let x* € 0,H(x, y*), ye F(x; y*). Then, by going in the reverse
direction, it is not hard to see that x* € F*(y*;(x, y)).

Remark 2.2. At the same time it was shown that all sets F*(y*;(x, y)) for every
y€ F(x; y*) are the same and are equal to 0,H(x, y*).

Theorem 2.2. Let F be closed bounded convex and P be a compact set in Z such
that its projection on X lies entirely in int(dom F). Then, F*(y*; z) is uniformly
bounded with respect to z€ P; i.e., there exists a constant C such that

IF*", 2l = Clly*l

for every zeP.
[J Since P is a compact set and its projection on X lies entirely in int(dom F), there
is a number r > ( such that for all z = (x, y) e P, a ball with radius r and center at x
belongs to int(dom F).

We proceed by a contradiction argument. Then, there is a sequence (x, — yf)e
K3 #(z1), ze P such that [xi||[xf| /[ yi]| = oo. Suppose that z;,— zo€int(dom F)
and y; /| yi|| =5 By Definition 2.10, (xj, — y;) €K}, p(z1) is equivalent to

(¢ = xe, x5) = (v =Y y) =0, (x,y)egph F,

Xk Vi
X = Xom /) —\Y Yoo =0.
< ' y;:|> < ‘ yz>

Set & =x; — rxj/|x;| and take an arbitrary point j, € F(¥). By virtue of the
boundedness of F, all §, are bounded. Then by substituting (%, y,) into the latter
inequality, we deduce

|1 < i >
=~ { S ) =0,
il il

which is impossible for large k because ||x | /[yi [ — co.H

or

Theorem 2.3. Let F be a closed bounded convex multivalued mapping. Then, its
LAM F*(y*; z) is upper semicontinuous for all y* € Y* and z = (x, y) such that xeint
(dom F).

L] As in the previous theorem, we proceed by contradiction; suppose that for some
v4 and zo = (xo, yo), Where xpeint(dom F), the LAM F*(y*, z) is not upper semicon-
tinuous. Then, for ¢>0, there exist sequences y;—yg,zx— 20,X; € F*(¥{; )
such that

X € F*(yg320) + €B, (2.12)
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where B is the unit ball with center zero. By the previous theorem, all the mappings
F*(y*; z;) are uniformly bounded, so we assume that all x} are bounded. Thus, there
is no loss of generality if we suppose that xj —xj. By definition of LAM, we
can write

(= X6 x) = (v ~ V) =0, (x,y)egph F,
where, by passing to the limit, we derive
(x = x0,x0) = (y = Y0, 55) = 0;
i.e., xj € F*(y§; z0), which contradicts Eq. (2.12).H
Lemma 2.6. The x* is an element of the LAM F* if and only if
M(x",y*) = (x,x") — H(x, ).
00 By Theorem 2.1, x* € F*(y*; z), z = (x, y) is equivalent to
X" €0:H(x,y"), y € (x;y%);
ie.,
H(xy,y*)— H(x, y) = (x; —x,x*) Vx;eX.
Rewriting the latter inequality as
(0, x") = H(x,y*) = (x1,x%) = H(x1,y")
and taking the infimum over x;, we have
M(",y") = (x, x") — H(x, y").

Now compare this inequality with the reverse inequality following from
Eq. (2.6).1

2.3 The Calculus of Locally Adjoint Mappings

We investigate the connection between adjoint mappings and LAM. For a convex
set Q=Z=X XY atapoint zeQ, let

Kp(z) =cone(Q —z)=1{z:2=Mz1 —z2), A>0 Vz;eQ}. (2.13)
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First, we establish the following supplementary result.

Theorem 2.4. Let 0" Q be the recession cone of the closed convex set Q. Then,

N KQ(Z) =0" 0.
zeQ

0 We first show that
0= 0+ Ko2) (2.14)

Indeed, take an arbitrary zo€ Q. Clearly, all vectors of the form z = zy — z belong
to the cone in Eq. (2.13) (with A= 1); i.e., zpez + K(z), z€ Q, which implies that
20€MN;ep(z + Kp(z)). Conversely, if we have the latter inclusion, then zoez + Kp(2),
zeQ and there is z;€Q and v>0 such that zp —z=1(z; —2)€Ky(z). Thus,
20 ="z1 + (1 —¥)ze Q. This yields Eq. (2.14).

On the other hand, it is easy to see that

0" | 0, e+ Koto)] = 1, [0 + Koto))

=N
zeQ

In fact, if z is an arbitrary point of Q = N;co(z + Kp(2)), then by Definition 1.16
of a recession cone, the half-line z+ Az, A=0 is contained in every cone
z+ Ky(z), ze Q. This means that

ze 0 (07 (z+ Ko(2)].
Therefore,

0"0=0" LQQ (z+ KQ(z))} =0 (0" (z+ Ko(2)] = o Ko(z). 1

Remark 2.3. In the formulation of the theorem, the closure condition is essential.
For example, let Q = {(x, y):x >0, y > 0}U{(0,0)} cRZ Obviously, 0" Q = Q. The
set O has all the points of the form (x, yo) + A(0, yo), where xo>0, yo>0 are
fixed. But (0,y0)¢ 0" Q.

Theorem 2.4. Let Q be a closed convex set and Kj5(z) be the dual cone to the cone
Ko(2), ze Q. Then

U K%(2) = (0 0)*.
UK =(0"0)
O It is sufficient to show that

zLeJQKé(Z) = (ngKQ(Z)> . (2.15)
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For an arbitrary fixed z5€U,coKp(2), there exists a sequence z, €U.coK((2)
that converges to z;. Then z, € K,(z,) for some sequence z, € Q.

On the other hand, since Ko(z,)2M:coKp(z), it follows that K}(z,)<
(OZEQKQ(Z)}*. Thus, zi < (mZEQKQ(Z))* and so zj< (mZEQKQ(Z))*. Consequently,
we have U,coK}5(2) S (N:c0Kg(2))". Now we prove the reverse inclusion. Take an
arbitrary zj € (N.cKp(z))". On the contrary, suppose that zj¢U.coK}j(z). This
implies that zj € Kj5(z) for every zeQ. In other words, there is a vector z; # 0
such that

<ZT,21><0, VZ1€Kp(z) VzeQ

or

(21,21) <0, Zie N Kp(2);
zeQ

i.e., 7i¢ (N:e0 Ko(2))". This is a contradiction.

The next theorem shows that the AM F™ is the closure of a union of LAMs over
zegph F.

Theorem 2.5. Let F be a closed convex multivalued mapping. Then
F'(y") = U F(y%z), yeF(y").
zegph F

[0 Taking into account the definition of adjoint mapping and LAM, the only for-
mula of the theorem is obtained immediately from the preceding theorem if we set

Q=gphF:
F*(y )=ZegL;hFF 0*;2).

It only remains to observe that, by Theorem 2.1, F*(y*;z) = for z = (x, y),
y¢F (x;y*).1

It is elementary to verify that if F is a convex multivalued mapping, then oF is
a convex multivalued mapping for any real a # 0. Let G(x) = aF(x).

Lemma 2.7. G*(y*;(x, ay)) = ||| F*(y*sgn a;(x, ¥)).
[J Let Hr, Hg be the Hamiltonian functions for F and G, respectively. Clearly,

Hg(x,y") = sup{(y,y") : ye G)} = sup{arly,y”) : ye F(x)}

= |l sup{(y, sgn ay®) : ye F(x)} = |a|Hp(x, sgn ay”).
¥

Now use Theorem 2.1.H
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For any multivalued mapping F : X— P(Y), its inverse is denoted by F~' and is
defined to be the multivalued mapping

F7'(y)={x:yeF(x)}.

Obviously, Fly— P(X). It is easy to see that (F71)7l =F and Ffl(F(dom F))=
dom F'. Furthermore,

gph F 7' = {(y,0) 1 xe F ' (1)) = {(,%) : ye F()} = {(,%) : (x,y) egph F).

Theorem 2.6. Let F: X— P(Y) be a convex mapping and F_le—>P(Y) be its
inverse mapping. Then we have

(F (5 0,x) = —(F) (=2, (%),  (x,y)egph F.
[J Remember that, by definition, Ky, £(z) = cone(gph F — 7). Clearly,
Kgph F1 (y’x) = {(y’ )_C) : ()_Ca y) EKvgph F(xa y)}

Then,

K;ph Ffl(y’x) = {(y*’X*) : <y*5y) + (X*’x) 20’ ()_Csy)ngph F(x:y)}
= {(y*sX*) : (X*sy*)EK;ph F(xsy)}~

Thus, by definition of LAM, we can write

F 05 0,x) = 0 1 0%, —x) ey, pod = (v ey o)
=" —xTeF (=Y (y)) = —{ =y =X e FR (=Y (x5 0))
= —(F) ' (=x*, (x,y)H

Given multivalued mappings F;: X—>P(Y),i=1, ..., N, their sum is defined to
be the multivalued mapping

FO)=(Fy + - + Fy)(x) = F1(0) + -+ + Fy(x), xe fjl dom F,. (2.16)

Denote by Hi(x, y*) and F(x, y*) the Hamiltonian function and Argmaximum set

corresponding to Fix), i=1, ..., N for a given y* e Y*.
Theorem 2.7. Let F;: X—>P(Y), i=1, ..., N be convex and suppose that all the
Hamiltonian functions H,(-, y*), i=1, ..., N except possibly one are continuous

at a point xe NY,; domF;. Then
FA O (6 9) = FO%5 (6 p)) + - + FyOF; (6 ),

y=yi+--+yy, yieFix), i=1,...,N.
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[0 In the standard way, it can be shown that the sum of multivalued mappings

defined by Eq. (2.16) is convex if F;, i =1, ..., N are convex. Furthermore,
N
N
H(x,y") = ZH,-(x, y"), xe N dom F; (2.17)
i=1
i=1
and so
N
Fle,y) = Filx; y). (2.18)
i=1

Moreover, by Theorem 2.1

. OcH(x,y%), yeF(x;y"),
F*(y*; (x,y) = . 2.19
0" () { ) Ve Fley®) (2.19)
Now, by hypothesis and Theorem 1.29, we obtain
N
OH(x,Y") = Y 0.Hi(x;y"). (2.20)

i=1

Now by substituting Egs. (2.17), (2.18), and (2.20) into Eq. (2.19), we have the
needed result. i

Now, consider the intersection of F; : X—»P(Y),i=1,..., N:
N N N
Fo= (A7)0 = A R, soh £ = fept @.21)
Theorem 2.8. Suppose F;: X—P(Y), i=1, ..., N are convex multivalued map-

pings and either

1. gph F; Nint gph F,> N ---Nint gph Fy# J
or
2. ri gph Fy Nri gph F> N---N ri gph Fy # & is satisfied. Then we have

N N
F %)= Y F05:2, Y = Y o,
=1 i=1

where F* (v*; 7) is the LAM to the intersection map in Eq. (2.21).

O Obviously, Keph £(z) = M| Kgph £,(x), zegph F and now the hypothesis implies
that either Koph 7, N intKepn g, N ... N intKgpy Fy # O or i Koph 7N ri Koph 7, M ...
Nri Kgph Fy 75 .
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Then, by applying Theorems 1.11 and 1.30, we have
K;ph F@)= K;gkph p@F et K;‘ph (@),
Let us rewrite the latter formula in the form

(Y =G+ G an); (L) €Ky p(2), (57,7 €Ky 1, (2), i=1,..,N,

N N . N N
where x* = 3 0 xsy* =Y 0L v de, FRO%2) = Y04 FEOT 2, = X0 v I

Lemma 2.8. Suppose that F;: X—> P(Y),i=1, ..., N are convex multivalued map-
pings and the hypotheses of Theorem 2.8 are satisfied. Then, we have

N
N
Flxy") = 0 Filwy), " = > v
- =1

where F(x; y*) is the Argmaximum set corresponding to the intersection map in
Eq. (2.21).

O Let x*eF*(y*;2) and xfeF}(y};2), i=1,...,N. By Theorem 2.8,
v = Zf\il yi. By the definition of LAM, we can write

N
(x1—x, x*) =1~y ¥y)=0, (x, yl)egphF=igl(gphFi),
(i —x, X7y = (i—y, y)=0, (x, y)egphF;, i=1, ...,N.
If x; = x, y; € F(x), then the first relation implies that

3,y =Ly, yieF(x);

i.e., yeF(x; y*) and (y, y*) = H(x, ¥*), where H is the Hamiltonian function for F.
Similarly, if x=x, y;eFx), the second inequality yields yeFi(x;y}),
(i=1,...,N).1

Corollary 2.2. With the assumptions of Theorem 2.8, we have

N

N
. ZaxHi(xa y;k)’ yeiOIFi(xa y;k)a
F 32) = i=1 B
(2= ! .
®> )’¢ iDlFi(x’ yi )5

where y* = Ei\;l yi and H; is the Hamiltonian function for F;.
Now, consider the Cartesian product F = F| X F, X --- X Fy of the multivalued
mappings F;: X—>P(Y),i=1,...,N.
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Lemma 2.9. Let F;:X—>P(Y), i=1,..., N be convex-valued mappings.
Moreover, let H; and H be the Hamiltonian functions for F; and the Cartesian prod-
uct F=F; X Fp X --- X Fy, respectively. Then we have

N
Hx,y) = Y Hix,y)), ¥ =00
i=1

[J We shall confine ourselves to the case N =2; the case of a greater number of
Cartesian product follows from this case by induction.

H(x,y*) = syp{(y,y*) tye(Fi X F>)(x)}

= Sﬁp{<y1,yT) + (y2,¥3) 1 y1 €F1(x), y2 € Fa(x)}

Y1.Y2

= sup{(y1,¥7) : y1 €F1(x)} + sup{(y2,y3) : y2 € F2(x)}

Vi Y2

:Hl(xayT)+H2(xsy§)s y*:(yTayz)-

Theorem 2.9. Let F;: X—>P(Y), i=1, ..., N be convex mappings and suppose
that all the Hamiltonian functions H;(-, y*), i=1, ..., N except possibly one are
continuous at a point common to every dom F;. Then, for F, the Cartesian product
map, we have

N
F 0% = Y FFOh0)) y= 010w eF (YY)
i=1

O It is easily checked that F(x,y*)=Fi(x;y]) X -+ XFyn(x;y8), Y =07,-...0%0)-
Now use Lemma 2.9 and Theorems 1.29 and 2.1.H

Let us now consider the composition FT = Fy_joFy _50---oFy of the convex
multivalued functions F,: X’—>P(X[Jr 1), t=01, ..., T—1, where F": XO—>P(XT)
and X' are finite-dimensional Euclidean spaces. For two such mappings, define as
follows

(Fz ° Frfl)(xtfl) = Ux,eF,,,(x,,,) Ft(xt)»
FioF,_ X' 'spPXx'™, t=1,...,T—1.

Since
gph (Fy o Fr—) ={(x;—1, % +1) : (xr—1,X)€gph Fy -1, (x;, X +1)€gph Fi},

it is easy to see that F, o F,_; is a convex mapping and so the composition F” is
also a convex map.

Theorem 2.10. Let F, : X’—>P(X’+ ]), t=0,1, ..., T—1 be convex mappings. Let
1% e X’ be a point such that either
1. X% Deintgph F,, +=0,...,T =2, (3_,x})egph Fr_

or
2. (30,9, Derigph F,,t=0,...,T— 1.
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Then, for a point (X, X7), we have

(F")*(xp: (%o, 7))
= {xg 1 xg € F(x7; (Fo, X1)), X € F1(x3: (X1,%2)), ..., X7 € Fp_ (X35 (Rr -1, 7))}
or, briefly,
(F")*(: (o, X7) = Fi (-3 (Fo, 1)) © Fy (-3 (Rr, %))+ oFF (-3 (Rr -1, 7)),
where X, t=1, ...,T—1 are arbitrary points satisfying X, 1| €F(%)),
t=0,...,T—1.

[0 We shall confine ourselves to the case 7=2; the case of a greater number of
compositions follows by induction. By the definition of LAM,

xy€(F1 o Fo)'(x3; (X1, %2))
if and only if

(xo — X0, X3) — (X2 — X2,x5) =0 (2.22)
for all (xg, x») € gph (F; ° Fy). Taking into account the expression for gph (F; o Fy)

and the fact that (X,X,)egph(F; o F;—;), we determine that there is a point X;
such that

(Yo, X%1)€gph Fo, (X1,%)€egph Fi.
Rewrite Eq. (2.22) in the equivalent form

(xo — Xo,x5) — (x1 —X1,0) — (x2 —%2,x5) =0

(x0,x1)egph Fo, (x1,x2)egph Fi. (2.23)

Consider the space X% x X! X X* with elements consisting of triplets (xg, x1,x2),
XOEXO, X1 EXI, )CzEXz. Put

01 = {(x0,x1,x2) : (x0,x1)egph F1}, Qs = {(x0,%1,X2) : (x1,x2)€gph F>}

It is not hard to see that
cone(Q; N Qs — (%o, Xy, X2)) = cone(Q; — (Fo, X1, %2)) + cone(Qr — (¥o, X1, %2))
On the other hand,

cone(Q; — (%o, %1, %2)) = Kgph £, (%0, %1) X X2,
cone(Qs — (%o, X1, %)) = X° X Kgpp p, (X1, 52).
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Thus,

[cone(Q1 — (o, %1, 22))]" = K3, (%o, X1) X {0},

[cone(Qr — (Xo, X1, %2))]* = {0} X K, (B1,52). (2.24)

Then, by using the Theorems 1.11 and 1.30, we have

[cone(Q1 N Q2 — (%o, X1, )"
= [cone(Q1 — (Fo, %1, %2))]" + [cone(Q2 — (%o, 1, %))
Now, it is easy to see that the inequality in Eq. (2.23) means that (x{,0, —x3)

belongs to the latter dual cone. Taking into account Eq. (2.24), we claim that
(x3,0, — x3) has the representation
x5 =xy, 0= —x%* +x%*, —x5= —x%*,

(xo 5 _xl*)e gph Fy (X(),)Z]), (x% 5 _.XZ*)G gph Fz(-xls-fZ)a
which clearly, by the definition of LAM, is equivalent to the relations
X = x5, Xy € FR(x)*; (o, %1)),  x|FEFT(x3; (X1, %2)). B
Let now F: X' —>P(X2) be a convex multivalued function. Moreover, let A and
B be linear transformations from X° to X' and from X* to X°, respectively.
Construct a new mapping G : X° - P(X?) defined by G(x) = BF(Ax). We now com-

pute the LAM to G. For the composition mapping F oA, we calculate its
Hamiltonian function Hr.4,. We can write

He(x,x3) = sup, {(x3,x}) : x3€ B(F « A)(x)} = sup {(Bxy,x3) : 2 €(F < A)(x)}

sup {(xz, B*x}) txpe(F o A)(x)} = Hp.a(x, B*x3).
X2

Thus, G*(x3; (x,x3)) = (F o A)*(B*x}; (x,x)). Assume that there exists a pair of
points, AX, and X,, such that (AX, X,) €ri (gph F). Then, by Theorem 2.10,

(F = AY'(B'x3: (v.x2)) = A*F*(B"x%: (Ax, 1) and G*(x: (3, 3))
= A"F (B} (Ax, )

2.4 Locally Adjoint Mappings in Concrete Cases

First, we show that with the use of the LAM we can calculate the subdifferential of
even some complicated functions.
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Let F: X— P(Y) be a bounded closed convex multivalued mapping and ¢ be a
proper convex function such that dom ¢ = Z. By Theorem 1.18, it is continuous on
z and at any point has the subdifferential 0,¢p(z). Let us define a function

f() = min{e(x.y) : yeF(x)}. (2.25)

Since F is bounded and closed and ¢ is continuous, f is finite for all xedom F
and is continuous on ri dom F. Denote Y =Y X R, Z =X X Y so that

F=0"), Z=x,)°).

Suppose F is a multivalued mapping, the graph of which is given by

gph F = {(x,,3°) : (x,y)egph F, y° = (x,y)}. (2.26)

Since gph F is closed, so is gph F. Furthermore, ¢ is a continuous convex func-
tion. Thus,

F(x) = {(0,)°) : yeF(x),)° = p(x,y)} (2.27)

is a closed convex multivalued mapping. Clearly, dom F=dom F and the
Hamiltonian function Hy of F is —o0, if x¢ dom F. We calculate the Hamiltonian
function Hg of F :

) 0,0 .

Hi(x,y*,y%) = sup{(y,y*) + "y : ye F(x),y° = p(x,y)},

0%y

where xedom F. We have

+oo, if y0* > 0;
Hp(x,y*,y™) = Hp(x,y"), if y* = 0;
max, {(v,y*) + " ¢(x,y) : yeF(x)}, if y* <0.

As is obvious, Hp(x,0, —1) = —f(x) and hence, by Lemma 2.5, —fis concave
and fis convex. In fact, by Theorem 2.1, the calculation of the subdifferential Jf(x)
is reduced to the calculation of the LAM to F. Taking yo ©(xo,Y0), we calculate

Kopn F(xo,yo,yo) by Definition 2.8 of Ky r(2), 2= (X3, )EKE,ph #(20),20 =
(xo, yo,yO) if and only if Z; + A\Z € gph F. For sufficiently small A\ >0, i.e., accord-
ing to Eq. (2.26),

(xo + XX, yo + Ay)egph F, (2.28)

¥+ 200 = p(xo + Ax, yo + XY). (2.29)
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__The cone defined by Eq. (2.28) clearly is K,(z0) X R, zo = (xo, yo) because here
Y can be chosen arbitrarily. Hence,

(Keph £(20) X R)* = Ky, p(20) X {0} (2.30)
On the other hand, the cone defined by Eq. (2.29) is cone(M — %), where
M ={(x,5.)"): plx,y) =y’ =0}, McZ

Choosing a sufficiently large number y°, we can always arrange that ¢(x, y) —
y° < 0. Note that ¢ is continuous and its subdifferential is convex and compact. By
Theorem 1.33, for the function p(x, y) — yO at a point (xq, Yo, P(xo, ¥0)), We have

cone(M — Zp) = {(— \x, =5, A) 1 (x5, ¥5) €0 0(z0), A=0}, (2.31)
where
20 = (x0,¥0),  9x(p(20) = o) = (O:(20), —1).
Now let (Xg,¥0) € Kgph F(20). Choose E so that
W >¢G0.7), % =,5%),

where ¢/(z9,70) is the directional derivative of ¢ at zo with respect to Zg. Then, for
sufficiently small A >0,

(2.32)

—5 — P(xo + Xxo, yo + Ayo) — ¢(x0,Y0)
Yo = b\ .

On the other hand, since y° = @(x0, ¥o), the inequality in Eq. (2.29) implies that

5 = Pxo + AX, yo + AY) — ¢(xo, o)
yo = \ .

Moreover, ¢ is continuous and, by virtue of Eq. (2.32), the inequality in Eq. (2.29)
is satisfied for all (X,¥, ;) around (Xg, ¥o,3). This means that the point (Xo, o,)9) is
an interior point of the cone defined by Eq. (2.29). Furthermore, note that

Kyon #(%0,0,¥0) = [Ka(z0) X R] N cone (M — Zp).

Then, by Theorem 1.11, it follows from Egs. (2.30) and (2.31) that
(O, y*,y") €K} #(Z0) if and only if

=X oG, =Y g, Y=
(YD EKG, p(20), (x5, ¥5)€0:0(20),  A=0.

In particular, x* € F~ (y*,y%%; Z)); i.e., (x*, — y*, — yo*)eK;‘th #(Z0), if and only if
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=Exp oG, Y =Y - g Y = (2.33)
XTEF*(=)1s 20), (15,75 €0:0(20),  A=0.
Now let xoedom F, y* =0, y** = —1. Suppose that the minimum of p(xo,y) on

y€F(xp) is attained at y,. Then, from the expression of the above calculated
Hp(x, y*,¥%), we obtain

(3o, ¢(x0, y0)) € F(x;0, —1)
because (y,y*) +y**y°, where y* =0, y** = —1, attains its maximum on ye F(xy),

Y=, y) just at (4o, o). Since f(x)=—Hp(x,0,—1), then f(xo) =
Ox(—Hg(x0,0, —1)). Thus, by Theorem 2.1, we have

of (xo) = —F"(0, —1520),  Zo = (%0, Y0, 9(x0,0)).
Therefore, by using Eq. (2.33), we have that x* € F x (0, —1; %) if and only if

ko ok ok * %
X0 =X T X, Y1 = Vo

K EF (=), () €dup(z0). (2.34)

Theorem 2.11. Let F': X— P(Y) be bounded, closed, and convex, and suppose that
@ is a proper convex function such that dom ¢ = Z. Furthermore, suppose that

)= H{Vin{so(x, y) 1 yeF(x)} (2.35)

Then fis a convex function and for any xoedom F,
of(xo) = {(x* = F*(=y";20) : (x", ") €0:0(20)}, (2.36)

where zog = (xg, yo) and yg € F(xg) is any point that minimizes ¢ in Eq. (2.35). In par-
ticular, if ¢ is differentiable, then

0f (x0) = ¢ (20) = F*(=¥/(20), 20),

where ¢/ (z0) and <p/y(zo) are the vectors of partial derivatives with respect to x and
y, correspondingly.
L] Indeed, we can rewrite Eq. (2.34) as follows:

— X' =xy— X1, X €F (=5 20), (X0, ¥p) €0:4(20),
which means that —x*ex§ — F*(—y§; z0), (x5, ¥§) € 0x(20). Consequently, taking
into account &f(xg) = — F (0, —1;%)) and denoting x5 and yj again by x* and y*,
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we obtain Eq. (2.36). Furthermore, if ¢ is differentiable, then 0,p(zy) consists of
the unique vector-gradient and x* = ¢/(z), y* = ¢} (z0). W
Let us consider the multivalued mapping defined by

F(x)={A:xeX},
where A is a closed convex set in Y. Observe that gph F = X X A, so
Kgph F(20) = X X cone(A — y).

Therefore, Ky, #(20) has the form

K (z0) = {0} X [cone(A — yo)]".
It follows that

if — y* e[cone(A — yo)[*,

if — y* e[cone(A — yo)]*. (2.37)

Fota={ g

Theorem 2.12. Let p:Z— R be a convex function continuous in x on some neigh-
borhood of xj, and y€A. Furthermore, let

f(x) = min{p(x,y) : yeA) (2.38)
and suppose that the minimum is attained at yo€ A, where x = xo. Then

0f (xo) = {x* = (x5, ¥5) € 0:0(20), " €[cone(A — yo)]'}.

] Note that in the proof of Theorem 2.11, the boundedness of F was used for the
existence of a point yge F(xg), where @(xg, ¥) has a minimum. Therefore, in the for-
mulation of the theorem, instead of the boundedness of F, we may assume that the
minimum is attained at yoeA, where x = xy. Observe also that, in place of the con-
dition dom ¢ = Z, it is enough to assume the continuity of ¢ in x in some neighbor-
hood of xj, and yeA. Now use Eq. (2.37) and the previous theorem. ll

Example 2.1. Let A be a convex set in Y and let gph F =X X A; i.e., F(x) =A for
all xeX.
Then,

H(x,y*) = sup{(y,y") : yeA} = Ha(y"),
v

where H, is the support function of A. On the other hand,
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Ry w_ .. _ J—o, if x* #£0,
M(x*,y") (l)gf){(x,x ) —(,)Y") 1 xeX,yeA} {_HM(Y*), if x*=0.

Above, we have seen that the LAM to F has the form shown in Eq. (2.37).

Example 2.2. Let F(x) = Ax + U, where U is a convex subset of Y and A is an oper-
ator from X to Y. Then

H(x,y*) = sup,{(y,y") : yeF(x)}
= (Ax,y") + sup{(u,y") : ue U} = (Ax,y") + Hy(y"),
y

and by Eq. (2.6), we have

M(x*,y*) = inf{{x,x") — H(x,y")} = inf{{x,x" = Ay") = Hy(y")}.

Thus,

E — lfA*y*¢X*a
M()C »y )_ {HU(y*), lfA*y* :)C*.

If yo = Axg + ug, uge U, then it is easy to see that

F(xo;5*) = {yo€Axo + U : (yo,¥*) = H(x0,y*)} = {uo € U : (uo,y*) = Hy(y*)}
={upelU: —y*eKp(uo)},

where K7 (uo) = {t : u= Mu — up) VA>0, ueU}.
Therefore, by Theorem 2.1, we conclude that

e s~ _ | A*Y*, if —y*e[cone(U — up)l*,
F*(y*;20) = {@’ if —y*¢[cone(U — up)]*.

Example 2.3. Let Y =R and let f be any proper convex function. Let us define F by
gph F=epif, F(x)={y:y=f(x).

Then, y*eR and

oo -sgny*, ify*#0, x¢domf,
H(x,y*) = sup{yy* : y=f(x)} =< + o0, if y*>0, xedomf,
g (%), if y*=0, xedomf.
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On the other hand,

— 0 if y*>0,

M(x*,y*) = zpﬁ“&fk} —wiy=fx)} = {_Hdomf(_x*) if y* = 0.

In the case where y* <0, we can write
% 3k s 3k * 3k 'x* * ok x*
MGy = nf ') =y} =y sup (6 70) =F0 0 =3 ().

Now, let xoedom f, yq =f(xo) and y* = 0. Then, since y = f(x,), the maximum of
yy* attains if y = yg = fi(xg) or yo€ F(x; y*). Then, by virtue of Theorem 2.1 and the
above expression for H(x, y*), we obtain that

F0%20) = { O4om r(x0)s i y* =0,

20 = (x0, f(x0)), xoedom f.

Example 2.4. Let ¢ : Z—R, Z= X X Y be a convex function. Set
gph F={z: p(z) =0}, F(x)={y: p(x,y) =0}

Let ¢p(z9) = 0 and ¢ be continuous at 7. Furthermore, let z; be such that p(z;) <O.
Then, by Theorem 1.34,

Ko £(20) = [cone (gph F — z0)]" = — cone 0.¢(z0),
SO
Fr ("5 20) = {= Mg 0y = Ay, (60, ¥5) €0:0(20),  A=0}. (2.39)
Thus, we can formulate the next result.
Lemma 2.10. Let ¢ : Z—R, Z=X X Y be a convex function and suppose that ¢ is
continuous at zg, ©(zg) = 0. Furthermore, let z; be a point such that ¢(z;) <O0. Then,

Eq. (2.39) holds. l

Example 2.5. Let ©(z) = maX; =<;=, ¢;(z) and suppose that ¢; is continuous at z.
Then, according to Theorem 1.32,

0p(z) = conv <ieL,J(Z) quoi(Z)), 1(z) = {i : ;(z) = p(2)}. (2.40)
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By Lemma 1.34 and Remark 1.2, both 0,p{(z), i€l(z) are closed and bounded.
Then their union is closed and bounded too. Now by Lemma 1.8 and Theorem 1.3,
Eq. (2.40) takes the form

0y(z) = conv < LIJ( )az%(z)) . (2.41)
1el(z
Observe that by Lemma 1.5,

z*econv( U 6Zcpi(z)> (2.42)
iel(z)

if and only if

k
FENG NG > M =1 A=0,
i=1

where each z; belongs to one of the sets 0,p;(z). Let us write

i={j:gedp@) =Y N i€l

jeu;
Then
k
-3(x24) .
jedi ’yJ

Since 0.p(z) is convex and 3, ; Ai/v; = 1,

i
> ;’z}" €0.0,(2). (2.44)

J€Ji
By virtue of Egs. (2.43) and (2.44), it follows that Eq. (2.42) is fulfilled if and
only if
k
= Z Yz 5 €0:42), 7 =0, Z vi=1

i€l(z) i€l(z)

Now Eq. (2.41) gives us

02p(2) = { Y ovEgedp@, 1=0iel@), Y = 1}. (2.45)

iel(z) iel(z)
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Finally, substituting 0zp(zg), given by Eq. (2.45), into Eq. (2.39), writing
Ai = \v;, and taking into account that ¢(zp) =0 implies I(zg) = Iy, we have estab-
lished the result given in Theorem 2.13.
Theorem 2.13. Suppose that ¢;, i =1, ..., m are convex functions, continuous at

20, Where @(zo) = 0. Moreover, assume that there is a point z; such that ,(z;) <0,
i=1, ..., m. Then the LAM to the multivalued mapping given by

Fx)={y:px,y)<0, i=1,...,m}
has the form

Fr("20) = {— Doy =) Mp (haedpd), A=0, ielo},

icly icly
(2.46)

where Iy = {i: @; (x0, y0)=0}.1
Example 2.6. Let f; : R" >R, i=1, ..., m be convex functions and

gph F={(x,y) 1 fiy) =xi, i=1,...,m}
or

gph F = {(x,y) : f(y) =x},
where f(y) = (i), ..., fu(¥), x=(x', ..., ¥™) so that

F)={y:f(y)=x}.

From here it should be
H(x,y") = sup{{y,y*) : f() = x},
y
and
MG .y") = inf (') = (.0 £ f0) =2 = = o0

if at least one of the components of x* is less than zero. If x* =0, then

M(x*,y*) = irylf{(f(Y),X*> =y
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Now, in the previous theorem, let pAz2) = fi(y) — X Then, if we choose z; = (x1, Y1),
where y; is arbitrary and x| > fi(y1), then ¢fz;) <0,i=1, ..., m. On the other hand, it
is easy to see that

0:p:(2) = (—ei, Ofi(v)), (2.47)
where ¢,=(0, 0, ..., 1, 0, ..., 0) (the ith component of e¢; is 1). Therefore,
(xf,¥7)€0,,(z0) if and only if x7 = —e;,y} €0,fi(y). Here, note that in Eq. (2.46),
¢i(z0) = p(z0) = 0 implies that \;#0. Also note that fi(yo) <xj, i=1,...,m, then
Kopn r(20) = Z, Kgph r(z0) =1{0}, and x*eF*(y*; z9) if and only if x* =0, y*=0.
Furthermore, """, A\;i¢; = X. Consequently, taking into account Eq. (2.47) in the
formula in Eq. (2.46), we have proved the following theorem.

Theorem 2.14. Let f: R"—>R,i=1, ..., m be convex functions and

gph F={(x,y): fi(y)=x;,i=1,...,m}.

Then
F*(y*;zo)= {AGRWL : AiEO,Ai(ﬁ(yo)—xé))ZO, i=1,...,m,

y*+ i)\,y;k:()}.
=1

Now, suppose that we have a convex set M =X and
gph F=gph FN(M X Y) = {(x,y) : p(x,y) =0,xeM).
Then
Koon #(20) = Kgph £(20) N cone (M — x0) X (Y = yo)), 20 = (x0,Y0) Egph F.

Observe that if there is a point (x, y1), such that x; e M, ¢(x;, y;) <O, then int
gph FN(M X Y) # J, and so

int Kgpn #(20) N cone (M — xo) X (Y — yo)) # .

Therefore, by Theorem 1.11

K3 #(20) = Ky, p(20) + [cone(M — xo) X (Y — yo))I*
= Kgon £(20) + [cone(M — xo)]" X {0}.
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Now, if ¢(z9) =0

K;‘ph #(z0) = — cone 9,¢(zp) + [cone(M — xo)]* X {0}
and (x}, — y’f)eK;ph #20); ie, x* e F*(y*; z0) if and only if

==y, Y= Ayg, (60,50 €0:9(20), X7 €[cone(M —xo)*, A=0.

What we have thus obtained may be formulated as shown in Theorem 2.15.
Theorem 2.15. Let ¢ : Z— R, Z=X X Y be a convex function and ¢ be continuous

at a point zg, @(z9) = 0. Furthermore, let z; = (x1, y;) be a point such that ¢(z;) <0,
x1 €M, where M is a convex set. Then

Fxe(y*320) = =00 +x7 15" = A, (5,55 € 0.9(20), x} €[cone(M — xo)]", A=0}. 1

Example 2.7. Let K be a closed convex cone in Z= X X Y and gph F = K. Then,

M) = suplte) = ) s ekt = 0 G R

(xy)

Further, for A >0,

H(\x,y*) = sup {(y,y*) : (\x,y)eK} =)\sup{<y,y*> : (x,y) elK}.
y y A A

Observe that since K is the cone, so A\ 'K = K. Thus, denoting y; = )\_ly, we
have

H(X\x,y*) = Asup{(y1,y") : (x,y1) €K} = AH(x,y");

i.e., the Hamiltonian function H(x, y*) is the positively homogeneous in x.
Take a point (xo, yo) € K. Since Kgpn (20) = cone(K — z9), Lemma 1.20 implies
that (x*, — y*) €Ky, (z0) if and only if

(x = x0,X") = (y = y0,¥") =0 V(x,y)eK.

Rewriting this inequality in the form

(x, x*) = (0, y*) = (x0,X") — (vo,y")
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and applying Lemma 1.18, we derive that (x*, —y*)e K* and the infimum of the
left-hand side over (x, y) € K is zero. Therefore,

0= (x0,x*) = (o, ")
On the other hand, (x, yo) € K and (x*, —y*) e K*. Thus,
0= (x0,x") = (v0,*);
i.e., (xg,x*) — (vo,y*). Consequently,
F(y*520) = {x* : (x", —y") €K™, {x0,x") = (yo, ")}
Example 2.8. (Polyhedral mapping) Let X =Y =R", and let A, B be m X n matri-
ces. Moreover, let A;, B; be the ith row of A and B, and let d; be the ith component
of the m-dimensional column vector d. Define a polyhedral mapping, the graph of
which is polyhedral set in R" X R™:
gph F = {(x,y) : Ax — By =d}. (2.48)
Observe that
F(x)={y:Ax—By=dj).
Take zo = (xo, Yo) € gph F and denote the set of active indices by
Io={i:Aixo —Biyo=d;, i=1,...,m}.
At first, let us calculate the cone
Koph r(z) = {Z : z+ Azegph F for sufficiently small A > 0}.
Let iel,. Then, the inequality
Ai(xo + AX) = Bi(yo + Ay) =d; + MAX — Biy) =d;
holds if
Ax—By=0, icl. (2.49)

If iel,, then
A,'()C() + )\)_C) — Bi(yo + )\y) =(Aixg — B,'y()) + )\(Aif - B[y) <d;
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holds for small A and arbitrarily z. It follows that the cone Kgp, r(zo) is defined
completely by Eq. (2.49). Rewriting Eq. (2.49) as

(X_Al>+(y_B,>20, iGIQ

and then applying Theorem 1.13, we deduce that (x*,y*)e K}

aph £(20) if and only if

)C* = - Aik/\,', y* = B*)\i, A,‘ = 0, (250)
DA > B

iely iely

where A}, B} are the transposed vectors (i.e., column vectors) of A; and B;, respec-
tively. Taking A; =0, i¢ I and denoting the column vector by A, with components
i, we can rewrite Eq. (2.50) in the form

K p(z0) = (50" ix* =—A")\, y*=B*A, A=0, (Axg—Byo—d, N)=0}.

From this we have the following formula for the LAM to F*(y*; zo):
F*(y*;20) = {=A* X :y*=—=B*\, A=0, (Axo— Byy—d,)\) =0} (2.51)

Since the number of sets I(zg) = {i : Aixog — B;yo = d;} 1is finite, it follows that the
number of different LAM F*(y*; zo) is finite too.

Furthermore, by Eqs. (1.27) and (1.28), it is not hard to see that the supremum
of (y,y*), yeF(x) is either +oco or a finite number that is attained. Therefore,
(x, %) eepi [—H(-,—y*)], x°eR if and only if (y, —y*) =x°, ye F(x), for some y;
ie., (x, 1, y) is a solution of the system of linear inequalities

Ax—By=d, (y, —y")=x". (2.52)
According to Theorem 1.14, there exist vectors (xj,x}), yj),j=1,...,k and an
index set Jo= {1, 2, ..., k} such that every solution of Eq. (2.52) can be repre-

sented in the form

k k
X = Z’Y]xp xO = Z’y]xjo) Vi =0, Z V= 1
= =

jel
) 0 (2.53)
Y=
=1

Clearly, epi [—H(-,—y")] is a set of points satisfying Eq. (2.53). Hence, by
Theorem 1.14, epi [—H(-, —y*)] is a polyhedral set, which can be described by a
system of linear inequalities and so is closed. Thus, we have proved Theorem 2.16.
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Theorem 2.16. For a polyhedral mapping, Eq. (2.48), the Hamiltonian function
H(-,y*) is closed and LAM (Eq. (2.51)) is a step function in the argument z.

Theorem 2.17. A polyhedral mapping F is bounded if and only if B*R" =R". In
addition, xedom F if and only if (u,d — Ax) =0 YueN= {ueR" : B*u=0,u =0}.
Here, R”, is a positive orthant of R™.

O Obviously, F(x) is both nonempty and bounded if and only if H(x,y*)=
max,{(y,y*) : ye F(x)} is bounded for all y*. Then, the calculation of H(x, y*) is
reduced to the following primary linear programming problem:

maximize (y,y*) subjectto Ax — By =d.
Its duality problem is
maximize (u,d —Ax) subjectto B'u= —y*, ueR" .

According to standard duality theorems (see, for example, Refs. [111,224,226])
the solvability of one of these problem implies the solvability of the other problem.
Thus, it follows that B*u = y* must be solvable for every y*eR"; i.e., B*R". =R".
This condition is necessary and sufficient for the boundedness of F(x), if F(x) # .
Consider now the problem when F(x)# . Since by the duality theorem of linear
programming,

H(x,y") = min{(u,d — Ax), B*u=—y", u=0},

then the minimum in the duality problem is attained and finite for all y* if
F(x) # . We now show that here the minimum value is finite if and only if

(u,d —Ax) =0V ueN={uecR” : B*u=0,u=0}.

Indeed, since by Theorem 1.14, the set of solutions of B*u = —y*; u =0 is repre-
sented as a sum of a closed bounded polytope M and a cone N, we can write

H(x,y*)= min, {(u,d — Ax), B'u=—y*, u=0}= min{{(u,d — Ax), ueM}

+ min{{(u,d — Ax), ueN}.

But H(x, y*) is finite and so (u,d —Ax) =0 VueN. The converse assertion is
obvious.

Indeed, H(x,y*)= min,{{u,d — Ax), ueN}=0 if (u,d—Ax) =0, YueN, so
H(x,y*) = min,{{u,d — Ax), ueM}.l

Corollary 2.3. dom F = {x:(u;,d —Ax) =0,j=1,2,..., 1}, where u;, j=1,2, ..., 1
are directions that generate the cone N = {ueR"™ : B*u =0, u=0}.
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Theorem 2.18. A polyhedral mapping F is bounded and dom F = R" if and only if
F(x)=Cix+ F(0)

for some matrix Cy .

[0 By Theorem 2.17, dom F = R" if and only if
(u,d)=0, A*u=0 Vuel.

Applying repeatedly Theorem 1.13 (Farkas), we obtain

d=Bc+e, e=0, ceR", ecR",
A:BC+ +@+,¢+ Z0,
—A=BC_- +®_,%_ =0,

where C,, C_ are n X n matrices and ®, , ®_ are m X n matrices. Then, 0 = BC + ®,
where C=C, +C_; =0, +d_,d=0.

Remember that for every y* € R” there is a u = 0 such that B*u = y*. Thus, trans-
posing 0 = BC + ® and multiplying it by u, we have

0= C*" + d*u.
Since ®* =0, u =0, then C'y* =0 Vy*. But this implies C = 0. Hence, ® = 0; i.

e., P, = —®_. On the other hand, ®_ =0 and so ®, =0. Therefore, &, =0 and
®, =0, which implies that &, = 0. Thus, A = BC.. Then

Fx)={y:B(Cyx—y)=d}={y: —Cyx+yeF(0)}=Cyx+ F(0).H

2.5 Duality Theorems for Convex Multivalued Mappings
In this section we will prove a result that can be considered as a duality theorem
for a convex multivalued mapping. As we will see, this result implies a lot of other
theorems of convex analysis and the theory of extremal problems.
Theorem 2.19. Let F be a convex mapping and suppose that its Hamiltonian func-
tion H, regarded as a function of x, is closed. Moreover, let x; be a point such that
H(xy, ¥*) is finite. Then,

inf{(x,x%) = M, y*)} = H(x, 7).

[0 Let H(xg, y*)# — oo, and denote vy = H(xg, ¥*). Then for an arbitrary ¢ >0,
there is a convex neighborhood U of xq such that I'. N graph F =, where

I'.={(xy):xeU, {,y")=y,+¢e}
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This is a direct consequence of the closedness of H(-,y*). Furthermore, I, is
clearly convex. Thus, by the separating theorems of convex sets, there exist vectors
x5, y4 simultaneously not zero, such that

(x,x5) = 0,30) = (6 x5) — (1,3,

(2.54)
(x,y)egph F, (§,n)el.
Setting x = £ = x, we have
=¥, ¥5) = —(n, %) (2.55)

for ye F(xo), (1.y) =70 +e.

We show that yo* = Ay* and A>0. Indeed, it follows from Eq. (2.55) that
(M, ¥*) =0 implies (7, y;) =0. By Theorem 1.12, we have y;= Ay*. We now
prove that A\ > 0.

If A>0, then yj=Ay* =0, and at x =x, the inequality in Eq. (2.54) has the
form

(x,x0) = (&xp),  £€U, (2.56)
or
(€ —x0,x5) =0, EeU.
Therefore, xj = 0. This contradicts the fact that x§ and yj are nonzero vectors.

Consequently, A>0, and we may take A=1, y§=y*. Then Eq. (2.54) takes
the form

(X, x5) = (1, 5") = (& xg) — (m,Y"),
or
M(x5,y") = (x0,x™) — 9 — €.
Therefore, for a given € > 0 there is a vector xj such that for £ = x,
H(x0,Y5) + £ = (xo,x") = M(x3,y"),
or, by virtue of the arbitrariness of € >0,
H(xo,y5) = i}gf{ (x0,X) — M(x", y")}.
On the other hand, it follows from Definition 2.5 that

H(x0,y5) = (x0,x") — M(xg,y").
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Comparing the last two inequalities we have the required result.
Similarly, if H(xo,y*) =—o0 (.e., F(xo) =), repeating the aforementioned
techniques, it can be shown that

igf{(x,x*) —Mx*,y )} =—co.l

Corollary 2.4. If the Hamiltonian H regarded as a function of x is finite and upper
semicontinuous at x, then

i)gf{ (x0,x") — M(x*,y*)} = H(xo, y").

[0 Indeed, in order to have I', N graph F = J for a small ¢, it suffices to have the
semicontinuity of H(-,y*) at x,.l

Recall that (Remark 2.1) a multivalued mapping F is quasisuperlinear if its
graph is represented as gph F = ) + K, where () is a convex compactum and K is a
closed convex cone.

The following result is important for further duality relations.

Proposition 2.1. For a convex mapping F, we have
dom M = {(x*,y") : M(x*,y*) > — 0} =(0* gph F)*.

In addition, if F is quasisuperlinear, then dom M = K*.
O Assume the contrary; suppose (x§,y;)edom M, but (x,y;)¢ (gph F)*. This
means that there exists a pair (¥o,y,)egph F for which (Xo,x5) — (7o, v5) <O.
By the definition of recession cone we can write (x + A¥o,y + A\y,) € gph F for all
(x, y)egph F and A > 0. Then
<x9 + MO,XS) - (y + AyOa.Y?))
= (x,x5) — (. y0) + Al(%o, x5) — (Fo, ¥5)] = —0, as A—+0,

and this contradiction proves the first statement of the lemma. Furthermore, when
F is quasisuperlinear, we get

dom M = dom (M, + Mx) = dom M, N dom My = dom Mg = K*,

where

MA(X*,)’*) = inf {<X5X*> - <y7y*)}.
(x,y)eA

Theorem 2.20. Let F' be a quasisuperlinear mapping and H(-,y*) be a closed
proper convex function. Then, we have the duality relation

inf  {(x,x") —M(x*,y")} = sup (y,y").
x* e F*(y*) yeF(x)
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00 By the preceding proposition, dom M = K*. Therefore, by Theorem 2.19, it is
not hard to see that

inf {(x,x") — M(x*,y")} = i}g*f{(x,x*) —Mo(x",y") : X" e F*(y")}
= sup (y,y").H

yeF(x)

Corollary 2.5. If gph F =K is a convex cone and H(-,y*) is a closed proper con-
vex function, then M(x*, y*) = 0 for all x* € F*(¥*), so

inf (x,x") = sup (y,y%).
x*eF*(y*) yeF(x)

Corollary 2.6. If gph F'= K is a polyhedral cone, then

inf {x,x*) = sup (y,y").
x* e F*(y*) yeF(x)

OJ It remains only to observe that by Theorem 2.16, for a polyhedral mapping, the
Hamiltonian function H( -,y*) is a closed function. ll

Remark 2.4. We have seen from Theorem 1.21 that if fis a closed proper convex

function, then fix) =f**(x). Now by using the duality, Theorem 2.19, we give an
alternative way to prove this important formula. By Example 2.3, we have

gph F=epif, F(x)={y:y=f(x)}
and
H(x, —=1)=—f(x), M, —1)=—f"(—x").

Then by Theorem 2.19, we obtain
inf{(x,x*) +£*(—x")} = — f(x),
or, finally,

sup{(x,x*) —f*(x")} = (). W

Let M be a closed convex subset of X and let N be a convex subset of Y.
Furthermore, suppose that f: Z—R is a function such that f(-,y) is convex and f
(x,-) is concave.
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Theorem 2.21. Suppose that f: Z—R, regarded as a function of x, is closed,
proper, and dom f{ - ,y) N M # ), ye N. Moreover, suppose that the function

g(x*) = inf sup({x,x") —f(x,y)) (2.57)
YeN xem
is finite and lower semicontinuous at x* = (0. Then

inf supf(x,y) = sup inf f(x,y). (2.58)
XEMyGN )‘GNXGM

[ Let us define

| fxy), ifxeM,
fO(x’y)_{—f—oo, it xg M.

Since M is closed and f( - ,y) is closed for fixed y, then
epi fo(*,y) = epi f(+,y) N {(x,x°) : xe M},

which is the intersection of closed convex sets, and so fy(-,y) is a closed convex
function. Note that the concavity property of fo(x, - ) is preserved.

By virtue of dom fy(-,y) N M#J, yeN, the function fy(-,y), yeN is proper.
Observe that Eq. (2.58) is equivalent to

inf supfo(x,y) = sup inf fy(x,y). (2.59)
xeXyeN ),GNXEX

Let
f(;k(X*ay) = Sup{(-X,X*) _fO(xay)}'
X
This function, as the supremum of the convex functions (x, x*) — fy(x, y), is con-
vex in x*. It is convex in y, too, because fy(x,-) is concave and so — fy(x,-) is

convex.
Consider the convex multivalued mapping

F(x*) = {(n.y0) : ' = f5 (x*,y),yeN}.

Observe that for this function,

H(x*,y*,y™) = sup{(y, ") + %0y = £ (x*, ), yEN).
(CA)]

In particular, if y* =0, y** = —1,
H(x*, 0, — 1) = Sup{—fék(x*’y)’yeN} — g(x*)
y
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By analogy,

M(x,0, =1) = infee 0 {(r,27) + 30 1) = fF (", y), yeN)
= (inf){(x,x*) +fo(x*,y) : yeN}
m
= inf inf{(x,x") = (=5 (", y)} = inf(=fo(=x,y)).
yeN x yeN

Since fy(-,y) is closed, here we have used the fact that by Theorem 1.22 (see
also Remark 2.4),

i)rcl*f{<x,x*) — (o)) =— sup{( —x,X°) = fe (", ) == fo(=x, ).

Furthermore, g is semicontinuous at x* =0 and so, according to Corollary 2.4,

inf{(x,0) — M(x,0, —1)} = H(0,0, —1),

or

inf{ — yirellfv(—fo(—x, )} = —g(0).

Clearly, this relation can be converted as follows:

sup {Virel]fv(—fo(x, y))} = g(0). (2.60)

On the other hand, by Eq. (2.57), we observe that

2(0) = inf sup(—/fo(x,y)). (2.61)
YEN yeXx

Thus, by comparison of Egs. (2.60) and (2.61), we prove Eq. (2.59), and so
Eq. (2.58).1

Theorem 2.22. Let N be a convex compact set in Y and suppose given a function
f(-,y), yeN which is closed, proper, and convex. Moreover, suppose that f(x, -) is
closed and concave for all fixed x and g(0) # =oo. Then

inf sup f(x,y) = supinf f(x,y).
X yeN yeN *

[0 In the case under consideration, M =X, and it is necessary only to verify the
semicontinuity of the function

g(x") = ;Iel[{,fo (", y)
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at x* =0, where
Jo %, y) = sup{{x, x) — f(x, y)}.

Since f(x, y) is closed on y, then f;(x*,y) is closed (lower semicontinuous) on
both x* and y. Therefore, the infimum of fJ(x*,y) over yeN is attained.
Now, let xf -0, g(x])— p. Denote the value of yeN by y;, for which

G yi) = 8(x).

Since y;eN and N is compact, without loss of generality we may assume that
yi—Yo€N. On the other hand, f;is closed, and so

£¥(0,y0) = inf {f*(0,y) : yeN} = g(0).
Thus, we have

p=lim g(x) = lim f*(x7, yi) =f7(0,y0) = g(0),

and hence the semicontinuity of the function g at x* = 0 is proved. ll



3 Mathematical Programming and
Multivalued Mappings

3.1 Introduction

This chapter is devoted to the applications of the basic tools of multivalued map-
pings [14,51,109,124,196,226] to the study of mathematical programming with pos-
sibly nonsmooth data. Starting with problems of mathematical programming under
functional and geometric constraints, we then consider various problems of con-
strained optimization: minimax problems and equilibrium constraints, the infimal
convolution of convex functions, Lagrangians (see, for example, Refs. [74,226,
228]), and duality relations in convex programming problems. The key tools of our
analysis are based on the extremal principle and its modifications together with the
LAM calculus (see, for example, Mordukhovich [214] for more developments and
discussions). In many areas of variational theory and its applications, geometric
constraints are usually given as the intersections of sets. Based on the results for
minimization of f, over a set A and calculus rules for the cone of tangent directions
to set intersections, you can derive necessary optimality conditions for optimization
problems with many geometric constraints. To furnish this in the nonconvex case,
we will use convex upper approximations (CUAs) and the subdifferential calculus
connected with them (see, for example, Pshenichnyi [226]).

It should be noted that in order for xy to be a point minimizing f over X, it is
necessary and sufficient that O € Jf(xg) (Theorem 3.1). In any case, the minimum
set of fis a convex subset of X, closed if f is closed. It follows immediately from
Corollary 1.2 that the minimum set of f is ¢f*(0). Thus, the minimum of f is
attained if and only if f* is subdifferentiable at x* = 0. Certainly it cannot contain
more than one point if fis strictly convex on dom f. At first we consider minimiza-
tion problems with the so-called geometric constraints. Suppose that x, is a point
minimizing a function f, defined on a set A. It is well known that the conditions
that just characterize (somehow) the point x, are called the necessary conditions for
an extremum. As a rule, if the minimized function and the set A are convex, then
the above conditions are sufficient for an extremum. Later on, we will see that
detailed information about A gives us different necessary conditions for various
problems. Thus (Theorem 3.2), if x; € A is a point at which f is continuous, then in
order for x, to be such a point it is necessary and sufficient that of (xo) N K3 (xo) # &,
where K,(xp) is a cone of tangent directions at a point xo € A (the cone K,(x) is
called the cone of tangent directions of the set A at the point x € A if from Xe K4(x)
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it follows that X is the tangent vector at x € A). Moreover, this result will be extended
to the case where A is the intersection of finitely many sets.

Throughout this book we will use the infimal convolution [137,228] of convex
functions for the construction of the dual problems for various optimal control pro-
blems with a convex structure. You can find more discussions on these construc-
tions in Refs. [144—147,149,151,159]. For the primary problem, which consists of
the minimization of f over A, the dual problem is to find sup{—f*(x*) — &5(—x*)},
where 64 is the indicator function of A. Let v and v* be values for the primary and
the dual problems, respectively. If v =v* and is finite, and the set of solutions of
the dual problem is nonempty, then x is an optimal solution to the primary problem
if and only if there exists a point x* such that x*edf(x) N K(x). This point is a
solution to the dual problem (Theorem 3.17).

In a convex program (P), one is interested in minimizing a certain convex func-
tion on R":

infimum fy(x) subject to xeA, A={x:fi(x)=0,i=1,...,m, xeD},

where fi(x), i=0, ..., m are convex functions, D is a convex set, and dom f; > D.
By introducing a special convex multivalued mapping and calculating the
Hamiltonian H and M functions under the hypothesis of the existence of an interior
point, we will prove that xy is an optimal solution in the convex problem (P) if
and only if there exists a vector yjeR" such that L(xo,y5) = L(x,y;), x€D,
yf)* (x0)=0,i=1,2,...,m, where L(x, y*) is the Lagrangian of (P) (Theorem 3.6).
Moreover, the vector y;=0 is said to be a Kuhn—Tucker vector for (P) if
inf {fo(x) : xeA} = inf {L(x,y]) : xe D}.

Then the vector y; =0 is a Kuhn—Tucker vector for the convex programming
problem (P) if and only if —y;e0oV(0) (Theorem 3.8). It should be noted that V(0)
is the optimal value in the convex programming problem, and in general
V(y) = inf, o{x? : fo(x) =x°, fix)=<y', i=1,...m, xeD} is the optimal value in
the convex programming problem (P,) obtained by replacing f; by f; — y' for
i=1, ..., m. Thinking of the vector y as representing “perturbations” of (P,), we
call y the perturbation function for (P).

In Section 3.1, we will investigate the Lagrangian and duality in convex pro-
gramming problems. The results of this section are mostly based on the book by
Pshenichnyi [226]. Let V(0)# *oo and suppose the function V is lower semi-
continuous at y=0. Then inf {fy(x):x€A = sup.{p(y*):y*=0}, ©O*) =
inf {L(x, y*) : xe D}, where f; are closed proper convex functions (Theorem 3.11).

The Kuhn—Tucker vectors corresponding to mathematical programming (P) can
be characterized in terms of a certain class of perturbations of the objective func-
tion for (P). For more generalized convex programs and bifunctions, see
Ref. [226].

Observe that fy(x) can be interpreted as the “price” of x. Suppose that we are
allowed to change (P) to any (P,) that we please, except that we must pay for the
change, the price vector being yg per unit of perturbation vector y. Then for any y,
the minimum cost will be V(y) + (y,y;). A perturbation will be “worth buying” if
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and only if V(y) + (y,y;) < V(0), where V(0) is the optimal value in the unper-
turbed problem. We will prove that when V(0) is finite, y* is a Kuhn—Tucker
vector for (P) if and only if, at the price vector y* = yf, no perturbation whatsoever
would be worth buying.

By Definition 3.2, a vector XeX is called a tangent direction of the set A at the
point x € A if there exists a function ¢(\) such that x + Ax + ¢(\) €A for suffi-
ciently small A=0 and \™'(\)—0 as X\ 0. We have already seen that the cone of
tangent directions involve directions for each of which there exists its own function
©(A). But in order to characterize the properties of the set A, this is not sufficient.
However, the following notion of a local tent allows us to predetermine mapping in
A for nearest tangent directions among themselves. For example, let A = {x : fi(x) =
0,iel}, where I={1, ..., m} is a finite index set and the f; are continuously dif-
ferentiable functions. In Section 3.4, it will be shown that if the gradient vectors
fi/(xo), iel, xo e A are linearly independent, then the cone of tangent directions
Ka(xo) = {% : (%, f;(x0)) =0, iel},is locally tent.

In the theory of extremal problems, in some neighborhood of a point minimizing
our objective function, we deal with more simply and comparatively easily
computable functions. Remember that a smooth function admits a linear approxi-
mation. As will be shown in Section 3.6, a convex function can be approached by
positively homogeneous functions—i.e., directional derivatives. However, a non-
smooth and nonconvex function cannot be approximated in a neighborhood of
some point with positively homogeneous functions. Just for such a class of func-
tions, we will introduce the concept of CUAs [226]. Note that a CUA A(X, x) is
defined nonuniquely and for obtaining the appropriate necessary conditions, as a
rule, it is necessary to have a sufficiently wider family of CUAs. In Section 3.5, it
will be proved that if hi(x, x) and hy(X, x) are CUAs of f at a point x, then
Athy + Xohy, A+ X =1, A, A, =0 and max(h, h,) also are CUAs (Proposition
3.8). Moreover, let iy, h,, respectively, be a CUA at the point x, for the function f,
f>, and suppose that f=f + f,. Then A(X, x) = hi(X, x) + hy(X, x) is a CUA of f
at x. In addition, if int dom h,( -, x)N dom hy( -, x) # ), then Of(x) = f;(x) + If»(x)
(Theorem 3.20). In particular, if f is a continuously differentiable function at x,
then A(X, x) = (%, f'(x)) is a CUA at x and 9f(x) = {f’(x)}. Furthermore, if f is con-
vex and continuous at x, then A(X, x) = f’(x, X) is a CUA and the subdifferential of(x)
defined by Definitions 1.28 and 3.6 are the same.

In Section 3.6, we will extend the apparatus of LAM to the nonconvex case. In
the next chapters, we will see how decisive a role the LAM plays for the construc-
tion of optimality conditions for different optimal control problems. In Chapter 2,
we introduced the basic definitions of multivalued mappings and the main proper-
ties of convex mappings. One of the principal notions was LAM.

If F is a closed continuous convex-valued bounded multivalued mapping, then
the Hamiltonian H is continuous and the Argmaximum set F(x; y*) is upper semi-
continuous of x and y* (Lemma 3.2). Moreover, if the conditions of Lemma 3.2 are
satisfied and F is a Lipschitzian mapping, then the Hamiltonian function is also
Lipschitzian (Lemma 3.3).
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Now, suppose that at every point z € gph F, there exists a convex cone of tan-
gent directions Ky £ (2). Recall that Ky, 7 (2) is a cone of tangent directions, if it
is convex and for all ZeKypn r(z) there is a function r:[0,11—Z such that
z+ AZ + r(A\)egph F for small A =0. Then the multivalued mapping F*:Y* — P(X*)
defined by

F' (", 2) = {x" 1 (%, =) eKyy, p(2)}

is called the LAM to F at point z € gph F.

For the convex mapping, we take K,y (2) = cone(gph F — z) and then the defi-
nition of LAM, which will be given in Eq. (3.55), coincides with the LAM in the
sense of Definition 2.10. Note that for convex-valued mappings, by the convexity
of F(x), the directions (0, y; — ), y; € F(x), z=(x,y), 7> 0 are tangent because
for sufficiently small A>0 we have (x,y + Ay(y; —y)) € gph F. Therefore, later
on, we will assume that Ky, #(2) 2 {0,cone(F(x) — y)}, z= (x, y) € gph F. If the lat-
ter condition is satisfied, then F*(y*, z) # if y € F(x; y*). The closure of the con-
vex hull of the union of F*(y*;(x, y)) over the y € F(x; y*) is called the AM to F at
x € dom F and is denoted by F*(y*; x). Note that the adjoint differential inclusion
(DFI) associated with nonconvex DFI is expressed in terms of the AM at x € dom F.
For convex mappings, F*(y*; x) = F*(y*;(x, y)) = 0,H(x, y*), where y is an arbitrary
point of the Argmaximum set F(x;y*). If the multivalued mapping F,(X) is
defined by

Fz()_c) ={y: (xay)ngph F(2)}

then, by Definition 2.9, F7(x*) is the AM, so F*(y*, z) = F}(x*). Suppose that map-
ping F is convex-valued, closed, bounded, continuous, and Lipschitzian. In addi-
tion, assume that Hp(-,y*) is a closed proper function, where F(x)={y:
(%,y)€Keph r(z)}. Then for every ye F(x;y*), the function —Hp (X, —y*)=
sup,, {(X, —x*) : x* e F*(—y*;2)} is the CUA for —H(-,—y*) and F*(y*;z) = 0,H
(x, y*) (Theorem 3.21). This result will be further extended to the case of the mini-
mization of a function of two variables. There are different investigations in Refs.
[225,226] establishing an important connection between the LAM and subdifferen-
tials of functions admitting CUAs. In the field of different convex and nonconvex
approximations of functions and sets, you can also consult Clarke [52,54,60],
Demyanov [65,66], Frankowska [18,85,87], Mordukhovich [192,200,212],
Mahmudov [148,160,171], Rockafellar [228—232], and Rubinov [236—238] for
related and additional material. In this direction, you can find more information in
Refs. [41,43,60,66,108,121,133,198,229,218,232,234,236].

In Section 3.7, our attention will be focused on the nonconvex optimality pro-
blems with geometric and functional constraints. Let x, be a point that minimizes
the function f over the set A and let A(X, xg) be a CUA of f at xq. In addition, if int
dom h(-, x0) N Kx(xp) L, then 0f (xo) N K}(xo) # & (Theorem 3.23). This theo-
rem will be extended to the intersection of finitely many sets. In particular, for a
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minimization problem with the equality and inequality constraints inf fy(x) subject
to f;=0, iel, =0, iel,, we will formulate a necessary condition for
optimality.

At the end of this section in terms of local tents, we will consider different
mathematical programs with equilibrium constraints; consider, for example, a prob-
lem with a constraint given by the multivalued mapping F : inf g(x, y) subject to
ye F(x)NN,xeM, where g : X X Y—-RU{=*o0} and M is some subset of X.

A variety of such problems will be considered.

3.2 Necessary Conditions for an Extremum in Convex
Programming Problems

At first we consider minimization problem of f over X and then minimization prob-
lem with the so-called geometric constraint x € A< X. Later on, we will see that
specifying A will give us different necessary conditions for various problems.

Thus, let f: X—>R be a proper convex function and xy a point minimizing f over
X. Clearly, this means that

fx)=f(xo) VxeX.

In all the statements below, we consider that if x( is a point minimizing f then
flxg) > —o0.
Let us rewrite this inequality in the following useful form:

f(x) = f(xo) = (x — x0,0), 0eX™.

Finally, by definition of the subgradient, we obtain that x* =0 is a subgradient
of fat xo; i.e., 0 € Jf(xp). We can formulate this result as shown in Theorem 3.1.

Theorem 3.1. Suppose that f is a proper convex function on X. In order for x, to
be a point minimizing f over X, it is necessary and sufficient that 0 € of(xy).

In any case, the minimum set of fis a convex subset of X, and it is closed if fis
closed. It follows immediately from Corollary 1.2 that the minimum set of f is
of*(0). Thus, the infimum of f is attained if and only if f* is subdifferentiable at
x* = 0. Certainly, it cannot contain more than one point if f is strictly convex on
dom f.

Corollary 3.1. Let F' be a convex multivalued mapping and H be its Hamiltonian
function. Then, x is the solution to the minimization problem:

inf{(x,x*) —H(x,y")}, x"eX", y"eY*
if and only if

X eF*(y";20), Yo€F(x0,¥"), z=(x,)).
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0 Since (-,x*) — H(-,y*) is a convex function, according to Theorem 3.1, in
order for xq to be a solution to our minimization problem, it is necessary and suffi-
cient that

00, [(x,x*) —H(x,y")];

ie., x* € 0,H(x, y*), and then by the definition of M(x*, y*), it follows that y, is an
element of the Argmaximum set F(xg, y*). B

Theorem 3.2. Let f be a proper convex function, and let A be a nonempty convex
set over which fis to be minimized. Further, let x; € A be a point at which fis con-
tinuous. In order for x, to be a point minimizing f over A, it is necessary and suffi-
cient that

9f (x0) N K3(x0) # <, (3.1)
where

Ka(xg) = cone(A — xp) = {X : xo + \XxeA, for sufficiently small A > 0}.

L1 Recall that by definition of the indicator function,

0, €A,
meo={%, ey

Then, it is easy to see that the minimum of f over A is the same as the minimum
of f+ 64 over X. By Theorem 1.29, the subdifferential of f+ 64 is the sum of the
subdifferentials of f and ¢4. Thus, by Eq. (1.45),

004(x0) = —(cone(A —x0))* = —K(xo).
Therefore,

Olf (xo) + 04 (x0)] = 0f (x) + 064(x0) = Of (x0) — K1 (x0).

Now, by the preceding theorem, in order for x, to be a point minimizing f over
X, it is necessary and sufficient that

0€0f(xo) — K;(xo),
which is equivalent to Eq. (3.1). H

Theorem 3.3. Let the conditions of the previous theorem be satisfied and suppose
that

A:AlﬂAzﬂ...ﬂAk,
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where A;,,i=1, ..., k are convex and
intA; NintA, N --- Nint Ay NA; # .

Then, in order for x, to be a point minimizing f over A, it is necessary and suffi-
cient that there exist points x} EK;[(XO), i=1,2,...,k; x*€0f(xp), such that

* %k *
XT=x) ke g

] It is not hard to see that

Kaxo) = (1 K (o), (32)
andif x, eintA;, i=1,...,k—1, x, € Ay, then
X2 =Xy —xp€int Ku,(x0), i=1,...,k—1; X2€Ky, (x0).
Hence,
int Ky, (xo) Nint Ka,(x0) N -+ Nint Ky, , (x0) N Ka, # . (3.3)
Then it follows from Eqs. (3.2) and (3.3), and Theorem 1.11 that
3.4)

K (x0) = K (x0) + -+ + K} (x0).

Thus, the point x* € 9f (xo) N K} (xp), which exists by Theorem 3.2, can be written

as
xX=xT+ - txf, xfeKux), i=1,... kN (3.5)

Theorem 3.4. Let fbe a proper convex function and suppose that

Aia

I~

A=

15
where A; are convex sets. Moreover, let x; € A be a point of continuity of f. Then,
in order for x, to be a point minimizing f over A, it is necessary that there exist
points x; €K} (x0), i =1, 2, ..., k; x* € 9f(xo) and a number A € {0,1} such that

M=+ (3.6)
Here, if A =0, then at least one of the points x7,...,x} is nonzero. If A =1, then
these conditions are sufficient for the minimization of f.
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O According to Theorem 3.2, there is a vector x* € df(xp) such that x* e K}(xo).
Taking into account Eq. (3.2), by Theorem 1.12, there are two possibilities: (1) the
formula (3.4) is correct, then in Eq. (3.6), A =1, and by Theorem 3.3 the condition
(3.6) is sufficient for optimality of our minimization problem; or (2) there exist
vectors x; €Ky (xo), not all zero, such that xj + --- +x; = 0. Then Eq. (3.6) corre-
sponds to A=0. H

By an ordinary convex programming problem (P), we shall mean a problem of
the following form:

inf fy(x) subjecttoxeA, A={x:fi(x)=0, i=1,..., m, xeD}, 3.7
where fi(x), i=0, ..., m are convex functions, D is a convex set and dom f;> D,
i=0,...,m. A vector x will be called a feasible solution to (P) if x € A. The mini-

mum of f, will be called the optimal value in (P).
Consider a multivalued mapping F : Y — P(X), defined as

FO)={(x,x°) i)=Yy, i=1,...,m, fo(x)=x°, xeD}, (3.8)

where Y=R", X = R™*! Since the functions f; and the set D are convex, F is a
convex mapping.
Let us calculate the Hamiltonian function H(y, x*, x°):

H(y,x*,x°) = sup{(x, x*) + %27 : (x,x°) e F(y)}.

XX
Taking x* =0, x = —1 and denoting H(y,0, —1) by —V(y), we can write
H,0, =1) = sup{—x": (v,x") e F(y)} = —inf{x” : (x,x") e FO)},
X0 X,

and so

V(y) = irg{x‘) o) =20 =y, i=1,...,m, xeD}

= inf{fy(x) fix)=y, i=1,....,m, xeD}. (3.9)

Obviously, if y =0, then V(0) is the minimum value of f; over A, defined by
Eq. (3.7). Now let us compute the function M(y*, x*,x") at the point x* =0,
o
x =-—1:

M@G*,0,—1)= inf {(y,y*) +2°: (x,x") e F(y)}
¥,x,x0

_)inf {fo(X) + Vi) :xeD} if y* =0,
=1

-0, if y* <0 forsomei=1,...,m.
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Let us denote
L(x, ") = fox) + >y fix). (3.10)
i=1

The function L is called the Lagrangian of (P). The variable y* is known as the
Lagrange multiplier associated with the ith constraint in (P). Denote

©(y*) = inf{L(x,y") : xe D}. (3.11)
Then we have

{ e(y*), if y* =0,
MG*,0,—1)= (3.12)
—o0, if y* <0 for some i.

Suppose that fi(x;) <0, i=1, ..., m for some x; € D and that V(0) is finite.
This means that the value of the problem (P) is finite. By Lemma 2.5, —V(y) = H
(7,0, —1) is concave and so V is convex.

Since for a point y lying in some neighborhood of zero, we have fi(x;) <y’
i=1,...,m, x; €D, it follows that V(y)# +o0 and so 0 € int dom V. Because
V(0) is finite and O € int dom V, it follows that V(y) # —c0, so V() is finite around
y =0. Therefore, by Theorem 1.17, the function V is continuous around y = 0.
Then, by the duality theorems of multivalued mappings, it is easy to see that

—V(0) = H(0,0,—1) = (0,y5) —M(55,0, —1) = (0,y") =M(",0, ~1).
Thus, there is a vector yg such that
V(0)=H(y;,0,—1) = H(y*,0, —1).
Taking into account Egs. (3.9)—(3.12), we obtain
V(0) = p(ys) = inf{L(x,yp) : xe D} = (), y" =0, (3.13)
Moreover, since V(0) = (y;) is finite, it follows that y5 = 0.
Theorem 3.5. If there exists a point x; € D such that fi(x;) <0,i=1,...,m, and
V(0) = ir;f{fo(x) i xeA}

is finite, then there is a vector yj =0 satisfying

V(0) = ¢(v5) = inf{L(x,y;) : xe D) (3.14)
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In particular, if x; is a point minimizing f; over A, then
folxo) =L(x,y5), xe€D (3.15)

O] It remains to prove only the latter assertion. Indeed, by the definition of V(y)
(see Eq. (3.9)) and x,, we obtain fy(xo) = V(0).H

Theorem 3.6. Let x; € D be a point satisfying fi(x;) <0, i=1, ..., m. Then, in

order for x, to be a point minimizing f; over A given by Eq. (3.7), it is necessary
and sufficient that there exists a vector y;eR”, such that

L(xo0,y5) = L(x,y;), x€D,
Yofil) =0, i=12,...,m. (3.16)

[ Necessity. According to the preceding theorem, there is a vector y;eR" satisfy-
ing Eq. (3.15). Since x( € A, then xo € D and f(xp) =0. Thus,

L(xo0,5) = folxo) + > ¥ filxo) =/ (x0) = L(x0, 3§)-
P

It follows that
f(x0) = L(x0, ) (3.17)

and
> yofilxo) =0.
i=1

On the other hand, since yjj =0, fi(xo) = 0, the latter equality implies that
Vofix0) =0, i=12,...,m. (3.18)
Therefore, from Eqs. (3.15)—(3.18), we have the desired conditions for

Eq. (3.16).
Sufficiency. Let x € A and suppose that Eq. (3.16) holds. Then

S Zfo() + Y o) = Lx,35) = L(xo, ¥5) = folxo);
i=1

i.e., fo(x) = fo(xp) for all x € A, so x is the optimal solution.
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Suppose now that f;, i=1, ..., m are convex and continuous functions. Now,
the first of conditions of Eq. (3.16) means that x, is the optimal solution to the
Lagrangian L(- ,y;) over the convex set D. Since yj; =0, the Lagrangian L(-,y}) is
convex and continuous. According to Theorem 3.2, the infimum of L(-,y}) over D
is attained at a point xy if and only if

OxL(x0, ) N Kp(x0) # .

Then, by Theorem 1.29, we can write
0,L(x0.¥3) = fo(xo) + D _ ¥h ofi(x0)-
=1
Hence, there is a vector x* € K}j(xo) such that
x*edfo(x0) + Y vh afilxo). (3.19)
i=1
Obviously, the inclusion in Eq. (3.19) is necessary and sufficient that xy mini-
mize L(-,y;) over D. Thus, we have proved Theorem 3.7.
Theorem 3.7. Let the conditions of the preceding theorem be satisfied and let f;,
i=0,1, ..., mbe continuous convex functions. Then, x, is an optimal solution to
the convex programming problem (P) if and only if there exist vectors yjeR" and

x* € K} (xo) such that

ygfi(xO)=0, i=1,2,...,m.

Definition 3.1. The vector y§ =0 is said to be a Kuhn—Tucker vector for (P) if
inf{fy(x) : xeA} = inf{L(x,y}) : xe D}.
X X

Theorem 3.8. The vector y;=0 is a Kuhn—Tucker vector for the convex
programming problem (P) if and only if —yjeoV(0).
O By definition, —y;€0V(0) if and only if

V(y) = V() + (y, =yg)s

ie., if

ir;f{V(y) + (v, y5)} = V(0).
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Taking into account Eq. (3.9) for V(y), we have
infinf{fo(x) + (v,y5) : i) =y, i=1,2,...,m, xeD}=V(0). (3.20)
y X

It is easy to see that if yi* <0 for some i =1, ..., m, then the infimum in the
left-hand side of Eq. (3.20) is —oo. Since V(0) is finite, the latter is excluded, and
v > 0. Then Eq. (3.20) implies that

inf{fo(x) + > fix)yy 1 xeD} = inf{L(x, ;) : xe D).
i=1

Consequently, — y§ € 0V(0) if and only if
inf{L(x,y;) : xe D} = V(0);

i.e., y is a vector of Kuhn—Tucker for the convex programming problem (P). B

Note that in the previous statements, we have assumed that there exists a point
x1 € D such that fi(x;)<0,i=1, 2, ..., m. Now, instead of this, we assume that
the functions f; are continuous. We define the following sets:

Ai={x:fix)=0}, i=0,1,...,m.

Let xo € A;. By Theorem 1.34, there are two possible cases:

1. No such point x, for which f;(x) <O, exists. Then, according to Theorem 3.1, 0 € dfi(xo)
and 0 = fi(xg) =fi(x); i.e., xo is a point belonging to the set of minima of f;.
2. There exists a point x for which fi(x) <0. Then

0, if fi(x0) <0,

K3, (o) = {—cone of(xo), if fixo) = 0. (3.21)

Let x( be a point minimizing f, over A defined by Eq. (3.7). Since

A= <r"%Ai> nD,
=1

then, by Theorem 3.4, there are simultaneously the points, not all zero,
x; EKA*i(xo), i=1,2,....,m; x*eKf(xo), xj€0fo(xo)
and Ay = 0 such that

Aoxo = D X + %, (3.22)
i=1
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If fi(x) <O for some x and every i, then Eq. (3.21) is valid. Take

X ==dixly, A=0, xjpedfixo), x5 =xp, (3.23)

where \; > 0, if fi(xo) = 0 and \; = 0 if fi(xg) <O; i.e.,

Mfi(xo)=0, i=1,2,...,m.

By substituting Eq. (3.23) into Eq. (3.22), we have

AoxGo + Aixfy + oo+ Al = x5,
Ai>0, Afilx) =0, xjedfixo), i=0,1,....m; x*eK}(xo). (3.24)

where among the ); there are nonzero numbers because not all \, x}, x* are zero.
If for some i, there is no point satisfying f; (x) <0, then according to the discus-
sion above, 0 € Jfi(xo). Setting x; (=0, A, =1, \i=0, i#ip; x* =0, we deduce
that the relations in Eq. (3.24) are valid.
Hence, we have proved Theorem 3.9.

Theorem 3.9. Let the functions fi(x), i=0, ..., m be convex and continuous.
Then, in order for x, to be an optimal solution to the convex programming problem
(P), it is necessary that there exist numbers );, i =1, ..., m not all zero such that

for some x} € df;(xo),
> dixf e Kj(xo),
i=1
where A, =0, \fi(x)=0,i=1,2,...,m.
Theorem 3.10. Letf;, i=0, ..., m be convex proper functions, where

fio)= (o, x) —ay, i=k+1,...,m.

Moreover, let D be a convex set, ri dom f;2D,i=1,...,m,and x; eri D be a
point such that fi(x;) <0, i=1, ..., k. Then, in order that x, be an optimal solution
to the convex programming problem (P), it is necessary and sufficient that there
exists a vector yjeR"” such that

L(XOnyg)SL(xayS)a XGD,

i) =0, i=1,2,...,m.
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[ Let us denote

JeR, T =0t ...,
Lx, ) = o) + > yifix),
=1

Dy={x:fi(x)=0, i=k+1,...,m, xeD}
Then by Theorem 3.6, there is a vector y;;eR"} such that
LN(xODyg) Sl’:(xaié)a XGD,

Vofixo) =0, i=1,...,k

Since
m .
Dc Nri dom f,
i=0

the function L(-, Jo) is continuous on D relative shifted subspace containing
NZori dom f;. Then, for this subspace, on the basis of Theorem 3.2, we conclude
that there exists a vector x* € d,L(xo, o) so that x* € K}, (xo). On the other hand, it is
obvious that

Kp, (x0) = Kp(xo) N Kp, (x0),
where

Dy ={x:fix)={(,x) —a;=0, i=k+1,...,m}.

and Kp, (xo) is a polyhedral cone. It is easy to compute that

KZ;I(X()) = {x* cxt == Z )\ix;‘ky A= 0, Alﬁ(x()) = 0}

i=k+1
Since x; is feasible, x; € Dy, and so i Kp(xo) N Kp, (xo) # . Hence,
K}, (x0) = Kp(x0) + Kp, (x0).

Thus, a vector x* € d,L(xo, $5) can be represented:

x=xi- Z Axl, =0, MNfilxo) =0, i=1,...,m, xj€Kp(xo).

i=k+1
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Setting yi = A\, i=k+ 1, ..., m, we have

L(x, ) = Lxo, 55) + > M),

i=k+1
and x}=x*+ 3" | NxFedL(xo,y5). Therefore, 0.L(xo,y}) N Kj(xo) # &, and
by Theorem 3.2 it can be concluded that x; belongs to the minimum set of L(:, y{),

on a set D. Taking into account the relations \; =0, \;fi(xp) =0, i=k+1, ..., m,
this ends the proof of theorem. ll

3.3 Lagrangian and Duality in Convex Programming
Problems

In this section, we consider a convex programming problem (P), consisting of the
minimizing of f, over A:

A={x:fix)=0, i=1,2,...,m, xeD},
dom f;2D, i=1,...,m,

where f; are closed proper convex functions and D is a convex set. As before, let us
denote

Lix,y*) = fo) + >y fi),
i=1
p(") = inf{L(x,y*) : xeD},  y* =0,

V(y) = inf{fo(x) fix)=y, i=1,...,m, xeD)}.
Let us introduce

FO)={(x,x")er"™ : fi(x)=y, i=1,....,m, fo(x)=x", xeD).
As was shown in the previous section

H(y,0,—1)=—=V(y) (3.25)

£ 1y PO, ify =0,
MG, 0, 1){ -, if y" =0 for some i. (3.26)
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Maximizing ¢ over R”, is called the dual problem to the aforementioned formu-
lated primary problem (P).

Theorem 3.11. Let V(0)# *oo and the function V be lower semicontinuous at
y=0. Then

inf{fo(x) : xeA} = sup{p(y") : y* = 0); (3:27)
v

i.e., the value of the primary problem (P) is equal to the supremum of ¢ over R”. .
L] By the duality results for multivalued mappings (Corollary 2.4), it is easy to see
that

inf((0,y*) ~M(*,0, 1)} = H(0,0, ~1). (3.28)

By hypothesis, H(y,0,—1) = —V(y) is upper semicontinuous at y =0, so the con-
ditions of Corollary 2.4 are fulfilled. Hence, by using Eqgs. (3.25) and (3.26), from
Eq. (3.28), we obtain

i&f{—M@*, 0,—1)} =—-V(0)

or

igf{cp(y*) :y* = —=V(0).

Thus,
sup{p(y*) : y* =0} = V(0) = inf{fp(x) : xcA}. A
y* X

Note that if x € A, y* =0, then

P(") = L(x,y") =fox) + Y Y fi®) =fol).
=1

Thus, for all feasible solutions of the primary and dual problems, x € A, y* =0,

(") = fo(x).

On the other hand, it is easy to see that

B o .x—m o o) iff()=0, i=1,...,m,
w(X)—S;}*p{L(xay)-y —0}—{ +o0 if fi(x) > 0 for some i.
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Thus, Eq. (3.27) is equivalent to

inf sup L(x,y*) = sup 1nf L(x ¥, (3.29)

xeD *>0

i.e., the duality relation in Eq. (3.27) is valid if and only if the inequality in
Eq. (3.29) is fulfilled.

Theorem 3.12. Let D be a closed convex set and suppose the minimum set D- of
fo over A is bounded. Then, the duality relation in Eq. (3.27), or equivalently,
Eq. (3.29), is valid.

L] Define the multivalued mapping

Fy,)={x:fi(x)=<y, i=0,...,m, xeD}.

By virtue of the closure of f; and D, the mapping F is closed, convex, and
D, = F(0,V(0)). Then by hypothesis, F(0, V(0)) is bounded. Therefore, it follows
that by Lemma 2.1, the mapping F is bounded and so F(y,y°) is a closed bounded
set, and hence compact.

Now, let y;—0, lim;_ ,V(y;) = u. Since the case yu= +oo is trivial, we may
assume that ;4 < +o00. Hence,

V) = inf{fo(x) : x€ F(yj, i+ €) (3.30)

for large j and arbitrary £ > 0. Since F(y;, 1 + €) is compact and f; is closed proper,
it follows that the infimum in Eq. (3.30) is attained at some point x; € F(y;, 1t + €).
Besides, F is bounded, so the sequence x; is bounded. Thus, we can choose a con-
vergent subsequence. Without loss of generahty, assume that x;—xo. Since F is
closed, xoeF(0, u + €). Therefore, by definition of F, it follows that xo € A and
fo(xo) =pu+e. But in this case, V(0O)=pu+e¢, and since €>0 is arbitrary,

= lim;, o, V(y;) = V(0); i.e., V is lower semicontinuous at y = 0. Thus, applying
Theorem 3.11, we have the desired result. l

Theorem 3.13. Let yj be a Kuhn—Tucker vector for the convex programming
problem (P). Then the duality relations in Eqs. (3.27) and (3.29) are valid and

©(vp) = sup{p(y*) : y* =0}.
.

O If y§ is a Kuhn—Tucker vector for the problem (P), then by Theorem 3.7,
—y* € 0V(0). Therefore,

V(y)=V(0) =y, 5)
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for all y. In particular, if y—0, then lim V(y) = V(0); i.e., the function V is lower
semicontinuous at y =0. By Theorem 3.11, Egs. (3.27) and (3.29) then follow that
the relations in Eqgs. (3.27) and (3.29) are valid. Furthermore, by Definition 3.1,

#(5) = V(0) = inf{fox) : xe A},

On the other hand, as was shown above, p(y*)=fy(x) for every y* =0 and
x € A. Hence,

‘P(YS) = if)}f{fo(x) ixeAl= ("), y*=0.1

Note that if in the convex programming problem fi(x) = (x,x}) —o;, i=0, ...,
m, D =X, then we have a linear programming problem. Obviously, for this prob-
lem, F is polyhedral, so by Theorem 2.16, the function H(y,0,—1)=—V(y) is
closed.

Thus, we have proved the following theorem.

Theorem 3.14. If in the convex programming problem fi(x)= (x,x]) —o,
i=0,...,m, D=X, then for the obtained linear programming problem, the dual-
ity relations in Egs. (3.27) and (3.29) are true.

Remember that V(0) is the optimal value in the convex programming problem,
and in general V(y) is the optimal value in the convex programming (P,) obtained
by replacing f; by f; —y; fori=1, ..., m (see Eq. (3.9)). Thinking of the vectors y
as representing “perturbations” of (P), we call y the perturbation function for (P).
Let us assume that fy(x) can be interpreted as the “price” of x. Then for any y, the
minimum cost will be V(y) + (y,y;). A perturbation will be “worth buying” if and
only if

V() = (.55 < V(0),

where V(0) is the optimal value in the unperturbed problem. We prove that when
V(0) is finite, y* is a Kuhn—Tucker vector for (P) if and only if, at the price vector
y* =g, no perturbation whatsoever would be worth buying. In fact

inf{V(y) + (5, 1) = infinf(fo(0) + 0, 5):/i%) =y,
i=1,2,...,m, xeDj}.

But the right-hand side of this equality is

inf{fo() + >_fix)yy i xeD}, y5=0.
i=1

Thus, if V(0) is finite and y* = yj, the inequality

V(y) + (v,y") = V(0)
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holds for all y if and only if y* =0 and
inf{fo(x) + > fix)y” s xeD} = V(0).
i=1

The latter condition means that y* is a Kuhn—Tucker vector for (P).
Let us return to the problem stated at the beginning of Section 3.2:

inf f(x). (G)

Suppose that f'is a closed and proper convex function and that A is a closed con-
vex set. In order to investigate this problem, to construct its dual problem, and to
establish the duality relations, we need the following supplementary results. First,
we use the theorem of duality of operations of addition and infimal convolution of
convex functions.

Theorem 3.15. Let f;: R"—>R, i=1, ..., m be functions not identically equal to
+o00. Then

(i@L® - ®fu) =f7 +f5 + -+ [
ith+t - +tH)'=OL® - Of,.

In addition, if all functions are closed proper, and convex, and if all functions
except possibly one are continuous at xo and these functions are finite at x,, then

(fith+ -+ =[O D @f,

where for each x* = x{ + --- + xJ, the inf is attained; i.e.,

(fi ot o fu)' () =D+ 05) + o [ 0).

[0 We shall confine ourselves to the case m = 2; the case of a greater number of
summands is proved by induction. By definition of infimal convolution and conju-
gate of functions, we establish at once the first equality of the theorem:

(fi ®fo)"(x*) = sup, {(x,x* ol mf (fl(xl) + 2(x2))}
= sup{(x1,x") + (02, x*) = fi(x1) —H(x2)} = (x]) + 15 ().

X1,%
Furthermore, by Young—Fenchel inequality, for all x], x3;, and x we can write

Jr &) + /5 (3) = (x + x5, %) —fi(x) —f2(x),



112 Approximation and Optimization of Discrete and Differential Inclusions

and hence,
frGD) +63) = (i +)" (] +x3).
In particular, this inequality holds for all x, x3 such that x} + x5 = x*. Thus,
Lef=h+h),
and the first part of the theorem is proved.
By Theorem 6.5.7 of Ref. [138], /i @f; is a closed and proper convex function

and for all x* the inf is attained. Applying the already proved first formula of the
theorem for f", f5, and Theorem 1.21, we have

e =A"+L"=h+fo

Since f; @f; is a closed and proper convex function, then again by Theorem
1.21, it follows from the latter formula that

ffef=fre)"=(i+L" =

Proposition 3.1. Let f;: R"—>R, i =1, 2 be functions not identically equal to +o0.
Then

ofi(x1) N fr(x2) =0(f1 Df2)(x1 + x2).

Moreover, if of;(x;)Nf>(x,) # I, then for all x =x; + x,, the infimum in the
definition of f1 @, is attained.
O Let us denote f=f;®f,. By the preceding theorem, f*=f"+f'. Let
x*€0f1(x1) N dfz(xz). Then, by Theorem 1.27, we obtain

JiGer) + £ () = (x, x7),
o) +f5(x7) = (x2,x7).
By summing these inequalities, we have
Jilx) + () + folx) + 5 (xF) = (x,x7),
where x = x| + x,. Since by definition,

F&) =filx) + falx2),
) =700 + () 3.31)
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it follows that

)+ (") = (x,x"), (3.32)
whence x* € Jf(x). Actually, the inequality in Eq. (3.32) and so the first inequality
of Eq. (3.31) are satisfied as equalities. Thus, we have seen that if 9fj(x;) N

Of>(x,) #, then for any x = x; + x,, the infimum in the definition of f; @f, is
attained. Wl

Proposition 3.2. If f; : R" >R, i = 1, 2 are functions not identically equal to +c0
and if for all x = x; + x, the infimum in the definition of f; @f, is attained, then

o(fi ®f2)(x) = ofi(x1) N Ofa(x2).
[ According to Proposition 3.1, it is sufficient to show that
o(fi ®L)(x) = af1(x1) N fa(x2).

Let us denote f=f; @f,. Let x* € 0f(x), i.e., fix) +f*(x*) = (x, x*). By Theorem
3.15, f* =f; + f5. On the other hand, by hypothesis, f(x) = fi(x) + f>(x), whence

Sile) A0 + () +f7(5) = (o, x7) + (2, 7).
Since always
Sile) + 7 (6T = (xy,x7),
Fol2) + () = (xp,x7),
we can deduce that simultaneously
Jilen) + £ (%) = (x, x7),
So(2) + (7)== (xp,x7),
or x* € 3fy(x)), x* € Bfy(xy) are truc. M

Proposition 3.3. If f;: R" >R, i =1, 2 are functions not identically equal to +oo,
and if Of,(x,)Nof>(x,) # J, then

1. 9ftx) = Afi(x1)NAfa(x2), where f=fi B fo, x = x; + X3

2. the set Ofi(%1) N Ofr(%2), X1 + X, = x is either empty or coincides with of(x);

3. the set Jf1(%1) N Of>2(X,) is nonempty if and only if for every x = X; + X, the infimum in
the definition of f; @/ is attained.
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1. O Since of\(x))Nfr(x2) # J, by virtue of Proposition 3.1 for any x = x; + x,, the infimum
in the definition of f; @5 is attained. From this, Proposition 3.2 implies the validity of (1).

2. This assertion follows immediately from (1).

3. The necessity condition was already proved in Proposition 3.1. Furthermore, if for every
X =2X| + %, the infimum in the definition of f; @/, is attained, then by Proposition 3.2,
of (x) = 0f1(%1) N 0f2(%2). But since of(x) =0of1(x1) Ndfr(x2) # I, we conclude that
fiE) Naofa() #2. B

Now recall that the problem (G) can be transformed as follows:

inf £(x) = inf{ f(x) + 64(x)} = —sup{—F(x) —64(x)}
= —sup{(x,0) —[£(x) + Sa)]} = —(f + 62)*(0) = —(f* @ &)(0)
= —inf{f*(x*) + 85(—x*)} = sup{—f*(x*) —&}5(—x*)} (3.33)

Here, setting f; =f, f> = 84, we have used Theorem 3.15.
The problem

sup{—f*(x") =64(—=x")} (G")

labeled (G*), we call the dual problem to the~£)rimary problem (G).
Let us denote d4(x) = 64(—x). Clearly, 6,(x*)=83(—x*) for all x*. Also, the
values of the problems (G) and (G*) are denoted by v and v*, respectively.

Proposition 3.4. For all feasible solutions x and x* of problems (G) and (G*), the
inequality v = v* holds. Furthermore, the following assertions are equivalent:

1. v=v*
2. (f*®8)"0) = (f* ®8,)0).
3. (f®6a)™(0) = (f @ 6a)(0).

00 The inequality v=v* follows directly from Eq. (3.33). Moreover, by Theorem
3.15,

e = (@8,
SO
froa=(f"®5)"

Thus, (f + 84)" = (f*@63)™". Then taking into account that v = —(f+ 84)*(0)
(see Eq. (3.33)) we can write

y = inf[f(x) + 84 (x)] = inf[f (x) + 64(—x)]
= (f@®8)0) = —(f + 62)*(0) = —(f* @ 5})™(0).
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Similarly,
V= (f@84)™(0) = —(f* @ &)(0).

Then comparing these two equalities, we have the desired result. H

The set of solutions of problems (G) and (G*) are denoted by P and Q,
respectively:

P={x:f(x)+ 6s(x)=v}
0={x: —f"(x") =04 (—x") =v'}.

Note that if v and v* are finite, then by Theorems 3.15,

P=0(f +8,)(0) = Af* @8, (0)
O =0(f* +6,)"(0) = 6(f D 0a)™(0).

On the other hand, the set of solutions P of (G) consists of the points x for which
the infimum in f@ 4 is attained at 0 = x + (—x). Similarly, the set of solutions
O of (G*) consists of the points x* for which the infimum in f*@® &} is attained at
0=x*+(—x%).

Theorem 3.16. If a pair (x, x*) of points x and x* is such that x* € 0f(x) N K} (x),

then x and x* are solutions of the problems (G) and (G*), respectively.
] It is clear that

0€0f(x) —K3(x) = f (x) = 064(x) = O(f + 64)(x);
ie.,
0€d(f + 64)(x).

According to Theorem 3.1, the latter inclusion means that x is a solution to the
problem (G). By hypothesis, x* € 9f(x) and x* € K}j(x) = —064(x). Since f and dy,
are closed convex  proper functions, then by Corollary 1.2, x e Jf*(x*) and
x€83(—x*) = 6, (x*). Therefore,

0€df*(x*) + 88, () S O(f* + 6,)(x*),
0ea(f* +&,)(x*),
and hence x* is a solution to the problem (G*). B

Proposition 3.5. If v =v* and is finite and the set Q is nonempty, then

P=3(f*®85)0), 0=0f®b)0).
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O By Proposition 3.4, if v=v*, then (f* @ 63)™(0) = (f* @ &3)(0). Therefore,
o(f* @ 63)™(0) = o(f* @ 63)(0), and by virtue of the finiteness of v, we obtain
that P = o(f* @ 63)(0). The assertion for Q is proved by analogy. W

Proposition 3.6. If v =v* and both are finite and the set Q is nonempty, then
P=0af"(x*) N o635 (—x¥),

where x* is an arbitrary element of Q.
[0 The nonempty set Q is the set of points x* for which the infimum at 0 =x* +
(—x*) is attained. Applying Proposition 3.2 to the case f* and &7, we have

o(f* @ 63)(0) = of*(x") N 08 (—x").

Since v=v* is finite, by Proposition 3.5, P=0a(f* @ §5)(0). If
Of*(x*) N 86} (—X*) is nonempty, then by Proposition 3.3

a(f* ® 63)(0) = of*(x*) N 06, (—X*) # I,
where the infimum is attained at 0 + X* + (—%*). Consequently, xe Q. l

Theorem 3.17. If v=1v* and both are finite and the set Q is nonempty, then a
point x is the solution to the primary problem (G) if and only if there exists a point
x* such that x*edf(x) N K;(x). This point is then a solution to the dual problem
(G").

[0 According to the previous proposition, xe P if and only if
x€df*(x*) N 063 (—x*) for a point x*—i.e., if and only if there is a point x* such
that x* € 0f(x) and x* € K} (x) = —064(x). This point then belongs to the set of solu-
tions of 0. W

In the next theorem, a sufficient condition ensuring the equality v = v* and the
existence of a solution to the dual problem (G*) is formulated.

Theorem 3.18. If v is finite and there exists a point x; € A at which f is continu-
ous, then v = v* and the set of solutions Q of dual problem (G*) is nonempty.

0 According to Theorem 6.5.7 of Ref. [138], the function f* 6—)(5:“ is closed,
proper, and convex, so

(f*@63)™(0) = (f* ®63)(0).

By Proposition 3.4, this implies that v = v*. Moreover, for each x*, the infimum
in the infimal convolution is attained; i.e., there are points x} and x5 such that
x*=xj+x} and

(f* @ G)(") =/ (x]) + 64 (x3).
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Since Q is the set of points x7 for which the infimal convolution is attained at
0 =x] + (—x7}), then Q is nonempty. H

*

Theorem 3.19. If there exists either (1) a point x* such that
Of*(x*) N 884 (—x*) # J or (2) a point x such that 9f(x) N K (x) # &, then both the
sets of solutions P and Q are nonempty. Moreover, v = v*, where v is finite, and
P=0f*"(x")No63(—x"), x*eQ,
0=0(x)NK;(x), xeP.
[J For simplicity, consider case (1). By Proposition 3.3, it is easy to see that
of* @ 63)(0) = of*(x*) N 064 (—x¥) # I,
and the set Q consisting of those x* such that

(f* ®63)(O0) =f*(x*) + 85 (—x*) is nonempty. Since fix*) and &3 (—x*) are finite,
—v* is finite. Furthermore, (f* @ 63)™(0) = (f* @ 63)(0), so v = v*. Furthermore,

o(f* @ 6 (0) = o(f* @ 63)(0) =P

and P£C. B

3.4 Cone of Tangent Directions and Locally Tents

Definition 3.2. Let A be an arbitrary subset of X. A vector Xxe X is called a tangent
direction of the set A at a point x € A, if there exists a function () such that

X+ XT+ p(\)eA

for sufficiently small A=0 and )\_lap()\)—>0 as A/ 0. Since ax,« =0 is a vector of
tangent direction, if X is the same, then it is clear that such vectors form a cone.

Definition 3.3. The cone K,(x) is called a cone of tangent directions of the set A
at a point x € A if from xe K, (x) it follows that X is the tangent vector at x € A.

It should be pointed out that the cone K4(x) is not uniquely defined. In any case
we shall see that the wider a cone of tangent directions we have the essentially nec-
essary condition for a minimum. If A is convex, then

Ka(x) =cone(A —x)={x:x= Ax; —x), x1€A, A>0} (3.34)



118 Approximation and Optimization of Discrete and Differential Inclusions

is the cone of tangent directions to A. Therefore in Definition 3.2, it is sufficient to
take (A)=0. By convention, for a convex set A, we define the cone of tangent
directions to A by Eq. (3.34). The following examples were considered by
Pshenichnyi [226].

Example 3.1. Let A be defined as follows:

A={x:filx)=0, iel}, (3.35)
where /= {1, ..., m} is a finite index set and f; are continuously differentiable
functions.

Proposition 3.7. Let xo € A; i.e., for xq, suppose that the system in Eq. (3.35) is
satisfied and the gradient vectors ﬂ(xo), iel are linearly independent. Then

Ka(xo) = {%: (%.f, (x0)) =0, iel} (3.36)

is a cone of tangent directions.

[ Let f’(xo) be a matrix with rows fi'(xo), i € I. Clearly, f'(xg) is an m X n (X =R")
matrix. Then the condition X € Ky;(xp) can be written as f’(xg)x = 0. Let (f'(xp))* be
the matrix transpose of f'(xg) and B =f"(xo)(f'(xp))*. It is easy to show that a
square matrix B of the size m X m is nonsingular. Indeed, suppose that B is singu-
lar. Then there is a nonzero vector y € R™ such that By = 0. Thus,

0 By) = I ol vl = | 3 f o)y’ [* = 0:

jel

ie., je 1f (x0)y’ = 0 under the hypothesis that not all y are equal to zero. The lat-
ter equallty implies that the set of vectors f (x0), i € I, is linearly dependent. This
contradiction proves that B is a nonsingular matrix.

Consider the system of equations

8i(Ay) = filxo + X + (f'(x)*y) = 0, i€l (3.37)

where y is an unknown and ) is a parameter. It is not hard to compute that

0gi(0,0)

S (x%.f, (x0)) =0, i€l

On the other hand, the matrix with the elements 6g,~(0,0)/(6y’), Lj=1,...,m,1is
equal to B, so is nonsingular. By the familiar implicit function theorem, the system
in Eq. (3.37) for a sufficiently small A >0 has a solution y(\) such that )\_ly()\)—>
0 as A—0. If we set () = [f'(x0)*y(N)], then /\_lgo()\)—»O as A—0, and according
to Eq. (3.37), xo + Xx + p(A)eA for sufficiently small A>0; i.e., X is a tangent
vector.
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We compute the dual cone of the cone given by Eq. (3.36). Since the system of
equations ()_c,fi/(xo)> =0, iel is equivalent to the system of inequalities,

&.fi(x0) =0, i€l
(%, —f,(x0)) =0, i€l

then by Theorem 1.13, K7 (xo) consists of the elements of the form

X = Z af; (xo) — Z Bif (x0), =0, 3;=0.

iel iel

Denoting \; = «a; — 3;, we have

Ki(xo) = {x* cxt = Z )\L-fi,(xo), NER, iel}.
iel
Example 3.2. Let the set A be defined as follows:
A={x:fix)=<0, iel), filx)=0, ieh}

where I, and I, are finite index sets and f; are continuously differentiable functions.
Let xog € A and

Ii(xo) ={iel : fi(xo) = 0}.

We show that if the vectors ﬁ(xo), i € I, are linearly independent, then a direc-
tion X satisfying the relations

(%.f,(x0)) <0, iel(x),
(x.f (%) =0, ieh (3.38)

is a tangent vector. Indeed, according to the previous example, there is a function
w(N), /\7]@()\)—>0 as A— 0 such that

filxo + XX+ (X)) =0, iel.

On the other hand, for i € I;, we can write

filxo + AT+ (V) = fi(x0) + AE + A LoV, £ (E)), (3.39)
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where &; is some point of the segment with end points xy and fi(xo + Ax + ¢©(\)) <0
for sufficiently small A > 0. On the other hand if i € I;(xy), then Eq. (3.39) implies
that

fixo + A%+ (V) = A1, (x0)) + AT £ (&) —f, (x0)) + (o)L f; (€)).

Here, since &;—xy as A—0, then the latter two terms are higher-order infinite
small with respect to A. Hence, by virtue of Eq. (3.38),

filxo + XX + (V) <0, ieli(x)
for small A > 0. Therefore, for a small \ > 0, the relations

filxo + XX+ (V) <0, i€l
f,-(xo + \x + (p()\)) = O, iEIZ

are satisfied. Consequently, xo + Xx + ©(A)€A. The obtained inclusion means that
X is a tangent direction of the set A at the point x, € A. Hence,

Ka(xo) = (X : (%.f,(x0)) <0, ieli(x), (&f(x0)) =0, ieh).

Thus, applying Theorem 1.13, it is easy to see that

K}i(xo) = {x* = D M)~ D> M), Ai=0, iell(xo)}.

ieli(xo) ieh

By Definition 3.2, we have already seen that the cone of tangent directions
involve directions for each of which there exists a function ¢()). But in order to
predetermine properties of the set A, this is not sufficient. Nevertheless, the follow-
ing notion of a local tent allows us to predetermine mapping in A for the nearest
tangent directions among themselves.

Definition 3.4. The cone K,(x) of tangent directions of the set A at a point xy € A
is called a local tent, if for each Xperi Ka(xp), there exists a convex cone
K< K4(xp) and a continuous mapping 1 defined in a neighborhood of the origin
such that

1. X0 eri K, Lin K =Lin KA()C());
2. YFE) =%+ r@®), |7 'rE)—0as x-0;
3. xo +Y(x)eA, XxeK N (eB) for some € >0, where B is the unit Euclidean ball.

If ¢ is a continuously differentiable function, then a local tent is said to be a
smooth local tent.
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Example 3.3. Let the set A be defined as in Example 3.1 and assume that at x, the
conditions of Proposition 3.7 are satisfied. We show that the cone K,(x) defined
by Eq. (3.36) is a local tent.

Let us form the system of equations

gi(%,y) = filxo + X+ (f(x0))*y) = (%, —f;(x0)) =0, i€l (3.40)

where y is unknown and X is a parameter. It is not hard to see that
2i(0,00=0, icl, gz0,0)=0, iel

and the matrix 9g40,0)/(8y), i, j € I, coincides with the matrix B = f’(xo)[f’ (xo)]*
and so is nonsingular. Then by Theorem 1.1 of Chapter 5 of Ref. [225], for suffi-
ciently small X, there is a smooth solution y(¥) such that

x|

(3.41)
Denote K = K4(xp) and set

P(E) =X+ (f'(x0)" () (3.42)

Take Xe K N (eB), € >0 such that y(X) is defined in the ball ¢B. By Eq. (3.36),
Eq. (3.40) can be rewritten as:

filxo +¥(x) =0, iel;

i.e., xo + Y (X)€A. From this and the formulas in Eqgs. (3.41) and (3.42), we obtain
that K4(xp) is a local tent.

Example 3.4. Now, let A be defined as in Example 3.2. We show that the cone
K4(xo) defined in this example is a local tent.
Obviously, 1i K4(xg) = K4(xg). Let Xp € K4(xp). Denote

1 ,
§= mmiax (%o, f; (x0)) : iell(x())} <0

and

K ={%: (Fo.f, (x0)) = 6lIFll, ieli(xo), (%o.f(x0)) =0, ieh). (3.43)

Then Xperi K and K< K,(xg). Choose ¥(X) as in Example 3.3. By the mean
value theorem, it is not hard to see that

fixo + P(®) =filxo) + (%o.f; (x0)) + O(llxl), i€l (3.44)
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Here, if i € I)\l1(xp), then fi(xo) <0. Hence, it follows from (3.44) that for
small X,

filxo +9¥(x)) <0, el )\ (x0) (3.45)
and if i € I 1(xp), then for small xe K,
filxo +1p(x)) = 6l1x]l + 0(llx]l) <0, i€li(xo). (3.46)
On the other hand, by construction of (%),
filxo + (X)) =0, iel, (3.47)

Thus, the formulas in Egs. (3.45) and (3.47) imply that xo + ¢¥/(xX)€A for small
xeK; i.e., K4(xp) is a local tent.

It can be shown that if A is a convex set, then K4(xp) = cone(A — xg), xg € A, is
a local tent. Furthermore, an important property of a local tent is that under more
general assumptions, the intersection of local tents is a local tent. We will not
consider such investigations here; for a detailed consideration, refer to Pshenichnyi
[226].

3.5 CUA of Functions

Remember that a smooth function admits a linear approximation. As will be shown
in Section 3.6, a convex function can be approached by positively homogeneous
functions—i.e., directional derivatives. However, a nonsmooth and nonconvex
function cannot be approximated in a neighborhood of some point with positively
homogeneous functions. Just for such a class of functions, we will introduce the
concept of CUAs. Such a CUA approach was strongly developed and applied to
new classes of extremal problems by Pshenichnyi [226]. Note that a CUA A(X, x) is
defined nonuniquely, and for obtaining the appropriate necessary conditions, as a
rule, it is necessary to have a sufficiently wider family of CUA. In Section 3.5, it
will be proved that if h;(X,x) and hy(X,x) are CUAs of f at a point x, then
Ahy + Xohy, A+ =1, A\, A, =0 and max(hy, hy) also are CUAs (Proposition
3.8). Moreover, let hy, h,, respectively, be a CUA at the point x, for the function f,
f>, and suppose f=f] + f>. Then h(X,x) = h;(X,x) + hy(X,x) is a CUA of f at x. In
addition, if int dom /&;(-, x)Ndom hy(-, x)#, then Jf(x) = of1(x) + Ifr(x)
(Theorem 3.20). In particular, if f is a continuously differentiable function at x,
then A(x,x) = (X,f'(x)) is a CUA at x and of(x) = {f'(x)}. Furthermore, if fis convex
and continuous at x, then A(¥,x) =f'(x,X) is a CUA and the subdifferential Jf(x)
defined by Definitions 1.29 and 3.6 are the same.
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Let f: X—>RU{*o0} be an arbitrary function. Let us denote dom f=
{x:|f(x)|< + o0}
Take a point x € dom f, xeX, X # 0, and define
o . flx+ Xx + () —f(x)
Q(x,x) = suplim sup
) ALO A

where the exterior supremum is taken on all r(-), such that A TN >0 as Al0.
Obviously, Q2(x, x), finite or not, always exists. Also, it is easy to see that (-, x) is
a positively homogeneous function; i.e., for any A >0,
Q(AX, x) = AQUX, x).
If f is Lipschitzian in some neighborhood of x, then
[ Cx + Xx + (X)) —f(x + X = LI[r(M].

Therefore,

fx+2Xx+r(N) —f(x + Xx)
A

—0 as A]O.

Moreover,

Q(x,x) =suplimsup [/(x+AXx+r(N) —f(x) +f(x + XX+ r(\) ~f(x+ Xx)

() AlO A A
_l flx+ %) —f(x)
=limsup————*
A0 A

i.e., for Lipschitzian functions, we have

Qx,x) = lim supw.
A0 A

Definition 3.5. The function A(-,x) is called a CUA of a function f: X—RU
{x o0} at every fixed point x € dom f= {x:|f{x)] < +o0}, if

1. A(x,x) =X, x) for all X # O;
2. h(-,x)is a closed (lower semicontinuous) positively homogeneous convex function.

It is clear that CUA is not unique; there are a lot of CUAs.
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Proposition 3.8. If 4;(x,x) and hy(x,x) are CUAs of f at a point x, then
Mhyp+ Mohy, A+ XA =1, A, A =0 and max(hy, hy) is also a CUA. W

Definition 3.6. If i(X,x) is a CUA of f at a point x, then the set
oh(0,x) = {x"eX* : h(x,x) = (x,x*), XeX}

is called a subdifferential of f at a point x and is denoted by Of(x).

Obviously, o(N) = Aof, A=0.

According to Definition 3.5 and Theorems 1.24 and 1.31, a subdifferential
0h(0, x) of a closed positively homogeneous convex function A( -, x) always exists
and

0h(0, x) = dom h*(-,x) (3.48)
where

(X", x) = stlp{()_c, X —h(x, x)}.

On the other hand, by Theorem 1.25, it follows from Eq. (3.48) that

h(x,x) = sup{(x,x*) : x* €0h(0,x)} = sup{(x,x*) : x* €9f (x)} (3.49)

In addition, the subdifferential Of(x) in Eq. (3.49) is defined using the function
h(x,x). It is also clear that A(xX,x) is the support function of 9f(x). Thus, A(¥, x) and
Of(x) determine each other one to one. The function A( -, x) defined by Eq. (3.49)
must be a CUA of f at x. The convexity and closedness of the subdifferential imme-
diately follows from Definition 3.6 and Lemma 1.34. As with the CUA, the subdif-
ferential of fis not unique.

Proposition 3.9. If 4; and h, are CUAs for the function f at a point x and h; = h,,
then 0 fix) 20, f(x), where 0; fix) and 0, f(x) are the subdifferentials defined by #;
and h,, respectively.

O Indeed, according to Definition 3.6, x* € 0, f(x) if and only if (X,x*) =, (X, x).
Then, since h; = h,, it follows that (%, x*) < hy(X,x) =< h (X, x); i.e., x* € 0, f(x). A

Theorem 3.20. Let #; and h, be CUAs for the functions f; and f, at x, respec-
tively, and f=f; + f>. Then A(X, x) = h| (X, x) + hy(%, x) is a CUA for f at x. In addi-
tion, if int dom A;( -, x) N dom hy( -, x) # O, then

of (x) = afi(x) + o (x).
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OJ By definition,

Q(x,x)=sup limsup |/1(x - AX+7r(})) +f2(x+ XX +r(N) —1(x) =A%)

) ALO A\ A
. filx+ A3 +r1(N) ~f1(x) . fo(x+ XX+ 1r2(N) —f2(x)
= suplimsup + suplim sup
) ALo A ) ALo A

= Ql()_c,x) + QQ(J_C,X).

Since hy =€y, hy, =Q,, h=(). Besides, as a sum of closed positively homoge-
neous convex functions, & is the same. It follows that 4 is a CUA for f at x.
Furthermore, by virtue of Theorems 1.18 and 1.29, we have,

0h(0,x) = 0h(0, x) + 0hy(0, x),
i.e., Ofix) = of1(x) + Ofr(x). M

Example 3.5. Consider the function f: R —R defined by

0, ifx<O,
k, ifx=0,

J) = {

where k is a constant. It is easy to see that

_ | oo, ifx<O0,
Q(x’o)_{ 0, ifx>0.

Hence any function of the form A(X,0) = X%, A=0 is a CUA for f at x=0.
Then 0f(0) = { A}, A=0. Thus, if k>0, then f has a set of subdifferentials, each of
which consists of a unique point A =0. If £ <0, then

_ +oo, ifx¥<0,
h"(x’o):{o if = 0.

Since hy(%, 0) is a closed positively homogeneous convex function, kg is a CUA
for fik <0) at x =0. It can easily be calculated that

of (0) = 0ho(0,0) = (— o0, 0].



126 Approximation and Optimization of Discrete and Differential Inclusions

Since hy(x,0) = Q(x,0),x # 0, for every other CUA, the inequality h = ho will
be satisfied. By Proposition 3.9, it follows that 0f(0) 2 (—co, 0] for an arbitrary sub-
differential Jf(0). This example is instructive in that there exists a subdifferential of
a discontinuous function.

Theorem 3.21. Suppose that for a given function f, the function (-, x) is convex
and closed, i.e., €2(0, x) = 0. Then OF(0, x) is a subdifferential of f at x and for any
other subdifferential df(x) satisfied the inclusion Jf(x) = 0€2(0, x).

[0 By hypothesis, €)(%, x) is a CUA, and for any other CUA the inequality & =)
holds. l

Corollary 3.2. If fis a continuously differentiable function at a point x, then
h(x,x) = (x,f'(x)) is a CUA at x and 9f(x) = {f'(x)}.
O In fact, for a continuously differentiable function, (%, x) = (%, f'(x)). B

Corollary 3.3. If fis convex and continuous at x, then

- o=y = SO AX) —f(x)
h(x,x)=f"(x,%) = k{%f
is a CUA and the subdifferential df(x) defined by Definitions 1.29 and 3.6 is the
same.

0J Since by Theorem 1.17 a continuous convex function satisfies a Lipschitzian
condition, then it is easy to verify that Q(x, x) = f'(x, X). Moreover, by Lemma 1.34
and Remark 1.2, 0f(xo) is a convex compact set and

f(x,x) = n}ﬁX{(E,x*) s x*edf(x)}.

Clearly, this formula implies that f'(x,-) is a closed function. Now, applying
Theorem 1.31 shows that

000, x) = of'(x,0) = of (x).

Thus, €(-, x) is a closed positively homogeneous convex function satisfying the
conditions of Theorem 3.21, and its subdifferential coincides with the usual subdif-
ferential of the convex function f. Ml

In order to calculate CUA and the corresponding subdifferentials for some of
the operations, such as pointwise operations, pointwise supremum, and the
Euclidean distance function, refer to Ref. [225].

We emphasize again that for a given function at a point x, there exist a lot of
CUAs. However, if h; and h, are two CUAs at x and h; = h,, then h; is a worse
approximation than /%, in some neighborhood of x.
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Definition 3.7. Let & be a CUA of f at a point x. Then % is called the principal
CUA, if there is no another /; such that

h(x,x) = h(x,x), VX
The subdifferential corresponding to 4 is called the principal subdifferential.

Lemma 3.1. If Q(x,x) defined at x =0 as 2(0, x) =0 is a closed convex function,
then there is the unique principal subdifferential. In particular, if f is a continuous
convex function, then its usual subdifferential is the single principal subdifferential.
I This is obvious from the preceding definition. H

3.6 LAM in the Nonconvex Case

In Chapter 2, the basic definitions of multivalued mappings and the main properties
of convex mappings were introduced. One of the principal notions was that of a
LAM. In this section, we will extend the apparatus of LAM to the nonconvex case.
Of course, in the next chapters, we will see how decisive a role the LAM plays for
the construction of optimality conditions for different optimal control problems.

Suppose now that a multivalued mapping F is convex valued; i.e., F(x) is con-
vex in Y. For such a definition to be meaningful, we introduce the Hamiltonian
function and Argmaximum set defined as in the convex case:

H(x,y*) = sup{{y,y*) : yeF(x)}, y'eY*=R"
y

Fxy*)={yeF(x): (y,y") = H(x,y")}.

Lemma 3.2. Let F be a closed, continuous, convex-valued, and bounded multiva-
lued mapping. Then its Hamiltonian function H is continuous and the
Argmaximum set F(x; y*) is upper semicontinuous in x and y*.

L] Let xo € dom F. Since F is continuous at x,, then for every open ball eBSY
with centered origin and radius € > 0 there is a neighborhood V of x, such that

F(X)SF(xo) +eB, F(xo)SF(x)+eB (3.50)

for all xeeB. Let y; be fixed. Then it follows from the first inclusions of
Eq. (3.50) that

IF()Il = sup{llyll : yeF(xo)} = sup{lly +ull : yeF(xo), ueeB}=|F(xo)ll +e.

y.u
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Then we have

H(x,y*) = sup, , {(y + u,y*) : ye F(xo), llul <e}
= sup{{y,yp) + (u,y") + (,y* —y5) 1 yeF(xo), llull <e}
it

= H(xo,y;) + sup{(u,y*) : llull <&} + sup{(y,y* —yg) : ye F(xo)}
u y
= H(xo,yp) +elly*Il + IF o) lly* —ypll-

Similarly, from the second inclusion of Eq. (3.50), we derive that

H(xo,y5) = H(x,y") + ellypll + IFIY* =5l

Thus,

|H(x, y*) —H(x0, yo)I = & max (ly"[l, [Iy" ) + (IF (o)l + )lly* —g (3.51)

and so H(x, y*) is continuous.
To prove the second assertion of the lemma, we must show that for any neigh-
borhood U of zero in Y, there exists an € > 0 such that

F(x,y*) S F(x0,y0) + U, (3.52)

as soon as ||lx —xoll <e, [ly* —y;ll <e. Suppose that the inclusion in Eq. (3.52)
does not hold. Observe that since F is closed and bounded, F(x, y*) is also closed
and bounded. Now, let x;—xy, y;—yo, but that for every i there is a point
vi € F(x;;y¥) such that

yi¢ F(xo;y5) + U (3.53)

Since F is continuous, then for x sufficiently close to xo, all F(x) are bounded.
On the other hand, since F(x; y*) <= F(x), all the F(x;;y}) are bounded sets and y; is
a bounded sequence. There is no loss of generality if we assume y; —y,. By the def-
inition of the Argmaximum set F(x; y*), we have

(i, ¥7) = H(xi, y7).
By passing to the limit and using the continuity of H, we obtain

(v0,¥) = H(x0, ) (3.54)
By virtue of the closure of F, the inclusion y; € F(x;) implies that yo € F(xo).

Taking into account Eq. (3.54), this means that yo € F(xo; ;). But this contradicts
Eq. (3.53). m
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Lemma 3.3. Let the conditions of Lemma 3.2 be satisfied. Moreover, let F be a
Lipschitzian mapping. Then the Hamiltonian function is also Lipschitzian.
[J Since F is Lipschitzian, it follows from Eq. (3.50) that the radius € of the ball
€B satisfies the inequality € = L||x —x||. Therefore, Eq. (3.51) implies that

|H(x,y") —H(x0,y5)| = Ll|lx —xollmax ([ly*[l, [ly* ) + (1 F (xo) Il +Lllx =xol)lly* =ygl

which in turn means that the Hamiltonian function is Lipschitzian. ll

Suppose now that at every point z € gph F, there exists a convex cone of tangent
directions K, #(z). Recall that K, £(2) is a cone of tangent directions if it is con-
vex, and for all ZeKyy, p(z) there is a function r:[0,1]—-Z such that
7+ AZ+ r(A\)egph F for small A =0.

Definition 3.8. The multivalued mapping F*:Y* — P(X*) defined by
F(y%,2) = (" : (", —y") €Kl £(2)) (3.55)
is called the LAM to F at the point z € gph F.
If for the convex mapping we take Kypn (z) = cone(gph F' — z) and by definition
the LAM in Eq. (3.55) coincides with the LAM of Definition 2.10. Note that for
convex-valued mappings, by the convexity of F(x), the directions (0, y; —y),

y1 € F(x), z=(x,y), v>0 are tangent directions, because for sufficiently small
A>0 we have

(x,y + Xy(y1 —y)) egph F.
Therefore, later we assume that
Kopn £(2) 2(0, cone(F(x) —y)), z=(x,y)egph F. (3.56)
Lemma 3.4. If the conditions in Eq. (3.56) are satisfied, then F*(y*, z) # O if
y € F(x; y%).
O If x* € F*(y*; z), then by definition
X x") =0,y =0, (X,)€kgpn r(2)
In particular, if Eq. (3.56) is satisfied, then
1=y, =y =0, y1eF(x) or (y1—y,y)=0, yeF(x)

i.e.,

H(x,y") = (y,y").
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But y € F(x), so
H(x,y") = (y,").

From the last two inequalities we conclude that H(x,y*) = (y,y*); i.e.,
yeF(x;y). A

Definition 3.9. The mapping

F (", x) = W( U F*(y*;(x,y)))

yeF(x; y*)

is called the AM to F at x € dom F.

Lemma 3.5. If F is a convex mapping, then
Fr(y";x) = F*(y"; (x,y)) = 0:H(x, ")

where y is an arbitrary point of the Argmaximum set F(x; y*).
L1 The proof of this lemma follows immediately from Theorem 2.1. W

If a multivalued mapping F(¥) is defined by
F(X) =1{y : (x,5) € Kepn r(2)}
then by Definition 2.9, F7(x*) is the AM at x € dom F, so
F*(y*,2) = F(x")
In Theorem 3.21, Hg( -, y*) denotes the Hamiltonian functions of F..

Theorem 3.22. Suppose that F is a convex-valued, closed, bounded, continuous,
and Lipschitzian mapping. In addition, suppose that Hr.(-,y*) is a closed proper
function, where F.(X) = {y : (X,y) € Kgpn r(2)}. Then for every y € F(x, y*), z € gph F,
the function

—Hp.(%, —y*) = sup{(xX, —x") : x" € F*(—y"; 2)
is a CUA for —H( -, y*) and
F*(y*,2) = 0:H(x,y").
O If 2= (x,y) € Keph r(2), 2= (x,y), y € F(x), then by definition of a cone of tan-

gent directions there is a function r(\), X' A —>0, A0 ((\) € Z) such that
7+ AZ + r(A)egph F for small A =0. This means that

YN+ rNeFx+ XX+ r(N), r=(r,rn), n(NeX, r(NeY.
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Then by Lemma 3.3, —H is a Lipschitzian function. As was shown earlier for
such functions, we can write

1
Q(iax) = lim Supx[ _HF(x + AX, _y*) + HF(xa _y*)]
Alo

Similarly, it can be shown that regardless of the choice of r(\), A_lr( A)—0,
Al0

1
Q(%,x) = lim sup N —H(x + XX + (N, =) + H(x, —=y)].
A0

Moreover, by the definition of Hy and the condition y € F(x; y*), it follows that

1
*[—Hp(x+>\x+rx(/\) =)+ Hp(x, =y)I=<[—0+ A7+ (), =) + (v, =]

A
=y (M), YY)
Then
5.) = lim sup{ [ ~H(r + A5+ 1V, —5") + Hilr, )]
- hn;lsoupny,yﬂ TN = Gy,
Thus,

QF,x) = igf{(i, y*) 1 yeF()}.

The right-hand side of this inequality is —Hp, (X, —y*). Here, if X¢ dom F, then
by convention Hp, (X, —y*) = —oo and this equality holds for every X. Now, since
F, is quasisuperlinear, by Corollary 2.5, we can write

—Hp (%, —y*) = sup{(x, —x*) : x* e F7(—y")}.

On the other hand, F*(y*,z)=Fi(x*) and —Hp (X, —y*)= sup,,{(X, —x*):
x*eF*(—y*,z)} is closed, positively homogeneous, and convex in X. Conse-
quently, —Hp_ is a CUA for —H(-,—y*). Thus, using Theorem 1.31, we obtain

o[—H(x, =y")] = 0[—Hp.(0, =y")] = —F*(=y";2)
or

OcH(x,y") = F*(y*,2). B
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This theorem can be extended to the case of the minimization of a function of
two variables:

W) =inflp(x,y) :yeF), - Flo @) = yeF@) s p(uy) =W (3.57)

Theorem 3.23. Let ¢ be continuously differentiable and suppose that Hg (-, y*) is
closed. Moreover, let W be Lipschitzian. Then for all y € F(x, @), z=(x, ), the
function & defined by
h(x, x) = (%, ¢ (2)) — inf{{x,x") : X" € F* (=, (2); )}
is a CUA of W at x and
OW(x) = ¢ (2) =F"(—¢,(2);2).

L] In the same way as in the proof of Theorem 3.22, it can be shown that

+XE+ _
QF.x) = Tim sup Y& T A1) W)
AL0 Y

regardless of the choice of r(\) = (r(N), r,(N)), )\_lr()\)—>0, A10. By Eq. (3.57),
obviously

W(x + Xx + r(N) —W(x) _ ex + XX + () —p(x)
A - A '

Thus,

(¥, x) = lim sup P+ X+ r(V) o) _

10 Y (%, 0, + (5. 9,(2)).-
;

Since for a fixed X the point ¥ can be chosen arbitrarily from the set
Fx)={y:xY) € Kgph r(2)}
then

QX x) = (¥, ¢ (2)) + il;f{@, ¢y (2) :yeF(D)},

or

QF,x) = (X, 9,(2)) —HF.(X, =¢,(2)).
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If F,(X) = &, then by convention Hp (¥, —y*) = —oo and this equality holds triv-
ially for every x. Observe that F_ is quasisuperlinear and F*(y*,z) = F7(x*). Then
by Corollary 2.5, we have

sup{ »—#y(@) YEFX)} = inf{{x,x") : x" e F*(—¢(2); )}

Thus, if we denote
h(x, x) = (%, ¢(2)) —inf{(x,x *) Xt e FH(—¢(2); 2)}

then Q(X,x) = h(X,x), where h is a closed positively homogeneous function. This
means that (¥, x) is a CUA of W at x. Then, by Theorem 1.30, we have

OW(x) = 0h(0,x) = P (2) —F*(=¢{(2):2). B

Remark 3.1. It is clear that the result of this theorem coincides with the result of
Theorem 2.11 given for the convex case.

3.7 Necessary Conditions for an Extremum in Nonconvex
Problems

Next our attention will be focused on nonconvex optimality problems with geometric
and functional constraints.

Theorem 3.24. Let x( be a point that minimizes the function f over the set A and
let h(X, xp) be a CUA of f at x. If, in addition, int dom A( -, xo) N K4(xo) # I, then

of (xo) N K*a(xo) # .

L] It is easy to see that since xy is a point that minimizes the function f, then
h(x,xp) =0 for all xeK4(xp). Indeed, suppose this is not so, i.e., x€ K4(xy) implies
that A(x,xg) < 0. By definition, there is a function r(}\), AN —>0, as A0, such
that xo + AXx + r(A\)€A. Thus,

+ Xxr(\)) —
lim Supf(-x() l"( )) f(X()) = Q()_c, xO) = h()_C, xO) < 0’
AL0 A
i.e., for sufficiently small A>0 we obtain f(xo + Xxr(\)) <f(xo). This contradic-
tion proves that A(X, xg) = 0. Therefore, a convex function A( -, xy) over the convex
set Kj(xo) is minimized at x =0. Because of Theorem 3.2, it follows that

f (x0) N Ki(xo) # . W
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Corollary 3.4. Let the function f admit a CUA h(-, xy) at xo. Then, in order for
Xo to be a point that minimizes the function f over all of X, it is necessary that

0 € Of(xp).
O Clearly, if A =X, then K4(xo) = X and K}(xo) = {0}. W

For illustration, consider the following example.

Example 3.6. Consider the function f: R —R defined by

0, ifx<O,
f(x)_{k, if x=0.

We emphasize that the condition of Corollary 3.4 must be satisfied for an arbi-
trary subdifferential. In Example 3.5, we have seen that any nonnegative number is
a subdifferential, if k> 0. Then the condition 0 € 9f(0) does not hold. On the other
hand, for any subdifferential 0f(0) =2 (—o0,0], if kK <0. Consequently, O € 6f(0). This
example shows that the obtained necessary condition is useful even if the mini-
mized objective function is discontinuous.

Theorem 3.25. Let x, be a point minimizing a function f over the set A = N, A;
and suppose that the cones Ky, (xo) are local tents. If, in addition, f admits a CUA
h(x, xp) at xo and

int dom A(-,xp) N (('%l KA,-(X())> # J,

then there exists a number A =0 and vectors xj € K} (xo), not all equal to zero, such
that

m

A=Y xf, xpedf(x).

i=1

O If the cones K; = Ky, (xo) are separable, then there exist vectors x', i=1, ..., m
such that >, xf =0, xfeK; and the required result of theorem is true in the
case A =0. Assume that these cones K;, i =1, ..., m are nonseparable. Then for

every vector Xoeri K, K= N, K; there exists a cone Q and a function 1 such
that

XoeriQ, LinQ=LinK, QcKk,
PE) =%+ r®@), % 'rEx) —0, wheneverx—0

and besides xo + ¢(x)€A for all Xe Q N (eB), € >0. Hence, for sufficiently small
A>0

xo + Y(\Xo) = x0 + A% + r(A%) €A, X r(\%)—0 as A]0.
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It follows that X is a tangent direction. Thus, ri K is a cone of tangent directions
to M at xy. By hypothesis, int dom A(-,xy) N K#, so we suppose that
X, €int dom A(-, x) and X; € K. Since X; is an interior point of the convex set dom
h(-, xp), there can be found a vector X;eri K belonging to int dom A(-, xo).
Therefore, 11 K, xo € A, is the cone of tangent directions for which the hypothesis
of Theorem 3.24 is satisfied. Thus, df (xo) N (ri K)* # . According to Lemma 1.7
K =(ri K) and so (ri K)* = K*. Consequently, df(xo) N K* # . By assumption, the
cones K;, i=1, ..., m are nonseparable. Hence, by Theorem 1.11, we can write
K*=3"", K¥. This means that there exist vectors xj, € 0f(xo) and x} €K such that
xg=> o x. M

=17

Corollary 3.5. Let x, be a solution to the minimization problem with the equality
constraints

inf fy(x) subjectto fi(x)=0, i=1,...,m

where fi(x); i=0, ..., mare continuously differentiable functions. Then, there exist
numbers y', i =0, ..., m not all equal to zero, such that

> ¥V =0, Y =0
=1

[J Let us denote A ={x:fi(x)=0, i=1, ..., m. There are two possibilities: the
gradients ﬂ(xo), i=1,...,m are either linearly independent or linearly dependent.
In the first case, we put yo* =0 and take y’* i=1, ..., m,satisfying

> ¥ o) =0.
i=1
In the second case, by Example 3.1,
Ka(xo) = {x: (T.f;(0)) =0, iel},
K (x0) = {x* Lxt = ZAif,.’(xo), NER, iel}.
iel
Since fy is a smooth function, df (xy) = {f(;(xo)}. Then, by Theorem 3.24,

folo) =Y A (xo),
i=1

whence setting yo* =1, yi* =—\,i=1,..., m, we have the required result. ll
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Corollary 3.6. Let x, be a solution to the minimization problem with equality and
inequality constraints

inf fy(x) subjectto f; =0, iel;, fi=0, iel

where fi(x), i € {0} U I; UL, are continuously differentiable functions. Then there
exist numbers y' =0, i € {0} UI; U I,, not all equal to zero, such that

> Yf) =0, Y =0, ie{0}ULUL,

ie{0}UL UL

Y filxo) =0, i€l

[ Let us denote

{x:fix)=0}, iel, fi(xo)=0,
Al’ = X, iEIl, f,-(xo)<0,
{x:filx)=0}, ieb.

According to Examples 3.3 and 3.4, the cones

(X1 (®f () <0}, iel, fi(xo)=0,
Kl‘: X, iEIl, ﬁ(X())<O,
{71 (%[ (x0) =0}, i€l

are local tents to A; at xq if ﬁ(xo) # 0, i €1y, fi(xo) =0 or i € I,. Then, using the
dual cones

(=M\fi(x0) : N =0}, iel, fi(x)=0,
K=< {0}, iel, fi(x)<O0,
{(=\fi(x0) : Ni€R}, i€l

the conditions of Theorem 3.25 can be rewritten

My=— > M) =0, N=0, iel;, Mfix)=0, i€l

ie(0)unLUIL,
Setting yo* =), yi* = )\;, we have the desired result. ll

Corollary 3.7. Let x4 be a solution to the minimization problem with equality and
inequality constraints

inf fy(x) subjectto f; =0, iely, f; =0, iel,, x€A,
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where fi(x), i € {0} Ul U, are continuously differentiable functions and A is a
convex set. Then, there exist numbers y* =0, i € {0} U, U I, not all equal to
zero, such that

> V' fi(xo)e(cone(M —x))*; ¥ =0, ie{0}UL UL,

ie(0)Ul U,

Y filxo) =0, el

0 Taking into account that in the present case cone(A — xp) is a local tent, the
proof is similar to the proof of Corollary 3.6. Indeed, there exist numbers \; =0,
i € I, such that

Moo) = Y Afi(x0) +x*,  x*&(cone(M —xp))*

iel Ul
and \; =0, if fi(xg) <0. Now, setting yo* =\ y"* = ), from here we deduce the
needed result. W

At the end of this section, we consider different mathematical programs with
equilibrium constraints; consider a problem with the constraint given by the multi-
valued mapping F : X — P(Y):

inf fy(y) subjecttoye F(x) "N, xeM. (3.58)

Theorem 3.26. Let y, be an optimal solution to problem (3.58). Assume that f;
admits a CUA A(y,yo) continuous in y, and suppose that Ky, (X0, Yo), Kn(yo),
Kyi(x0), yo € F(xg) NN are local tents to gph F, N, and M, respectively. Then, there
exist a number A =0 and vectors x* € Kj;(xo), ¥ €K} (yo), not all equal to zero,
such that

— X eF*(y" —=M\v5iz0),  Yo€9fo(yo), 20 = (x0,Y0)-

O] It is easy to see that the problem in Eq. (3.58) is equivalent to the following
minimization problem in the space Z=X X Y:

infimum ¢(z) subjectto zegph FN (X X N)N (M XY) (3.59)

where ©(z) = fo(y), z = (x, y). Obviously,

+ X2+ —
Jim sup w(zo + Az + 1r(N) —@(z0) ~q

ALO A @»YO)
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so that A(y, yg) is a CUA for ¢ at zo = (xq, yo). Since h(y, yo) does not depend on X,
the subdifferential 0y(zp) corresponding to this CUA has the form

0p(z0) = {0} X fo(vo), (3.60)
ie., 0p(zo) = {(x*, y*):x* =0, y* € dfo(yo)}. By hypothesis, the cones Kgpn #(20),

X X Kn(yo), Ky(xo) X Y are local tents to gph F, X X N, M X Y at z,, respectively.
Observe that

(Km(x0) X Y)" = Kj;(x0) X {0}. '

Now, taking into account Egs. (3.60) and (3.61), by Theorem 3.25, we can claim

that there exist a number A=0 and vectors x*, y*, (x{,y}) not all equal to zero,
such that

A0, yp) = (x1,¥7) +(0,y%) + (x*,0),
x*eKy(x0), Y eKy(vo), (3.62)
Yo €0fovo), (7, y7) €Ky p(20)-

We can rewrite Eq. (3.62) as Ayj =7 +y*, x{ +x*=0. Then x] = —x* and
(—x*, —(y* —)\yé))eK;ph #(20). By definition of LAM, it follows that

—x"eF*"(y" —\y5;20).
Consider now the problem with constraint given by a multivalued mapping F:
inf  f(x) subjectto yeF(x) NN #, xeM, (3.63)
where f: X > RU{*o0}, M= X.
Corollary 3.8. Let x; be a solution to the problem in Eq. (3.63). Assume that the
inverse mapping F~' exists and that f admits a CUA h(%, xo) continuous in X, and
that Kgpn (X0, Y0)s Kn(yo), Ku(xo), yo € F(xg) N N are local tents to gph F, N, and

M, respectively. Then, there exist a number A=0 and vectors x*eKj(xo),
y* €Ky, (o), not all equal to zero, such that

X =My eF (—y*;20), x5€0f(x0), 2o = (x0,Y0).

[J Obviously, the problem in Eq. (3.63) can be converted to a problem of the form
shown in Eq. (3.58), as follows:

inf f(x) subjectto xeF '(y)NM, yeN. (3.64)
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Then, applying Theorem 3.26 to the problem in Eq. (3.64), we claim that there
exist a number A=0 and vectors x*e€Kj,(xp), y*€Ky(yo) not all equal to zero,
such that

=y e(F ) (¢ =g (0, %0)), x5 €0f (xo).

Thus, applying Theorem 2.6 to the latter inclusion, we can express it by the
LAM (F*) !

—y*e —(F") (g —x"; (x0,30)),

which by the definition of inverse LAM means that Axj —x* e F*(y*; 20), 20 = (o,
yo)- B

Set up a minimization problem
inf g(x,y) subjectto yeF(x) "N, xeM, (3.65)
where g : X X Y—>RU{*o0} and M is some subset of X.

Corollary 3.9. Let zo = (x, yo) be the solution to problem in Eq. (3.65). Assume
that g admits a CUA A(z, z9) continuous in Z = (X, y) and assume that K,pn #(Xo, Yo),
Kn(yo), Ka(xo), yo € F(xg) NN are local tents to gph F, N, and M, respectively.
Then, there exist a number A =0 and vectors x* € K};(xo), y* € K3 (o) not all equal
to zero, such that

Mg —x e F (" —M\vpiz0), (65, ¥p) €08(x0,¥0), 20 = (X0, Y0)-
L] In this case, it is not hard to see that as in the proof of Theorem 3.26, we have
A, ¥5) = (7, ¥7) + (0,5%) + (x*,0), (3.66)
where x* €Kjy(xo), ¥* €K(00). (x5 v3)€08(r0,y0), (x},¥]) €K%y p(20). Rewriting
Eq. (3.66) as yj=MAy;—y*, x]=XMj—x*, we derive (Axj—x*, —(y* —\yp))e
Koon #(z0). Now, by definition of LAM, it follows that Axjj —x* € F*(y* —\y§;z0). B

Corollary 3.10. Suppose that zo = (xg, o) is a solution to the problem in
Eq. (3.65), where g(x, y) = g:(x) + g>(y), and that g, g, admit continuous CUAs
hi (X, x0), ha(F, yo) satisfying int dom 7;( -, xp) X dom h,(-,yo) # <. Then there exist
a number A =0 and vectors x* € K};(xo), 3" € Ky (yo), not all equal to zero, such that

—x* e F*(y*; 20) —\0g1(x0),

7' =y* e Xoga(yo), 20 = (x0,¥0)
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I Let us denote 1(z) = g1(x), w2(2) = g2(y) and let hy(Z, z0), h2(Z, z0) be CUAs of
w1 and @, at zg= (xg, yo), respectively. Then by Theorem 3.20, h(z,z9)=
hi(zZ,20) + h2(Z,20), Z= (%,y) is a CUA for a function g at z,, and if int dom /(- ,
Z0) Ndom hy( -, z9) # O, then 0g(zp) = 0p1(z0) + 0px(zp). On the other hand, since
dom hy(-,z0) =dom h;(-,x0) XY and dom hs(-,z0) =X Xdom hy(-,yg), it
follows that

int dom A;(-,z9) N dom hy(-, z9) = [int dom El(-,xo) X Y]N[X X dom Ez(-,yo)]
= [int dom % (", xo) N X] X [Y N dom hy(-, yo)]
= int dom %, (-, x9) X dom A (-, yo)

which by hypothesis is nonempty, so 0g(zg) = 01(z0) + Owa(zp). Here,
0p,(20) = 081(x0) X {0};  Op,(z0) = {0} X Og1(x0),

which implies that 0g(zp) = 0g1(xo) X 0g2(yo). Then, denoting 3* =y* — Ay, we
have y* —3* = Ay;. Moreover, from the condition of Corollary 3.9, we can derive
that —x* e F*(3*; z0) —\x. Thus, taking into account the formula obtained for Og
(zo), we have the desired result. l

Corollary 3.11. Let ¢: X—Y be a single-valued smooth vector function and f:
Y—R be a proper convex function. Moreover, let y, be a point minimizing f;, with
constraints

y=1(x), yeN, xeM

Then, there exist a number A=0 and vectors x*eKj,(xo0), y*e€Ki(o),
Yo = ¥(xp), and 3%, not all equal to zero, such that

x* ==Y (xo)y*, ¥y =3 € Adfo(yo)

O By definition, ¢/ is a linear operator such that

Px+ %) —h(x) —¢P'(x)x

[HEY [I]|

5

or, in other words,
P(x + %) =) + Y0 + r®@), X '7F@) -0 asx—0. (3.67)

Since X and Y are finite-dimensional Euclidean spaces, say X =R", Y=R",
1/(x) is an m X n matrix with the entries 61,//i/8x7, i=1,....,m,j=1, ..., n, where
Y/(x) is the ith component of the vector ¥ (x). Obviously, if zg = (xo, ¥o) € gph ¥,
i.e., Yo = ¥(xp), then

Koph £(x0,0) = {(X,) : XX, §=1/(x0)X} (3.68)
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is a local tent to gph . Indeed, taking ¢(X,y) = (X, ¥(xg + X) —¢(xp)), it follows
from Eqgs. (3.67) and (3.68) that

(x0,y0) + @(x,y) = (xo + X, ¥(xo + X)) egph v
@(%,5) = XY ()% + r(x)) = (£,5) + (0, (%))
Furthermore, using Eq. (3.68), we have

Kgph F(anyO) = {(X*ay*) : (an*) + (yny*> 203 XGX, y = ’(/)/(XO)E}
={(x", ") : (%x%) + (P (x0)%, y*) =0, XeX} (3.69)
={(" ") (Gx" + (Y (x0)) xy*) =0, XeX},

where (¢//(xq))* is the transpose matrix. It follows immediately from Eq. (3.69) that
x* = —[¢/(xo)]*y*.Therefore,

Kaon #(x0,0) = {(=(1(x0))"y",»") : y* € Y™}
by the definition of LAM F*(—y*; zo) = {—%/*(xo)y*} or, what is the same,
F*(y"; 20) = {¢//" (x0)y"}. (3.70)

Thus, taking into account Eq. (3.70) and denoting y* —\y§ = §*, we obtain from
Theorem 3.26 the desired result. H



4 Optimization of Ordinary Discrete
and Differential Inclusions and
t,-Transversality Conditions

4.1 Introduction

In this section, a model of economic dynamics described by discrete inclusions
with delay is considered; assume that all possible amount of resource (x;, x,_ ),
t=0, ..., T is connected by the relation x,+ € F(x;, x,—), t=0, ..., T, x,e®,
x7€M, where F, is a convex multivalued mapping, x, =&, t=—h, —h+1, ..., 0
are the vectors of initial resources, and 7, h are positive integers. It is required to
find a solution that minimizes Z,TZI g(x;, 1), where g( , t) are proper convex func-
tions. Usually this sum can be interpreted as the total expenditure. Thus, suppose
that functioning of some economic dynamics take place at the discrete times ¢ =0,

1, ..., T, with the use of the apparatus of LAM necessary and sufficient conditions
for optimality formulated. The following problem with no delay effect:
(P7) infimum g(x7) subject to x4 €F(x,), t=0, ..., T—1; xo €N, xyeM, N,

McR" is equivalent to the following problem infimum g(x7) subject to
xr € Fl(xy), Xxo € N, xy € M, where FT = Fy_ o Fr_yo0 -+ o Fy is the composition of
mappings F,, t=0, ..., T—1. By calculation, the LAM to composition, it is shown
that if {)Z,}tT:0 is the optimal trajectory to problem (P7), then there exist the number
A =0 and vectors x}, x;, t=0,...,T, not all equal to zero, such that

x;k € F*(x;kﬁ»];()zs-itw‘l))! t:Os---aT_la X:,(EKL(%T),
—xj € K§(%), x;—xj e Xog(®r), A=0.

Section 4.1 is devoted to optimal control problems for polyhedral discrete and
differential inclusions generated by polyhedral set-valued mapping F(x)= {y:
Ax — By=d}, where A, B are m X n matrices and d — m is the dimensional vector
column. We will study in detail the main properties of polyhedral mappings and
derive necessary and sufficient conditions for such problems. Note that we shall
describe a switching point of discontinuity of the optimal trajectory. We assume
that the following condition for the generality of position is satisfied: let the set of
vectors wi;, CiWgi, - - -, C,’j’lwki be linearly independent for each vertex of number k
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and rib wy,;, i€ J;. Here, J; is an index set consisting of exactly n indexes for each k.
Thus, under the condition for the generality of position imposed on the coefficients
of polyhedral map and on the disposition of the given polyhedron with the use of
Theorem 4.10, we prove the main result, which can be called the theorem on the
finiteness of the number of switchings (Theorem 4.12).

Everywhere in the considered Bolza problems for differential (nonautonomous)
inclusion (DFI), x(¢) € F(x(¢),t) a.e. te[0, 1] a feasible solution to differential
inclusion (DFI) is understood as absolutely continuous on function [0, 1]. (Note
that a.e. denotes that this relation holds almost everywhere). Often the optimality
conditions are formulated in the Euler—Lagrange and Hamiltonian forms. Clearly,
DFI is a generalization of the usual differential equation, if F is single-valued map-
ping containing a unique element of control systems described by differential equa-
tions with control parameters, x =f(x, u, t), ue U, where F(x, t) =f(x, U, f). In most
cases, the above DFI admits a parametric representation of such type and a solution
of the DFI is also a solution of the latter differential equation for a some control
function u(¢) € U. Moreover, the majority of mathematical and physical motivations
and social and biological sciences should provide many instances of DFI. Besides,
differential equations with discontinuous right-hand side and differential variational
inequalities form a special class of DFI. Also the basic works of Aubin and Cellina
[15] and Tolstonogov [247] studied the existence (local or global) of solutions to a
DFI and the topological properties of the set of solutions, as well as the nature of
its dependence on the initial state. The different qualitative problems for differen-
tial inclusions are considered in Refs. [47,50,59,67—70,80,84,86,89,125,130,135,
155,158,161,181—184,187,192,193,195,201,206,215,219-222,224,239,240,247,
253,261—-264,267].

Note that there are different approaches and results in studying optimization pro-
blems for different ordinary DFI using one or another tool in nonsmooth analysis
(consult Clarke [50—60], Frankowska [82—90], Mahmudov [142—173],
Mordukhovich [184—214], Pshenichnyi [224—226], Rockafellar [231,232], and
their reference lists). In order to construct a useful duality theory, we use the opti-
mality conditions for convex DFI and DSI. Although, under more general assump-
tions, such as the closedness of Ny, M;, the existence of locally tents, the
Lipschitzian of objective functions, and the upper semicontinuity and uniform
boundedness of the LAM, it can be formulated necessary condition for nonconvex
DFI in terms of LAM to F at a point xedom F.

Lastly, by applying the method described in Sections 4.3 and 4.4, we investigate
the Mayer problem for the optimization of linear optimal control (x =Ax + Bu) on
the linear manifold L = {x:Cx —d =0}, where rank C =k; i.e., dim L=n —k, d is
column vector of corresponding dimension. We shall regard as permissible any
piecewise-continuous controls with values in the control domain U. If the corre-
sponding condition for generality of position is fulfilled, then the theorems on the
finiteness of the number of switchings are proved. In the case of L =R" (for more
detailed information, see Ref. [168]), this condition implies the well-known condi-
tion for generality for the classical linear theory of optimal control.
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For nonautonomous polyhedral DFI F(x, t) = {yeR": A(t)x — B(f)y =d(¢)} and
A(t), B(t) are (n —1) order continuously differentiable m X n matrices, d(¢) is a con-
tinuous column vector. It should be pointed out that in this case the condition for
the generality of position has another specific form altogether.

In Section 4.5, a Bolza problem of optimal control theory, whose dynamic
constraint is given by some class of nonconvex differential inclusion, is consid-
ered. A jump condition connected with state constraints and ¢,-transversality con-
ditions are formulated. We say that for a feasible solution %(¢) of the considered
problem, the #-transversality condition on the terminal set M, is satisfied if the
inequality —(x*(1), X(t)) > Wy, na@(—x*(?)), to =t = t; holds strictly. In other
words, t;-transversality condifion guarantees that the point X(z) belongs to the set
M, only at the instant r=1t¢;. An adjoint trajectory x*(¢), t€[ty, t;] has jumps,
which are typical for control systems with state constraints, and among sufficient
conditions there appears a condition of jumps (see also Ref. [221]), where the
number of jump points may be countable.

Then under the #-transversality condition, jump conditions and monotone
increasing of J[x(-), 7] are proved to be sufficient conditions for optimality
(Theorem 4.16) and the result is demonstrated in one familiar time optimal control
problem,

i =42,
{ Z=u,
where u is the control parameter |u| =1 and |x2| =1, t, =0, x(0) = xq, x(t;) =0,
and (1) = {x = (x!, x¥*): =1 =x* = 1}. Here, xo is an arbitrary initial point.

In Section 4.6, we consider a Bolza problem of optimal control theory with a
varying time interval given by convex and nonconvex hereditary DFI. Our main
goal is to derive sufficient optimality conditions for neutral functional-differential
inclusions, which contain time delays in both state and velocity variables. Both dis-
crete and discrete-approximation inclusions are included in the same auxiliary
problem. LAM and especially proved equivalence theorems represent the basic
concept of obtaining optimality conditions.

Functional-differential inclusions are well known as DFI with memory expres-
sing the fact that the velocity of the system depends not only on the state of the
system at a given instant but also on the history of the trajectory until that instant.
The class of functional-differential inclusions contains a large variety of DFI and
control systems. It can be seen that such problems contain time delays not only in
state variables but also in velocity variables. This makes the neutral-type problems
essentially more complicated than delay-differential inclusions. In particular, it is
known that an analog of the Pontryagin maximum principle does not generally
hold for neutral systems without convexity assumptions [95], and such problems
require special approaches.

Thus, optimal control problems with ordinary discrete inclusions (DSI) and DFI
are one of the areas in mathematical theory of optimal processes being intensively
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developed (see Refs. [1,3,8,10,12,15,16,20,23,26,35,36,51,53,55,79,83,88,117,124,
133,135,140,142,143,153,154]). More specifically, we deal with similar problems
with both hereditary and state constraints of the Bolza type. Observe that such pro-
blems arise frequently not only in mechanics, aerospace engineering, management
science, and economies, but also in problems of automatic control, autovibration,
burning in rocket motors, and biophysics [55—57,94,106,111,178,188,223,226,
260]. Moreover, neutral systems have some similarities with the so-called hybrid
and differential-algebraic equations that are important in engineering control
application.

As mentioned above, the presence of state constraints on an optimal control tra-
jectory is sufficiently manifested by producing discontinuities in the corresponding
adjoint arc. Thus, we show that one of the adjoint variables has jumps. Most of the
appropriate results are obtained for the Mayer problem and fixed time interval (see
Refs. [129,133,143,192] and their reference lists). So our aim is to establish well-
verifiable sufficient conditions for optimality for functional and delay-differential
inclusions with state constraints and free time. These conditions are more precise
than any previously published ones because they involve useful forms of the
Weierstrass—Pontryagin condition and the Euler—Lagrange-type adjoint inclusions
[35,50—53,226,253,255]. As suggested by us previously [141,154,167,171,173], we
expect all of these improvements to serve for the future developments of optimal
control theory with hereditary differential inclusions.

Moreover, under the hypothesis (H1) involving more general assumptions, we
prove the necessary and sufficient conditions for defined neutral-type discrete and
discrete-approximation inclusions. Observe that these results are based on the new
apparatus of locally adjoint multifunction (LAM). Another definition of the LAM
was introduced by Pshenichnyi [224] and applied in articles by Mahmudov
[142,146—148,150—156]. Besides, the similar notion is given by Mordukhovich
[190] and is called the coderivative of multifunctions at a point. The use of LAM
and convex upper approximation (CUA) for nonconvex functions and locally tents
[38,224] are very suitable to get the optimality conditions for posed problems. For
problems with DSI and variable delay-differential inclusions, there are other adjoint
inclusions formulated in terms of LAM and therefore more subtle optimality condi-
tions. Note that transition to the corresponding discrete-approximation problem
requires special equivalence theorems. We emphasize that the key to our success is
the formulation of the equivalence theorems.

The proposed finite difference methods and the results obtained can be used for
numerical solutions of infinite-dimensional problems. But our main interest here is
to use finite difference approximations and construct sufficient optimality condi-
tions for neutral-type problems. In this way, for convex neutral-type problems with
fixed time intervals, the sufficient conditions are proved. So, the second part of this
work is devoted to the limiting procedure in discrete-approximation problems that
results in sufficient conditions for functional-differential inclusions.

Thus, for furthest investigations the basic idea is to pass to the formal limit in
the necessary conditions for approximate DSI problems to establish conditions suf-
ficient for optimality of the original nonconvex neutral-type continuous time
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problem. Therefore, as a result of the monotonicity of the Bolza cost functional on
t and ¢,-transversality conditions sufficient for optimality are derived.

In the reviewed results, the arising adjoint inclusions are stated in the
Euler—Lagrange form, culminating in Theorems 4.20 and 4.21. For problems
connected with neutral-type functional and delay-differential inclusions, see
Mahmudov [144,146,155,158], Mordukhovich [196,197,199,202,204,205,210],
Mordukhovich and Trubnik [210], Mordukhovich and Wang [207], Mordukhovich
and Shvartsman [211], and Medhin [178]. A great many developments on the opti-
mization of delay-differential inclusions exist (see, for example, Refs. [57,90,91,98,
99,112,115,116,118,185,208,213,216,257,258,356].

In particular, Mordukhovich [192] establishes the value convergence of discrete-
approximations as well as the strong convergences of optimal arcs in the classical
Sobolev space W',

Finally, we consider the optimal control problem with the functional-differential
inclusions linear in velocities involving a neutral-type operator given in the Hale
form [99,201,204]: d/(dt)[x(t) — Ax(t — h)] € F(x(2),x(t — h),7). Note that because
the trajectories x(-) are continuous (except maybe the point #), differential inclu-
sions of Hale form are generally discontinuous on [fy — A, t;], while their linear
combinations as a result of this Hale form behave nicely on [f, #;]. In the nonde-
layed case with A # 0, a problem corresponding to implicit DFI is also of substan-
tial interest.

Thus, the investigated examples show that for the concrete problems, the condi-
tions of the proved theorems and well-known results of classical optimal control
theory coincide. For more detailed information, consult Mordukhovich [188] and
Gabasov and Kirillova [95].

In Section 4.7, under the #,-transversality condition for higher-order DFI with
sth-order differential expression:

L d*x + dx 4 . dx +

X = R _ e 1 — X,

s Po ar P1 dts,l Ds—1 dt Ps

where p;, i =0, 1, ..., s are some real constants, a sufficient condition is formu-

lated. Here a feasible solution x(-) is understood to be an absolutely continuous
function on a time interval [z, ;] together with the higher order derivatives until
s—1, for which x¥() e L. Observe that a class of functions W{ ([to,71]) is a
Banach space, endowed with the different equivalent norms. The adjoint differen-
tial inclusion is constructed in terms of the expression

B ds—l *
L B

,ds(pox*)

k. Kk _ (_1)\S

Lix* =(—1) e
In particular, the time optimal control problem is studied. LAMs are used for

both convex and nonconvex cases. Furthermore, the application of these results is

demonstrated by solving one example.
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Note that on the whole the literature investigates problems with second-order
DFI. Lupulescu [138] proved the existence of viable solutions for an autonomous
second-order functional-differential inclusions in the case when the multifunction
that defines the inclusion is upper semicontinuous, compact valued, and contained
in the subdifferential of a proper lower semicontinuous convex function. The first
viability result for second differential inclusions were given by Haddad and Yarou
[100] in the case in which the multifunction is upper semicontinuous and has con-
vex compact values. The nonconvex case has been studied by Lupulescu [138] and
Cernea [49] in the finite-dimensional case. The nonconvex case in Hilbert spaces
has been studied by Ibrahim and Alkulaibi [107].

Mahmudov [177] analyzed the existence of Lyapunov functions for second-
order differential inclusions by using the methods of the viability theory. A neces-
sary assumption on the initial states and sufficient conditions for the existence of
local and global Lyapunov functions are obtained. An application is also provided.

Haddad and Yarou [100] considered the Cauchy problem for the infinite-dimen-
sional case and second-order differential inclusions. Second-order differential inclu-
sions have been studied by many authors, mainly when the multifunction is convex
valued. Several existence results may be found in Ref. [253].

Coverstone-Carrol et al. [61] applies the new modeling technique of higher-
order differential inclusion (HODI) to the modeling and optimization of spacecraft
trajectories. The spacecraft equations of motion are mathematically manipulated
into differential constraints that remove explicit appearance of the control variables
from the problem statement. These constraints are transformed into a nonlinear pro-
gramming problem by using higher-order approximations of the derivatives of the
states. In this work, the new method is first applied to a simple example to illustrate
the technique and then to a three-dimensional propellant-minimizing, low-Earth-
orbit to geosynchronous-Earth-orbit spacecraft transfer problem. Comparisons are
made with results obtained using an established modeling technique. Agarwal and
O’Regan [1] presents new fixed-point theorems for weakly sequentially upper
semicontinuous maps. These results are then used to establish existence principles
for second-order differential equations and inclusions. Auslender and Mechler [23]
give necessary and sufficient conditions to ensure the existence of solutions to the
second-order differential inclusions with state constraints. Furthermore, second-
order interior tangent sets are introduced and studied to obtain such conditions.
Haddad and Yarou [100], Halkin [101], Ibrahim and Alkulaibi [107], Lupulescu
[137,138], Marco and Murillo [177] investigate the existence of solutions for initial
and boundary value problems for second-order impulsive functional-differential
inclusions in Banach spaces. Here, a fixed-point theorem for contraction multiva-
lued maps is used. The study of impulsive functional-differential equations and
inclusions are linked to their utility in simulating processes and phenomena subject
to short-time perturbations during their evolution. That is why the perturbations are
considered to take place “instantaneously,” in the form of impulses. The theory of
impulsive differential equations has seen considerable development (see the mono-
graph by Lakshmikantham et al. [125]).
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Furthermore, the application of the results obtained is demonstrated by solving
the following well-known time optimal control problem:

1
‘ 2

infimum #; = Jl dt subject to =u,uecl[—1,1],

dr
0

x(0) = x0,X'(0) =x;, x(t;)=x'(t;)=0.

4.2 Optimization of Ordinary Discrete Inclusions

In this section, a model of economic dynamics described by discrete inclusions
with delay is considered and, with the use of the LAM, necessary and sufficient
conditions for optimality are formulated. Suppose that the functioning of some eco-
nomic system takes place at the discrete times 1 =0, 1, ..., T and that at time 7 we
have a resource vector (x, x;)eR” X R", which can be transformed at time 7+ 1
to one of the vectors yeFy(x, x;). Here, F, is a convex multivalued mapping,
F(x, x;)=R". At once, note that the convexity of F is assumed for the sake of sim-
plicity and that all results can be generalized to the nonconvex case. Moreover,

assume that all possible amounts of resources (x;, x,—;), t =0, ..., T are connected
by x,+1€ Fi(x, x,—3), t=0, ..., T, x,e®,, x; € M, where T, h are fixed natural
numbers and ®,, M are convex sets. Let x, =&, t=—h, —h+1,..., 0 be the vec-

tors of initial resources. Thus, we have the following problem:
T
infimum )~ g(x,,1) 4.1)
=1

subject to

Xi+1 € Fi(x,x,—p), t=0,...,T—1,

xx=&, t=—h,—h+1,...0; x,€®, xreM (4.2)

where g( , f) are proper convex functions. A set of points {x_,, x_p 4+, ..., X7)
satisfying Eq. (4.2) is called a feasible solution of the problem in Egs. (4.1) and
(4.2) and is denoted by {x,}IT= _p- Usually the sum in Eq. (4.1) can be interpreted as
the total expenditure. In order to solve this problem, we reduce it to a convex mini-
mization problem and then apply Theorem 3.4. Let us introduce the following sets:

M, ={w:(x,x,_n,x;+1)€gph F}, t=0,...,T—1,
N={wwx;=¢&,t=—h,—h+1,...,0},

&, ={wx, ed,t=1,...,T)},

MT = {WZXT € M},

h+1+
where w= (X _j, X —p 41, ..., xp) ER™ D,
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Then the posed problem is equivalent to the minimization of the convex func-
. _ T
tion w(w) = >, g(x;, 1) over the set

T ~ T ~
G=NN (m M,) n (m @,).
=0 t=1

It is not hard to see that

I?I;I,(w)z W=, x ) eK;ph Fl(x,,x,fh,xtﬂ),xz =0,k£t,t—ht+1},
(4.3)

Ky, ={w":xf e Kjy(xr), xf=0,1<T},

K:Z;r ={w*:xfeK;[(xT), x=0,k#1t}, t=1,...T

Ky ={w":xf=0,0% —h,—h+1,...,0},

W = (X gy, X)) e RIUBTTHD)

|
s

4.4

Let {x,}tT: _, be a feasible trajectory such that g( , f) is continuous at x,, t =1, ..., T.
If {%¥)7__, is the optimal trajectory of the problem in Eqs. (4.1) and (4.2), then by

P
Theorem 3.4, there are the vectors

w(1) € Kz, w(t) =0, 1,...,T; W* € Ky(w); w* (1) € K3 (W)
t=1,...,T; W=@F—-pX-pt1,.... 1), H=¢&, t=—h, —h+1,...,0

and number X\ e {0, 1}, not all equal to zero, such that

T T
=+ S w0+ Y ), w* e dp(i). (4.5)
=0 =1

Taking into account Egs. (4.3) and (4.4), the component-wise representation in
Eq. (4.5) has the form

x_,0+x_,=0, t=0,...h—1; (4.6)
x3(0) + x5 (h) + %5 =0, 4.7
Mo =X —1D)+x@)+x ¢ +h)+x(), t=1,...,T—-1—h, (4.8)
My=xt—-1)+x@)+x@), t=T—h,....,T—1, 4.9)
Mo =X (T—=1) + xX5(T) + 55(T), =T, (4.10)

xX_, (=0, t=T; xje€dgX,1, t=1,...,T. (4.11)
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Clearly, because of the arbitrariness of x;_,, the relation in Eq. (4.6) always
holds. Furthermore, if we take x, =0, xi(—1)=xj, =0, then Eq. (4.8) can be
extended to the case = 0. By virtue of Eqs. (4.3) and (4.7) to Eq. (4.9) and the def-
inition of LAM, we can write

(Axgp —x7 (1 =1) = x7 (e +h) = % (2), x7_ (1) € F7 (=74 (1); (X, e —p X 11)),
t=0,....T—h—1,

(Mg =x; (1 =1) =X/ (1), x;_ (D) € F (= x7 1 1 (0); (R %=X 41)),
t=T—h,...,T-1.

Thus if in the latter inclusions we introduce the notations

x=—xi@-1), x*=x(T), X =%, t=0,...,T—1,
xX+h)y=n,0) =9, t=0,...,T—h—1,
x_,0O=nt—h=n, t=T—h,...,T—1

then by virtue of Eqgs. (4.10) and (4.11), we have proved Theorem 4.1.

Theorem 4.1. Let F; and g( ,1), t=1, ..., T be a convex multivalued mapping
and a convex function, respectively. Moreover, let {xt}tT:, , be a feasible solution
of the problem in Egs. (4.1) and (4.2) and suppose that g( , 7) is continuous at x;,
t=1, ..., T. Then in order for {%}__, to be the optimal solution to the problem
in Egs. (4.1) and (4.2) with the initial values &, and target set M, it is necessary that
there exist a number Ae {0, 1} and vectors x*,x}, 0y, t=0, ..., T, not all equal to
zero, such that
OF =1y o) € F7 Oy, G Ko —py Ko 11))

i T{KG (%) — Aog(&, 1)} X {0},
1=0,...,T—1—h, A\g(E,0)=0, Kj (%),
(7mp) € Frixg s (e, X — p X 1)) + {KG, () — A0xg(%;, 1)} X {0}
t=T—h,...,T—1,
iii. x7 —x* e Kj (¥r) — A\og(¥r,T), x* € Ky(%r), np=0.

ii.

In addition, if A =1, then these conditions are sufficient for the optimality of the
trajectory {i,}tT: _,- The conditions of this theorem can be rewritten in a more sym-
metrical form.

Corollary 4.1. Let Egs. (4.1) and (4.2) be an optimization problem for an ordinary
discrete inclusion satisfying the hypotheses of Theorem 4.1. In addition, suppose
that F, is closed for all fixed (x, x;). Then in order for {X; tT:_ , to be the optimal
solution to problem in Egs. (4.1) and (4.2), it is necessary that there exist a number

Ae€{0, 1} and vectors x*,x}, 7}, t =0, ..., T, not all equal to zero, such that

L =iy 1 m)) € OpoanyHi(E, % — 1, X7 4 ) +{KG, (B — AOg(F, 1)} X {0},
1=0,...,T—1—h, Ag(%,0)=0, K (%),

2 (5, 17) € Oy Hy (e, Xy — 1, X7 1) + {KG, (Fr) — AO8(F, 1)} X {0},
“t=T—h,...,T—1,
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3. X1 €0 Hi(E X —poxfyy), t=0,...,T—1,
4. x; —x* € K3 (¥r) — Aog(¥r,T), x* e Kyy(Fr), n3=0.

In addition, if A =1, then these conditions are sufficient for optimality.
[0 By Theorem 2.1,

Fr(y*;x,x1,Y) = O Hi(x, x1,¥")

and this set is nonempty if the Argmaximum set Fy(x, x;;y*) is nonempty. On the
other hand, since F(x, x;) is closed by hypothesis and H,(x, x,) is convex, it follows
from Theorem 1.30 that

ay*Ht(X,XIQ)’*) = Fl(xa-xl;y*)‘

Thus, taking into account the last two formulas in conditions (i) and (ii), we
obtain 1-3.H

Remark 4.1. Suppose that F,, r=0, ..., T—1 are upper semicontinuous multiva-
lued mappings and g( , 7) is a lower semicontinuous function. Further assume that
®,, M are closed sets and there exists at least one feasible trajectory of the problem
in Egs. (4.1) and (4.2). Then there is an optimal solution of this problem. Indeed,
since semicontinuity implies compactness [235], the considered problem can be
converted to a minimization problem on a compact set.

Remark 4.2. Note that by analogy, the optimality conditions for nonconvex pro-
blems can be proved. We emphasize only that the basic conditions under which a
similar result to Theorem 4.1 is true for the nonconvex case are follows.

1. The mappings F;, t=0, ..., T—1 are such that the cones of tangent directions
Kophr,(X;, X -, X + 1) are local tents.

2. The cones of tangent directions Ko, (%;), Ku(%r) are local tents.

3. The functions g( , 1), t=1, ..., T admit a CUA h(X, X, t) at points X, that is continuous
with respect to X. This implies that the subdifferentials 0,g(X;, ) = 0h(0, X,, t) are defined.

Remark 4.3. Because of the importance of the problem in Eqs. (4.1) and (4.2) in
various applications, it seems worthwhile to give a second alternative proof. For
simplicity, we consider the following problem without delay effect:

infimum g(x7)

subject to x, 4 1 € Fi(x,), 1=0,...,T—1; xo€N, xreM (4.12)

where F,: R" —» P(R") are multivalued mappings and N, M= R" are sets. Obviously,
the problem in Eq. (4.12) is equivalent to the following problem:

infimum g(x7) subjectto xr € Fl(xg); xo €N, xreM (4.13)
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where FT = Fy_1oFp_5o0--- o Fy is the composition of the mappings F;, t =0, ...,

T —1. If there exist local tents Keph r, (X1, X +1), t=0, ..., T—1 and either
L (a0, ) e int Kgpn 1, (i, i+ 1), 1=0,...,T=2, (x)_;,x7) € Kgpn 7, (B, %r+1) or
2. (000, ) eri Kgpn (G Xiv1), 1=0,...,T—1 (4.14)

is satisfied, then it can be shown in a similar way to Theorem 2.10, that
(FTY (-5 (o, X7)) = Fi (3 (R0, %1)) o F (o5 (R1, %)) 0 -+ 0 Fp (5 (Br—1, %7).
(4.15)

Now by Theorem 3.26, if X7 is a solution of the problem in Eq. (4.13), then
x5 € F*(x7, (%o, X1)), x5 € Ky (Br), — x5 € Kj(Xo), x5 — x7 € AOg(Xr).
Therefore, applying Eq. (4.15) to this inclusion, we have a chain of inclusions

e F*(xf (&%), t=0,...,T—1, xi e K;;(Zr), (4.16)

— x5 € Ky(%), xi—xj e Mog(Xr), A=0 ’

which for the problem in Eq. (4.12) is the necessary condition for optimality.
Thus, we have proved Theorem 4.2.

Theorem 4.2. Let {¥}’_, be the optimal trajectory to the problem in Eq. (4.12).
Assume that the cones of tangent directions Kgpn £, (X, %; + 1), Kn(X0), Ky(Xr), are
local tents and the function g admits a CUA continuous at X7 and the condition
in Eq. (4.14) is fulfilled. Then there exist a number A=0 and vectors x, x],
t=0, ..., T, not all equal to zero, such that Eq. (4.16) is satisfied.

Remark 4.4. Note that for the problem in Eq. (4.12) with objective function

ZZT:O g(x;, 1) in the alternative proof of Theorem 4.2, we should use Corollary 3.10,

which instead of the adjoint discrete inclusion x} € F*(x}, ;; (¥, X+ 1)), implies that
X e F*(x;k+ 15 & X+ 1)) — A0g(E, 1),

Now let us consider the following problem:

infimum g(x7) subjectto x;4+1 =vU(x;), t=0,...,T—1; x9N, xr €M,
(4.17)

where ¢¥:R"—>R" and g:R"—R are differentiable functions and N, M are convex
sets.

Corollary 4.2. Let @ and g be smooth functions and suppose N, M are convex
sets. Then in order for {)Z,}tT:O to be the optimal solution of the problem in
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Eq. (4.17), it is necessary that there exist a number A=0 and vectors x,x},
t=0,..., T, not all equal to zero, such that

xX=y* &), t=0,...,T—1, x¥e K} (&),
xp € Ky(Go), x; —x7 € Aog(Er), A=0

[1 It is enough to use Eq. (3.69) in the conditions of Eq. (4.16) of Theorem 4.2. l

Example 4.1. Let F(x) = Ax + U, where U is a convex set in R” and A is an n X n

matrix. It is required to choose control vectors u, € U, t=0, ..., T—1 that mini-
mize ZzT:l g(x;,1), where we assume that the g( ,7) are smooth functions. Let
{)Z,},TZO be an optimal trajectory corresponding to i, € U, t=0,...,T—1;i.e.,

%41 =A%+ i, t=0,...,T—1.

According to Example 2.2, if yo = Axg + ug, ug € U, then the LAM is

v A%, if —y* € [cone(U — up)T",
F*(y*;20) = {@’ if —y*¢[cone(U — up)]*.

We assume that the LAM F* is nonempty. The condition — y* €[cone(U — ugp)]*
is equivalent to (4 —ug, —y*) =0, ueU or (up,y*) = sup,{(u,y*) : u € U}. Thus,
taking into account that Kj,(Xr) = {0}, we can write

XF=AN L = Ag (B, 1=0,...,T—1,

i . 4.18

<ut9 l+ ]> Supu{<ua-x;k+ ]> ue U}7 X;- = Agx(xTa T) ( )

By Eq. (4.18), we have A =1. Indeed, if A =0, then x} = — /\g;()?T, T)=0 and

= A*x}, |, which implies that x; =0, t=0, ..., T—1. Consequently, necessary

and sufficient conditions for optimality are the conditions in Eq. (4.18), where
A=1.

Example 4.2. (a) Consider an optimization problem
infimum Z glx, 1) (4.19)

O, X —p X +1) =0, t=0,...,T—1,

t:é'l» t:_h9-~~303 (420)

subject to

where g( , 1) is differentiable and ¢(z), z = (x, x1, ¥) is continuous and convex, and
there is a point z; such that ¢p(z;) <0. The problem is to find a solution {)‘C,},T:_ s
satisfying Eq. (4.20) that minimizes Eq. (4.19). In this case,

gph F={z:p(z) <0}, F(x)={y: o(x,x1,y)<0}.
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From Lemma 2.10, it is easy to see that
F*(y*52) = {(— Axf, — M) 0" = Wy, (.20, 05) € 0:0(2), A=0,Ap(2) =0},

if ©(z) =0. Note that in the considered case, M =®,=R", t=1, ..., T and so
K (&r) = {0}, K3(X;) = {0}. Then by Theorem 4.1, we can write

(x;k - n;k-i- h> 77:6) € (_ Atngs - >\t'x(]);k) + (_ Ag;(il‘s t)) X {0}7

* _ * * Ox % ~ o~ ~
Xip1 = /\ryop (x()pxl; 7y0[) € 6Z50(x9xl—h)xl+ l))

)\l@(-il7£t—h5£t+l):(), )\ZZO, IZO,,T_I_h,
(x;k’ 77?) € (_ )\txst’ - )\l-xo*) + ( )\gx(-xta t)) X {O}

*
-xl+ )\ty()f:(-x()[:x]l:y()[) eazw(xbxl*h»xt‘i’l)

)\t@(itait—hsiz+l):0, )\120, t:T_h,...,T_l,
—xj € 0,8Gr, T), 13 =0.

Thus, conditions (i) to (iii) of Theorem 4.1 take the form

1. (‘x?_77;k+h+)\g;g()ztatxnfy-x?:r])eaz(ro(fhft—/bit-l-l)’ [:O’,T_l_ha
20 (5 + A (R, 0,1 X 1) € 0o, Xy Ko 1), =T —h,...,T—1;
3o Np(En X —p X +1) =0, =0, t=0,...T—1, —xjedgl®,T),n;=0

(b) In particular, let us now investigate the so-called von Neumann economic
dynamics model [172] with delay. Suppose we have m technological capacity
to manufacture output with unit commodity intensity leads manufacture of aj,
j=1,..., m commodity, a;eR". Thus the number of different manufactured goods
is n and under the unit commodity intensity utilization of jth technological capacity
of manufacture of ith commodity is produced amount of a}, i=1,...,n goods.
Naturally, we let a; =0. Here under the unit commodity intensity employment is
emitted b;eR"” and ¢;eR" commodities. Now, if at the given instant time and in the
past there are x and x; outputs, correspondingly then intensity ); of each manufac-
ture capacity, obviously must satisfy the inequality x= ij= 1biN, x1> ¢,
x1>c¢j)j, A;>0, where is emitted commodity vector y, satisfying the equation
y= Zj, | aj/\ Finally, taking the matrices A, B, and C with columns a;, b;, and c;,
respectively we define a multivalued mapping, the graph of which is a polyhedral
cone:

K={(x,x1,y): x=B\ x;=C)\, y=A\ A=0, AeR"™},
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where from our above-stated interpretation it follows that A, B, and C are n X m matri-
ces with nonnegative elements and A is a vector with components A\, j=1, ..., m.
We formulate the following problem:

infimum g(xr, T) subject to x, + 1 € F(x;, x,—),t =0, 1,...,T—1;
x=& t=—h,—h+1,...,0,

where
gph F= K’ g(sz T) = <xT,p*>:p* 20

Obviously, g(xy, T) can be interpreted as the cost of the commodity vector x7. It
can be easily seen that

K* = {(x*,x],y") : B X"+ C*x] + A*y* =0, x*=0, x]=0}.
Then taking into account Example 2.7, we can conclude that
F*(y; (x,x1,y)) = {(x*,x7) : B*x* + C*x] —A*y* =0, x* =0,x] = 0}.

Let g(x7, T) = — (x1, p*), where p* =0 can be interpreted as a cost of the com-
modity vector x7. Thus, by Theorem 4.1, from the last form of the LAM, we have

B*(x; —n )+ C'f — A, =0, x; —n',, =0, 0y =0, r=0,1,...,T—1—h,

B*xf-}-C*nz —A*ic;kH:O, x=0, =0, t=T—h,...,T-1; n;=0,
xXp=Ap", Ae{0,1}.

At once observe that since F is polyhedral, A=1. Moreover, p; =x; and
g’ =n'(t=0,..,T) as above can be interpreted as the costs of the commodities at ¢
and t — h, respectively. Consequently, in order that {¥}’__, be an optimal trajec-

tory of the von Neumann problem, maximizing the finite profit, it is necessary and
sufficient that there exist costs p and ¢} such that

B*(p; —q.,)tC'qf —A*p} =0, pf—q;,,=0, ¢y =0, t=0,1,...,T—1—h,

B*q; +C*q; —A'pf,, =0, pi =0, ¢ =0, t=T—h,..,T-1; q;=0, p;=p*.

4.3 Polyhedral Optimization of Discrete and Differential
Inclusions

This section concerns optimal control problems for polyhedral discrete and differ-
ential inclusions. We derive necessary and sufficient conditions for such problems.
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Then we study in detail the main properties of polyhedral mappings. Moreover, in
all the theorems proved in this section, we assume satisfaction of the so-called con-
dition of generality of position, imposed on the coefficients of the polyhedral map
and on the disposition of the given polyhedron. The result obtained can be charac-
terized briefly as the theorem of the number of switchings. Note that we shall
describe as a switching point a discontinuity of the optimal trajectory. Consider a
multivalued (set-valued) mapping F:R" X [0, 1]—> P(R") and define the nonautono-
mous differential inclusion

Xx(t) € F(x(¢),t) ae. t€]0,1] (4.21)

generated by F, where X(7) stands for the time derivative of x(¢). This means that by
a solution to a differential inclusion we understand a function absolutely continuous
on [0, 1]. On the other hand, it has been widely recognized that the differential
inclusion in Eq. (4.21) provides a useful generalization of the control systems
described by differential equations with control parameters:

x=f(x,u,t), wuel, (4.22)

where F(x, ) =f(x, U, ). In some cases, the differential inclusion in Eq. (4.21)
admits a parametric representation of the type shown in Eq. (4.22), and a solution
of inclusion in Eq. (4.21) is also a solution of the differential equation in Eq. (4.22)
for some control function u(f)e U. Now, consider an optimization problem for a
convex differential inclusion:

1
infimum J(x(-)) = Jg(x(t), 1)dt + @y(x(1)), (4.23)
0

subject to  X(¢) € F(x(¢),1), a.e. te][0,1],

x(0) € No, x(1) e M, (4.24)

where g( , ¢) and () are convex continuous functions, F is a convex set-valued
mapping, and Ny, M SR" are convex sets. It is required to find a solution x(¢), r€
[0, 1] to the differential inclusion in Eq. (4.24) with boundary conditions x(0) € Ny,
x(1)e M, minimizing Eq. (4.23).

Theorem 4.3. Let g(, 7) and (- ) be convex continuous functions. Moreover, let
F be a closed, convex, and bounded set-valued mapping, and let Ny, M, be convex
sets. Further assume that the mapping r— gph F( , t) is lower semicontinuous and
X(t) € intdom F' is an optimal solution to the problem in Eqs. (4.23) and (4.24).
Then there exist a number A\y=0, a vector x}, and an adjoint trajectory (i.e., an
absolutely continuous function x*( - ) not identically equal to zero) such that

(i) — () € F*(x*(1); (R(2), X(1)), 1) — MOg(X(1), 1), ae. te€ [0, 1],

(i) %(r) € F(x*();x*(), 1) a.e. [0,1],
(i) x* —x*(1) € Mdpy((1)), x} e Ky (%(1)), —x*(0) € K}, (X(0)).
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In addition, if Ay >0, then these conditions are sufficient for optimality.

OJ This proof is analogous to the proof of the autonomous problem in Ref. [226] in
the nonconvex case. To avoid long calculations we omit it. The difference is only
that in the process of the proof, the condition of the lower semicontinuity of the
mapping ¢— gph F(, ) provides the uniform boundedness of the LAM in the sense
of the terminology of Chapter 2, which for autonomous problems is unnecessary.
Our principal method is to formulate necessary conditions for the discrete-
approximation problem, where

x5(t + 6) € x5(t) + OF (xs(1), 1), t=0,26,...,2" —1)6
and to prove uniform convergence Xs(¢) — X(z), x5 () = x*(¢) as 6 - 0.1

Corollary 4.3. If the assumptions of Theorem 4.3 are satisfied, then conditions
(i) and (ii) can be rewritten as

— x*(t) € 0, H(X(2),x* (1), ) — N\gOg(X(r),t) ae. te][0,1],
X(1) € 0-H(E(1); x*(1),1) ae. t€[0,1]
00 The proof is analogous to the proof of Corollary 4.1. H

Remark 4.5. On the whole, in Chapters 5 and 6, we use optimality conditions for
convex differential inclusions. Nevertheless, under more general assumptions, nec-
essary conditions can be formulated in terms of the LAM to F at a point xedom F.
On the optimization of different nonconvex differential inclusions, also consult
Aubin and Frankowska [17,18,21], Aubin and Ekeland [19], Clarke [54—59],
Mordukhovich [187—190,193—195,197,198], and Rockafellar [230—232] for related
and additional material.
First, let us consider the optimization of polyhedral discrete inclusions

T
infimum Z g(x, 1)
=0

t+l€Ff(xl)9 IZO,,T_I

. X
subject to
) Xo € No, xr € M,

(4.25)

where
g(xlat): Ilnea;,({<xt’b;>+/85}’ t=09°"aTa

F(x)={y:Ax—By = dj,
No = {xo : Nxo = p},
MT = {XT . M)CT = q} (426)
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Here T is a natural number, I,, t =0, 1, ..., T are finite index sets, ﬁ; are real
numbers, b! € R", A, B are m X n matrices, N, M are rectangular matrices with n
columns, and d, p, g are column vectors with corresponding dimensions. We must

T
find an optimal trajectory {)Z,}ZT:O of Eq. (4.25) that minimizes Zg(x,, t). The
=0
problem in Egs. (4.25) and (4.26) is labeled (PD) and called the polyhedral optimi-
zation for discrete inclusions.

Theorem 4.4. In order for {)?,},TZO to be an optimal trajectory of problem (PD), it
is necessary and sufficient that there exist vectors x*, x/t=0,1,...,T satisfying

X =A"N+u, u €0gX,1), x3+x*edgir,T). (4.27)
X =BN A=0, (MA% —Bi,—d=0), t=0,...,T—1
x5 =~ N"%,7% =0, <705Ni0_1’:0>7

X ==M,v, =0, (y7,Mir—q=0),

6g()?,,t)=conv{ U b§}, L) ={iel :g,1)

i€ () (4.28)
= (%, b))+ 8}, t=0,...,T.
L1 Remember that by Eq. (2.51), the LAM for polyhedral mapping is
F*(y*,z) = { —A*A:y*=—B*A, A=0, (Ax—By—d,\)= 0}, (4.29)

z=(x,y)egph F

Moreover, by Theorem 1.13 (Farkas) it is easy to conclude that if
Xo € Ng, X1 € M7, then

K;\(,O(JZ()) = {'xé == N*’Y()a (,YO)NJZO _17) = 07 Yo = 0}

- - 4.30
Ky (ir) = {5 = — M*yp, (7, M7 — g) = 0,77 =0}, (4.30)

where K,*\}U (%) and Kj,.(%r) are the cones of tangent directions at Xy € Ny, X7 € My,
respectively. Then taking into account Egs. (4.29) and (4.30), by Theorem 4.2 and
Remark 4.4, we have the relations in Eq. (4.27). It should be noted, however, that
in the mentioned theorem, A = 1. This occurs because in the proof of Theorem 4.2,
we use Lemma 1.22 for the dual cone to the algebraic sum of polyhedral cones.
Note that for the validity of Eq. (4.28), it is enough to apply Theorem 1.32. B
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Consider now the autonomous optimization problem in Eqs. (4.23) and (4.24):

1
infimum  J(x(-)) = Jg(x(t), Hdt + ¢y(x(1)),

o (4.31)
subject to  x(¢) € F(x(r)), ae. t€]0,1],
x(0) € No,  x(1) € My,
generated by the polyhedral set-valued mapping
F(x)={y:Ax— By = d}, (4.32)

where A, B, and d are matrices and vector column with dimensions as indicated
above.

Theorem 4.5. Let F be a bounded set-valued polyhedral mapping and
X(t) € int dom F be an optimal solution to the problem in Egs. (4.31) and (4.32).
Then there exist a number Ay =0, a vector x}, and an absolutely continuous func-
tion x*( - ), not all zero, such that

1. x*(1) + x5 € MOpy(X(1)), xr=—-M*" v, v,=0, x*(0)=—N*y; 7 =0,
(70-NX(0) = p) =0, (v, MX(1) — ¢q) =0;
2. — (1) = A*N(0) + Nou*(r),  u*(r) e g(R (1), 1),
x*(1) =B*N1), A1) =0, (\(1),A%(t) = BX(t) —d) =0, ae.1€[0,1].
O] It remains only to take into account Eqs. (4.29) and (4.30) in conditions (i) to
(iii) of Theorem 4.3. W

Theorem 4.6. Let the hypotheses of Theorem 4.5 be fulfilled and A\g>0. Then
conditions 1 and 2 of Theorem 4.5 are sufficient for optimality of the trajectory
X(), te]0,1].

[0 Without loss of generality, we set Ao =1. It follows from condition (2) of
Theorem 4.5 that

g(x(1), 1) = g(&(1). 1) = (x(1) = ¥(1), — B*A(t) = A*\(1)),
g(x(1), 1) — g(X(1), 1) = (= Bx(1), \(#)) + (— Bx(1), \(1)) — (Ax(1), \(t)) (4.33)
+ (AX(1), A1)

Moreover, for all feasible solutions x(), t€[0, 1], we have (\(r), Ax(¢) — Bx(t) —
d) =0. Hence, from condition (2), we obtain

— (Ax(1), X(1)) + (AX(1), N(1)) = ( — Bi(1) — d, (1)) + (BX(r) + d, X(1)),

— (Ax(0), X0)) + (A%, X0)) = (&(1), BA®) + (£(1), BA(®)).
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Then it follows from Eq. (4.33) that

g(x(1), 1) — g(&(t),1) = — (Bx(1), \(t)) + (B%(1), \(t))
+ (& (0, B* A1) — (1), B A1)

or

d . d, .
- (Bx(1), 1)) = g(%(1), 1) — g(x(1), 1) + w7 (Bx(1), \1)).

Now, integrating this inequality over [0, 1], we obtain

1
(x(1) — %(1), B*X(1)) = (x(0) — %(0), B*A\(0)) + JO [g((), 1) — g(x(1), D)]dt.
(4.34)

On the other hand, taking into account condition (1) of Theorem 4.5, we estab-
lish that

@o(x(1)) = @o(F(1)) = (X(1) — x(1), B*M(1) — M*,),
(x(1) = x(1), = M*v,) =0, (x(0) — X(0), B*0)).

Thus, from these inequalities and Eq. (4.34), we conclude that for all feasible
solutions x(), t€[0, 1], we have

1
J [8(x(1), 1) = g(3(1), D)]dr + po(x(1)) = p((1)) = 0.

0

The proof is completed. B

Remark 4.6. Theorem 4.6 is valid for the more general case where F and Ny, M,
are arbitrary autonomous convex mapping and sets, respectively, satisfying the
hypotheses (i)—(iii) of Theorem 4.3 for autonomous adjoint DFI. In Theorem 4.7,

the existence of feasible solutions {x,}tT:O is proved.

Theorem 4.7. The sequence of points {x;}'_, is a feasible solution of the problem
in Eq. (4.25) if and only if there are no vectors u; =0, 79 =0, v7= 0 such that

T-1
Z <u,<,d> + <'yo,p> + <'yT,q> =—1,N*y,+A%uy =0,

i=0

M*’VT_B*MT_IZO, A*M,'_B*M,‘_IZO, izl,...,T_l.
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[ Let us denote

N 0 0 0 0 p
A -B 0 0 0 d
0 A -B 0 0

0= , b= ,
0 0 0 A —-B d
0 0 0 0 M q

where 0 is the zero matrix partitioned into submatrices Q and the number of
m-dimensional vector columns d contained in b is 7. Let also denote
w=(xo,...,xr) € R*"" "D Then it is not hard to see that the inequalities

Ax,—Bx;+1 =d, t=0,...,T—1, Nxog =p, Mxp =
can be rewritten as
Ow = b. (4.35)

Thus, the existence problem of feasible solutions of Eq. (4.25) is reduced to the
existence of solutions of the inequality in Eq. (4.35). Therefore, applying the solv-
ability theorem for systems of linear inequalities, we obtain that Eq. (4.35) has a
solution if and only if there is no ¥ =0 such that

Qu=0, (bu)=-1. (4.36)

Now, taking into account the form of the matrix Q and vector column b, rewrit-
ing Eq. (4.36), we obtain the required result. ll

Furthermore, we consider F, a bounded polyhedral map. Let J be some subset of
the index set /= {1, ..., m}. Then B, is a matrix consisting of the rows B,, ieJ.
Next, A; is defined by analogy. Similarly, if d(x) =d — Ax, then d;(x) is the ith
component of the vector d(x) and d,(x) is the vector with components di(x), ieJ. It
is known that a polytope F(x) is a convex hull of its vertices (which are finite in
number). Here a vertex y e F(x) is characterized by exactly n equalities

— By =di(x),

for which {B;} is linearly independent. Now we take all possible collections J of n
indexes for which B; is nonsingular and construct a point

¥ (x) = = B; d)(x). (4.37)

Each point y/(x) is a vertex of F(x) if y/(x) e F(x).
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Definition 4.1. A vertex yj (x) e F(x) is said to be degenerate if

— By’ (x) <d,(x), (4.38)
where J = I\J. Thus, at a nondegenerate vertex, the set of equalities of the system of
inequalities Ax — By =d is linearly independent, the number of which is exactly n.
A set of points y’(x) satisfying Eq. (4.38) and denoted by D, obviously is an open set
and is called the nondegeneracy domain of the vertex y’(x). There is a cone

K;={yeR": =B,y = 0} (4.39)
connected with each nondegenerate vertex yj(x). It is clear that this is the cone of

directions y for which y/(x) + ¢y € F(x) for sufficiently small > 0. Indeed, let
y € K;. Since y’(x) is a vertex, then for a small > 0 there exist the inequalities

=B,y (x) +15) = ds(x),

= B;(y/(0) +1y) = d;(x)
or what is the same

—B(/(x) + 15) = d(x).

It follows from Eq. (4.38) that the cone K; depends only on the index set J and
does not depend on the point x of the nondegeneracy domain. By Theorem 1.13,
the dual cone to Eq. (4.39) is

K7 ={y*=Bju; 1 u; =0},

where, in the preceding notation, u; is a vector with components u;, ieJ. We
shall call that vector column wy;, i€J, the rib of the polytope F(x) at the vertex
J .
Y, if

(o, ifj#ijeld,
Bpws {1, =i,

where Bjw;; is understood to be the product of the row vector and the column vec-
tor. If W; is a matrix with the columns wy;, i€J, then

Bj W] = E,
where E is the n X n identity matrix. Obviously, W; = B, .

Lemma 4.1. K; ={y=W;v,v=0}.
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O Indeed, if y € K;, B;y =v =0, then y = W,v. Conversely, if y = W;v,v =0, then
Biy=v=0;ie.,yeK;.1

Let wy;, ieJ be a rib. Consider the ray y(r) = y’(x) + tw;, t>0. Then for jeJ,
we can write

_ dj(x), ifj # i,
= Bi(y'(x) + twy) = { di(x) i< di(x), ifj=1i.

Therefore, at y(¢), t =0, the inequality — B;y(f) = d,(x) holds for arbitrary >0,
and exactly one of the inequalities holds strictly. By virtue of nondegeneracy
(Eq. (4.38)), for small # > 0 the remaining inequalities

— Bjy(t) = — By’ (1) = tBjw;; = dj(x), jelJ

are satisfied. However, there exists an index j € J such that Bjw,; <0, because, on
the contrary a point y(¢) belongs to F(x) for every ¢ > 0, that contradicts the bound-
edness of the polytope F(x). Thus, there is a smallest number ¢ =t, >0 such that
for some jo € J, Bjwy; <0,

— Bj,y(to) = dj,(x).

Moreover, since Bw,; =0, je/\{i} by construction and Bwj; <0, then
{Bj,; Bjj € J\{i}} are linearly independent vectors. Thus, y(ty) € F(x) satisfies exactly
n linearly independent equalities

— Bjy(10) = dj(x),j € (\{i}) U {jo}.

So y(ty) is the vertex corresponding to the index set J; = (N\{i}DU{jo}.
Therefore, if yj(x) is a nondegenerate vertex and wy; is the rib connected with this
vertex, then there is a vertex y(¢y) such that

¥(to) =y’ (x) + towyi,  1>0, (4.40)
where — B,y(#p) < d(x). This fact will be used in the next investigations.

Definition 4.2. A polytope F(x) is called nondegenerate at a point x, if every ver-
tex of F(x) is nondegenerate at this point.

Lemma 4.2. Let F(x) be a nondegenerate polytope on a connected set D. Then the
number of vertices on D is constant, which are defined by the same index sets.

L1 Suppose that y/(x1), x; € D is a vertex of the polytope F(x;), but yJ(x2)¢ F(x),
X, € D. Then for some j € J

— By’ (x1) <dj(x1),
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— By (x2) > dj(x).

Hence by continuity, at some point of the continuous curve x(-) joining x; and
X5, we have

— By (x(1)) = dj(x(1)),

i.e., the vertex yj(x(t)) is degenerate at point x(¢f) € D, which contradicts that F(x) is
nondegenerate in D. Il

Suppose that D is a fixed connected set, where the polytope F(x) is nondegener-
ate. According to what was mentioned above, its vertices in D are defined by fixed
collections in the index set J, which can be enumerated k=1, ..., g. Briefly,
we set

¥ (x) =y'(x) = = Byd;(x).

Lemma 4.3. If y* €R" and the minimum (y, y*) is attained at the vertex y*(x) € F(x),
at some point xe D, then y*(x) has the same property at every point of the nonde-
generacy set D.

[ Indeed it is not hard to see that if y*(x) is a solution of problem

infimum (y,y*) subjecttoy € F(x),

then y* € K7 . In turn, the cone Kj depends only on J; but not on x. This ends the
proof of the lemma. W

As before, let D be a connected nondegeneracy domain of a polytope F(x) with
vertices yk(x), k=1, ..., q. Let I;(¥*) be the set of vertices where the minimum of
(y, y*) relative to F(x) is attained. By Lemma 4.3, this minimum does not depend
on xeD. Observe that I;(-) is upper semicontinuous; i.e., I1(y*)</1i(y§) when y*
belongs to some small neighborhood of yj. Setting

Jl(y*): Jka

N
ke h(y*)

consider a point of the form

y= > W@, w=0. > w=1 (4.41)

ke Li(y*) ke L)

The minimum of (y, y*) relative to F(x) at this point also is attained. And, as
easily follows from the nondegeneracy condition, at the point y, the equalities

—Biy=di(x), ielJ,(y")
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hold and the remaining inequalities
—Bjy = dj(x), jei(y")

are satisfied strictly. Applying the necessary and sufficient conditions for a mini-
mum at y and y*(x), we obtain that there exist vectors u 7, and uﬁ, k € I,(¥*) such
that

V' =B oltnes Ui =0,

y* — BZ uz’ u];k =(. (442)

If now ieJ,(y*), then by scalar multiplying these relations with wy (Wi = wy,:),
we have

ui = (Wki:y*>7 Mf = <Wki:y*>7

where u; and uf? are the ith components of the vectors uy, () and uﬁk, k e L(y*),
respectively. Thus,

wi=uf, ieli(y*), kelL(").
Now subtracting the equalities in Eq. (4.42), we obtain that
k —
Bjk\ll@*)ufk\h@*) =0.

By virtue of the linear independence of the set of vectors B;, i€J;, it follows
that u* =0, i¢J,(y*). Moreover, as we will show, u;>0, ieJ,(y*). Suppose that
this is not so and that u;, = (wy;,,y*) =0 for some i; € J;(3*). Then according to
what was stated above, there is a vertex

V0 =y + Wi,, kelLi(y"), t>0

such that — B, 30 <d; (x); i.e., i; is not contained in its index set. On the other
hand,

00 5%) = 0500, y) + twiay, ) = 0400, 5%),
i.e., the minimum of (y, y*) is attained also at y°, too. Since i; does not belongs to
the index set defining this vertex, then i; ¢ J;(y*). This occurs because J(y*) is the

intersection of such sets. This contradicts the choice of i;. Thus, we have proved
the following result.

Lemma 4.4. All the vectors

uy, =By, ke 1Y)
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are equal and

w; >0, iei("); w;=0, i¢J;(y").

Corollary 4.4. All vectors of the form AjkBj;l *, k e I,(y*) are equal.
O Indeed, it follows from Lemma 4.4 that

s pk—l ok _ A% kK __ * o *
AJkBJk —AJkqu = E Alu; = E Alu;,
ieJy iei(y")

where A; is a row vector of A and so A} is a column vector. Moreover, it is taken
into account that uf does not depend on k and that u; = 0 for every i¢ J,(y*). B
Lemma 4.4 and its corollary implies that by the formula

fO0%)=—A5B; "y, kel (4.43)

the vector f(y*) is defined uniquely by the vector y*.

Note that on the one hand, the set of points where (y, y*) attains its minimum
relative to F(x) coincides with a set of the form in Eq. (4.41), and on the other
hand this set is the set of points satisfying the following linear equalities and
inequalities:

- Bj;](y*)y =d,, (y*)(x)’
=By = di(x), i¢Ji(y"). (4.44)

Therefore, setting y} =f(y*), we deduce that minimizing (y,y]) over the set in
Eq. (4.41) is the same as over that in Eq. (4.44).

From Eq. (4.41), it follows that this minimum is attained at the set of vertices
L(y*)<=1,(y*) and that all points of the set of solutions are convex combinations of
these vertices. Now we set

L= N J.
2(v%) AL

Clearly, Jo(y*)2J1(y*). If on the basis of Eq. (4.44) we analyze the necessary
condition of an extremum as above, we can conclude that all the vectors

Wy, =B, "*yi, ke h()

are independent of k in the sense that u, i € Jo(y*) are equal for every k € Jo(y*)
and u¥ =0, Vi e Jo(y*). Furthermore,
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uf >0, Vie Qi(y"),

where
010") = LOINVI).
Hence, the vectors
Vs =—ALBYL ke () (4.45)
do not depend on k. With regard to L(y*)=1;(y*), comparing Egs. (4.43) with
(4.45), we derive that
5= (= A5 B,y (4.46)
Now it is understood that the construction process of the vectors y},y; can be
continued. Namely, if a vector y} already is constructed, then /; 4 ;(3*) is the set of

vertices kel(y*) where (y,y]) attains its minimum over the set of points of the
form

y= > W@, =0, Y w=1,

ke I(y*) k e I(y*)
LML),
Ji10) = N L2J106.
kel (%)

In addition, minimization of (y,y}) over this set is equivalent to its minimization
over the set of solutions of the linear equalities and inequalities

= B}y = djm (%),
—Biy = di(x), i¢Ji(y"),
whence it follows that the vectors B le*yf do not depend on k, kel (y*); i.e.,
(szl*y;k)i >0, i€ Q(y")=J+10NIG),
(B, =0, ielit1(0") (4.47)

and

Yie1= _AZBJII*)’T =(= AZBJZI*)H 1)’*» kel+i(y").
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Since 1)+ 1(y*) = 1;(y*), it is obvious that beginning with some number /, all the
sets coincide. We can formulate the obtained result as follows.

Lemma 4.5. Let a connected set D be the nondegeneracy domain of a polytope
F(x). Then there exists an index k such that

Y= (A B Y kedp%), 1=1,2,...

Let Yy(x, y*) be the set of points of (y, y*) over F(x) and, analogously, Y,(x, y*)
the set of points of (y,y}) over ¥, _(x, y*),

V@) € Yi(x,y"), 1=0.1,...
Moreover, the components of the vectors B le*y;‘corresponding to ieQ)(y*) is
strictly positive.

Theorem 4.8 is an important case of Theorem 2.16 for a nondegeneracy domain.

Theorem 4.8. Let D be the nondegeneracy domain of a polytope F(x) and z =
(x, y)egph F. Then for the LAM, we have

Yo _ _f(y*)s lfy € F(x7y*)9
F (y s (xay)) - { g, ify¢ F(x,y*).

O] Let x be a nondegeneracy point of F(x). Then the minimum of (y, y*) over F(x)
is attained at one of the vertices yk of F(x), defined by an index set J;:

Ajx— By =dy,
Ajkx - Bjkyk < djk 5

and in this case the matrix By, is invertible. On the other hand, since
Keph r(2) ={(x%,y) : Ayp)X — Bypy = 0}

(see Example 2.8), then
Koon () = {(x",y") 1 X" = = AJ ) Ay, ¥ = By Ao)s M) = 0}

By applying the latter formula at the point (x,y"), we deduce that
y*=Bj A\, A, =0 and hence by Lemma 4.4 ’\h = 0. Therefore,

X == Ajg e =~ A By

i.e., x* is defined uniquely and the formula for it coincides with the formula in
Eq. (4.43). H
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Remark 4.7. Theorem 4.8 says that in fact the LAM in the nondegeneracy domain
does not depend on x, by virtue of the importance of Theorem 4.8, it is interesting
that another useful alternative proof can also be deduced by applying Theorem 2.1.
Indeed, if the minimum (y, y*) over F(x) is attained at some vertex

Y =B 'Ayx+B;d), Y eF(xy), ke,
then clearly

H(x,y") = ('.y") = (2 A3 B T") + (Byld.y")
and so

OcH(x,y*) = A} B;'y*, ' € F(x:y"),
where the same formula is true for all ke l,(y*).

Theorem 4.9. If an optimal trajectory X(¢), t € [t1, ;] entirely lies in the nonde-
generacy domain D of a polytope F(x), then condition (2) of Theorem 4.5 can be
rewritten as follows:

X)) = f(x* (1) + Aou(1),  u*(2)€0g(X(2), 1),
(F0,0) = min{ (') : yEFGE0)}. (4.48)

[J Actually, condition (2) of Theorem 4.5 expresses the fact that

— X*(1) € F*(x*(1); (X(2), X(1)), 1) — Mou™(¢),  u*(¢) € dg(%(r),1) a.e te][0,1].

Hence, Eq. (4.48) is an immediate consequence of Theorem 4.8. W

4.4 Polyhedral Adjoint Differential Inclusions and the
Finiteness of Switching Numbers

In this section, the basic results for polyhedral optimization in the nondegenerate
case will be given. The main result is Theorem 4.12, where we assume satisfaction
of the so-called condition for generality of position. The obtained result can be
called the theorem of the number of switchings. Note that we shall describe a point
of discontinuity of the optimal trajectory as a switching. The proof is based on the
lemmas of Section 4.3.
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Let D be the nondegeneracy domain of a polytope F(x). In Section 4.3 it was
proved that for all xe D, the formula

fO)=—A5 B "y, ke L(y")

uniquely defines the vector f{(y*) for a given y*. It is not hard to conclude that f( -)
satisfies a Lipschitzian condition with a constant depending only on D. Here, intui-
tively, it is natural that the constant should be L = max; < s < 4 HAjkBjk’l H As a
preliminary for this intuitive conviction, we prove Lemma 4.6.

Lemma 4.6. Let K7 = Kj be the dual cone to the cone K; at a vertex y(x) = y'i(x)
of a polytope F(x). Then

a. intK!NintK: =@, i#j; i,j=12....q

b. UK =R".

0 Let us prove a. Suppose that this is not so; i.e., int Ki Nint K" # D, i#].
Taking y; € int K Nint K, by Lemma 1.18 we derive that

<y8’y1>>0, yl EKi,yl #O’
(V6:32) >0, ¥, €Ky, #0.

Then setting y, = ¥/(x) — ¥'(x) and 3, = y'(x) — y/(x),

(¥, ¥(x) = y(x)) >0,
(¥, ¥'(x) = Y(x)) >0.

From these inequalities, it follows that (yj,0) > 0; i.e., 0> 0. This contradiction
gives us a. For b it is enough to show that if y*eR", then y* € N;K}; i.e., y* € K
for some i. Actually, at a vertex y'(x), the minimum of (y, y*) is attamed if and
only if y* e K.l

Let now y* € R", 5 € R” be arbitrary points. It is clear that if 3*,5" belong to one
and only one cone K; = K, then f(-) is Lipschitzian with a Lipschitz constant L.
Hence assume that y* € K*, y e K* for some iy, jo (ip#jo). We join the points
¥*, ¥ with a line segment and the p01nts of intersections with the boundaries of cones

having common faces (Lemma 4.6) and we denote by y},y3,..., 5, (s is some natu-
ral number) so that y0 # 5%, 0 #3", a=1,...,s—1. Enumerating these cones we
can write

=y, eKi =K, y€K;,...,y, €K}, y =y'ek’ =K. (4.49)

By Lemma 4.4, the vectors

fOL)=—Ciyh, ke LGk Ci=A3B;"', a=0,1,....s
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coincide. Then by Eq. (4.49), C{yi =C{1Yi+1» k=1,...,5—1. By using these
relations we observe that

fG) =FG) =) Calvioy —¥i).

a=1

. s
Now, since |[y* =5 = 21 v - =
o=

TSR TED AR )

a=1

Let us return to the polyhedral Mayer problem (i.e., the optimization problem in
Egs. (4.31) and (4.32), where g =0 and Ny, M, are arbitrary convex sets:

minimize  y(x(1)),

subjectto  X(¢) € F(x(r)) a.e. t €[0,1], (4.50)
x(0) e Ng, x(1) € M,

F(x)={y:Ax— By = d}.

Then, obviously, the adjoint differential inclusion in Eq. (4.48) of Theorem 4.9
has the form

d
) O =f0"1). (4.51)

We shall investigate this differential equation for small r=0. At once we note
that since f( - ) is Lipschitzian, then it has a unique solution for every initial condi-
tion y*(0) = y*. By Lemma 4.5, we choose an index k, corresponding to y* and con-
sider the equation

d * k% * * * * —1Ix%
EZ O =—-C(), 7(0)=y", C; :AJkBJkl :

As a linear equation, its solution has the form

F(t)y=e oy = (Z( G ) * (4.52)

By Cayley’s theorem [174] (¢ are are real numbers),

n—l1
(—C)' =D a(=Cp.

i=0
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The formula in Eq. (4.52) can be rewritten in the form

n—1 n—1

S0 =33+ )= Gy = S+ 0, (453
I=0" I=0"

where (- ) are analytic functions and (1)t ' —0 whenever 7] 0 and o =y".
Let us now set Quy(y*) = J;(y*). If we remember from Eq. (4.47) that Q,(y*) =
Ji 4 1O7)\V(y%), then we get

Ji+107) = Q") U Q1) U --- U Qi(y").

Moreover, according to Eq. (4.49), the vectors ul . =B Jkl* * have strictly posi-
tive components u’ if ieQ;y*) and u’ =0, if 1¢J1+1(y) By construction,
Ji+1SJ, Furthermore,

* — B
y B ulk BQz(y qu +B11(y ufl()’*)
-1
= Byomlign T ZBQU)”QLV*)’ g,y > 0.

i=0

Thus,

n—1
L,
(0= Zﬁ(t D) lBEz(y )qu(y + ZBQ (V*)MQ i )]

(4.54)
- ZBQ(‘ l (" + o (g, ey + lz T (t + gol(t))uQ() )]
=i+1
Let ug;,~(t) denote the expression in braces in Eq. (4.54). Then we get
n—1
(0= ZBQ (o406 (1) = B (g, )(1). (4.55)

i=0

Thus, according to Eq. (4.55), we conclude that u;,~(f)>0 for small .
Therefore, since J,<J;, it follows from Eq. (4.55) that z*(¢) € K}‘kfor small ¢ (see
Eq. (4.39), determining K and the dual cone K7 in the previous section). Then by
virtue of the necessary and sufficient conditions, it can be concluded that y*(x)
minimizes (y, z*(¢)) over F(x) for small f; i.e., ke I;[z*(¢)] for small ¢.

Now we can formulate an important property of the differential inclusion (equa-
tion) in Eq. (4.51).
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Lemma 4.7. There is a vertex defined by the index k, such that the solution of the
differential equation in Eq. (4.51) with the initial condition y*(0) = y* and the solu-
tion of

d
5V O=—GZ0, yO =y, kehL(") (4.56)

coincide for sufficiently small 7.
L] In fact, the solution of the differential equation in Eq. (4.56) as denoted above
by z"(-) is such that ke I;[z*(?)]. Therefore, by definition of Eq. (4.43) of f{y*),

f(Z* (1) = — Cz*(1);

i.e.,

d * _ *
Z2W=1E0).

Thus, z"( - ) is the solution of the differential equation in Eq. (4.51). Since the solu-
tion of this equation is unique, it follows that y*(¢) = z*(¢) as was to be proved. ll

Now, with the help of Lemma 4.7, we prove the piecewise linearity of the dif-
ferential equation contained in Eq. (4.48), where u*(f) =0 (remember that g=0 by
hypothesis).

Theorem 4.10. Let X(¢), t € [t1, 1] be an optimal trajectory lying entirely in the
nondegeneracy domain D of a polytope F(x). Then the differential inclusion in
Eq. (4.48) [u*(r)=0] has a unique solution on the interval [t;, f,]. Furthermore, the
interval [fy, t,] can be divided into a finite number of half intervals of the form
[75,7j+1), j=0,1,...M—1, 7g=1t;, 7j<Tj4+1, Tm =1t such that in each of
them, x*(f) is a solution of the differential equation

— ()= Gy (), Ciyy = Ajw)Bjk;I, (4.57)
where k(j) are vertices of the polytope F(X(¢)) on which are attained the minimum
of (y, x*(t)) over y € F(i(1)).
[0 The uniqueness assertion was proved above. We prove the second assertion. By
Lemma 4.7, each 7€(t;, 1] corresponds to some half interval [7, 7+ A), A>0
such that the solutions of the equations

X(0) =f(x"(0) (4.58)

and

() =—Cix*(1), kelL(x*(1) (4.59)
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coincide. By analogy it can be shown that there exists A; > 0 so that the differential
equations in Egs. (4.58) and (4.59) (maybe for another k) on the half interval of the
form (7—A, 7] have the same solutions. Thus, every point 7€[f;, f] corresponds
to an interval (7—A, 7 + A) and in each half interval of this interval, Eq. (4.58) is
equivalent to Eq. (4.59) for some k. Thus, taking all 7€[#, t;] from the collection
of corresponding intervals, we can choose a finite covering of [z, t,]. Denoting now
the end points and midpoints of the intervals contained in this covering by 7; and
enumerating them in ascending order, we find that in each interval (7, 7;4 1),
Eq. (4.58) is equivalent to Eq. (4.59) for some k. Since it is clear that Eq. (4.59) is
satisfied also at a point 7 = 7}, the desired result is proved completely. ll

Let us return to the problem in Eq. (4.50), where No =R" and ¢, is a smooth
convex function.

Theorem 4.11. Let g be a smooth convex function and Ny=R". Then if
X(t), t€]0,1] is an optimal trajectory lying entirely in the nondegeneracy domain
D of a polytope F(x) and satisfying X(¢) € int M, then the conditions

Lo x*(1) + x5 = dowp(X(1)),  x} € Kjy ((1)),
2. =X () =A*Np), x*(@)=B*A1), M1)=0, (4.60)
(A@),Ax(t) — Bx(t) —d) =0, a.e. te[0,1]

x*(0) e Ky, (X(0))

are sufficient for the optimality of X(f). Here, the real number Ay =0, vector x}, and
function x*( - ) are not all zero.
0 It follows from the hypotheses that Ky, (¥(1)) = R" and so Kj; (¥(1)) = {0}. Then
by hypothesis 1 in Eq. (4.60), x} = 0. Consequently, we find that \y7# 0. Actually, if
we suppose that this is not so (i.e., A\g = 0), then from the first hypothesis in Eq. (4.60),
we derive that x*(1) =0. Thus, the piecewise linearity of Eq. (4.58) (see also
Eq. (4.57)) implies that x*(#) = 0. This contradicts the fact that the real number )\ =0,
vector x3, and function x*(-) are not all zero. Therefore, we have A\, > 0. Finally,
taking into account Theorem 4.6 and Remark 4.6, we get the desired result. l

Now, with the use of Theorem 4.10 we prove the main result, which can be
called the theorem on the finiteness of the number of switchings. First, we assume
satisfaction of the following condition for generality of position: let the set of
vectors

Wki, Ckai, ey C]rcl _lwki (461)
be linearly independent for each vertex of number k and rib wy;, i€ J;.

Theorem 4.12. Let %(f), t €[0,1] be an optimal trajectory lying entirely in the
nondegeneracy domain D of a polytope F(x). Furthermore, suppose that x*()#0
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and the condition for generality of position is satisfied. Then the interval [, #,] can
be divided into a finite number of half intervals [7j,7;+1), j=0,1,...,M —1 such
that in each of them an optimal trajectory X(f) and an adjoint trajectory x*(f) are
solutions of the differential equations

()=~ CX(t)— B, 'd),, Cr=B, Ay, () = — Cix*(v),

respectively.

[0 According to Theorem 4.11, the adjoint equation for x*(f) on half interval
[7, Tj+1) is described in Eq. (4.59). In turn, by Theorem 4.49, X(7) almost every-
where minimizes (y, x*(r)) over F(%(r)). In particular, at the vertex y*(x), the mini-
mum of (y, x*(f)) relative to F(X(¢)) is attained, where

Yx) =B, '(Ajx —d;) = Cex = B 'd;,.

We shall show that this minimum cannot be attained at another vertex by infi-
nitely many points 7 (see also Refs. [140,223]). On the contrary, if in addition to
y¥(%(r)) there is also a vertex y'(%(r)) at which the indicated minimum is attained on
infinitely many points ¢, then

(Wii» x*(1)) =0 (4.62)

on the infinitely many points ¢, too. Since the function x*(-) is the solution of
Eq. (4.59) with constant coefficients, it is analytic; i.e., function (wy;,x*(f)) =0 is
also analytic. This analytic function of the variable ¢ by Eq. (4.62) vanishes for an
infinite set of values 7, so that we have throughout the interval [7;, 7; ;) the validity
of Eq. (4.62). On differentiating the relationship successively with respect to ¢, we get

(Cowii, x*(1)) =0, 1=0,1,...,n—1. (4.63)

Since by the hypothesis of generality of position, the vectors in Eq. (4.61) form
a basis of the space R”, Eqs. (4.62) and (4.63) imply that given any ¢, te[7;, 7j4 1]
the vector x*(¢) is orthogonal to all the vectors of a basis [i.e., x*(f) = 0], which con-
tradicts the assumption of the nontriviality of the solution x*(#), t€[7;, 7; 1 1]. This
completes the proof of the theorem. M

Finally in this section, by applying the method described in Sections 4.3 and 4.4, we
can investigate a Mayer optimization problem of optimal control on a linear manifold:

infimum  ¢y(x(1))

X=Ax+Bu, x(0)=xy€lL,

x(t) e LER" V't e[t t], (4.64)
u(t) e UcR" Vtel0,1]

L={x:Cx—d=0}, U={u:Wu = p}.
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Here A, B, C, W are n X n, n X r, k X n, m X n matrices, respectively; ,, ¢ are
as before, continuous convex functions; and we shall regard as any permissible
piecewise-continuous controls with values in the control domain U. For definite-
ness, at each point of discontinuity u(7) = u(r —0). Moreover, d and p are column
vectors of corresponding dimensions. Assume that rank C =k, i.e., the dimension
of the linear manifold L is dim L = n — k. Obviously, for the trajectory x(¢), t [0, 1]
associated with a permissible control u(f)eU to lie on a linear manifold L, we
require that Cx(r) =0, ¢ € [0, 1]; i.e.,

C(Ax(t) + Bu()) =0, u(t)e U, te][0,1].

Then it is easy to see that the problem in Eq. (4.64) is equivalent to the follow-
ing Mayer problem for polyhedral differential inclusion:

infimum  ¢,(x(1))

subjectto  p(x(1)) = 0,

x(t) € F(x(2)), te]0,1], (4.65)
F(x)={y=Ax+Bu:u € Fy(x)},

Fo(x)={u:Wu = p, C(Ax+ Bu)=0}.

Taking into account a concrete form of LAM, the next theorem is almost
a word-for-word repetition of Theorem 4.11. In what follows, we assume that
F(x) = Ax + BFy(x) is a polytope (or bounded polyhedron).

Theorem 4.13. Let %(¢), t €[0,1] be a feasible solution of the problem in
Eq. (4.65) and x(¢) € int dom F. The necessary condition for the trajectory () to
be optimal is that there exist a control function i(:), number Ay =0, vector
xo € Ky, (X(1)), and nontrivial adjoint trajectory x*( - ), not all zero, such that

1. x*(1) + x5 € AOypy(X(1)),
— () = A% (1) — A*CH(t), B¥x*(r) = B*C* (1) — W*A(1),
© (@, W) —p) =0, AD)=0, «(n)=0,
where M| = {x:p(x) =0}.
Obviously, if L=R" and U is a bounded polyhedron, then hypothesis 2 of
Theorem 4.13, as in linear optimal control theory, consists of the following:

X*(t) = — A*x*(1),
(Ba (). x*(1)) = max (Bu,x"(1)

Let u'(x), I[=1,..., q be the set of vertices of a polytope Fo(x) and
wy, ie JyU{l, ...k}, [=1,...,q be the collection of ribs of F(x). Then we can for-

mulate the condition for generality of position: the vectors

BWii, (A+H)BWw; i, (A+H)’BWw,,,...,(A+H)" "By, (4.66)
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are linearly independent in space R” for any fixed [/ and all ie JJU{1, ..., k}. Note
that here by using the Frobenius formula [175] for determining the inverse of a
matrix that has been partitioned into submatrices, the matrix H; has a concrete
form. It should be noted that H, is the zero matrix if L =R" (for more detailed
information, see Ref. [143]) and then Eq. (4.66) implies the well-known condition
for generality of the classical linear theory of optimal control. We shall describe as
a switching point a point of discontinuity of #(?); i.e., if 7 is a point of discontinuity
of ii(t) and #(r —0) =u'(X(7)), @i(T +0) =/ (X(7)), i#j, we shall say that a
switching of the optimal control #i(¢) occurs at ¢ = 7 from the vertex u'(¥(7)) to the
vertex u/(%(7)). We then formulate Theorem 4.14 on the finiteness of the number
of switchings.

Theorem 4.14. Let %(¢), t € [f,1"] be an optimal trajectory lying entirely in the
nondegeneracy domain D of a polytope Fy(x). Moreover, let x*(f) be a nontrivial
adjoint trajectory and suppose that the hypothesis for generality of position in
Eq. (4.66) is satisfied. Then the interval [#, '] can be divided into a finite number
of subintervals [9;,9;+1), j=0,1,...,N—1 (N is natural number) such that in
each of them

¥ (1) = AX(1) + Bii(1), i(t) = u'(%(1)), (1) = — (A* + H)x*(1).

Thus, the function ii(¢) is piecewise continuous and its only values are the verti-
ces of the polytope Fy(X(t)).

Now, let us consider the optimization of nonautonomous delay-differential
inclusions of the form

infimum J(x(+)) = fol 2(x(2), )dt + py(x(1)),
subjectto  x(t) € F(x(t),x(t — h),t), ae te][0,1], (4.67)
x(1)=&(1), te[—h0], x(1)eM.

For simplicity we assume that F(-, -, f) is convex, g, @q are continuous and con-
vex on x, M, is a convex set, and £(f), te[ — h,0] is an absolutely continuous initial
function. It is required to find a trajectory x(t), te[ — h, 1] satisfying almost every-
where the delay-differential inclusion in Eq. (4.67) and that minimizes the cost
functional J(x(-)).

Theorem 4.15. Let F(-,-,f) be a convex, closed, and bounded mapping, and
moreover let the mapping t— gph F(-, -, t) be lower semicontinuous. Then the nec-
essary condition for the trajectory X(¢), t € [ — h, 1] of the problem in Eq. (4.67) to
satisfy (X(7),%(t — h)) € int dom F(- , - ,¢) with the initial condition to be optimal is
that there exist a number Ay =0, vector x}, and a pair of Lipschitzian functions
x*(-)n*(+), not all zero, such that

1. x5 —x*(1) € MOp(X(1),1), x} e K}y, n*(1)=0,
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2. (=&, (1) € FFOH (@) (30,50 = h),x (1), 1)
+ {0 (¢ + h) — \odg(&(1), 1)} X {0}, ae. te[0,1—h), dg(%(0),0)=0,

3. (=&, (1) € Fr0(): (3(0), 5 = h),x (1), 1)
+{ = M0g(E(1), )} X {0}, ae. te[l—h,1]

4. X(t) € FGQ@),%(t — h),x*(1),1), ae. t€[0,1].

In addition, if Ay > 0, then these conditions are sufficient for optimality of X(-).
[J The proof of necessity is analogous to the nonautonomous problem (Theorem 4.3).
The only difference is that in the process of discretization of a continuous problem
(Eq. (4.67)), we use Theorem 4.1. To avoid long calculations, we omit it. Let us prove
sufficiency, if Ao > 0. Without loss of generality, we set Ay = 1. By Theorem 2.1, we
have

F*(y*;(X,xl,y, t)) = 6(x,x1)H(xgx1>y*,f), S F(-xrxl;y*yt)'

Using this formula, condition (X(¢),X(t — h)) € int dom F(- , - ,f), and Theorem
1.28, it is easy to see that conditions (b) and (c) are equivalent to the following
relations, respectively:

H(x(1), x(1 = h),x* (1), 1) = HE(@), (1 — h), x"(1), 1) — g(x(1), 1) + g(X(1), 1)
= (=X ="t + h), x(t) = X(1)) + (" (1), x(t — h) = %(t — h)),
ae. te[0,1—h).
(4.68)
H(x(1), x(t — h),x*(1), 1) — H(X(2), X(t — h), x* (1), 1) — g(x(2), 1) + g(x(2), 1)
= (= X*(@t),x(¢t) — x(t)) + (7*(t),x(t —h) —X(t — h)), ae. te[l—hI1]
(4.69)

Then, since H(x(t),x(t — h),x*(¢),1) = (x(t),x*(¢)), a.e. t€[0,1] for an arbi-
trary feasible solution x( - ), by condition (d) of theorem we obtain from Eq. (4.68)

(D), x* (1)) = @0, x* (1) + gx(1),1) — g(&(1), 1)
+ (=X — " (t + h), x(t) — X)) + (0" (1), x(t — h) — X(t — h)),
ae. te[0,1—h).

Therefore,

% (0.4 0) = glale). )~ g0 0)

(=X ="+ h), x(0) = XO) + (" (1), x(t — h) = (1t — h)),
ae. tel0,1—h)
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or

d d
E ()C([),X*(t» = g(x(t)’ t) - g(i(t)s t) + E (i(t)5X*(t))
— (0"t + h), x(t) — X)) + (n*(2),x(t —h) — %(t — h)), ae. te[0,1—h).

Integrating this inequality over interval [0, 1, — &], we obtain

(x(1 = h),x*(1 = b)) — (x(0),x*(0)) = 3 ~"[g(x(e), 1) — g(&(r), D)]dr
+ (X(1 — h),x*(1 — h))
— (%(0),x*(0)) = [1 " (¢ + ), x(1) — X))t + [, " (1), x(t — h)
— X(t — h))dt

(4.70)

Analogously, from Eq. (4.69), it follows that

(1), 2% (1) = (x(1 = R, x (1 = h)) = [}, [g(x(1), 1) — g(&(0), D]dr
+ (F(1), x5 (1)) — (F(1 = h),x*(1 — h)) + [}, (*(0), x(t — h) — &(t — h))dt
4.71)

On the other hand, because X(r) = x(r) = &(¢), t € [ — h, 0], we get
h 0
j (0, (1 — ) — X(t — )i = J (¢ + B, x(2) — X(1))di = .
0 —h
Hence, summing the inequalities in Eqgs. (4.70) and (4.71), we deduce that
1
(x(1),x*(1)) = J [8(x(1), 1) — g(X(r), D)]dt + (%(1),x"(1)) (4.72)

0

Moreover, condition (a) implies that the inequalities

Po(x(1)) = o(E(1) = (x(1) — &(1), 57 — x*(1)),
0 %ﬂn—ﬂquzo (4.73)

hold. Thus, the inequalities in Eqgs. (4.72) and (4.73) give us

T 1 [8Gx(0), 1) = g((0), )]dt + py(x(1)) = 2 (’(1)
= (x(1) = (1), x*(1)) + (x(1) — X(1), %7 —x*(1)) = (x(1) — X(1), x7) =0,

which completes the proof of the theorem. H
At the end of this section, note that for nonautonomous polyhedral differential inclu-
sions (4.67) without delay effect (h = 0), where F(x, 1) = {yeR":A({)x — B(t)y = d(®)},
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A(?), B(t) are (n —1) order continuously differentiable m X n matrices, and d(¢) is a con-
tinuous column vector, by analogy we can prove theorems like Theorems 4.12 and
4.14, which can be characterized as theorems on the finiteness of the number of switch-
ings. But it should be pointed out that in this case the condition for generality of posi-
tion is absolutely different. Indeed, let w(¢), i€ Jx be a rib connected with the each
vertex of number k. Indeed, take

dGy(1) dGy; (1)
dt dt
I=1,2,...,n=1; Cur)=B; (DA, ).

G0 =wilD),  Gi(t) = = GOGL(1),  Gi(0) — GG (1)

Then we assume satisfaction of the following condition for generality of posi-
tion: let for all 7€ [1,, t;] the set of vectors

G, Gu(®),... Gi'®), ied, k=1,..q

be linearly independent for each vertex of number k and rib wy,, i€J;. Here, ¢ is
the number of vertices of the polyhedron. It can easily be seen that the generality
of position in Eq. (4.61) is obtained from linear independence of the above vectors,
if we take A(f)=A, B(t)=B, d(t)=d.

4.5 Bolza Problems for Differential Inclusions with State
Constraints

In this section, a Bolza problem of optimal control, whose dynamic constraint are
given by some class of nonconvex differential inclusions, is considered. Sufficient
conditions are proved in terms of the Euler—Lagrange inclusion, Hamiltonian
inclusion, and Weierstrass—Pontryagin maximum condition. Here, a new concept
of LAM, defined by means of the Hamiltonian function, is introduced. Of course, a
jump condition connected with state constraints and formulated f,-transversality
conditions are essential. Our problem with a varying time interval labeled by (P)
consists of the following:

infimum  J[x(-),n] = [;' g(x(2), Ddt + @y(x(t1), 1),
(P) subjectto X(t) € F(x(t),1), a.e t€ /[t t],
x(to) =xo, x(t1) € M,
x(t) € (t), te€to, 1],

where, as usual, F(-,t), t€[t, t;] is a nonautonomous multivalued function, g, ¢:
R" X [tg, 1] > RU{ + o0 }; M, is a set of target points x(¢;); and the initial time
moment 7 is fixed, whereas the instant ¢, is nonfixed. The integral in the cost func-
tional J is understood as that of Lebesgue. A feasible solution x(f) of problem (P)
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is absolutely continuous. The state constraint is satisfied everywhere; i.e., x(f) € ®(¢)
Vte(ty, t1]. Below we show that an adjoint trajectory has jumps, which are typical
for control systems with state constraints, and among sufficient conditions there
appears a condition of jumps (see also Ref. [221]), where the number of jump
points may be countable.

Definition 4.3. The multivalued function defined by the formula
F*(v*; (0,00, 1) = {x* : Hix,v*) — H&O,v") = (%, x —x°) VxeR"},

Ve F(x°;v0)

is called the LAM to the nonconvex mapping F at the point (x°, y°)egph F. Note
that for smooth functions H( -, y*), the inequality in this definition can be given by
the Weierstrass function [111], which plays an important role in classical varia-
tional calculus problems. Obviously, for a convex multivalued function F( -, ), this
formula can be expressed by the subdifferential of the Hamiltonian function con-
tained in Theorem 2.1. On the other hand, it can easily be checked that F* is a con-
vex closed set at a given point.

Proposition 4.1. For a nonconvex multivalued function F(-, f), the value of the
LAM at a point (x, v)egph F(-, t) is a convex closed set.

O Indeed it follows from Definition 2.2 that if x},x} € F*(v"(x,v),f), then
Axj + Axl € F*(v¥, (x,v),1), i.e., the LAM is convex valued. On the other hand,
for a sequence x'' € F*(v¥, (x,v), ) such that x* —xj as n— oo, by Definition 2.2

M(xy, v, 1) — M(x, v, 1) = (x5, x1 —x), le., x5€F (0, (x,v),1)

and the value of the LAM is a closed set. The proof is completed. l
Let X(¢), t € [ty,1;] be any feasible solution of problem (P). We construct the
adjoint differential inclusion of the adjoint trajectory x*(¢) as follows:

a. — &) e (0 (}(1),%(1),0),
b. %(t) € F(x(¢); x*(¢),t), ae. te€ ]ty 1],

which would be fulfilled for all xe ®(z). Assume that the solution x*(¢), te [z, #]
satisfies the adjoint differential inclusion a almost everywhere and may be repre-
sented as a sum of an absolutely continuous function and a function of jumps. Note
that an inclusion of the form (a) usually is called an Euler—Lagrange inclusion. By
the definition of the Argmaximum set, it is easy to see that (b) implies the
Weierstrass—Pontryagin maximum principle.

Let us denote the points of jumps and the values of jumps of x*(¢) by

T((=12,..),t0<7;<t;; xi=x"(r;+0)—x"(1;—0),(i=12,...),

respectively.
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Definition 4.4. Let Wy,na;) be a support function to the set M;NP(¢). Then we
say that for a feasible solution X(f) of problem (P), the #;-transversality condition is
satisfied on the set M, if the inequality

— (X" (), X(0)) > Wy nap(— X (1), 1o =t<n

holds strictly. Clearly, %(r)¢ M; N ®(¢) and so %(t)¢ M, for all t€[to, ;). In other
words, the f;-transversality condition guarantees that the point X¥(f) belongs to the
set M, only at the instant t = ¢,.

Definition 4.5. If the inequality
Je(+), 0T < Jlx(), 0"]

holds for all &, 6" €[ty t;], where 8 <0” and for all feasible trajectories of the
problem (P), then the cost functional J[x(-), #] is said to be monotonically increas-
ing with respect to t.

Remark 4.8. The monotonicity condition of J[x(-), 7] in 7 for all feasible solutions
x(t) is not very restrictive or nonverifiable. For example, it is fulfilled for time opti-
mal control problems, (p=0, g=1) for problems with quadratic cost functional,
for Lagrange [p(x, ) = 0] problems with nonnegative integrand g and so on.

Theorem 4.16. Let %(-) be any feasible arc of a nonconvex problem (P) and let
there exists an adjoint feasible function x*(-) satisfying almost everywhere condi-
tions (a) and (b) and which may be represented as the sum of an absolutely contin-
uous function and a function of jumps. Moreover, assume that the Bolza cost
functional J[x(-), f] is monotonically increasing with respect to ¢ for any feasible
arc x( - ) of the problem (P) and that the following conditions are satisfied:

i g, 0)—g@X@), H=(—x*@t),x—x(t)) ae. te]t,t;] and Vx e P(z),
ii. Lp(x, []) - (p(i([l) = (—x*(ty),x — )?(l‘])) Vx e <I’(l‘]) NnM,,
o(x, 1) = pE(t) = (= x*(t1),x = %(t1)) Vxe ®(n) N M,
iii. The jumps x} satisfy the jump conditions (¥(7;), x}) = Wo)(xF) (x7), i=1,2,....
iv. For a feasible solution %(-) of problem (P), the t,-transversality condition on the set M,
is satisfied.

Then the arc () is optimal.
] Let x(-) be an arbitrary feasible solution of the problem (P), which transfers the
state from the fixed point x to the set M in the time interval [#,, #]. We shall show that

JPx(+), 6= J(-), 11].

By Definition 4.3 for almost all z€[ty, ;], we can rewrite the inclusion (a) as
follows:

H(x(t),x*(t),1) — HGE(), x* (1), 1) = (— x*(1), x(¢) — X(1)).
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or in view of condition (b),
H(x(1), x*(2), 1) — (X(1), x" (1)) = {—x*(0), x(t) — X(1)). (4.74)

Since by definition of Hamiltonian functions, H(x(z), x*(¢), £) = (x(¢), x*(¢)) for
all feasible trajectories, from Eq. (4.74), we have

dy)

o =0 for almost all 7 € [fy, 1], where ¥(r) = { — x*(r), x(¢) — X(1)).

Then, integrating the last inequality over the interval [fy, #;] and taking into
account that x(¢) = X(¢) = xo, we find that

J 0t = { — 2% (). x(11) — £(11) =0 4.75)

1

Note that ¢, is free and the last inequality is true for any #; = 6. Since x(-), x(-)
are absolutely continuous, the function () can be represented as a sum of an
absolutely continuous function and a function of jumps (see, for instance, Ref.
[139])

6
WO = vt + | e Y 0+ 0 im0l 10= 57 € )

i€ l(r)

(4.76)

Further, by condition (iii) we derive that the values of the jumps of v at points
T, i =1, 2, ... are the following quantities

WY(1i +0) — (1 =0) = (x(7y) — X(73), —x7) = — (x(72), x]) + W (x]).
Now, since x(7;) € (), it is evident that
WY1 +0) = (r; =0)=0 V; €[, 0]
or

> (T +0) = ¥(r; —0)] =0.

i€ 1(0)
Therefore, from Eq. (4.76), we find that (0) = (1), or
(x(6) = X(0), —x*(0)) = (x(10) — X(to), — x"(10)).
Since x(¢) = X(t) = xo, the right-hand side of the latter inequality is zero, so

(x(0), = x*()) = (X(6), —x"(0)) (4.77)
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Thus, from the #-transversality condition on the set M, of condition (iv) and
from Eq. (4.77), we observe that

(x(0), = x*()) > Wag,no((— x"(0)) (4.78)

Let AJ =J[x(+),0] —J[X(-),t] be an increment of the Bolza cost functional J,
obtained by the transition from arc %(-) to the arc x(-). Then (see Refs. [155,157])
we have

AT = (x(0),0) + [ g(x(0), 0t — p(E(t1).11) — [ g(&(0), D)dr
= o(x(0),0) + [ g(x(0), )t — p(x(t1).11) — [ g(x(r). D) + p(x(t1), 1)
+ f g(x(0), 0yt — (E(1r), 1) — [}! g(E(1), 1)t
(4.79)

On the other hand, conditions (ii) and (iii) of the theorem imply that

p(x(tn), 1) — (1), 1) + [} [g(x(0), 1) — g(%(z), 1))t
= — ((n), x(h) =) — [} (@), x(0) — X)),

Then, since this inequality holds for any €[t #;], the relation in Eq. (4.79)
gives us

0 1)

g0, 1t — p(x(t1). 1) — J o(x(0). ). (4.80)

)

AJ = p(x(0), 0) + J

to

To prove the optimality of X(-), let us assume the contrary; i.e., for all feasible
arc x(1),

tety, 0], x(0) e M the increment AJ <0, i.e., J[x(.), 0] <J[X(*), t1].

Because of Eq. (4.80), J[x(-), 0] <J[x(-), t;]. Therefore, from the monotonicity
of J we have 6<t;. Thus, by the f-transversality condition, it follows from
Eq. (4.78) that x(6)¢ MNP () and so x(0) ¢ My; i.e., the arc x(-) cannot realize the
transition from the interval [z, 6] to the set M. This is a contradiction.

Corollary 4.5. If in problem (P), F(-, 1), t€[t, t;] is a closed convex multivalued
function, then conditions (a) and (b) of Theorem 4.16 can be rewritten in
Hamiltonian form

—X*(1) € O H(X(1), x*(1), 1),
X(t) € 8- H((t), x*(1), 1).

[0 The proof is elementary (see also Corollary 4.1). By Definition 4.2, for convex
multivalued functions F, the Hamiltonian function is concave in the first argument
and so F™* is the subdifferential of a Hamiltonian function. ll
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Remark 4.9. If 0 =1¢, is fixed, then it follows from Eq. (4.80) that AJ=0; i.e.,
X(+) is optimal. Therefore, the monotonicity of J[x(-), #] on ¢ is superfluous.

Example 4.3. Consider the following time optimal problem described by the
equation

1 _ .2
{xz‘x’ (4.81)

X°=u,

where u is the control parameter || =1 and |x2| =1, to=0, x(0) = xq, x(t;) = 0.
Here, xj is an arbitrary initial point. We have the state constraints

d)={x=xL2"): -1 =x* = 1}. (4.82)

According to the classical theory of optimal control, if u(f) = 0, then the solution
runs along the line 2=k (k is constant). Moreover, if u(f) = + 1, then the solution
x(¢) runs along the parabola.

x' —1/2(x*)* = k. Similarly, x(r) runs along the parabola x'+ 1/2(x*)* =k, if
u(f) = —1. Take an arbitrary point x,, for example, in the third orthant of
R%(xp = (x},x3) = 0) (for all other points the description will be similar). Thus, the
control u(t) has a form

+1, ifref0,m),
ii(t) = 0, ifte[r,m], (4.83)
-1, ifl‘E(Tg,ll].

By applying Theorem 4.16, we shall show that the given control #(¢) and the
corresponding solution %(f) are optimal. We have the multivalued function

Fan={y=0"y"er?:y =2 | = 1).
The Hamiltonian function has the form

H(x,y*) = xy"™ + 1y (4.84)
Then, by definition of the LAM, we get

F* (4 (05 (3(1), X(1), 1) = { = ¥*(0) - Hx, x*(0), 1) = H&(0), 5" (1), 1)
= (=&, x — X))}

for all xe R? and %(r) € F(i(r); x*(¢), ¢). In other words,

(! = @O + (= BO)E* +x) =0 (4.85)
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must hold for all xe R%. As we see from Eq. (4.85), F* depends on X(f), whether it
is the boundary or interior point of ®(¢) (see Eq. (4.82)):

. =", =0, ¥ +x" =0], if 2@)=-1,
F*(x*;(X(0),%(1), ) =% =", 22):x" =0, 2 +x1"=0], if 2()|<l,
=" k" =0, ¥ +x"=0], if P()=+1.

(4.86)

Using Eq. (4.84), the condition (b) has the form
A (1) = (1)

and so for those instances te€[0,7,] where x* (f) #0, we get the formula
ii(t) = sign x¥' (r) and clearly |ii(f)] = 1, if x* (1) = 0. Moreover, the 7,-transversality
condition on the set M; (condition (iv)) of Theorem 4.16 in our problem consists of
the following:

(X(0),x* (1)) <0 Vre[0,1) (4.87)

Now we shall construct the adjoint function x*(¢), which is even absolutely con-
tinuous. Then the jump condition (iii) of Theorem 4.16 will hold for x*(f), automat-
ically. In this case we set for definiteness xl*(t) = 1. Furthermore, from the form of
i(t) given by Eq. (4.83), we get

>0, if rel0,7),
(=4 =0, if te[r,7)
<0, if te(rm,n]

The function x'"(f) must be a solution of the differential equations and inequal-
ities contained in Eq. (4.86) on the intervals [0, 7¢), [Ty, 721, (72, #1], respectively.

If we add to this condition the condition of absolute continuity, then we get a
unique function, xV(@), having the form

T1 — 1, if lE[O,T]),
X (1) = 0, if re[r,ml
Ty — 1, if tE(Tz,l‘l].

We need to check only the #-transversality condition in Eq. (4.87) on the set
M. At once we observe that since %'(r) <0, #(1)=0, t€[r1,1), Eq. (4.87) is
satisfied on [Ty, #;). It remains to check this condition on the interval [0, 7).
Setting i(f) = + 1 in Eq. (4.81), we find that

1
A Lo 2 1. 20 2. _ 1.2
X(n)= Et gt +xp; X)) =t+x5 xo0= (x5, Xp)
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Using the condition #*(7;)=1, we define 7, =1 —x3. Inserting this into
Eq. (4.87), we reduce it to the form

1 1 1
— E(Tl -1+ (x(') — E(xg)Z + 5) <0, tel0,7).

Therefore, (%(¢), ii(¢)) satisfies all the hypotheses of the theorem and so is optimal.

4.6 Optimal Control of Hereditary Functional-Differential
Inclusions with Varying Time Interval and State
Constraints

In this section, Bolza problems of optimal control theory with a varying time inter-
val given by convex and nonconvex hereditary differential inclusions (Py), (Py) are
considered. We derive sufficient optimality conditions for neutral functional-differ-
ential inclusions. The existence of constraint conditions implies jump conditions
for the conjugate variable. The sufficient conditions under the #,-transversality con-
dition are proved incorporating Euler—Lagrange and Hamiltonian-type inclusions.
The basic concept of obtaining optimality conditions is that of the LAM and some
specially proved equivalence theorems. Then the application of these results is
illustrated by solving some typical examples.
At first we consider a problem with neutral discrete inclusions:

T
(Pp) infimum Zg(x,,t),
=1
subjectto  x;4+1 € Fi(x, Xe—pyXe—p—-1), t=0,...,T—1,
x=&, t=—h, —h+1,...,0,
.xte@t, t:1,...,T, .XTEQ,

where g(-, ):R">RU{ + oo} is a function taking values on the extended line for
all t=1, ..., T, F,:R3"—>P(R") is a multivalued function, &, are fixed vectors
(t=—h,...,0), O and ®, are sets in R", and T, h are fixed natural numbers. It is
required to find a feasible trajectory {x;}’__, minimizing Z,TZI g(x;,1). The term
“neutral discrete inclusions” will become clearer later on.

Our second problem is a Bolza problem with state constraints for neutral-type
functional-differential inclusions: choose an arc, which is an absolutely continuous
function on [ty — A, ty) and [?o, t;] (t =ty could be a point of discontinuity) and then

n

infimum  J [x(*),5)]: = px(t)), 1) + Jg(x(t),t)dt,

(Py) subjectto x(¢1) € F (x(r), x(t—h), x(t—h),t) ae. te€]tt],
x(t) =&(t) Vte[ty—h,ty), h>0,
x(t) € ®(t) V't e [ty, 1],
x(n) € 0,
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where F(-, 1):R>" > P(R") is a multivalued function for all fixed t€ [z, 7], the tar-
get set Q<=R" is a set of points x(¢,); P:[ty, t;]— P(R") is a multivalued function; g,
@:R" X [tg, t;] > RU{ + o0}, £(-) is an absolutely continuous function on [ty — &,
to), 1o is fixed, #; is generally free, and & >0 is a constant delay. The integral in the
cost functional J is understood in the sense of Lebesgue.

It can be seen that such problems contain time delays not only in the state vari-
ables but also in the velocity variables. The next problem considered is an optimal
control problem (Py) with functional-differential inclusions that are linear in veloc-
ities and involve a neutral-type operator given in the Hale form [99,204,208]:

%[x(t) —Ax(t — h)] € F(x(t), x(t—h), 1).

The third problem is the same problem as (Py), but with a variable delay-differ-

ential inclusion: .
1

infimum J[(x(), 1] 2 = p(x(ty), 1) + Jg (x(0), H)dt,

(Py) subjectto x(r) € F(x(t), x(t— h(t)),?) l(a}l.e. t € [to, 1],
x(1) = &), 10— h(to) =t = 1o,
x(t) € ®(r) Vte|[n,t],
x(t) € 0,

where F(-, t):RZ"ﬂP(R"), h(-) is a differentiable function satisfying the inequal-
ities h(f)>0, A(f)<1 and &() is absolutely continuous on fy—h(ty) =t =ty We
minimize the cost functional J over an absolutely continuous functions x:[ty — &
(tp), 111> R" satisfying the indicated delay-differential inclusion (Py) with initial
condition x(¢) = &£(7), to — h(ty) =t =t and state constraint on [fo, #{].

Section 4.5 deals with a complicated problem with differential inclusion (Py),
which involves a variable delay. For such nonconvex problems, a sufficient condi-
tion is formulated. The simple examples considered show that the results obtained
coincide with the results of classical optimal control theory [94,187,221].

Hypothesis (H1). Suppose that in problem (Pp), the multivalued functions are such
that the cones of tangent directions Kgph r, (%1, % — 5, X — 4+ 1, %1 +1), Ka,(Xr), Ko(¥r)
are local tents, where %; are the points of the optimal trajectory {%}’__, of problem

(Pp). Furthermore, the functions g( -, t) admit a CUA h(X, X;) of the points %; that is
continuous with respect to x and consequently 0g(%;,¢) : = 0h,(0, X;) is defined.

Hypothesis (H2). Let the problem (Pp) be convex (i.e., it involves functions, mul-
tivalued functions, and sets that are convex), and {x?} _, 1s a feasible trajectory.
Then suppose either of the two following conditions:

t=

N (0,x0, X0, 2% Derigph F,, t=0,...,T—1,
x?eriCI),ﬂ dom g(.,1), t=1,...,T, x(}eriQ,

b. (%, x0_,,x0 ,, ,x% Deintgph F, t=0, ..., T—1,x°eint®, =1, T, x% € Q and g
(-, t) are continuous at a point x?.
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Optimization of Neutral Discrete Inclusions (Pp)

Theorem 4.17. Assume hypothesis H1 for a neutral-type nonconvex problem
(Pp). Then, for the optimality of the trajectory {i,}f:, »» 1t 1s necessary that there
exist a number Ae {0, 1} and vectors x*, x}, 7/, ¢;, t=0,1,...,T, not all equal
to zero, such that

O =M n = Fn—1s My P EFOG t G pe Xt 1,8 +1))

i. —{\ OuglE@ 1) — K (R} X (0} X (0}, 1=0,...,T—1—h,
A6)((-)?05 O) = O’ Kgo (-i()) = 05
(x;ﬁs 77?, 99;<) € F,*(X;kJr] : (it,ir*hyitt*h+l;it+l)

—{A g, 1) — K (%)} X {0} X {0}, t=T—h,....,T—1,
jii. x*—x7 € \oxg (&r,T) — K3, (Fr), x* € K5(&r), ny =0, ¢7=0.
[ Let us introduce the vector w= (X _ j, X — 41, «vvs X0y o2+, X )ER"(h+l+D and
B X —n+1 0 T
define in the space R""* ' ™D the following sets:

Ml:{W:(xl‘axl—hyxl—h+19xl+l)egph Ft}) t:On"'a T_l,
N={w:w,=¢&,t=—h, —h+1,...,0}
P=w:x,ed, t=1,...,T}, Mr={w:xreQ}.

Obviously, the problem (Pp) is equivalent to the following minimization
problem:

T
infimum gw)= Zg (x;, 1),
= (4.88)

T T
subjectto we NN (ﬂlM,> N <01P,>.
t= t=

In order to formulate a necessary condition (Theorem 3.4) for the minimization
problem in Eq. (4.88), we use the dual cones

K}T/[,(W) ={w*: (x;kaxf—haxf—h+ 1,xf+ 1) € K;phFI(xl9xt*h9xt*h+ 1LXt+ 1)
X5=0, k1, t—h, t—h+1, t+1}, w =", ...,x5 ..., x)eRGT1+D,
k h 0 T

Kiyp, (w) = {w* : x7, eKé(xT), xi=0, t<T},
KFY(W):{W*:.X?‘EK,};’(X;), X:ZO, k#t}a t:17°"7T7
Kyw)y={w*:xf=0, t=—h, —h+1,...,0}

Then by the minimization theorems mentioned above, there are vectors

wi(?) € Ky, (W), t=0,...,T, w, e KgOh), w()eKp(Ww), t=1,..., T,

W=@E-pXp+t,..0587), K=&, t=—h,..., 0
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and a number \e {0, 1}, such that
T T
Mg =wi+ Y wH )+ > WD), w) € 0,g() (4.89)
=0 =1

Now, by rewriting Eq. (4.89), component-wise we have

Mg =xf@)+x - +x@t+h)+x¢+h—1)+%x@), t=0,..., T—1—h,

(4.90)
A =20 + X~ ) 4T, =T —h,..., T—1, 491)
Ao = xp(T—1) + x3(T) + (), (4.92)
x_,0=0, x_,.,0)=0, t=T, xjeog,1, t=1,...,T. (4.93)

Then by definition of LAM in the sense of Section 3.6, it follows from the rela-
tions in Eqgs. (4.90) and (4.91) that

()\x;ko - x;k(t +h) — x;k(t +h—1)—x(t -1)— X0, xi_, (0, x;_, (1)
€ F;*(_x;k+ ](t);(itaitfh,itfh+lafct+l)), t=0,..., T—1—h,

(4.94)
Oy = X1 = 1) = T30 (0,37 21 (0) @95)

€ Fi(=xi (0 ey X -y Xt —p+ 1, % 41), t=T—h,..., T—L ’
Finally, denoting x= —xF (t—1), nf=x_, (), i =x_,,, @), x*=

x5(T) and taking into account Egs. (4.92—4.95), we obtain conditions (i)—(iii). H

Remark 4.10. For a convex problem (Pp) under hypothesis H2, the conditions
(i)—(ii) are also sufficient for the optimality of the trajectory {)Z,},T:,h. This is
because the representation (4.5) holds with the parameter A = 1.

Let L be any natural number, #; a fixed number, and 6 = h/(L). Then we define
the points to+ kb, k=—1L, ..., T, to+ (T + 1)6 = t;, where the natural T satisfies
the inequality 7o+ T § =t <ty + (T + 1) with respect to the problem (Py), and we
associate the discrete-approximating problem:

.....

(Ppa) subject to Ax(t) € F(x(t), x(t—h), Ax(t—h),t), t=rto,
to+6,...,1 =0, (4.96)
x(t)=¢&@), t=to—h, to—h+6b,...,t0—0,
x(t) e ®(t), t=19, to+6,...,1,
x(t) € 0,

where Ax(f) = x(t + 6) — x(1)/(6).
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In order to formulate a sufficient condition for the continuous problem (Py), it is
required to define the form of the adjoint inclusion for it. With this aim we use the
discrete inclusion in Eq. (4.96) and Theorem 4.17. Let us write Eq. (4.97) in the
so-called neutral discrete form

x(t +6) € O(x(2), x(t — h), x(t — h + 0),1), (4.97)
Q(xl,xg,x3,t)=x1 +(5F<X1,XZ,)%,I). (498)

Then it follows from Theorem 4.17 that the adjoint inclusion for the discrete-
approximating problem with discrete inclusion (Eq. (4.97)) must be expressed in
terms of LAM Q*. That is why the main problem is the connection between the
LAMs Q* and F*. This connection is of principal importance for the proposal
method in our problem.

Remark 4.11. Comparing the discrete-approximation inclusions in Eq. (4.97) with
the discrete inclusions in the problem (Pp) we see that the name “neutral” is
justified.

Theorem 4.18. Let O(-, t) be defined by Eq. (4.98) and Kyph o, n(X1, X2, X3, ¥),
(x1, X2, x3, y)€gph O(-, ) be a local tent. Then

K X3 = X2 YT X
gph F(-,1) -xla-XZaT, 5

is a local tent to gph F(-, f) and the following inclusions are equivalent:

1. (X1,%,%3,Y) € Kopn o(-, (X1, X2,%3,),
2. (X1,%,(%3 —%2)/6,(F —X1)/6) € Kgph £, (X1, %2, (x3 = x2) /8, (v — x1)/6).

[1 It follows from the definition of local tent that for functions ri(z), i =0, 1, 2, 3.
Z= (¥, %2, %3,) possessing the property r:(Z)||Z|| 150, -0, we have
y+y+r@ex +x +r(2)

x3+X%3+ 1@ —x—X Q) .

+OF [ x1 +%1 + 1), 02 +x2 + 1n(2), 5 ,

for small 7 € K =ri Kgpn ¢(-, 1) Transforming this inclusion, we have

y—xi , y—X1 , 1@ —nQ
+ +
1) o 1)

+ - _ = = _ -
€ F()q 3+ @00+ @), 5 BB - %, 1@ - rz(Z)’t)
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Then condition (2) is clear. By going in the reverse direction, we obtain
condition (1). H

Theorem 4.19. Let K,pn oo, 1) be a local tent for the multivalued function Q. .
Then the following inclusions are equivalent:

L (xf,x5,%3) € 00, (x1, %2, X3, ), 1),
2. ((xf = y%)/6,(x5 +x3)/6,x5) € F*(y*: (x1,X2,(x3 — x2) /6, (y —x1)/6,1)).

L] Let us prove (1)=>(2). By the definition of LAM, the relation (1) means that
(x1, 1) + (X2, xX3) + (x5, x3) — (3, y%) =0,

(X1,%2,%3,¥) € Kgpn (-, (X1, X2, %3, ). (4.99)

Because of Theorem 4.18, the inequality in Eq. (4.99) can be rewritten in the
form

<xwﬁ+@w®+<”;”w$—<rxhw>zo (4.100)

where ], 15, ©* are to be determined. By comparing Eq. (4.99) with Eq. (4.100),
it is not hard to see that

k >k k
Wt = X +x3
2 6

xXi—y
6 2

W=y, Y=

By analogy, the inverse implication (2)=>(1) can be shown. Now, let us return
to the discrete-approximation problem (Pp,) with inclusion (4.97). The hypotheses
(1)—(iii) of Theorem 4.17 take the following form:

(O =+ ) — G+ h=6), 1), (1)
€ O*(x*(t+6), (X(r), X(t—h), X(t—h+0), X(t+9)),1), (4.101)
— [N 0u8(E (1.0) = K ()} X {0} X {0}, A=Xs € {0, 1)

0:8(X(10), 10) =0, K, (X)) =0, t=1y, to+6,....0 —h =4,
(0, (1), ©"(1)) € Q*(x*(r + 8); (XK()X(z — h), Xt —h+0), X(t+0)),1)
— {As Oxg(X(1), 1) — K5, (X(1))} X {0} X {0}, t=1,—h,....t; =6,
(4.102)

X" —x*(t1) € As Oxp(X(t1) — K, (X(11)), x* € Kp(x (1)),

(1) =0, ¢*(t;)=0 (4.103)
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Then by using Theorem 4.19, it is easy to see that the conditions in Egs. (4.101)
and (4.102) can be expressed as follows:

it +h) — *(t+ h) (1) — ¢*(1)
5 5

€ F(x*(t + 6),%(t), X(t — h), AX(t — h), AX(1)), 1)
= {As0xg(X(1), 1) — K3, (@)} X {0} X {0}, =10, to+0,....00 =0 —h,
(4.104)

— Ax*(t) — + Ap*(t +h =), , " (0)

(1) + ¢*(1)

— Ax*(2), 5 , ©F(@) | € F*(x*(t + ), (X(1), X (t — h), A% (t — h),
AX (1), 1)
— {0 g (X(2),1) — K;f)(,)(fc (O} x{0} x{0}, t=t;—h,..., {, — 6.

(4.105)

Let us summarize the obtained result. ll

Corollary 4.5. Let assumptions (H1) for the difference neutral-type nonconvex
problem (Pp,4) be satisfied. Then for the optimality of the trajectory {#(f)}'__ o it
is necessary that there exist a number A\se{0, 1} and grid functions x*(¢), *(¢),
e (1), t=ty, ty+ 6, ..., t;, not all equal to zero, satisfying the conditions in
Egs. (4.101)—(4.103). Moreover, let us assume that ¢(-) and g(-, ) are proper
convex functions and continuous at the points of some feasible grid trajectory
{xo(t)}i;, »- Then under hypothesis H2, the conditions in Eqs. (4.103)—4.105 are
also sufficient for optimality in the convex problem (Pp,).

It should be noted that setting As = 1, denoting the expression 7*(f) + ©*(#)/(0)
by (*(¢) and passing to the formal limit in Eqs. (4.104) and (4.105) when L— oo
and consequently 6 -0, we have

(=350 = C*t+ h) + @t + h), C'(1), ©*(1)
e F*(x*(1), (@), x(t—h), x(t—h), X(1)),1) (4.106)

~ (08 (R(0),1) — K ()X {0} X {0}, 1€ [t0,11 = ),
(=@, C'0), 9"(0) € F (& (0, G050~ ), ¥a=h), 20 (@4107)
~ (0:83(0).1) ~ Ky (B0} X (0} X (0}, 1€ [ —h,ni).

Below we will verify that the differential inclusions in Egs. (4.106) and (4.107)
are just the needed adjoint inclusions for convex problem (Py) with fixed time
interval [Zg, #;].
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Sufficient Condition for the Optimality of Neutral Differential Inclusions

Let X(2), telty— h, t1], X(t) = &(¢), t € [ty — h,ty] be some feasible solution of the
nonconvex problem (Py). First, let us construct the adjoint differential inclusion for
the adjoint variables {x*(-), (*(-), ¢*(-)}. Of course, for this we use the approxi-
mating method demonstrated above in Section 4.6. Thus, the adjoint inclusions
expressed in terms of the LAM consist of the following:

a. (—x*(@)— "t +h)+ o+ h),
C*(t)a @*(t)) € F*(X*(Z)a ()E (t)a-)E (Z - h)ai(t - h)’i(t)% t) ac.te [tO’ = h]a

b. (& (0), C'(0), @M)€ F*(x*(), (1), it —h), Xt —h), X)), 1)
ae. te[t—h, 1], p*(t)=0,

c. ¥(0) e F (X(@t), (¢t —h), Xt —h), x*(),1) ae. t€[t, ]

which should be fulfilled for all x e ®(z).

Here, a feasible solution is understood to be a triplet {x*(-),(*(-), *(-)} satis-
fying conditions (a) and (b) almost everywhere, such that (*(-), ¢*(-) are abso-
lutely continuous and x*(-) may be represented as a sum of an absolutely
continuous function and a function of jumps. Let us denote the points of the jumps
and the values of the jumps of x*(-) by 7, fH<7,<t; and xj=
x*(r; +0) —x*(r; —0), i=1,2,..., respectively.

Let the feasible solution X(¢) be #;-transversal on the set Q; i.e., the condition

= (1), X)) > Wonap(—x* (1), 1o = 1<t

holds for every te[to, t;], where Wona is a support function for QN®(t).
Furthermore, assume that in problem (Py), the Bolza cost functional J[x(-), f] is
monotonically increasing with respect to ¢ (see Section 4.5).
Finally, we can formulate sufficient conditions for optimality in the form of
Theorem 4.20.

Theorem 4.20. Let X(-) be any feasible arc of the nonconvex problem (Py) and let
there exist a triplet of feasible solutions {x*(-),(*(-), ©"(-)} almost everywhere,
satisfying the adjoint inclusions (a) and (b) and the condition (c). Moreover,
assume that the Bolza cost functional J[x(¢), f] is monotonically increasing with
respect to ¢ for any feasible arc x(-) of the problem (Py) and that the following
conditions are satisfied:

i gx,t) — g(@(@), )= (—x*(¢),x —x(t)) a.e. tel]ty, t;] and Vx e O(),

ii. o, 1) — @) = (—x* (1), x — (1)) Vxe @(t)NO,
iii. The jumps x satisfy the jump conditions (¥(7;),x}) = Wo(x)), i=1,2,...

iv. X(-) satisfies the f;-transversality condition on the set Q.

Then the arc X() is optimal.
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O Let x(1) e (), te[to, 1] be an arbitrary feasible arc realizing the transition from
the interval [fy,0] to the set of target points Q. Let us prove that
J [x(+), 0] = J[X(), 1] Using the definition of LAM, we can rewrite the inclusions
(a) and (b) as follows:

H(x(t), x(t —h), x(t—h), x*(),t)— H@E(), %t—h), ¥ —h), x*1),1)
= (=) = "t + h) + @t + h), x(t) — (1)) + (C"(1), x(t — h)
— Xt =) + ("), W(t—h)=Xt—h), telw, n—h)
(4.108)
H(x(1), x(t—h), x(t—h), x*(1),1) — HGE@), i(t—h), x@—h), x*(),1)
= (=X"(1), x(t) = X(t)) + (C"(0), x(t — h) = %(t = h))
+("(0), X(t—h) =X —h), te[n—h, 1],
(4.109)

respectively.
On the other hand, by condition (c) and the definition of the Hamiltonian func-
tion H, we have

H(i(r), &(r—h), X(t—h), x*(1),1) = &), x*(1)), (4.110)
H(x(2), x(t—h), x(t—h), x*@1), t) = (x(t), x*()), ¢e€]t,t]

Let us denote W(¢r) = (x(r) — X(t), — x*(¢)). Taking into account Eq. (4.108) to
(4.110), we obtain

%ft) = (x(t) — X(1), C*(t+h))+ (x(1)— %), — @ (t+h)
+ (x(t — h) = X(t — h), — C* () + (&t — h) — %(t — h), — p*(1)), 1€ [to,1y — ),
(4.111)
%Et) = (x(t—h) — &(t — h), — C*(£)) + &t — h) —x(t — h), — ©*(¢)), te[t; —h,n]
(4.112)

Now, integrating both sides of Eqs. (4.111) and (4.112) on the intervals [f,
t; — h) and [t; — h, t1], respectively, and adding them we have

1 5] n

J\i/(t)dt = J(x(t —h)y—x(t—h), —Cr))dr+ J(x(z —h)y—x(t—h), —*@)>dt
’ .
+ J (x(t) — X(t), — @*(¢t+ h))drt + J (x(t) — X(2), C*(¢+ h))dt.

(4.113)
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Since
n—h 1
J () = (1), C(t + W) dr = j (x(t = h) = X(t = h), C*(D)d
) to+h
and
fo+h

J (x(t—h) =% —h), C'@)dt=0 (x(r) =x(t) =&@r) Vie[tn—h,t)

fo

it follows from Eq. (4.113) that

] 3] th—h
J\i/(t)dt = J(x(r —h)—X(t—h), — " @t)dt+ J (x(1) — X(r), — @*(t+ h))dt
= J()'c(t —h)—X(t—h), — o ())dt+ J(x(t —h)y—X(t—h), — @ (r)dr
+ J(x(t —h)—X(@t—h), p*@))dt+ J (x(t —h) —x(t —h), — @*@))dt
to to+h
1 fo+h
= Jd(x(t —h)—X(t—h), —@)+ J (x(t — h) = x(t — h), ¢*(r))dt

Note that the arcs x(-), %(-) are feasible; i.e., x(f) =%(r), 7€ [fo — h,1y) and
©*(t;) = 0. Therefore,

131

J‘i’(f)df = (x(ty —h) — X(t; —h), — " (t1)) + (x(tg — h) — %(tg — h), " (1))

fo
to+h

+ J (x(t —h) —%(t — h), @*(t))dt=0.

fo

Consequently,

J 1 W(r)dt = (x(t;) — %(rr), — x*(11)) = 0. (4.114)



198 Approximation and Optimization of Discrete and Differential Inclusions

Moreover, x(-), X(-) are absolutely continuous functions, so W(-) can be repre-
sented as a sum of an absolutely continuous function and a jump function (see
Section 4.5):

0

V() = W(ty) + J\il(t)dt + W +0) =W —0)], N(1)={i:7; € [t0.1]}.
b ie N(O)

(4.115)

Using the jump condition (iii), we can calculate the values of the jumps of W(¢)
at the points 7, i =1, 2, ...

U(r; +0) — U(1; —0) = (x(7;) — X(7:), — %) = — (x(73), XY + Wa(r(x)).

Then from x(7,)e®(r;), it is obvious that (x(7;),x}) = Wae)(x}), so
U(r; +0) —¥(r; —0)=0 for any 7;€[ty, #]. Hence, the sum of the jumps in
Eq. (4.115) is nonnegative. Then, since the inequality in Eq. (4.114) is correct for
any point t; = 6, we find that W(0) = U(z); i.e.,

(x(0) = X(6), —x*(6)) = (x(to) — X(to), —x"(10)) = 0.

Then the t,-transversality condition implies that
x(0), —x*(0)=(x(O), —x%(0))>Wonaw(—x*(0)). (4.116)

On the other hand, in Section 4.5, we proved that

4 131
AJ = p(x(0),0) + Jg(x(t), tdt — p(x(ty), 1) — Jg(x(t), t)dt, (4.117)

to

where AJ =J[x(+),0] — J[X(*), ;] is the increment of the Bolza cost functional J,
obtained by the transition from arc X(-) to arc x(-)

To prove the optimality of X(-), let us assume the contrary—i.e., for all feasible
arcs x(1), telty—h, 0], x(t) = £(@1), telty— h, ty), x(6)€Q, the increment AJ<O0;
ie., J[x(+),0]<J[x(:), f;]. Then because of the inequality in Eq. (4.117),
JIx(-), 01 <Jlx(-), 1.

Therefore, from the monotonicity of J, we have 6 <t;. Thus, by the #;-transvers-
ality condition, it follows from Eq. (4.116) that x(8) ¢ ONP(H), so x(9) ¢ O; i.e., the
arc x(-) cannot realize the transition from the interval [fy, 0] to the set Q. This
means that ¥(-) is an optimal arc.
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Corollary 4.6. Let F(-,t) be convex for all fixed ¢, and suppose that F(x, t) is a
closed set. Then conditions (a) and (b) of Theorem 3.1 can be rewritten in
Hamiltonian form:

(an) (=X7(0) = C(t+h) + @t + h), (1), (1)
€ OH(X(2), X(t — h),x(t — h),x*(¢), 1) ae. t€[ty, t; —h),

(br) (= x5(1), C*(1), " (1) € DH(X(1), ¥(t — ), X(t — h), x*(1), 1)
ae. telty—ht], ¢ (t)=0,

X(1) € Oy H(X(t), X(t — h), X(t — h), x*(1),t) ae. t € [to, 1]

L] The proof is elementary (see the proof of Corollary 4.5). B
The following theorem involves another sufficient condition for the optimality
of problem (Py) with a convex structure and a fixed time interval [#y, #;].

Theorem 4.21. Let %(¢), te[ty — h, t;], X(t) = £(¢), t € [ty — h, ty) be an admissible
arc for the convex problem (Py) with a fixed time interval. Furthermore, assume
that the triplet {x*(-),(*(-), p"(-)} satisfies the adjoint differential inclusions in

Egs. (4.106) and (4.107), where
X" = x*(t) € 0p(X(t1)) — Ky, (1)),  x* € Kp(X(1h)), ¢ (1) =0.

Then the arc X(-) is optimal.
[J Using the definition of LAM and Eq. (4.110), it is easy to see that
() — X (0, x"(0) — g (x(1),1) + g (3(1), 1)
= (=X = @t +h) + @t + h),x(1) = X(0) + (¢7(0), x(t — h) = %(t — h))
- <X*(t)ax(t) - )Z(t» + <¢*(t)7x(t - h) - JZ([ - h)>7 te [t(), n— h)a

(1) — X (0, x"(1)) — g (x(1), 1) + g(X(0), 1) = (=& (1), x(r) — X(1))

+(CH@O),x(t = h) = 5(t = b)) — (& (2), x(t) = K1) + (" (1), 3t — h) = 5(c = ),
telt —h,t),

X'(1) € Ky (x"(1), 1 € [to, 11].

Now as a result of simple calculations and the definition of the adjoint cone
from these inequalities, we have

o) = X0, 0) + () = 7+ )0~ K0)
. (4.118)
~ (WX~ ) = 5= W) — (@), 00— h) = 5t = )
= g(x(0),1) = g(3(), 0, 1€, n—h),
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& () = 50,2 0) = (0,2~ By = K1 = )
PO~ h) —F— ) = g () —g G0, el —hnl

By integrating both sides of Eq. (4.118) on [fy, t; —h) and [#; — A, t,], respec-
tively, it can be shown as in the inequality in Eq. (4.113) that

(@), x(n) —xn) = J[g(X(t), 1) — g(X(1), )ldr. (4.119)

On the other hand, the hypothesis of the theorem at ¢ = ¢, implies that

(=X () + X (1), x(0) — (1)) = (1) — @(E(1). (4.120)

Adding the inequalities in Egs. (4.119) and (4.120), we see that J(x(-)) = J(X(*))
for all feasible arcs x( - ). The proof is complete. H

Remark 4.12. Let one of the variables, for example, the second variable of the
multivalued function F(-,-, -, f) be missing; i.e., F(xy, Xo, X3, t) = F(x, X3, ). Then
it can be shown from the definition of LAM that x5 = 0. This means that in the
adjoint differential inclusions (a) and (b) of Theorem 4.20 and in Eqgs. (4.106) and
(4.107), C* (1) =0, te[ty, 1] identically.

Now let us investigate the optimality conditions for an important type of differ-
ential inclusions in the Hale form

%[x(t) — Ax(t — h)] € F(x(t),x(t — h),1). (4.121)

First, we prove Lemma 4.8.

Lemma 4.8. Let P(xy, x5, x3, 1) = F(xq, x5, ) + Ax3, where A is an n X n matrix and
the cone of tangent directions Kgpn p(.. n(X1, X2, X3, ¥), (X1, X2, X3, y)€gph P(-, 1) is
a local tent. Then

Koph F(-, (X1, X2,y — Ax3,1)

is a local tent to gph F(-, f) and the following inclusions are equivalent
1. (%1,%2,%3,) € Kgph p(-, (X1, X2, X3, ),
2. (X1,%2,Y — AX3) € Kph F(-, (X1, %2,y — Ax3, ).

[0 Let us prove (1)=(2). By the definition of a local tent, (1) means that there
exist functions

r(@, i=0,1,2,3, z=(%,%,%s,Y) such that r,(2)|z] ' —0 asz—0,
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and

y+y+ ro(z) € P(xl +x + I"](Z), Xy + X + }"2(2), x3 +Xx3+ }"3(2), t)
or

y+y+r@ e F(x +X + @), x2+X +nr@),H)+Als +Xx +r32)
(4.122)

or sufficiently small 7 € K =1i Kgpp p(-, (X1, X2,%3,y). On the other hand,

y+¥+ @) —Als +X3+1332) =y —Axz + 5 — Ax3 + 19(2) — Ar3(2)
(4.123)

and

[r0(2) — Ars@)]||Z| "0 whenever z—0.

Then because of Eq. (4.123), the validity of inclusion (2) is justified through
Eq. (4.122). In just the same way, the reverse direction can be proved; i.e., (2)=
(1). This ends the proof of the lemma. H

In Theorem 4.22, A* is the adjoint (transposed) matrix of A.

Theorem 4.22. Let Ky, p( -, 1) be a local tent for the multivalued function P. .
Then for the LAMs P* and F*, the following inclusions are equivalent:

L. (xf,x5,x5) € P* (y*; (x1,X2,X3,), 1),
2. (xTaxz) € F*(y*;(xlaxz’y _A.XS), t)’
where Ay* = xj.

[J Let (1) be given and let us prove that (1)=>(2). By the definition of LAM, (1)
implies the inequality in Eq. (4.99) for (X|,X2,%3,¥) € Kgph p(-, 1y (X1,X2,X3,¥).
Then using Lemma 4.8, we rewrite the equality in Eq. (4.99) in the form

(X1, 1) + (X2, a2) = (y — Axz, ) =0,

(X1,%2, ¥ — AX3) € Kgph (-, (X1, X2,y — Ax3) (4.124)
where aj, a,, a are to be determined. Finally from Eq. (4.99), represented for K,
pc.. n» and Eq. (4.124) it follows that x} = o;(i = 1,2), y* =, and x§ = A*y*.

By analogy it is easy to conclude that (2)=>(1). The proof is completed. H

Suppose now that the differential inclusion in the problem (Py) has the Hale
form (Eq. (4.121)). Clearly, this inclusion is equivalent to the inclusion

x(t) € P(x(t),x(t — h),x(t — h), 1) (4.125)
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where P(xy, x5, x3, t) is defined as in Lemma 4.8.

Let us return to conditions (a) and (b) of Theorem 4.20. If conditions (a) and (b)
of Theorem 4.20 rewritten in terms of the LAM P* are satisfied, then the transition
to the LAM F* is required. In turn, we use Theorem 4.22, in which the condition
Ay* = x5 means that A*x*(¢) = ¢*(1), te[t, t;]. Consequently, conditions (a) and (b)
of Theorem 4.20 are transformed as follows:

@) (=) — @t +h) +A X+ h), (1)
€ F*(x*(¢), (X(¢), X(t — h)), X(t) — AX(t — h),1), ae. t€[t,t; —h),

() (=& (), (1) € F*(x* (1), (3(2), X(r — h), (1) — AX(t — h), 1),

ae. te[ty —hn]

As for condition (c), we notice the following. Let us denote the Hamiltonian
function of multivalued functions F and P by Hr and Hp, respectively. It is easy to
see that

Hp(x1,%2, %33, 1) = (x3,A"Y") + Hp(x1,%2; Y7, 1)
so the Argmaximum sets coincide:

P(x1,x2,x3,¥", 1) = {y € P(x1,X2,%3,1) : (y,¥") = Hp(x1,x2,%3,¥", 1)}
={y1 € F(x1,x2,1) : (y1,*) = Hp(x1,x2,y*, 1)} = F(x1,%2,y", 1), y1 =y — Ax3.
(4.126)

Using Eq. (4.126), we ensure that condition (c) of Theorem 4.20 is reduced to
A d ~ ~ *
(ch) E[x(t) —AX(t — h) € F(x(t), x(t —h),x*(1),t), ae. te€]ty,t]

Note that (a’)—(c’) should be fulfilled for all xe ®(r).

Corollary 4.7. Let %(-) be any feasible trajectory of the problem (Py) with differ-
ential inclusion of the Hale form (Eq. (4.121)), and let there exist a pair of feasible
solutions {x*(-),(*(-)} of the adjoint inclusion, satisfying the conditions (a")—(c’).
Moreover, let the remaining conditions of Theorem 4.20 be fulfilled. Then X(-) is
optimal.

Sufficient Condition for Optimality in Problem (Py)

Let us return to the problem (Py) and formulate a theorem for the sufficiency of
the optimality of an arc X(-). Moreover, let t = r(7) be a solution of the equation
7 =1t — h(t) or the inverse function of 7.
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Theorem 4.23. Assume X(-) to be some feasible solution of the problem (Py) and
the pair of functions {x*(-),(*(-)} that satisfy the following conditions almost
everywhere

a. (= 1) = HOC (1), C* () € F*(x*():(X(0), %(t—h(1), X1), 1) ae. €.t —h(t)],
b. (= &(1), (" (1) € F*(x*(1); (X(0), X(t — h(0)), X(1),1) ae. 1 € [y — h(t)), 1],
. X(t) € F((0), %(t — h(0)),x*(t),1) ae. t € [to, 1]

where (*(-) is absolutely continuous and x*( - ) is a sum of an absolutely contin-
uous function and jump function. Then under conditions (i)—(iv) of Theorem 4.20,
the arc X(-) is optimal in problem (Py).
[0 We recall that one of the distinctive places in the proof of Theorem 4.20 is the
inequalities in Eqs. (4.111) and (4.112). As mentioned in Remark 4.12, in the pres-
ent case F(x, Xp, x3, 1) = F(xy, X2, ), so x; = 0. Therefore, ¢*(1)=0, te[t, 1.
Thus, by analogy to Egs. (4.111) and (4.112), the following inequalities hold:

PO+ (e0) = 500 HOC () = (5= h(0) = Fa = @), C D). 1€l K1),

(4.127)

%ft) = — (x(t = h(1)) = X(t = h(1)),C* (1), t€[ti —h(t),n]. (4.128)
In addition to these, it is not hard to see that
g t = hin)

| e =y~ = neon.conar= [ 0~z oominar - @129)

Adding the integrated inequalities in Eqs. (4.127) and (4.128) and taking into
account Eq. (4.129), we have the same inequality (4.114). Moreover, based on the
inequality in Eq. (4.114) in a similar way, the validity of the theorem can be
shown. l

Now, let us illustrate the suggested method in some simple examples.

Example 4.4. Let us consider the neutral-type problem (Py), where
X(t) = Ax(t) + Aix(t — h) + Ax(t — h) + Bu(t), u(t) e U. (4.130)
Here A, A}, A, are n X n matrices, B is an n X r matrix, and UcR" is a convex
set. Obviously, Eq. (4.130) can be reduced to problem (Pn) with differential

inclusion:

Xx(t) € F(x(t), x(t — h), x(t — h)), (4.131)
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F(xl,X2,)C3) =A)C1 +A)C2 +A)C3 + BU.
It is easy to see that

H(x1,x2,x3,Y%) = (x1, A"Y*) + (x2,ATy*) + (x3,A5y") + sup (Bu,y*)

uelU
SO
Kk _ @y AY ALY, if — By e Kip(i),
F (y ,(X1,X2,x3»)’)) { @, if _B*y*¢K;}(IZ),

where A* is the adjoint (transposed) matrix of A.
Then by the adjoint differential inclusions (a) and (b) of Theorem 4.20,

— @) = @+ h) + ot + h) = A*x*(p),
(O =A[x*(1), " () =A5x*(t), telt, ti—h),
—X*(t) =A*x*(), te[t —ht],

SO
(@)= —A@) —AX @+ h) + ANt th), telt,t—h),

() = — A1), teln—hn) (4.132)

Besides, taking into account the conditions — B*y* € Kj(i1) and (c) of Theorem
4.20, we have

(x*(1), Ba(t)) = sup (x*(¢), Bu(r)) (4.133)
uelU

where () is a controlling parameter corresponding to X(-). Thus, the conditions
(a)—(c) of Theorem 4.20 for problem (Py) with Eqgs. (4.130) and (4.131) consist of
the conditions in Eqs. (4.132) and (4.133). Obviously, Eq. (4.130) or (4.131) can be
rewritten in the form

%[x(t) — Agx(t — h)] € F1(x(¢), x(t — h)) a.e.t e[t t] (4.134)

where F(x;, xo) = Ax; +Ax, + BU. Let us write out the conditions (a’) — (¢’) of
Corollary 4.7. First of all, it is perfectly clear that the problem (Py) with
Eqgs. (4.131) and (4.134) has the same sufficient conditions. In fact, one can easily
check that

(L _ _ [ @AY, if — By e Kj(iD),
Fl (.y 7(x17x25y A2)C3)) - { @’ if _B*y*¢K(*](IZ)
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Then conditions (a’) — (¢’) of Corollary 4.7 have the form

—X*(t) = @t + h) + At + ) = A%X (1), CF(t) =Ax*(1) ae. t €[to, 1 — h),

() =—A@), C"(H)=Ax"(r) ae. te[n —h1]

or
d
yr [x*(f) — A5x*(t + h)] = — A*x*(t) —Ajx*(t + h) ae. t€[to,t; —h)
()= —A*x*(t) ae. te[t—hn] (4.135)
which is nothing but Eq. (4.132) and in the present case the condition (c¢’) simply

consists of Eq. (4.133). Note that the adjoint inclusion in Eq. (4.135) and the
adjoint inclusion of Theorem 6.1 of Ref. [205] coincide.

Example 4.5. Now let us consider a problem (Py) with a differential equation and
variable delay:

(1) = Ax(t) + Aix(t — h(D) + Bu(r), u(r) e V. (4.136)

A, A, are n X n matrices, B is an n X r matrix, and V<R” is a convex set. Let us
replace Eq. (4.10) with the differential inclusion:

i(6) € F(x(t), x(t — h(?)), (4.137)
F(x1,x) =Ax; +A1x, + BV.

By a similar calculation to Example 4.4, we can conclude that the conditions (a)
and (b) of Theorem 4.23 are transformed in

—X5(0) = C'(r@)r(0) = A*x* (1), 1 € [to, 11 — I(t1)),
C*(1) = ATx*(v), (4.138)
—X*(t) = A*x*(t), te[ty —h(h), ],

respectively.
Finally, Eq. (4.138) can be rewritten as follows:

(1) = — AX(@) —AX(r@)F (1), telto,n —h(n)], (4.139)
()= —A"X"(@), telti—ht) 4] (4.140)
That is, conditions (a), (b), and (c) of Theorem 4.23 for this problem are the

conditions in Egs. (4.139), (4.140), and (4.133), respectively. Thus, Examples 4.4
and 4.5 show that for concrete problems, the conditions of the proved theorems and
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well-known results of classical optimal control theory coincide. Similarly, consult
Mordukhovich [188] or Gabasov and Kirillova [94] for more detailed information.

4.7 Optimal Control of HODI of Bolza Type with Varying
Time Interval

In this section, a sufficient condition is formulated for problems with HODI, under
the #-transversality condition. In particular, the time optimal control problem
is studied. LAMs are used for both the convex and the nonconvex -cases.
Furthermore, the application of these results is demonstrated by solving one
example.

Agarwal and O’Regan [1] presented new fixed-point theorems for weakly
sequentially upper semicontinuous maps. These results were then used to establish
existence principles for second-order differential equations and inclusions.

Auslender and Mechler [23] give necessary and sufficient conditions for the
existence of a solution to second-order differential inclusions with state constraints.
Furthermore, they introduced and studied second-order interior tangent sets to
obtain such conditions.

Benchohra and Ntouyas [31,34], Benchohra et al. [32,33] investigated the exis-
tence of solutions for initial and boundary value problems for second-order impul-
sive functional-differential inclusions in Banach spaces.

In the next section, we consider the following optimization problem for HODI
on the nonfixed time interval [to, #]:

4]

infimum J[x(+),1;]: = J (1), X (1),...,.x V@), 0)dt + o(x(t1), X (11), ..., x5 (1)), 11)

fo

(4.141)
(Py) subjectto Lyx(1) € F(x(t),t), t €[ty 1], (4.142)

and
x(to) = x0, X' (t0) = x1, . . ., X V(tg) = x4-1, (4.143)
x(t1) € Qo, X (t1) € Q1 ..., x* (1) € Oy, (4.144)

where F : R" X [to, t;]— P(R") is a multivalued function and L, is an sth-order dif-
ferential expression:

_dx d'x dx
LAVX—PO% th e T e P



Optimization of Ordinary Discrete and Differential Inclusions and #,-Transversality Conditions 207

with p;, i=0, 1, ..., s some real constants. The initial time moment ¢, is fixed. We
label this problem as (Pg). The problem is to find a solution X(-) satisfying almost
everywhere the HODI in Eq. (4.142) on the time interval [#, #;] and with the initial
and final state conditions in Eqgs. (4.143) and (4.144), which minimizes J[x(-), #;].
Here, a feasible solution x( - ) is understood to be an absolutely continuous function
on a time interval [7y, t;] together with the higher order derivatives up until s —1,
for which x)(-) e L}. Observe that such a class of functions WY ([to,11]) is a
Banach space, endowed with different equivalent norms. For instance,

N

s—1
[« = > WP + 272G or [x()] = 2P,
k=0

k=0
4] ﬁ
where Hx(k)(')Hp= Jlx(k)(t)V’

to

1 =p < oo and |x| is a Euclidean norm in R".
Note that there are clear relations

3]
6D () = Jx(k)(t)dt +x* V), k=1,2,...,s

1o
and if X(-) is another feasible solution of problem (P), then

3]

Ly —1(x(t)) — X(ty)) = JLk(x(t) —x(t)dt, k=1,2,...,s.

to

We say that the solution x(-) of the HODI in Eq. (4.142) transfers the state
from the initial point (xg, X1, ..., Xy —1) to the final set Q = Qy X --- X Q;_1 on the
time interval [f,, t;] if the boundary condition in Eqs. (4.143) and (4.144) holds.

Let W4(-) be a support function for a set AeP(R") as before; i.e.,
Wa(x*) = sup, c 4 (x*,x).

Proposition 4.2. Let Q be the Cartesian product of the sets Q; € P(R"), i =0,
L...,s—1ie, Q=00X Q| X - X QO ;= (R"".

Then the equality Wo(x*) = S22\ Wo,(x), x* =(x%,...,x" ) € (R")" holds.

[ Indeed we have

s—1 s—1
Wox*) = sup (x*,x) = sup { (x}k,xz?} = ZWQ,-(X?)-.
=0

xeQ xi€Qi | j=0
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Let X(-) be a feasible solution of the problem (Py). For a given adjoint trajectory
x*(+) on [ty, 1], let us construct the following higher-order adjoint differential
inclusion (HOADI):

i Lix*(1) € F*(x*(1), (X(1), LX(1)), 1), t € [to, 1],
ii. Lii(t) € F(x(1),x*(1),1), t€[to,t1],

where L} is the adjoint differential expression; i.e.,

dv 1(p1X)+_

Lix*=(-1) g

+(=1)

% o pox. (4.145)

Here, an adjoint trajectory x*( - ) satisfies the HOADI almost everywhere on [#, #;].

Definition 4.6. Let %(-) be a feasible solution of the problem (Py) and suppose
that X(-) is an adjoint trajectory satisfying HOADI. We say that there is a f,-trans-
versality condition on the final state set Q = Qg X Q; X --- X Q, _; if the inequality

s—1 s—1
= S L O,8900) > S W (— L, ¥ (1)
k=0 k=0

holds for to =t <t;.
Let us introduce the following s-dimensional vector-function and differential
expression:

2(1) = (x(0), X (1), ..., x4 V()),
L¥x*(t) = (Lgx*(2), Lix* (1), . .., Li_ 1 x*(1)),  Lgx™ (1) = pox™(1),

respectively.
Then by Proposition 4.2, it follows from f,-transversality that the inequality

—(L*x*(1), 2(1)) > Wo(— L*x*(1)), 1o = t<p

holds. In other words, the #;-transversality condition guarantees that the point Z(#;)
belongs to the set O only at the moment ¢ = ¢, or there is at least one k such that
(1) ¢ Oy for all te[to, 1y).

Furthermore, assume that the Bolza cost functional J[x(-), f] is monotone with
respect to the argument ¢; that is to say, the inequality J[x(-), 6;] <J[x(-), 6,] holds
for any 64, 6, €[ty, t;] (6; < 6,) and for all feasible arcs x( - ) of the problem (Pp).

Theorem 4.24. Let %(-) be a feasible arc of the HODI, which transfers the state
from the point (xg, Xy, ..., x;—;) to the set Q on the time interval [7y, #;]. Assume
that there exists an absolutely continuous adjoint function x*( - ) on the time interval
[to, 1] of the HOADI (i) and (ii), together with its higher-order derivatives up until
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s —1, for which x*¥)(-) e L?. Furthermore, suppose that J[x(-), f] is monotonic
increasing with respect to ¢ for any feasible arc of the HODI in Eq. (4.142) and that

a gy, .., ys-1,0) — (&), % (1), ...,.57V 0
= (=L x*(0),x — (1)) + (= LF 1" (6),y1 =X () + -+ + (= pox*(t), ys-1 —27())
Vx,y;€R', ---i=1,...,5—1, ae.t €[t t],

b, PV Y1 1) = Q@) X (@), - (), 1)
= (= Ly x*(t1),x — (1)) + { = Ly _px*(t), 31 =% (1)) + -+ + (= pox*(t1), ys—1

_i(s_l)(tl))aer():yieQia 1_130")5‘ 1
c. t-transversality condition on Q = Qg X --- X Q.

Then the arc X(-)is optimal.
L] Let x(-) be a feasible arc realizing the transition from the interval [#,, *] to the
set Q= Qg X --- X Qy_y. Let us show that J[x(-),*]=J[X(-),#;]. We can rewrite
condition (i) as follows:
H(x(t),x*(1),1) — H(¥(t), x* (1), 1) = (Lix™ (1), x(t) — %(1)) (4.146)
By condition (ii),
H(X(t), x*(1), 1) = (LsX(1), x* (1)) (4.147)
and by the definition of H,
H(x(t), x*(1), 1) = (Lsx(t), x* (1)) (4.143)
Taking into account Eqgs. (4.147) and (4.148) in (4.146), we have

(Ly(x(t) — %), x* (1) = (L*x*(0),x(t) — X(0)). (4.149)

Now it is easy to see that

<dk(x(r>—x(r)) *(t)> <( l)kdk (1) @_m>

dr

_d [d"7 () - X)) dE2(x(t) — (1) dx* ()

_ E<T ()> < T > (4.150)
(=1 <x(t)—x(t) dkdl *l(t)>, k=1,2,...,s,

(ps(x(t) = X(1)), x*(1)) — (x(1) — (1), pox™ (1)) = 0. (4.151)
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Multiplying both sides of Eq. (4.150) by p,_ and summing on k and taking
into account Eq. (4.151), we have

(L(x(r) = X(0)), X" () — (Lx™ (1), x(1) — X(1)) =

s—1 *
- %<Ls2(x(l) w0, & (t)> S <Lo(x(f)_x(l)) T 1@>

&.|Q‘

Ls— (x(t) - i(ﬂ)» x" (l»

(4.152)

where Lo(x(t) = (1)) = po(x(t) — ().
Recall that x(-), %(-) are feasible arcs and x(fy) = X(#o). Therefore, integrating the
two sides of Eq. (4.152) on the time interval [ty, ;] we obtain
1

J[(Ls(x(t) = X(0),x" (1) — (Lx™(0), x(t) = X(0))]dt = (Ly—1 (x(11) — X(11)), x"(11))

fo

s—1
. (_1)5_] <p0(x(tl)'£(t1))? %ftl)>

(4.153)

- < (a(x(ty) — &(1)), dx*m)>

Direct verification shows that Eq. (4.153) can be rewritten as follows:

s—1 s—1

D DML () = 7)), P)) = D (LE (1), 20 (0) = #0(n)

k=0 k=0
(4.154)
Consequently, it follows from Eqs. (4.149) and (4.154) that
[z = 702700 = i 0.0 ~ s
fo (4.155)

—_

=) (L) (), x () P @) = 0
0

Let AJ=J[x(-), "] —Jx(-), ;] be the increment of the Bolza functional J
obtained by the transition from arc X(-) to the arc x(-). Then we have

o~
1l

23

AJ = e(x(t), X' (%), . .., x57D(t*), ) + Jg(x(t),x’(t), xSV, f)dt

fo
n

- @(i(tl)’x’;(tl)a s ai(Sil)(tl)a tl) - J’g(i(t)ax’;(t)a e 9~£(X_l)(t)a t)dt

fo
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Then from hypotheses (a) and (b) and from Eq. (4.155), we obtain

"
4

AT = o(x(r*), X' (1%), ..., x5D(r*), %) + Jg(x(t),x'(t), L XS@), ndr

fo
4]

- L)O(X(l‘l)a-x/(l‘l)a v sx(s_l)(tl)a tl) - Jg(x(t)rxl(t)a cee sx(s_l)(t)’ t)dt

fo
t
ST s—1 ']

D 0 )0~ #00) =3[ 00~ s
k=0

—_

T
(=)

s—1 s—1

- <L;k— k —lx*(t1)3X*(t1):x(k)(tl) - i(k)(tl)> - ZJ<L_T— k _1x*(t),x(k)(t) - )Z(k)(t»dt
k=0 k=0

(4.156)

= o(x(t*), X' (%), ..., X V() ) + J g(x(0), X (1),...,.xV(1), t)dr

to

n

— o(x(t1),X (1), ..., x5 V(t)), 1) — Jg(x(t),x/(t), L xV@), )t

fo

To prove the optimality of X(-), let us assume the contrary—for any feasible arc
xX(+), telto, '], x(io) =x0, ¥(t)=x1, ..., X Vltg)=x,_1, ¥ (e k=0,
I, ..., s —1, let the increment be negative; i.e., AJ <0 or J[x(*), *] <J[X(*), ]
Then by Eq. (4.156), this means that J[x(-), "] <J[x(-), t;]. Since J[x(-), t] is
monotone on f, we conclude that r* <t,.

On the other hand, by Eq. (4.155), it is clear that for t = ¢*

s—1 s—1
D AL X @), 20 = Y (L (1), 20 (@),
k=0 k=0

Finally, by the ¢ = ¢* transversality property on Q, we get
s—1 s—1
= Y AL @20 > Y Wo (= Li X (1) = Wol(= L' (1)),
k=0 k=0
(4.157)

Thus, remembering that #* <, the inequality in Eq. (4.157) implies that there is
at least one k for which x(k)(t*)gé Oy; i.e., the arc x(-) cannot realize the transition
from the interval [f, ] to the set Q. This means that X(-) is the optimal arc. B
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Remark 4.13. It is obvious that the Bolza-type problem (Pg) with fixed time inter-
val * =, and the inequality in Eq. (4.156) implies that AJ =0, and consequently
X(+), is optimal. So the #,-transversality condition in the considered case is superflu-
ous. Moreover, the monotonicity condition on J[x( - ), f] in ¢ is unnecessary.

Remark 4.14. Suppose that at the moment ¢ = ¢, there is only one restriction; e.g.,
x(t1) € Qp. This means that Q; =R", k=1, 2, ..., s —1. Then by Proposition 4.2,

N 0, x; =0,
wau={% . 525

and in the hypotheses (a) and (b) of Theorem 4.24, Li_ x*(1)=0, k=1,...,
s—1, te€[t,t]and the t;-transversality condition consists of the following:

— (L x*(0), %)) > W, (— L_ x (1), 1o = t<t,.

Remark 4.15. Note that in the theory of linear differential operators, a formula
similar to that in Eq. (4.153) is called Lagrange’s formula [139].

For the sake of simplicity, we now consider the time optimal control problems
in Eqs. (4.142)—(4.144). This problem is to find a feasible solution x(-) of the dif-
ferential inclusion in Eq. (4.142), which transfers the state to the set
Q=QyX --- X Q,_; in the least time.

Theorem 4.25. Let %(-) be a feasible arc of the differential inclusion in
Eq. (4.142), which transfers the state to the set Q on the interval [7y, #;]. Assume
that there exists an adjoint function x*(-) of the HOADI (i) and (ii) of Theorem
4.24, which is an absolutely continuous function together with its higher-order deri-
vatives up until order s—1. Further assume that the #-transversality condition on
the set Q = Qg X -+ X Q1 holds.
Then the solution X(*) is optimal.

[J Suppose that the solution X(-) is not an optimal one. Then there exists a feasible
solution x(-) of the HODI (i) that does a transfer from the initial state [x(zy), X’
(t0), ..., x¥ D(1p)] to the final set Q on the time interval [y, 6] and 8 <1,. Then
considering the feasible functions x(-),X(+) on the time interval [#,, ] by analogy
to the proof of Theorem 4.24, we have the same inequality (Eq. (4.155)) rewritten
for point t; = 6:

s—1

oL (0),x0(0) — 300)) = 0

or

s—1

- ZZ:()(L:—k—IX*(o)’x(k)(Q» = = > (Li 3 (0),5900)) (4.158)

k=0
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Since for fy =6 <t; the #;-transversality condition is assumed to hold, we have
from the inequality in Eq. (4.158)

s—1
s—1
= L O, xPO) > > Wo (— L, x"(0), 1 = 0<1.
k=0
(4.159)

But Eq. (4.159) contradicts the inclusions x(0)e€ Qq, X' ()€ Q;, ..., D@ e
Qs -1

This contradiction proves our theorem. Wl

Now in the cost function in Eq. (4.141), let g(x, vy, ..., ys—1, 1) =g(x, 1), p(x,
Vis - -5 Ys—1, 1) =@(x, 1) and suppose that g(-, f) and ¢(-, t;) are convex functions;
i.e.,

1

Jix(-)n] = j S0, D + p(x(11). 1),

to

Theorem 4.26. Suppose that g(-, ) , ¢(-, #;) and the multivalued function F(-, f)
are convex and that Q;, i=0, 1, ..., s —1 are convex sets in Eq. (4.141)—(4.144).

Let X(-) be any feasible arc of this convex problem and assume that there exists
an absolutely continuous function x*(-) on [fy, ;] together with its higher-order
derivatives up until s—1, which satisfies the HOADI

L;kx*(t) € F*(X*(t)’ (i(t)’Lsf(t))’ t) - ag(x(t)a t)a re [t()a tl]'

Further assume that J[x(-), ] is monotonically increasing with respect to ¢ for
any feasible arc x(-) of the HODI in Eq. (4.142) and that the following conditions
are satisfied:

L Li x*(t) e K On), k=1,2,...,s—1,
2. =Ly x"(h) € Op(i(th), 1),

3. t)-transversality condition on Q; X --- X Qg _;.

Then the arc X(-) is optimal.
] It is not hard to see that in the considered case, the inequality in Eq. (4.146)
from the proof of Theorem 4.24 has a form:

H(x(1),x*(1), 1) — H(X(2), x"(1), 1) — g(x(1), 1) + g(%(2), 1) = (L{x™(1), x(2) — X(2)).
so (see Eq. (4.149))

(Ly(x(t) = X(0)), (D)) — (Lix™(0), x(1) = X(1)) = g(x(1),1) — g((1),1)  (4.160)
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By hypothesis 2,
(= Ly x*(n), x(r) — &(11)) = p(x(11),11) — p(X(11), 11) (4.161)

Taking into account Eq. (4.155) and integrating the inequalities in Eqs. (4.160)
and (4.161) on the interval [y, #;] and adding them, we have

s—1
T, 0] = IR 0] = > (L x(0),x0(0) = #9(0)) .
k=1

By hypothesis 1, the right-hand side of the last inequality is nonnegative; i.e.,
Jx(-), 1] = J[E(-), 1] = 0. (4.162)

Now using the inequality in Eq. (4.162) and the same method as in the proof of
Theorem 4.24, we can show that (see Eq. (4.156))

t3 f

o), i — i), 1) — J g(x(0), )i

o

AJ = p(x(t), %) + J

fo

and r* <t;. Then by analogy with Theorem 4.24 using the #-transversality condi-
tion, it can be shown that X(-) is optimal.

Remark 4.16. At once the inequality in Eq. (4.162) implies that if #; is fixed, then
conditions (1) and (2) are sufficient for the optimality of X(-).
Let us consider the following familiar time optimal control problem:

5] 2
infimum # = J 1-dt subject to

fo

d—;:”’ue[_]’”’ (4.163)

x(0)=x9, X(0)=x;, x(t,)=x(t;)=0.

It is required to find the optimal control 7(-) such that the corresponding arc
X(+) minimizes t;. In the present case [see (Pg)]

2

X
= W,SZZ,F(X,I):{M: |M| = 1}3SOEO,gE l,Q():Ql :{0}

Lx
So the time optimal control problem in Eq. (4.163) can be written as follows:

infimum #; subjectto Lyx € F(x,1), (4.164)

x(0)=xp, X' (0)=x;, x(r;)=x'(1;)=0.
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Clearly,
H(x,v3,1) = m;ax{uv; dul = 1} =3 (4.165)
SO
F*(v3, (x,v),0) = 0,H(x,v3,1) =0, vy € F(x,v3,t)={—1,1}. (4.166)

Then taking into account Lx* = d*x* /(dt?), we have (see Theorem 4.25)

d’x*
W :05 te[oatl]a

for which the solution is a linear function of the form x*(¢) = ¢t + ¢, where ¢y, ¢»
are arbitrary constants.
Then Eq. (4.165) implies that &(t)x*(f) = |x*(¢)|, or

i) = J signx* (), if x*(1) # 0,
0= {Vuo e[—1,1], if x*(t)=0. (4.167)

Furthermore, x*(¢), te[0, t;] as a linear function vanishes, which is not more
than one time on [0, #;]. Therefore, for optimal control ii(-) by Eq. (4.167), there
are four possibilities:

=1, x*()#0, rel0,4], (4.168)
it)= —1, x*(t)#£0, r€0,1], (4.169)
ﬁ(t)z{ _}’ 22’;? (4.170)

n L 0=1t<T,
u(t)—{ Vo= (4.171)

Observe that x*(7) = 0 and the values of the control functions u(-) at a point of
discontinuity 7 are unessential. Using Eqs. (4.168)—(4.171), by solving the Cauchy
problem,

d’x(t
d’;g ) _ i), x(t)=x(01)=0 (4.172)
we have a unique solution with the initial point x(0) = xo, x'(0) = x;.
Thus, substituting Eq. (4.168) into (4.172), we have

t2
x(ll) = El +X1t+)€0



216 Approximation and Optimization of Discrete and Differential Inclusions

and the conditions x(z;) = 0, x/(¢;) = ¢; + x; give us

2

X
ti=—x +1/x3 —2xp, and x} —2x=0 or xozil, (x; <0).

Consequently, in the case #i(t) = +1, the Cauchy problem in Eq. (4.172) corre-
sponds to the initial points xo, x; for which xo = (x3/2), x; <0. By analogy, if
i(t) = —1 we have from Eq. (4.172) initial points satisfying xo = (—x3/2), x;>0.
The family of solution-arcs AB and CD of parabolas are illustrated in Figure 4.1.

! W A°

A
z; <0
29 >0 B $ 0 t=t t
0 > >
t=1 x>0 D
zp <0
c

Figure 4.1 Family of solutions consisting of one parabola.

In a similar way, in Figure 4.2, for every optimal control in Egs. (4.170) and
(4.171), taking the values * 1 and having not more than two intervals of constancy
which corresponds to the initial points satisfying xo = — xq|x¢|/2:

Figure 4.2 Family of solutions consisting of two parabolas.

As is shown in Figure 4.2, the trajectories (A;B;D; and A,B,D,) consist of two
pieces of parabolas and at points =7 (see Figure 4.2(a)) the value of u switches
its value and becomes equal to + 1 and —1 (see Figure 4.2(b)), respectively.



5 On Duality of Ordinary Discrete and
Differential Inclusions with Convex
Structures

5.1 Introduction

In this chapter, we construct the dual problems to the primary convex problems for
ordinary discrete (DSI) and differential (DFI) inclusions. Duality theory, by virtue
of the importance of its applications, is one of the central directions in optimal con-
trol theory. For example, in mathematics and economics, duality theory is inter-
preted in the form of prices; in mechanics, potential energy and complementary
energy are in a dual relationship—the displacement field and the stress field are
solutions to the primary and dual problems, respectively. Besides these applications,
duality often makes it possible to simplify the computational procedure and to con-
struct a generalized solution to variational problems that do not have classical solu-
tions. The duality theorems allow you to conclude that a sufficient condition for an
extremum is an extremal relation for the primary and dual problems. The latter
means that if some pair (x, x*) satisfies this extremal relation, then x and x* are
solutions to a primary and a dual problem, respectively. We remark that a signifi-
cant part of the investigations of Ekeland and Temam [75,76] for simple variational
problems are connected with such problems and that there are similar results for
ordinary DFI in Mahmudov [142,144—149,155,157,158,161], Mahmudov and
Deger [172], Mordukhovich [185,186,199], Rockafellar and Wolenski [233,234],
and Richard and Yung [227].

In this chapter, the operations of addition and infimal convolution of convex
functions is the starting point for the construction of duality theory.

In Section 5.2, we consider an important class of optimization problems of
mathematical programs with equilibrium constraints y e F(x), where the multifunc-
tion F(x) appears in various aspects of equilibrium theory related to mechanical
and economic modeling. We shall investigate this problem in the abstract form

(EC) infimum g(x,y) subjecttoye F(x) NN, xeM.

Note that in Ref. [212], the main attention is paid to the case in which the equi-
librium multifunction F is given in the form F(x) = {yeY : Oefix, y) + O(x, y)}
with f: XXY—Z and Q : X XY—P(Z), where P(Z) is a set of all nonempty

Approximation and Optimization of Discrete and Differential Inclusions. DOI: 10.1016/B978-0-12-388428-2.00005-9
© 2011 Elsevier Inc. All rights reserved.
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subsets of Z. The dual problem for mathematical programs with equilibrium con-
straints is the following maximization problem:
(EC*)  sup {=g"(xg,¥5) + Mp(xg —x*,y" =y5) =Wn(—y") =Wn(—x")}.

£ vk
X505V

In what follows, we prove that if v and v* are the values of optimization problem
of mathematical programs with equilibrium constraints (EC) and its dual problem
(EC*), respectively, then v=v* for all feasible solutions of primary and dual pro-
blems. Moreover, if a certain “regularity condition” (see Definition 5.1) is satisfied,
then the existence of a solution to one of these problems implies the existence of a
solution to the dual problem, where v = v*, and in the case where v > —oo the dual
problem has a solution.

In particular, under the quasisuperlinearity condition relative to F and sets N, M
are formulated necessary and sufficient conditions for the finiteness and attainabil-
ity of v*.

Next, in the case of g(z) =fo(x) in terms of the recession function fg‘O+ is formu-
lated one sufficient condition (Theorem 5.5) for the equality of values of primary
and dual problems.

One of the main object of discussion of this chapter is an optimization of convex
DSI of the form

T
(Pd) inf Zg(x,,t), subjectto x| € F,(x,), 1=0,...,T—1, xo€ Ny, xr € My,
=0

where g(-,f) and F, are a convex and a multivalued function, respectively, and Ny
and M7 are convex sets. For this goal, in Section 5.3, we first construct the dual prob-
lem for polyhedral DSI considered in Section 4.3; i.e., the problem where g(-,f) is a
polyhedral function and F; is a polyhedral multivalued function given by F(x)=
F(x)={y : Ax— By=d}; Ny and M7y are polyhedral sets. As above, it should be
emphasized that we use the operations of addition and infimal convolution of convex
functions (Theorem 3.15).

The dual problem for (Pd) is reduced to a problem of the form
sup{ —¢*(w*) —65( —w*)}. Calculating polyhedral functions ©* and 6, which have
concrete forms connected with problem (Pd), we construct the dual problem. Then
by using the notion of infimal convolution, we investigate the duality relations for
classical linear programming theory. In Section 5.3, on the basis of polyhedral
duality results, we establish the dual problem for polyhedral DFI.

In Section 5.4, we construct the dual problem for problem (Pd), which consists
of the following:

T T-1
(Pd)  sup T{—Zg*<ur,r>+ZMFxx:‘wr,x;l)—wNo(x;) Wy (i —x;)}

t=0 t=0

and prove duality theorems.
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In Section 5.5, a Bolza problem of optimal control theory given by convex dif-
ferential inclusions is considered. For such a problem, the dual problem is con-
structed and under some conditions the duality relations are established. Then a
connection between solutions of dual problems and necessary and sufficient condi-
tions for optimality in primary problem is considered. The constructed dual prob-
lem for the discrete-approximation problem allows us to make a bridge between
the duality problems for DSI and DFI. Construction of the dual problem to (CP) is
realized by passing to the formal limit as the discrete step tends to zero. The results
obtained are extended to the delay DSI and delay DFI.

5.2 Duality in Mathematical Programs with Equilibrium
Constraints

We consider an important class of optimization problems with equilibrium con-
straints y € F(x), where the multivalued function F(x) appears in various aspects of
equilibrium theory related to mechanical and economic modeling:

inf g(x,y) subjecttoye F(x) NN, xeM, 5.1

where g : X X Y->RU{+ w0}, F, and M =X are closed proper convex function, con-
vex multivalued function, and subset, respectively. In the more general case dis-
cussed in Section 3.7, we established necessary conditions of optimality (Theorem
3.6 and Corollaries 3.8 and 3.9) for the nonconvex problem in Eq. (5.1). Here we
construct the dual problem to the primary problem in Eq. (5.1) and establish duality
relations for it. To do this we easily reduce the problem in Eq. (5.1) to the convex
programming problem with a geometric constraint of the form

(G) inf g(z) subject to zeA

where A = (gph F)NX X N)NM XY)SZ=X XY, z=(x,y). With the use of the
infimal convolution of two functions, we have constructed the dual problem for the
convex problem considered in Section 3.3 as follows:

(G") sup{ —g*(z") =6, (—z")},

where 04(-) is the indicator function of A. Here, by Theorem 3.15 of the duality
between the operations of addition and infimal convolution of convex functions if
there exists a point z; €A, where g is continuous, then (g + §4)* = g* @ &%, so the
values of the primary and dual problems (G) and (G*) are equal. In addition, if the
value of problem (G) is finite, then 0edom(g + d4)* and the supremum in problem
(G™) is attained. On the other hand, since

04 = Ogph F + Oxxn T 6 xvy,

it is easy to see that
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G (=2°) =inf{6gy, g(27) + Ok w n(23) + Oy < v(23) 1 7 +25 + 25 + 25 =0},
7 =(,y7), i=1,2,3.

By Theorem 1.24, we can write (5.2)
5th #(27) =sup{(z1,2}) : z1egph F},
* ()= % . _ [sup{(y2,y3) 1 y2€N}, x;3 =0,
6X><N(Zz)—sup{<Z2,Z2) 1 €EX XN} = { oo, x; 0
=0, 63

" N N su 3, V%) y3EN},
6M><Y(Z3) = Sup{(z3jzs> :Z3EMX Y} — { +I;{)()’? y3) y3 } y: 7é 0

Definition 5.1. We say that the regularity condition for problem (G) is satisfied, if
there is a point zo = (xq, Yo) € Z such that either (1) (xo, yo) €ri dom g(xo, yo) €ri gph
F, xoeri M, yoeri N or (2) (xo, yo) €int gph F, xoeM, ypeint N and g is continuous
at zo.

Then under the regularity condition in Eq. (5.2), one has the equality sign, and
for all z*, such that §3( —z*) < +co, the infimum is attained.

Remember that by notation of Eq. (2.5),

Mp(xy,y)) = (i)glvf){<x,xi‘) — (»,¥]) : (x,y)egph F}.

Then in view of the relations in Eqgs. (5.2) and (5.3), and Theorem 1.24, we can
write

sup{ —g"(z") —63(—2)} = sup{ —g"(—2") + Mp(—x7,y7) —Wn(y3) =W (x3)},

(5.4)
where W is a support function of C.
Now, by using
=05y, a=6any), 5=0y), H=x,0)
in the condition Zf: 1 2F + 2" =0 contained in Eq. (5.2), we find that
X+ +x" =0, yi+y;+y"=0. 5.5

In what follows, for convenience denoting x*=ux;, y*=y; and then
x5 = —x*, y3 = —y* in the relation in Eq. (5.4), we observe that the right-hand side
of this relation has the form

sup{ —g* (x5, ) + Mp(xg —x*,y* —y5) =Wn(—y*) =Wy ( —x")} (5.6)

Naturally, the constructed problem in Eq. (5.5) is called the dual problem for the
primary problem in Eq. (5.1). Thus, comparing all facts in accordance with
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Proposition 3.4 and Theorems 3.17 and 3.18, we have obtained the result shown in
Theorem 5.1.

Theorem 5.1. If v and v* are the values of the optimization problems of mathemat-
ical programs with equilibrium constraints (Eq. (5.1)) and its dual problem
(Eq. (5.9)), respectively, then v =v* for all feasible solutions of primary and dual
problems. Moreover, if the regularity condition is satisfied, then the existence of a
solution to one of these problems implies the existence of a solution to the other
problem, and v=v* and in the case where v> —oo, the dual problem has a
solution.

Assume that we have a problem (Eq. (5.1)), where g(z) =fo(x). We construct for
such a problem its dual problem. At first we calculate the conjugate function g*.

Proposition 5.1. If g(z) =fy(x), then we have

sy = § o), if y* =0,
) {-i—oo, if y* # 0.

O] In fact, by definition of a conjugate function, we get

g"(z") = sup{(z,z") — g(2)} = sup{{x, x*) + (y,¥*) —fo(x)}

ot =

where f; is a closed proper convex function (Theorem 1.21).
Thus, by Proposition 5.1, the dual problem in Eq. (5.5) to the primary problem
below

infimum fy(x) subjecttoyeF(x)NN, xeM 5.7)
consists of the following:
sup{ —fg (x5) + Mp(xg —x", y*) =Wn(—y") =Wy (—x")} (5.8)
Similarly, if now g(z) =f(y), then g*(z*) = f*(y*), x* = 0, so the dual problem is

sup{ —f*(v") + Mr(xg, yo =y*) =Wn(=yp) = Wa(xp))-

Theorem 5.2. Let the regularity condition for the problem in Eq. (5.7) be satisfied.
Then in order for X be a solution to problem in Eq. (5.7), it is necessary and suffi-
cient that there exist vectors x* € Kj,(%), y* € Ky (¥), and x{; € dfp(X) not all equal to
zero, such that

xy —x*eF*(y";2), ZI=(%73), JeF@NN.
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00 The proof is similar to the one for Corollary 3.8. The difference is that under the
regularity condition in the convex case, A =1 in Corollary 3.8. Indeed, taking

Ap=domfy XY, A;=gphF, A,=XXN, A3=MXY,
we observe that either
(int Ag) N (int A;) N (int Ay) NA3 # & (5.9)

or
(ri Ag) N (ri Ay) N (i Ag) N (1i As) = ri AEWOA,' ) (5.10)

Therefore, taking into account these conditions, by Theorems 3.3 and 3.4, we
get \=1.1

Theorem 5.3. Let X be a solution to problem (5.7) and let the regularity condition
for problem (5.7) be satisfied. Then the triplet of vectors (xg,x*,y*) is a solution to
the dual problem (5.8) if and only if it satisfies the necessary and sufficient condi-
tion of Theorem 5.1.

O Let (x§,x*,y*) be a solution to the dual problem in Eq. (5.8). Since the problem
in Eq. (5.7) is equivalent to the problem in Eq. (5.1), where g(z) =fy(x), it follows
by Theorem 3.1 that 0€d(g(2) + 84(2)) or by Corollary 1.2 Zed(g + 84)*(0). In
turn, by Theorem 3.15, the latter inclusion yields Z€d(g* @ 673)*(0). Moreover, by
Proposition 3.2,

o(g" ®63)"(0) = 0g"(z") N 6d(—z") and

oA s vk (5.11)
Zedg* () N 364 (—2"),

where z* is a solution to the dual problem (G*). Furthermore, by hypothesis, remem-
ber that at points z* = (x5,0), 27 =" —x3,y"), 2=, —y*), z5=(—x%0),
where 37| z¥ + z* = 0, the infimum in Eq. (5.2) is attained; i.e.,
63 (=2) = Oy p(27) + 03 5y (23) 6y v (5)-
Then from the formula in Eq. (5.11), we obtain
2€08™(2") N 06y (1) N Oy n(23) N 63y ¢(23)

which implies that

7e0g (2Y), Z€d8iy p(&)), Z€05y \(Z),  Z€06} (2. (5.12)
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The first inclusion in Eq. (5.12) by Corollary 1.2 implies that z*e€0g(Z) or
(x5, 0) € 0fo(%) X {0}; i.e., xj€fo(X). Similarly, by virtue of the second inclusion in
Eq. (5.12), we get Ze0by,, p(z7) or, equivalently, zj€0dgpn r(Z). Therefore.
(x* =3, ¥*) €06gph F(2) = —Kgy, p(2) or by the definition of LAM xj —x* € F*(y*; 2).
Finally, by analogy, the remaining inclusions Z€d8y . y(23), Z€08y,x y(z5) imply
that y* e Ky (9) and x* € Kj;(%), respectively. Conversely, we show now that if the
vectors xj, x*, y* satisfy the necessary and sufficient condition of the theorem,
then the triplet (xg,x*,y*) is a solution to the dual problem in Eq. (5.8). By

Theorem 1.26, x§ € 0fp(X) if and only if
To () = (%, x5) —fo(®). (5.13)
Moreover, by Lemma 2.6, the inclusion xj —x* € F*(y*; 2) is equivalent to
Mp(xj —x*,y*) = (X, x5 —x*) — H(X, y"). (5.14)
Also it is clear that the inclusions x* € K (%), y* €K} (5) imply that
Wy(—y") = (&% =), Wu(—x")= (& —x7), (5.15)

respectively. On the other hand, remember that by Theorem 2.1, e F(%,y*) or,
equivalently, H(X,y*) = (y*, ). Thus, from Eqgs. (5.13)—Eq. (5.15), we have

/5 (g) + Mp(xg —x*, y*) =Wy ( —y*) =Wy (—x")
== (&xg) Ho() — §Ly") + (0 =2 %) — (5, ) — (& —xT) =f(R).

Consequently, we get v* =v. But by Theorem 5.1, v=v* holds for all feasible
solutions to the primary problem in Eq. (5.7) and the dual problem in Eq. (5.8).
Keeping these two inequalities in mind, we find that v =v*. 1l

Thus, Theorem 5.3 allows us to conclude that a sufficient condition for an extre-
mum is an “extremal relation” between the primary and dual problems. The latter
means that if some pair of feasible solutions satisfies this relation, then each of
them is a solution to the corresponding (primary and dual) problem
[75,76,144—185].

Proposition 5.2. For effective domain of g*@® 6}, we have the inclusion dom
(g ®EN2AC] + x5 + 5%y} +35) 1 Me(—x,y)) > —o0, Wy(y3) < +o0, Wiy(x))
< +o0, x*edom fj}.

In addition, under the regularity condition, there is an equality sign.
O It is known from Ref. [129] and Theorem 6.5.2, that dom(g*@®&})
= dom g* + dom §&}. Moreover,

dom &) 2dom &y,  + dom Oy +dom &y,



224 Approximation and Optimization of Discrete and Differential Inclusions

and under the regularity condition there is an equality sign. Then, taking into
account the relations in Eq. (5.3) and dom g* = {(x*,0) : x* edom f;'}, we have the
desired result.

Theorem 5.4. Let a multivalued function F and sets N, M be closed convex, and
let the regularity condition be satisfied. Then in order for the value v* of dual prob-
lem in Eq. (5.8) to be finite and attainable, it is necessary that

xhedomfy, xj—x*eF*(y*), —y*e(0"N)*, —x*e(0"M)*.

In addition, under the quasisuperlinearity condition relative to F and sets N, M,
these conditions are sufficient for the finiteness and attainability of v*.
O] Let the value v* of the dual problem in Eq. (5.8) be finite and attainable. By the
same argument as conducted in the proof of Theorem 5.1, v=v* and
Oedom (g + 64)* = dom (g* @ 6%). By Proposition 5.2, this implies that

XAt =0, iy =0, Me(—x,)) > —oo,  Wy(y) < +oo,

or in previous notations (xj —x*,y*)edom Mp, —y*eWy, —x"edom Wy, xje
dom . Then in view of Proposition 2.1, we obtain

(x5 —x*,y)e(0" gph F)*, —y*e(0"N)*, —x*e(0" M)*

By Definition 2.9 of adjoint (not locally adjoint) multivalued function F*, the
first of these inclusions implies that xj —x* e F*(y*). This ends the proof of the
necessity condition. Now in the case of the quasisuperlinearity condition relative to
F and sets N, M, we prove sufficiency of these conditions for the finiteness and
attainability of v*. Actually, in view of quasisuperlinearity (Remark 2.1), by
Proposition 2.1, we get

dom My = (0" gph F)*, dom Wy = (0" N)*, dom W), = (0" M)*.

Therefore, by going in the reverse direction, we have the desired result. ll

In Theorem 5.5, in terms of the recession function f(TO*, we formulate one suf-
ficient condition for the equality of the values of the primary and dual problems.
Remember that by Definition 1.25, epi (ff07) = 0" (epi f;).

Theorem 5.5. Let v and v be the values of the primary problem in Eq. (5.7) and

the dual problem in Eq. (5.8), respectively. Then in order for v = v*, it is sufficient
that there do not exist vectors x*, y*, x{ such that

(50 ")) =My —x*,y") + Wa( =y") + Wy(—x*) 0.
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[0 By Lemma 1.1, it may easily be seen that
0" (epi g*) = (", v) : {x*, v} €0 (epify), ¥ =0 VveR}.

Obviously, the recession function g*OJr has the form
(g*07)@) = (f;0")(x*), y =0. (5.16)

Moreover, from the positive homogeneity of conjugate functions of indicator
functions (Theorem 1.24), we get

(Elgn P07 D) = S (&, (Bn0')(EH) = 850%), 33 =0, 517
(851 y 07N = 63,5, 5 =0

From Eqgs. (5.16) and (5.17) by virtue of Corollary 16.2.2 of Ref. [228:141], we
can assert that if there do not exist vectors x*, y*, xg such that

(70 )G") + 8o (&) + 6305) + 63,(0) <0 519
Xt +xi+x5=0, yj+y5=0 ’

then ri (dom gNdom 64) # . Obviously, taking Ay = (dom fy) X ¥, A, =gph F,
A, =X XY, A;=M XY, we observe that the latter is equivalent to the relation in
Eq. (5.10). On the other hand, the existence of a point zg = (xq,yo) €int gph F,
Xo€EM, yoeint N such that g is continuous at zy ensures that the condition in
Eq. (5.9) is true. In turn, according to Proposition 4 of Ref. [111:219], if there do
not exist vectors x*, y*, xg such that

8, (@) + 85 () + 8 (25) + 8, () =0 (5.19)
g+ ++25=0, ’

then Eq. (5.9) holds. Furthermore, it is easy to derive (see Theorem 1.22) that

X 8 x*), if y*=0,
6A0(Z*) = { —I(ioon(l)f()( ) if i* ;é 0.

Also, by Theorem 6.8.5 of Ref. [129:347] (f;0 " )(x%*) = 630mf0()70*). It follows
that the inequality in Eq. (5.18) is none other than the inequality in Eq. (5.19), and
the inconsistency of the inequality in Eq. (5.18) implies that the regularity condi-
tion takes place. Hence, in accordance with Theorem 5.1 and the preceding nota-
tions Xo* = xj, xj = —x*, y; = —y*, we derive that v =v*.l

Now, by virtue of Theorem 3.15, we will construct the dual problem to the lin-
ear programming problem

infimum (c,x) subject to Bx=d,
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where B is an m X n matrix, ceR", deR™. In this case, fix) = (¢, x) is linear and
A= {x:Bx=dj} is a polyhedral set. Hence, for all z*, such that §5( —z*) < +c0,
we have

inf f(x) = sup{ /(") =63 (—x")}. (5.20)

Proposition 5.3. If A = {x : Bx = d}, then the indicator function ¢, of A has the form

64(x) = sup (y*, Bx — d).

y=0

[0 An elementary exercise. ll
Now return to the problem in Eq. (5.20). Clearly,

vy . _ 0, if x*=c¢,
f ()C )_ Sl;p(-x Cax) _{ +OO, 1f x* 756‘.

On the other hand, by Proposition 5.3, it is not hard to see that
Ba( =) =SUP {1 —3*) —64(x)) = sup{{x,x*) — sup (y*, Bx — d))}
X X y=0

=sup inf ((x, —x* —B*y") + (%, d)}.

Therefore,

y=0

inf (y*,d), if x*+ B*y* =0,
5(—x") = |
+o0, if x*+ B*y* #0.

Now, since dom(f* @ 6} ) = dom f* + dom &7, it follows that if 0 € dom(f* @ ¢});
i.e., x* + B*y* =0, then

sup{ —f*(x*) =&1(—x")} = =83(—¢) = sup {( —y*,d) : c + B*y* =0}.

y=0
In conclusion, Eq. (5.16) can be rewritten as the following duality relation:

inf{(c,x) : By=d} = sup {(—y*.d) : B'y* +¢ =0},
y=0

5.3 Duality in Problems Governed by Polyhedral Maps

In this section, we construct the dual problem for the polyhedral discrete and differ-
ential inclusions considered in Section 4.3. Then we will investigate the duality
relations and as a special case we will deduce the duality theorem for classical lin-
ear programming theory. It should be emphasized that, as above, we use the
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operations of addition and infimal convolution of convex functions which are dual
of each other. In this book, this is the most important case of dual operations as far
as applications to extremum problems are concerned. Note that if each function f;
in Theorem 3.15 is polyhedral, then it remains valid if ri (dom f;) is replaced by
dom f; [228:179]. First, we consider polyhedral optimization for the discrete inclu-
sions considered in Section 4.3 and labeled by (PD):

T
inf > g,
t=0

(5.21)
(PD) subjectto x,+1€F(x), t=0,1,...,T—1,
x0€No, xreMr,
where
glx, 1) = max {(x, 0) + 3}, 1=0,...,T,
iel,

F(x)={y:Ax—By=d},  No={xo:Nxo=p}, Mr={xr:Mxr=gq}.
Here I,, =0, ..., T are finite index sets, b'eR", 3! is a real number, bieR", A,

B are m X n matrices, N, M are rectangular matrices with n columns; and d, p, ¢
are column vectors with corresponding dimensions. It is required to find an optimal
trajectory {)E,}tT: o of (Eq. (5.21)) that minimizes ZzTZO g(x, 1),

Replace the problem (PD) with the following equivalent problem in space
Rn(T+l):

- T-1 N
inf o(w) subjectto weG = NyN ( ﬂo Gt) NMr, (5.22)
=
where

T
pw) = Zg(x,,t), w=(x,...,xp)eRTTDn
= (5.23)
Gt:{w:(xtyx[+l)€gphF}s t:OaaT_l
N():{WI)COGNQ}, MT :{XT ZXTEMT}.

Now if (dom @)N(dom é5) # I, then on using the operations of addition and
infimal convolution of the polyhedral functions (Theorem 3.15 in this book and
Theorem 20.1 of Ref. [226]) ¢ and 65, we can write

(p+86)" =" @b (5.24)
Thus, by the relation in Eq. (3.33), we derive that
inf{(w) : we G} = sup{ —" (") =65 —w")}.
The problem
sup{ —¢"(W*) =dg( —w")} (5.25)
is called the dual problem to the problem (Eq. (5.22)).
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Note that if the value v of problem (PD), i.e., the value of problem in Eq. (5.22),
is finite, then in the problem in Eq. (5.25), for every w* the infimum is attained.
Let us investigate the conjugate functions ¢ and ¢, which are polyhedral, too
(Theorem 19.2 of Ref. [226]). Put gi(x;,t) = (x,b!) + 3!, t=0,...,T, so that
g(x;, ) = max;ey, gi(xy, 1), t=0,...,T. Remember that, by Definition 1.21, the
convex hull of a collection of functions {g;:i€l,} on R" denoted by conv{g;:iel,} is
the convex hull of the pointwise infimum of the collection:

conv{g; : iel,}(x) = inf{xoeR : (xo,x)econV(AUI epi g,-) }
iel

Theorem 5.6. Let conv{g; : iel,;} be the convex hull of a collection of functions
{gi:iel,} on R". Then we have

T
P*w*) =) conv{gi(-,1) : ieL}(x}).
=0

* * * * 3 * .
Moreover, for all w* = (xj, ..., x}) edom ¢*, there are vectors x;* edom g}, i€l
= r_1.
and numbers o =0, >, ai=1:

W) = — iZaﬁ L X = Zaﬁbﬁ.

t=0 iel iel

[ It is not hard to see that, on the one hand,

T
W) =D gt 1), (5.26)
=0
and on the other hand, for any iel, t=0, ..., T, we have
! . * — LI
s o =B, if X =5,
8i(xr 1) {+oo, i X b (5.27)

By using the duality operations between the pointwise maximum of the convex
hull of a collection of convex functions (Theorem 2, Section 3.4 of Ref.
[111:189]), we can derive that

g (xf, 1) =conv{g;(-,1) : iel}(x]), (5.28)

where for every w*edom ¢* and so every xi*edom gf, there are vectors

xi*edom g(+, ) and numbers o =0, Y, al =1 such that

g, n= Z algr(d ), xF= Z alx*, t=0,...,T. (5.29)

iel iel,
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But in view of Eq. (5.27), xi* = b! is the only point belonging to dom gi(+, ), so
the latter relations give us

g, n=- ZZo/ﬁl, x; —Zal L,ot=0,...,T.

t=0 iel iel

Thus, taking into account Egs. (5.26), (5.28), and (5.29), we obtain the required
result.
Let C be given by

={w:Aw=d)}, (5.30)

where A,d are a rectangular matrix and a column vector, respectively. The most
important result about the 67 representation is the following.

Lemma 5.1. Let 6 be an indicator function of a polyhedral set (Eq. 5.30). Then
one has

") = inf d), if wr=A"\ A=0,
W) =
¢ +oo, if w£AN  A=0.

[0 By Proposition 5.3, we have §¢(w) = sup (\, Aw — d). Then we can write

A=0
Se(w*) = sup,, {{(w,w") — sup (A, Aw—d)}= sup{(w w*) + mf(/\ d—Aw)}
A=0
sup 1nf{(w w*—A" )+ A1rif0(/\ d)},

whence immediately the desired result. ll
Now we conclude that 52( —w*). Obviously, in accordance with Proposition 5.3,

56, (W)= SUP (X Ax, = Bx, 1 —d), 1=0,...,T—1, (5.31)

6 (W) ’YOaN-xO p>a 5 (W) Sllp ’YTaMxT C])
’Yo = 0 7=

Thus, by virtue of Lemma 5.1, it is easy to obtain that
: TF — A% * — R* * — ; +
65 (—wH () = { Al(r;f()()\,,d), if x5(r) = —A* N, x5, (D =B*\ and xF(1) =0, i # 1,1+ 1,

+o0, otherwise,
wi(t) = (K0, ..., x(0), 1=0,...,T—L. (5:32)
By analogy with the formula in Eq. (5.32), we compute that

inf (vp,p), ifxj(—1)=—N*yy, xi(—1)=0, i#0,
s ()= {”’mem (-D= N x(~D=0, i#

0, otherwise,

wH(—1) == 1), ..., x5(—1)); (5.33)
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inf ,q), fxp(T)=—-M*yp, x{(T)=0, i#T,
85 (—w(1) = {’Y<’7T('I> X(T) Vo A1) =0, i#

+00, otherwise,
wi(T) = (x5(T), . ..., x7(T)).

Remember that 6¢ = oy, + Zt 06(;, + 65 1is a polyhedral function, so by
Theorem 3.15 in this book or Theorem 20.1 of Ref. [226], we have
65 = (5:70 @ Zf;é 5*0, @ 6*~T, or, in more detail,

T-1
5*6(—w*)—1nf{25* (=w* (1) + 05, (W™ (=1)) + 6 (—w*(=T)): Zw*(l) w }

i=—1
(5.34)

and if 85,( —w*) < +o0, the infimum is attained for all w* = (x§,, ..., x%). In view of
the formulas in Eqs. (5.32)—(5.34) and the form of the vectors w*, w*(i),i=—1, ...,
T in relation Z _y wi(i) = w*, we have

i=

0% k) — : r-
Oc(—X5, ...y —x3) = N 20,7’;gf0,"/r —0 {Z()\,, d) + (ve.P) + (77> q)}
(5.35)

i=0
—A* XN —N*yy=x5, —A*N +B*\ | =x],
B*Ar 1 —M*yp=x3, t=1,...,T—1L

Now taking into account Eq. (5.35) and Theorem 5.6, it is easy to conclude that
the dual problem in Eq. (5.25) can be converted into the following problem (PD*)
with linear constraints:

(PD* o i,u'z'w {Zzatﬁt 2 Ar,d) (’70’]7) - (’VTa Q)},

i=0iel;
A* X+ Ny + Y afb) =0, A"\, —B*\ 1+ Y _aibj=0, t=1,....,T—1,
iely iel;
M*yp =B Ar—1+ Y _afb[ =0 Y al=1, ai=0, A, =0, 7,=0, v, =0.

iely iel

We call this problem the dual problem to the primary problem (PD). These
results are summarized as follows.

Theorem 5.7. If the effective domains of functions in the primary problem (PD)
have a point in common, then the optimal value in (PD) equals the optimal value
in (PD*) and both primary (PD) and dual (PD*) problems have solutions.
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Remark 5.1. In the case where T =1, setting g(x;,1)=0, go(x) = g(x0,0), Ip =1,
b? =b,, ﬂ? = f3;, the problem (PD) is converted to the following problem:

infimum go(x) subject to ye F(x) "N M7, xe€Ny (5.36)

for which the dual problem (PD*) has the form

ai’i]l:lg»% {Za“ﬁ )\O’d> ,VO’ ) (’Y]sQ)},

A* X + N*7, +Za0b0 0, M*y, —B*\)=0, (5.37)
iel
Y a=1La=0, =0, 3%=0, v, =0.
iel

It turns out that if I consists of a single index and B-zero matrix, then taking
M;=R", N= — E (E—identity matrix), d =p =0, §; =0 instead of the problems
in Egs. (5.36) and (5.37), we get the primary problem and the dual problem of lin-
ear programming, respectively.

In the next theorem, there is given a connection between duality and necessary
and sufficient conditions for optimality of the primary problem.

Theorem 5.8. Let {)?,},TZO be an optimal solution to the polyhedral optimization
problem (PD). Then the collection of dual variables

N=0, 7%=0, 7,=0, o'=0 (iel), o =0 (iely) (t=0,...,T—1)

is a solution to the dual problem (PD*) if and only if it satisfies the necessary and
sufficient conditions (Egs. (4. -27) and 4. 28)) of Theorem 4.4.

O Let &'=0 (iel,), N=0, &'=0 (iely), =0, A,=00r=0,...,
T —1) be a solution to the problem (PD*). We show that it satisfies Eqs. (4.27) and
(4.28) of Theorem 4.4. Let us denote

i =—N* Yo- X = _M*’?T’ ﬁt* = Zze[ alrbt = 05 R T; (5 38)
Bt =B, XF=AN 407 1=0,...,T—1 '

From the equivalency of problems (PD) and Eq. (5.22), it is clear that
86,00) = b6y, (V) = 6,3 (W) =0, where W= {f}/_,. Moreover, by virtue of
Eq. (5.31),

(N,A%, —B% 1 —d)=0, 1=0,...,T—1,

~ - ~ N 5.39
<'}/0,N)C() _p> :O; (’YT»MXT_‘H :0 ( )
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Now we shall show that &;" =0, if i¢ I,(%;) (see Eq. (4.28)). In fact, by Theorem

3 16 V" € 0p(W) N K(W), where W is a solution to the problem in Eq. (5.22) and

=@, ..., up) for given &'=0 (iel,), N=0, &' =0 (iely), ,=0,

VT =0 (r=0,...,T—1) is a solution (Eq. (5.25)). Then in accordance with

Theorem 1.28, it is not hard to see that Jp(W) = 0g(xp,0) X og(x, 1) X

-+ X 0g(¥r,T) and the inclusion W*e€dp(Ww) implies that i,*€0g(X;,7) or

u* econv{U,eI,()g,)bf} (t=0,...,T). Here with the preceding notations (Eq. (5.38))

from (PD*), we get Eq. (4.27) and the fact that ¥* + X7* = uj. Conversely, let us

show that if the vectors x*, xI, uf = Ziell(f’)aﬁbﬁ, Ztel,(x,) =1 (= LT

satisfy the necessary and sufficient conditions (Egs. (4.27) and (4 28)) of Theorem
4.4, then the corresponding vectors

N=0, 7,=0, v,=0 witha!=0 (iel), o =0 (iely) (t=0,...,T—1)

form a solution to the dual problem (PD*). At once we observe that these vectors
form a feasible solution for (PD*). Indeed, setting ! =0, i¢ [,(%;) in Eq. (4.47) of
Theorem 4.4, we can rewrite as follows:

=A*)\ + Zle[o 99, xr=A*N+ Y,
.XII =B*\ -1, XT:B*)\Tfl, [:1,...,T_l.

ll’

(5.40)

Obviously, the second and third relations of Eq. (5.40) yield the second con-
straint in problem (PD*). Taking into account the conditions xj +x*=uj,

= —N*v, and x* = — M*y; of Theorem 4.4, the other conditions of problem
(PD*) are easily verified. It remains to show that \,=0, v,=0, v, =0 with
at=0 (iel), af =0 (iely) (t=0,...,T —1) maximize the objective function
of problem (PD*). Indeed, by the necessary and sufficient condition of Theorem
4.4,

(Yo, P) = (N*vp,%0), (Y7, q) = (M vy, %7),
<>\,«,d>:(/\t,Aft—B)Z,+1), t:O,...,T—l.

By using the latter inequalities, we can write

= sup {ZZO/B’ i: A d) = (Yo, P) — (’YTJ])}

ap Aoy Li=0 i€l

>Z > ai - Z (A, A%, — B 1) — (N*50,%0) — (M*y7, %)

i=0iel(x) i=0
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Thus, by virtue of the constraints in problem (PD*), we have

T T-1
v =YYy

t=01iel t=1

— (N9, %0) — (M*y7, 1) Z > a'ﬂ’+2 D Qi %) — (B X, &)

t=0iel, (%) t=1iel (%)

+ (B*Ar—1, %) + (B* X, X1) — (A% Xo, Xo) — (N™yg, Xo) — (M*yr, X7)

T T
=D D afiTY > (s

<Za ,»x1> B A—1,%) + <B*)\r,3zz+l>

el,

t=0iel, (%) t=0 i€l
- z{ S et 5 +ﬁ§)}
iel (%)

T
= g0,
t=0

Hence by duality Theorem 5.7, it follows that v* = ZtT: 0 8(x:, 1) and so the col-
lection of \,=0, 79 =0, 77 =0 with o/ = 0(i€l,), ol =0 (iely) (t=0,...,T 1)
is a solution to the dual problem (PD*).

Remark 5.2. We remark that the first part of the proof of Theorem 5.8 can be
developed by calculation of the dual cone K;(#W) (see Section 4.2).

We now study the optimization of polyhedral differential inclusions of the form
of Egs. (4.31) and (4.32) considered in Section 4.3:

infimum  J(x(+)) = [} g(x(®), Ddt + @o(x(1)),
subjectto  x(r)e F(x(r)), a.e. te[0,1], (5.41)
x(0)eNy, x(1)eM,,

F(x)={y:Ax — By =d}, (5.42)

where A, B, are rectangular matrices and column vectors as described in problem
(PD). The functions g, g, and the sets Ny, M, are the same polyhedral sets defined
in (PD). The following problem of determining the supremum

1
[Vt . { J [(A@), d) + " (u* (1), D]dr =25 (u*(1) = {0, p) = mq)},
B*A\0) + N*y, =0, A*X(t) + B*\(1) + u*(1) =0,
My, —B*A(1) +u*(1)=0, X#)=0, v,=0, v,=0
(5.43)
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we call the dual problem to the primary problem in Egs. (5.41) and (5.42). Here we
assume that A(-) and u*(-) are absolutely continuous functions defined on the
closed interval [0,1]. Let 2[0,1]((): Ny) be the family of solutions to the polyhedral
differential inclusion in Eq. (5.41) with the initial condition x(0)e N, defined on
[0,1]. Note that the solutions are defined only in some subinterval of the segment
[0,1], and therefore we do not refer to the set 2[0,1](0» Ny). Moreover, let S(7,0,Ny)
be a section of the family of solutions such that

S(7,0,No) = {x(T) L x(t)e Z(O,No)}, T€[0,1].

[0,1]
In what follows, by aff M we denote the affine hull of a set M.

Theorem 5.9. Let %(¢) be an optimal solution to primary problem in Egs. (5.41)
and (5.42) with the polyhedral differential inclusion and let conditions (1) and (2)
of Theorem 4.5 be satisfied. Moreover, assume that either

a. M; N int S(1,0,Ny) #J or
b. 1i S(1,0,Np) N 1i M £ D

is fulfilled and there is no hyperplane H containing both aff S(1,0,N,) and aff M;.
Then a collection {A(z), @#*(7), o» ¥i} is an optimal solution to the dual problem
in Eq. (5.43) if and only if conditions (1) and (2) of Theorem 4.5 are satisfied. In
addition, the optimal value in Egs. (5.41) and (5.42) equals the optimal value in
Eq. (5.43).

[ First of all, we establish that for all feasible solutions x(#) and { A(#),u*(),v0,71}
in problems (5.41)—(5.43), respectively

Jo (0. 0dt + @o(a(1)) = LN, ) + g (0) ) (5.44)
~@o (D) = (v0,P) = (V1> 9)-

Indeed for a feasible solution x(¢), t€[0,1]
so Ax(1) = Bi(t)=d, Nx(0)=p, Mx(1)=gq,

(A1), d) = (Ax(t) — Bx(z), 1)), A(1t)=0,

(0-P) = (70, Nx(0)), 79=0, (70,p) = (7;, Mx(1)), 7, =0. (5.45)

On using the definition of conjugate function (Section 1.5) and inequalities
(5.45), we can write

— oL, d) + g*(u*(0), D]dr — (1)) — (19, P) = (11,9

= [, 1), Bi(r) — Ax(1)) + g(x(1), 1) — (x(r), w*(1))]dr + p(x)(1))

— (x(1), u*(1)) = (0, Nx(0)) — {7y, Mx(1)) = [ g(x(z), 1)dt + 2(x(1))

+ [0 L), Bi(0) — Ax(1)) — (x(8), w*(e))]dr — (x(1), (1)) = (79, Nx(0)) — (y, Mx(1))
(5.46)
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On the other hand, by virtue of the relationships of the problem in Eq. (5.43),

Ty LA, Bi(e) — Ax(2)) — (x(e), w*(e))]dr — (x(1), u* (1)) = (70, Nx(0)) = (v;, Mx(1))
= fO [(A(), Bx(r) — Ax(£)) + (A*\(t) + B*\(¢), x(1))]dz + ( (M*~y, —B*X(1),x(1))
= (70, Nx(0)) = {7y, Mx(1))
= [ LBX@. (D) + (B*A@), x(0)]dr — (B*X(1), x(1)) — (N*75,x(0))
= [y d(B* M), x(1)) — (B*X(1),x(1)) — (N*5,,x(0))
= (B*A(1),x(1)) = (B*A(0), x(0)) — (B*X(1), x(1)} — (N*v,,x(0)) = 0.

Therefore, the validity of the inequality in Eq. (5.44) is immediate from the latter
equality and the inequality in Eq. (5.45). Furthermore, conditions (a) and (b) of the
theorem implies that in condition (1) of Theorem 4.5, Ay = 1. Indeed, if this is not
so, i.e., if Ag=0, then ¥*(1)+X,*=0, £,* =—-M*y,, ¥, =0, where ¥*(1)=
B*A\(1)e K51 0.5, (X(1)). Since A, X*(1), X.* are not all zero, the cones Ky,and
K(1,0,Ny) are separated [111,226]. But at the same time it follows from conditions
(a) and (b) that these cones have no separation property. This contradiction means
that Ay = 1. Thus, in accordance with Theorems 1.26 and 4.5, we conclude that.

Po(E(1)) + @y (X*(1) =M™y,) = (&(1), (1) =M*y);
ie.,
@o(i(1)) = (X(1), @*(1)) —po(F(1)).
Also it is clear that g*(@*(9).1) = (¥(t), @ (r)) — g(¥(t).r) and for

(1), A1), Fo» 71 in the relations in Eq. (5.45), the equality sign holds. In other
words, for the trajectory X(¢) and collection {A(r), @*(f), g, ¥}

Jy 8G(0, 0dt + @o(@(1) = [[AD). d) + g* (@ (1), )]dr
—goé(ﬁ*(l)) = osP) — (V1. 9)-

The proof is ended. l

5.4 Duality in Problems Described by Convex Discrete
Inclusions

Optimization of nonconvex discrete inclusions in more general conditions was
investigated in Section 4.3. In this section, the optimal control problem described
by ordinary convex discrete inclusions with state constraints is considered. For
such problems, the dual problem is constructed and under some conditions the
duality relations are established, and a connection between solutions of dual
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problem and necessary and sufficient condition for optimality in primary problems
is studied. The problem consists of the following:

T
inf > g(xi.1) (5.47)
t=0

(P) subject to

xl+]EFl(xl)a t:()a"‘aT_la
X0EN, x7€EM, (5.48)
xeDy, t=1,...,T—1,

where g( - ,f) are proper convex functions, F, : R”" — P(R") is a multivalued function

for all fixed ¢, and N, M, D, (=1, ..., T —1) are convex sets in R". It is required to

find a feasible trajectory {x,}tT: o minimizing Eq. (5.47). We label this problem (P).
In what follows, we say that the regularity condition for the problem in

Eqgs. (5.47) and (5.48) is satisfied, if for a point x?, t=0,...,T either

1. x?eri dom g(-,1), (x?,x?+ )eri gph F, x?eriD,, t=0,...,T, where Dy =N, Dr=M, or

2. (39,29, Deintgph F, (t=0,...,7), ¥VeinteD,(t=1,...,T — 1), x)einteN, x%eM and
g(- 1) are continuous at x°.

Theorem 5.10. Let F; and g(-,f), t=1, ..., T be a convex multivalued mapping
and closed proper convex function, respectively. Moreover, let the regularity condi-
tion for the problem in Egs. (5.47) and (5.48) be satisfied. Then in order for
{)E,}LO be an optimal solution to the problem in Egs. (5.47) and (5.48), it is neces-
sary and sufficient that there exist vectors x*, x7, t=0,...,T, such that
x; €FF (x4 13 (B, X4 1) + K (B) —0r8(Re, 1),
CKp,Go) =10}, 1=0,...,T—1,
2. x* —xjeog@r,T), —xjeKy(%), x*eKj/(xr).

L] As in Section 4.2, setting
Qt:{WZ(xt,xt+1)€gphF,}, IZO,...,T_I,

N={w:xgeN}), M={w:xreM), (5.49)
D,={w:weD}), t=1,...,T—1

w=(xo,...,xp)eR™MTD,

this problem can be replaced by a convex minimization problem in the space
Rn(] + T):

o T ,  [T-1 -1 N
infimum @(w) = Zg(x,,t) subjectto Q=N N ( N Q,) N ( N D,) NnM.
=1 t=0 t=1

(5.50)
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In accordance with the regularity condition, it follows from Theorems 1.10 and
1.29 that

T-1 T-1
Ky0) = K500) + > Ky () + > K5 (0) + Kig(h), W= (%, ..., %r).
t=0

t=1

Then the rest of the proof is the same as for Theorem 4.1 (see also Theorem 4.2
and Remark 4.4).H

We call the following problem, labeled (P*), the dual problem to the primary
problem (P):

T T-1
sup { = > w0+ > M v Ul X )
t=0 t=0

(vo=vr =0), T—1
0T =N W, (—v) W) —Wan(—uf —x’;)}, (5.51)
t=1

where W is a support function of the set C and

Mg, (x*,y") = (if)f){(x,X*) = (n,¥") 1 (x,y)egph F;}.

Theorem 5.11. If v and v* are the optimal values of the optimization problem for
ordinary discrete inclusions (P) and its dual problem (P*), respectively, then v =v*
for all feasible solutions of primary and dual problems. Moreover, if the regularity
condition is satisfied, then the existence of a solution to one of these problems
implies the existence of a solution to the other problem, where v =v* and in the
case v > —oo the dual problem (P*) has a solution.

[0 As was shown in Section 5.2, the dual problem to the primary problem in
Eq. (5.50) has the form

sup{ —f*(w") =65 ( —w")} (5:52)
where (- ) is the indicator function of Q. Besides by the duality of the operations
of addition and infimal convolution of convex functions (Theorem 3.15), if there

exists a point w; € Q where f is continuous, the optimal value in Eq. (5.50) equals
the optimal value in Eq. (5.52):

inf{f(w) : we Q} = sup{ =f*(w*) =6 —w")} (5.53)

Note that the regularity condition guarantees that a point w;eQ having this
property exists. In addition, if the value of the problem in Eq. (5.50) is finite, then
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the supremum in the problem in Eq. (5.52) is attained for all w*. Since

So=Y""060,+ 30216 5, T Ox 1 Oy, by the duality theorem, we have

T-1 T-1
Sp(—w) = inf{Zé*Ql( —wH () + Y 85 (= () + 85 —w(—1)
t=0

t=1

T T-1
(W (T) 2 Y Wi+ D i) = w }

i=—1 i=1

where
- inf 1), x*(1)) + 0, x*, (t if x*(1)=0
(Xr(l),XrJrllrzl))GgPhF{ (XI( )’xt( )> <xl+ 1( )’xtJr 1( )>}’ 1 xt( ) ’
6p,(—wi (1) = i#t t+1,
+o0, otherwise,
t=0,...,T—1;

& % _ - lnf{ (it(t)a )zz*(t» : i[([)GDt}, if it*(t) =0, i 7& t,
p (T too, otherwise,
t=1,...,T—1;
—inf =1, x5(—1)) :xo(—1)eN}, ifxi(—1)=0, i#0,
85— (—1) = {+1n {{xo(—=1),x5(=1)) rxo(—1)eN}, ifx;(—1) i

0, otherwise,

—inf{(xp(T), xT)):xp(T)eM), ifx(T)=0, i#T,
61}(—W*(T))={ ) e

o0, otherwise.

Now, taking into account these relationships and the formula f*(w*)=
ZZT:O g(u}, t) with the preceding notations, we conclude that

T T-1
sup{ —f*(w*) —85( —w")} = sup{ = g0+ Y M (x7(0), —x7, (1)
t=0 t=0
T-1
=W =x5( = 1) =W (—x3(T) = > Wp,(=%*(1)) :
t=1

e-D+xO+5* @) =x, t=0,...,T; &)= 0},
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where supremum is attained, if v> —oo. Thus, for convenience if we denote
xf=u; and then xj(t—1)= —x}, £*@)=v;, t=0,...,T by virtue of the
relations

xe-D)+x@)+3 @) =x, t=0,...,T; %" (0)=%"(T)=0,

*
1o

the right-hand side of the latter equality has the form of Eq. (5.51).H

Corollary 5.1. Let D,=R", t=1, ..., T—1 in problem (P); i.e., we consider a
problem without state constraints. Then, since

w_ [0, if =0,
Wo () = {~I—oo if Ve 0,

the dual problem (P*) has the form

sup { Zg (uf,1)+ ZMF,(X —uf +x7 ) —Wn(x5) —Wa( —up —x;)}
(5.54)

Theorem 5.12. Let {)?,},T —o be an optimal solution to problem (P) and suppose that
the regularity condition is satisfied. Then the collection of vectors x¥, uy, v}
(v§=vy=0), t=0,...,T is an optimal solution to the dual problem (P*) if and
only if conditions (1) and (2) of Theorem 5.10 are satisfied.

[0 Suppose that conditions (1) and (2) of Theorem 5.10 are satisfied,; i.e.,

X =vieF (X RnX) —uf,  ufe€dg(X,1),
vfer)l()?,), t=0,...,T—-1, ujeoglr,T),
s+t Ky (Er), —xieKi(o), vG =0,

Moreover, the problems (P) and Eq. (5.50) are equivalent, so
W= (X0,...,xX7)e{w  f(w) + dp(w) = a}.

Hence, 0€d(f(W) + 6o(W)) or wed(f + 60)*(0) = o(f* ®6)(0). By Proposition
3.2, 0(f* P&y )(0) =af*(w) N o067 oCw"), the latter inclusion 1mphes that

Weaf* (w*) N ash( —w") # . (5.55)

Therefore, in view of Proposition 3.3, it can be deduced that w* is a solution to
the maximization problem sup{—f*(w*) —6*Q( —w*)}. Thus, from the regularity
condition and Proposition 3.2, we have

T T-1
O5H(—w*) =0 @5* @5* @5*@5*]( W) Y W) + Y ) = w*
i=-1 i=1

(5.56)
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Now, from the relations in Eq. (5.55) and Eq. (5.56), we derive

—*(1) €860, (W),  —W(D)edsy (W), t=1,...,T—1,
—wH(0)€88g,(W), —wH(—1)€db5(¥), —wH(T)edby (), w*edf(b).
(5.57)

Since (see Eq. (1.45)) on the one hand

080,(W) = =K (W), 085, (%) = =K (),
083() = —K3(0W),  08;5(W) = —K35(),

and on the other hand

Ko, (0) = {w* (1) : (5 (1), 74 1 () €Ky 7, (R, Xy 41) 1 (1) =0, i 1, 1+ 1},
t=0,...,T—1.

Kp, ) = {w*(1) : & () eKp (%) : %" ()=0,i#1}, t=1,....,T—1,
Kiw) = {w*(—1) :xg( =D eK{(Xo), x7(—1)=0, i #0},
Ky w) = {w*(T) : x3(T) e Ky, (x7), x;(T) = 0, i#T}.

The inclusions in Eq. (5.57) imply that

(x;*(t),x;‘+ 1(0)6](;})11 Fl(ilz Xv1), t=0,...,T—1;
fl*(t)EKBr(i,), t=1,....,T—1; x5(—1)eKy(%), (5.58)
(T eKy(&r), xFeog(X,t), t=0,...,T.

where the vectors w*(t) t=0, ..., T—1), w*@) ¢t=1,...,T —1), w*(—=1), w*(T)
satisfy the condition ZiT:_l w*(i) + ZiT:_ll w(i) = w* (see Eq. (5.56)). Now, denot-
ing again x; =uy, x;(t—1)=v}, t=0,...,T, where the collection of vectors
x5, uf, v, t=0,...,T (vi=v;=0) is a solution to the dual problem (P*),
from Eq. (5.58), by applying the definition of LAM we may conclude that condi-
tions (1) and (2) of Theorem 5.10 are satisfied.

Let us now prove the converse assertion. Let the collection of vectors
x;, uy, v{, t=0,...,T be an optimal solution to the primary problem (P).
Rewrite the adjoint inclusion

xpeF7 Oy i (e X 1)) + v —uf, (v €K, (B1), ] €0:8(%1, 1)),

as follows xf —vi +u;eF(x, ;(X,% +1)). By Lemma 2.6, the latter inclusion
and condition

Mp, (X} =V +ul,xf )= &x, —v +u) —H@GE,x',,), t=0,...,T—1
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are equivalent. So by Theorem 2.1, and taking into account that %+ € F;(X,, x, ;)
or (X, +1,x; ) =H(,x}, ), we get

Mp,(xF =V +ul X7, ) = &xf —vi+ul) — (&1 ,x ), t=0,...,T—1L
(5.59)

Furthermore, by Theorem 1.27, uy € 0g(%;, t) is equivalent to
g, )= (X, uf) — gX,1, t=0,...,T. (5.60)

Also, as can easily be verified, the inclusions

vieKy (), t=1,...,T—1; xgeKy(X), x"eKy(Fr)
imply
*) — - —
Wp,(—vi) = x,,vt) t=1,. 1, ) (5.61)
W (—x5% —uT) = — (x5 +uf, Xr), WN(xo) (X0, X3

Summing up the inequalities in Eqs. (5.59) and (5.61) gives us

T-1
—Zg (M,,l)+ZMF,(X v tu xt+1)+ZWDf( =) —Wn(x5) —Wy( —uf —x3)

t=1

T T-1 T-1 T-1 T-1
(xtat) xTauT Z(ilau;<> + Z xt) Z xla + Z xfa
t=0 =0 t=0 t=0 t:
T-1 T—
= E X ) Y (Fv)) — (Fo.xg) + (g ) Zg(f,,t)
t=0 t=1
T-1 T
+ xta Z xts - x03v0> - (-x~09-x(>§ xTaxT Zg(xta t) anv()

(=]

t= t=1

Hence, taking into account that v = 0, finally from the latter relation, we have
T T-1
- Zg*(uf,t)-i— ZMF,(x =+ ul, X, )+ ZWDr( —v) —Wn(x5)
t=0 t=0 =1
T
—W( =y —xp) =Y g(F1).
t=0

Then we may conclude that v* =v. Comparing this with the opposite inequality

v=v* (Theorem 5.11), we get v =v*. Consequently, the collection of vectors x7, u;,
vi (v =v5=0), t=0,...,T isan optimal solution to the dual problem (P*). Wl



242 Approximation and Optimization of Discrete and Differential Inclusions

Theorem 5.13. Let the regularity condition for the primary problem (P), where
D,=R", t=1, ..., T—1 be satisfied. Then in order for the value v* of the dual
problem in Eq. (5.54) to be finite and attainable, it is necessary that

ufedom g*(-,1), xF+ufeFi(xr, ), x5e(0"N)',
—uf —x5e(0*M)*, uwhedomg*(-,7), t=0,...,T—1.

In addition, if F,, t=0, ..., T— 1 and the sets N, M are quasisuperlinear, then
these conditions are sufficient for the finiteness and attainability of v*.
[0 Let the value v* of the dual problem (5.52) be finite and attainable. In view of
the conjugate functions established in the proof of Theorem 5.11 in this chapter
and Theorem 6.5.2 of Ref. [129:334], we can write
T-1
dom (f* @ d,) = dom f* + Zdom 6p, +dom o +dom 6y,

=0
={h*=hi,... . 05) B =xF —x(—1)—xi(t), B =x;—x(T—1)—x(T) (5.62)
MF,(x; (2), —=x; (1)) > —o0,  Wn(—xg(—1))< +oo,  Wy(—x3(T)) < +c0,
x;edom g*(-,t), xjedomg*(:,T), t=0,...,T—1}

By the argument conducted in the proof of Theorem 5.11, v=v* and
h* =0edom(f + 6p)* = dom(f* ® §*Q). Then with the preceding notations, it follows
from Eq. (5.62) that xjjedom Wy(x}, +u;,x, )edom Mp,, —uj —xjedom Wy,
u; edom g*(-,1), uyedom g*(-,T), t=0,...,T —1. Now by Definitions 1.16 and
2.9 and the formula dom My, =(0* gph F,)*, we get x + u € F}(x}, ;). And in the
quasisuperlinearity (Remark 2.1) case of F,, we have dom Mr, = (0" gph F,)* and so
(& +uf +xf)edom Mp, and (xf +ufeF;(x},,) are equivalent. Similarly, we
observe that xj; € (0" N)*, —u} —x}.€(0" M)*. Therefore, using the duality Theorem
5.11 and going in the reverse direction, we have the desired result. ll

Example 5.1. Consider the following optimal control problem for discrete inclusions

T
infimum Zg(x,, 1),

] =1 (5.63)
subjectto  x;+1 =Awx; + B, wu,elU;,, t=0,...,T—1,

)C()GN, XTEM,

where A,,B, for each f are n X n and n X r matrices, respectively. The function g( - ,f)
and the sets N, M, U, are proper convex function and sets, respectively. It is required
to find a sequence {zl,}tT:_(; such that the corresponding trajectory {f,}f:_é minimizes
Z[l 0 8(x:, 1). Let us introduce a multivalued function of the form

Fi(x)=Ax; +BU ={Ax, +Bu, : u,eU,;}, t=0,...,T—1, (5.64)

Thus, the problem in Eq. (5.63) is replaced by problem (P), with Eq. (5.64) and
D,=R"t=1,...,T—1.
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It is not hard to calculate that

MFr(xt’x[+]) inf{(x;,x > (X4 1,X [+1 (xt,le)EgPhF}
. Wy, (BixF, ), if xf=A%x*
=inf, (x,x* —A*x* ) —su u,Bix*, )= N R A
XI( [£3447 t r+1> pu,eU,( 152 t+1> +OO, 1fxf7éA;kx;kH.

Then, according to the problem in Eq. (5.54), the dual problem to Eq. (5.63) is
T T-1
ﬂﬁﬁ)4—§¥wwr§ym®ﬁm—m%%wmﬁ%ﬁﬁ, ,,,,,
X =AM —ul.
Consider now the optimization problem for discrete inclusions with delay

described in Section 4.2:

T
inf > g0

r=1 (5.65)
subjectto  x;4+ 1 €F(x;, x;—p), t=0,...,T—1,

=¢, t=—h,—h+1,...,0; xeb, xreM.

There we have seen that the posed problem is equivalent to the minimization of

the convex function p(w) = Z,T: 1 8(x;, 1) over the set
@)
|

XLl

In the considered case, it can be easily calculated that

D~
D~

t

G=Nﬂ(

(") = Zg (1), if x*=0, t=—h,...,0,
=1
+o0, otherwise

And the conjugates of the indicator functions of sets M,, 95,, t=0,...,T,N

have the form
—xf @), if x}(@0)=0, i#t—ht,t+]1,

* Lk _ _MF,(xt(t)’ x;k—h(t)a
O, (=W (1) = { +00, otherwise,
t=0,...,T—1;

6"’7T (=w(T)) { +0o0, otherwise,
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.~ Wo,(=%5(1), if X*()=0, i#1,
e — t
645’( W) { +o0, otherwise,
t=1,...,T—1;
0
k0 3 k(O o s —
G w1y =] 2 EX (D) (=D =0, i =0,
+0o0, otherwise,
Now, taking into account these relationships and the formula @*(w*) = E,T:O
g(uf,t) x; =0, t=—h,...,0 with the notations as before, we conclude that
T 0
sup{ —¢*(W*) —65( —w*)} = sup{ = e+ ) (Eaxi(—1))
=0 t=—h
T-1 T
1 (0) = Y W (=%5(0) =W —x3(T)) :

D M, (5 (1), 55 (1), —x
t=0 t=1

T T
Swi i+ Y WO =wh X (<), i —h 0 x(0)=0, i t—httt]

i=—1 i=1
x(T)=0, i#T; x'=0,

(t=0,...,T—1); x*@)=0, it @=1,...,T);
t=—nh,...,0}

and under the regularity condition we have an equality sign. For convenience, let
us denote

,T), xi(t—1)=—x; ¢t=0,...,7); x(t+h)

x;=u(t=0,...
M =¢ft=1,...,7)

= O =n,,t=—h....,T—h)

ey

Then, it is evident that there is one-to-one correspondence between each (xj, .
Xps s e s s @Y s e s O ttys .. yuy)  and  (W*(—1), w*(0),...,w*(T),w*(1),...,
w*(T), w*). Thus, the dual problem for the primary problem in Eq. (5.65) is estab-
lished as follows:

—1

T
sup { = 80 = (Coxg) = D (i)
t=0

Xt a0 1==h
(7 =15 =5 =0) T-1-h
_ * % _ % x %k %
t=0,..T + E MFI(xt+nz+h 90z+uz’77r’xt+1)

T-1 =0 T
S M =gt ) = S Wa(—0h) Wi ) —u;)}
(=T —h =1
(5.66)
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Now, it is easy to see that the duality results, including the duality theorem for
the problem in Eq. (5.65), are almost a word-for-word repetition of Theorems
5.11-5.13. The difference lies in the fact that the results here analogous to
Theorems 5.11—5.13 hold for conditions (i)—(iii) in Theorem 4.1 and the problem
in Eq. (5.56), whereas Theorems 5.11—5.13 refer only to conditions (1) and (2) of
Theorem 5.10 and the problem in Eq. (5.51).

Example 5.2. Consider the following optimal control problem of discrete inclusion
with delay:

T
inf > g,

t=1

subject to X, 41 =Ag()x; + A (D)%, —p + B, t=0,...,T—1, (5.67)
x=&, t=—h,—h+1,...,0,
u,€U(t), xreM,

where A((f), A(?), and B(¢), as in Example 5.1, for each ¢ are n X n and n X r matri-
ces, respectively. The function g( t) and the sets M,U(¢) are proper and convex. It is
required to find a sequence {u,} such that the corresponding trajectory {X;}, i 1
minimizes 3, _ | g(x,, 7). Let us 1ntr0duce a multivalued function of the form

Ft(xta-xt*h) :Ao(t)xt +A1(t)xt*h + B(I)U([), t= O, DR T _1
Taking into account that ®,=R", t=1, ..., T, the construction of the dual prob-

lem in Eq. (5.66) for problem in Eq. (5.67) is similar to the one for the problem in
Eq. (5.63):

T -1 T-1
sup { = 8D = (G0 xs) = Y (&) = D WunBH0x), )

x5 nfuy, t=0 t=—nh t=0
(= ug = 0)
1=0,..T

— Wy (—x5 —u*})}
X =A50x o iy, —ul,t=0,...,T—1—h,
= A7~y 1= T—h,.. . T—1,

n=Aj)x,,, t=0,....,T— 1

5.5 The Main Duality Results in Problems with Convex
Differential Inclusions

In this section, a Bolza problem of optimal control theory given by convex differen-
tial inclusions are considered (see Sections 4.3 and 4.5). The dual problem is con-
structed and the duality theorems are proved. We pursue a twofold goal. First, we
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construct a dual problem for a discrete-approximation to continuous problem.
Second, we use this direct method to establish a dual problem to a continuous Bolza
problem. The construction of a dual problem to the latter is implemented by passing
to the formal limit as the discrete step tends to zero. At first we develop this method
for studying the problem considered in Section 4.3 with fixed time interval [0,1]:

infimum  J[x(1)] = [ g(e(0), Ddt + o(x(1)),
subjectto  x(f)e F(x(1),t), a.e. te[0,1], (5.68)
x(0)eNy, x(1)eM,,

where g(-,f) and () are convex continuous functions, F is a convex set-valued
mapping, and Ny, M| SR" are convex sets. It is required to find a solution x(¢), te
[0,1] of the differential inclusion (4.24) with boundary conditions x(0)e Ny, x(1)e
M, minimizing Eq. (4.23). A feasible solution is assumed to be an absolutely con-
tinuous function x : [0,1]—>R".

For the present, we consider the nonconvex case of Eq. (5.68). Let us construct
a discrete (finite) approximation for the problem given in Eq. (5.68) using the
replacement of the derivative in Eq. (5.68) by the Euler finite difference
x(t) = [x(t + 6) — x(#)]/6 = Ax(¢). We choose a step § and use a grid function
xs(t)=x(¢) on a uniform grid on [0,1]. Then, we associate the following discrete-
approximation problem with the problem in Eq. (5.68):

infimum  Js[x(+)] = Z 0g(x(2), 1) + y(x(1)),

t=0,0,..., 1-6 (5 69)
subjectto  x(t + 6)ex(t) + 6F(x(t),1), t=0,6,20,...,1 =39, ’

X(O)EN(), x(l)eMl.

In what follows, introducing a new multivalued function, we rewrite this prob-
lem in a more convenient form

infimum  Js[x(+)] = Z bg(x(2), 1) + o (x(1)),
t=0,6,..,1 =46
subjectto  x(t + 6)eQ(x(¢),1), t=0,6,20,...,1 =24, (5.70)
X(O)EN(), x(l)eMl,
O(x, 1) =x+ 6F(x,1)

At once we observe that in more general suppositions in the problem in
Eq. (5.70) (not necessarily convex) by Theorem 4.2 (see also Remark 4.4) for opti-
mality of {)E(t)}}: o» an adjoint inclusion is expressed as follows:

xX*(t)e QF (x* (¢ + 6); (X(2), X(¢ + 1)),1) — Nog(k(2),1), t=0,6,26,...,1—6
(5.71)

Clearly, we must find the LAM Q" in terms of the LAM F*. But from Theorem
4.19, we find that if K,p, o( -,1) is a local tent for the multivalued function Q(-,¢),
then the following inclusions are equivalent
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*y*

e (25

Thus, by applying this equivalency, it is easy to see that Eq. (5.71) is replaced
by the adjoint inclusion

* o) —x*
- TUOEOZEO e+ (500, A0 D) (572)

— \og(X(1),1), t=0,6,26,...,1=6

e Q*y*; (x,y),t) and

— Ax*(t) =

Now, remember that taking g(¥(1), 1) = ¢,(%(1)) along with Eq. (5.72), we have
the condition

" =x*(1)edpy(E(1)), —x*(0) eKy (¥(0), x*eK, (¥(1)). (5.73)
The obtained result is formulated in Theorem 5.14.

Theorem 5.14. Let a grid function {X(¢)} t]: o be an optimal trajectory to the noncon-
vex problem in Eq. (5.68). Suppose that the cones of tangent directions

Koph £ (0(0), X(1 + 6)), Ky (X(0), Ky, (X(1))

are local tents and that the functions g, @y admit a convex upper approximation con-

tinuous at X(¢). Then, there exist a number A =0, vector x*, and grid function

{x*(t)},lz o hot all equal to zero such that Egs. (5.72) and (5.73) are satisfied. In addi-

tion, if the problem in Eq. (5.68) is convex and the regularity condition is satisfied,

then A = 1 and these conditions are also sufficient for the optimality of {)Z(t)}t1=0.
We need the useful result found in Lemma 5.2.

Lemma 5.2. Let F(-,):X— P(Y) be a convex multivalued function and Q(x.,f) =
x + 8F(x,t). Then one has

x* _y*
Mo »(x*,y%) = M. ) (T,y*>.

O Indeed, by definition of My,. ,, we conclude that
Mo n(x*,y*) = inf{(x.x") = (y.y") : (x.y)€gph O(-. 1)}

=inf (r,x) — (,y") : [ 2" egph F(-,1)

X
o

= éinf <x,x 5—y>_<y;x’y*>: x’y;x egph F(+,1)

x* =y
= 5MF(~,:) T ,y*

*
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Now, taking into account Eq. (5.54), we see that in our notations the dual problem
to the convex discrete-approximation problem in Eq. (5.69) or Eq. (5.60) has the form

1 1-6
sup { = (b9 W (), + ZMQ(A,,)(x*(t) +u* (1), x*(t + )
w* (1) x*(1), =0 t=0
t=0,0...,1

Wi (x"(0)) =W, (—u*(1) —X*(l))}- (5.74)

But by Lemma 5.2, we find that

x*(t) —x*(t + 6) + u*(¢)

MQ(.,,)(x*(t) + u*(t),x*(t + 6)) = 6MF(.,,) 5

,x5(t+6)

u* (1)

= My | 2 — Ax (1), x*(t + 6)

(5.75)

On the other hand, it is can easily be checked that the conjugate (6g*) is defined
by (6g)*(u*,t) = 6g*(u*/(8),),6 >0. Thus, for convenience, denoting u*/d again
by u* in view of the formula in Eq. (5.75), we derive from Eq. (5.74) that the
dual problem to the discrete-approximation problem in Eq. (5.69),
(6g)"(x*, 1) = 6g*(x*/6,1),6 >0, is

1-5
sup { — 3 SSWDD+ Y M (1) = Ax*(),x7 (1 + 8))
u* (1), x* (1), t=0,0,...,1 =0
t=0,0...,1

~ Wi (x*(0)) =Wy, (—u*(1) —X*(l))}, (5.76)

where we put g*(u*(1),1) = j(u*(1)). Remember that in Eq. (5.76), we have two
integral sums (for the functions g* and M. ;). Now by passing to the formal limit,
the obtained maximization problem will be the dual problem to the previous contin-
uous convex problem (5.68):

1
sup {j M (1) —5(0), 5 (1) —g* (" (2), 1] i

w*(1),x*(t) 0
—p (" (1)) =W, (x*(0)) — Wiy, (—u*(1) _x*(l))}_ (5.77)

Here x* : [0,1]—>R" and u* : [0,1] > R" are absolutely continuous and summable
functions, respectively, and so lims_, o Ax*(t) = X*(¢), i.e., t€[0,1].

Recall that 3 ,17(0,No) denotes the family of solutions to the differential inclu-
sion in Eq. (5.68), with the initial condition x(0) € Ny defined on [0,1] and S(7,0,Np)
a section of the family of solutions; i.e.,
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S(7,0,No) = {x(f) :x()e Y (0,No), Te[o, 1]}

[0,1]
Moreover, we denote the affine hull of a set M by aff M.

Theorem 5.15. Let the conditions of Theorem 4.3 be satisfied, where Ay >0. Let
X(t) be an optimal solution to the primary problem in Eq. (5.68) with convex struc-
ture. Moreover, assume that either

1. M, N int S(1,0,Ny) # J or
2. 1i SU,0,Np) N 1i My £

and that there is no hyperplane H containing both aff S(1,0,Ny) and aff M. Then a
pair of functions {X*(¢),#*(r)} is an optimal solution to the dual problem in
Eq. (5.77) if and only if conditions (i)—(iii) of Theorem 4.3 are satisfied. In addi-
tion, the optimal values in the primary problem in Eq. (5.68) and the dual problem
in Eq. (5.77) are equal.

L] First, we conclude that for all feasible solutions x(#) and {x*(f),u*(f)} of the pri-
mary problem in Eq. (5.68) and the dual problem in Eq. (5.77), respectively, the
inequality holds:

Ty 80, 0)de + @p(x(1)) = [ M (0 (1) =5(8), x*(1)) —g*(u* (1), 1))t
= (x*(1)) =W, ( =x*(0)) =Wy, ( —u*(1) —x*(1)).
(5.78)

Indeed by using the conjugate g, ¢; and the definition of the Hamiltonian func-
tion, we can write

1
JO [Mp( (" (2) =x7(2), X" (1)) =& (™ (1), D)]dr —g5(x*(1)) —Wp, (x*(0))

~Wig, (—u (1) =" (1) = [y [(x(0), () =4 (1)) — H(x(1), x*(2))

+ 8(x(0), 1) — (@), u* ()] dr + pp(x(1)) — (x(1), w* (1)) — (x(0), x*(0))

+ (1), u*(1) + x5 (D) = = [y de(o),x*(0) + [y 8(x(0), D) + pp(x(1)

= (x(0), x*(0)) + (x(1),x*(1)) = (x(0),x*(0)) — {x(1), x*(1)) + J g(x(z), )dt
+ o (x(1)) = (x(0), x"(0)) + (x(1), x*(1)) = [ gx(1), D)t + pp(x(1)).

As was shown in the proof of Theorem 5.9, we observe that the sets S(1,0,Ny)
and M, are not separable and A\q = 1. Furthermore, if (¥*(¢), #*(¢)) satisfies condi-
tions (i)—(iii) of Theorem 4.3, then in the latter relation, the inequality sign is
replaced by equality, and hence for X(¢) and (¥*(¢), #*(t)) we have opposite inequal-
ity sign in Eq. (5.78), which ensures equality of the values of primary and dual
problems. H
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Let us now construct the dual problem to the convex problem for the delay-dif-
ferential inclusion in Eq. (4.67):

infimum  J(x(+)) = [} g(x(1), 1) dr + o(x(1)),
subjectto  x(t)€ F(x(¢),x(t — h),t), a.e. te[0,1],... (5.79)
x(t) =€), te[—h,0], x(1)eM,.

For this we must first obtain the dual problem to the corresponding discrete-
approximation problem, which consists of the following:

infimum  Js[x(-)] = Z 0g(x(1), 1),

t=0,0,..., 1 (5 80)
subject to  x(¢ + 6)ex(t) + 6F(x(¢), x(t — h),1), t=0,0,..,1 =46, )

x(t)=&@), t=-h, —h+1,..,0, x(1)eM,

where we set g(x(1),1) = po(x(1)).

Clearly, we have a multivalued function F(-,-,f) : X X X— P(Y). Then, as in the
proof of Lemma 5.2, setting Q(x,x1,t) =x + 6F(x,x;,t), we determine that in the
present case

MQ(',',I)(X*’-xTay*) :lnf{ (X;X*> + (xhx)]k) - (y;y*> : ()C,y)egph Q(7 ‘,t)}

Xy, (5.81)
5 ,63)’ .

:(SMF(.’.J)

Thus. in the same way as above, denoting u*(¢)/6 and 1*(¢)/6 again by u*(f) and
17*(t), respectively, in view of the formula in Eq. (5.81), we derive from Eq. (5.66)
the dual problem to the discrete-approximation problem in Eq. (5.80):

sup {— D 8g (1), 1) — (£(0), x*(0))

w*(0),x* (1), (1) t=0,,..,1
(" (1) = u*(0) = 0)
t=0,0...,1
- O(&(1), (2 + h))
t=—h—h+1,.,-1
1-6—h
+ M. - (U™ (1) = AxX™(2) =" (t + 1), " (2), X*(t + 6))
t=0
1-6
S M (1) — AX), (), X+ 8)) ~ Wi (—u(1) —x*(l))}.
t=1—h
(5.82)
Here ¢*(1)=0 and so Wy (— ¢*(1)) =0 because &(=R", r=40, 26, ..., L.

Consequently, following the limiting procedure in Eq. (5.82), we can formulate the
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dual problem to the continuous problem in Eq. (5.79) with delay-differential
inclusion:

1 0
sup { - J " (u* (1), dt — (x(0),x"(0)) — J (€@, 0" (¢ + h))dt

w* (), x* (1,17 (1) 0 —h
(" (1) = u*(0) = 0)

1—-h
+ JO M. pu* () =%*() =" (t + h), " (1), x*(r))ds

1
+ J M () =@, (0, () =Wy, (—u (1) —x*(l))}.
(5.83)

where it is assumed that x* : [0,1]>R", n* : [0,1]—>R", and u* : [0,1]>R" are
absolutely continuous and summable functions, respectively.

Remark 5.3. Note that if we consider the optimization problem in Egs. (5.68) and
(5.79) with varying time interval [0,#], then by analogy with the statements just
obtained, we should replace the point t = 1 by # = #,. Hence, the formulations of the
duality theorems and duality relations are the same.

Example 5.3. Let us construct the dual problem to the convex problem in Eq. (5.79)
with polyhedral delay-differential inclusion and varying time interval [0,#]:

minimize J[x(-),51] = [' g(x(2), )t + o (x(11)),
subjectto  x(¢) e F(x(1),x(t — h),t), a.e. te[0,t], (5.84)
x(t) = &), te[—h0], x(t;)eM,

F(x,x;)={y:Ax+Ax; — By =d} (5.85)
where A, A;, B are m X n matrices and d is m-dimensional column vector. By

Corollary 3.1, it is easy to establish that (x,x;¢) is a solution to the minimization
problem

nf {0 & f1x)) = %) - (o) gph £
XX1,Y
= inf {(-xa-X*> + <x13xT> _H(xnxl,y*)}

(,x1)
if and only if
(X", x7) € O H (%0, X10, Y*) = F*(y*; (x0, X105 ¥0))

where H(x,x1,y"*) = sup{{y,y*) : yeF(x,x1)} and yo€ F(xo,x10:y*). Next, since (see
Section 2.4)
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Koy p = {052, 0%) 10" = —A*)\, xj=—A]\, ¥ =B\,
A= 07 <A-x0 +A1XIO - Byo — d, )\) = 0}

by definition of LAM, F* has the form

F*(y*;20) = {( —A* A, =ATN) . y* = —=B*\, A=0,
(Axog +A1x10 — Byo —d, A\) =0}, 2o = (x0,X10, Yo)

Thus, we find that

Mp(x*,x5,y%) = ( inf) {(x,x*) + (e, xp) = (0,5) 1 (x,x1,y) e gph F}
XX,y

= (x0, —A"X) + (x10, —ATA) — (v, —B*\) = —(d,)), A=0.
(5.86)

On the other hand, from Eq. (5.83) and the form of the LAM F*, we derive that

u*(t) —x*(t) —m*(@t + h) = —A*\¥), te€[0,1 —h),
u*(t) —x*(t) = —A* (1), te(l—h,1], (5.87)
x(H) = —B*X1), n*(1) = —AT ), te[0,4]

Now, it can easily be seen that the dual problem to the convex problem in
Eqgs. (5.84) and (5.85) with the polyhedral delay-differential inclusion is obtained
from Egs. (5.86) and (5.87):

t 0
w0y M){ - JO g (u* (1), dt = (x(0,x"(0)) + J_h«s(r),ATA(r + h))de

- L’ (d, Nt =5 (1)) ~ W, (= (11) =)},
ANt + BEND) + AN+ h) +u* () =0, 1[0, — h),
ANE) + BEN0) +u(1) =0, te[l —h,n], M\&)=0.

Note that for a problem without a delay effect, i.e., where A, is the zero matrix
and & =0, we have

1
sup _ X[ % _ * Kk
w* (), (0) = 0),\(1) { JO 8 (M (t)’ t)dt (.X(O,x (0)> QOO(M (tl))

- J l(d, Ap))dt =Wy, (—u*(n) —X*(fl))}, (5.88)

0
A*A@) + B*A@) +u* (1) =0, te[0,1], A#)=0.
It is interesting to see that if in the problem in Egs. (5.41) and (5.42) Ny=R"

and in Eqgs. (5.84) and (5.85) M, is a polyhedral set (see Egs. (5.41) and (5.42)),
then the dual problems in Eqgs. (5.43) and (5.88) coincide.



6 Optimization of Discrete and
Differential Inclusions with
Distributed Parameters via
Approximation

6.1 Introduction

This chapter is devoted to an investigation of problems described by the so-called
discrete and differential inclusions with distributed parameters. The past decade has
seen an ever more intensive development of the theory of extremal problems
involving multivalue mappings with distributed parameters [4,13,17,21,48,62,78,
150—152,162—166,170,171,241,244,250,252].

A great many problems in economic dynamics, as well as classical problems on
optimal control in vibrations, chemical, engineering, heat, diffusion processes, dif-
ferential games, and so on, can be reduced to such investigations. Refer to the sur-
vey papers for more information [2,5,19,24,25,28,30,37,45,56,63,64,73,75,82,94,
95,101-103,105,106,110,111,114,122,123,131,160,174,188,189,200,203,212,217,
223,225,235-237,245,249,254,255,259,260,266]. The results we wish to obtain
fall into four categories: necessary and sufficient conditions for discrete inclu-
sions, optimization of the corresponding discrete-approximation problems, suffi-
cient conditions for partial differential inclusions, and the construction of duality
relations.

The principal method that we use is that of LAM, which facilitates obtaining nec-
essary and sufficient conditions for all types of discrete and differential inclusions; we
use one of the constructions of convex and nonsmooth analysis. Moreover, it appears
that the use of the CUAs for nonconvex functions and local tents [38,224] is very
suitable for obtaining the optimality conditions for posed problems. Optimization of
different types of discrete inclusions can be reduced to finite-dimensional problems
of mathematical programming, namely, to minimization of functions on the intersec-
tion of a finite number of sets. The adjoint inclusions that arise are stated in
Euler—Lagrange form [50,63,133,136,207,208], and this form automatically implies
the Weierstrass—Pontryagin maximum condition.

Note that this happens because the LAM is not the same as in Refs. [188,192,
214,226]. Another definition of the LAM is introduced by Mordukhovich and is
called the coderivative of multivalued functions at a given point [193,194,198,214].
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Moreover it appears that the use of the CUA for nonconvex functions and local tents
[38,224] is very suitable for obtaining the optimality conditions for posed problems.
Observe that the main successful application of local approximations and transition
to convex approximations of sets is the establishment of necessary conditions for
nonconvex optimization problems. For related and additional material in the field of
different convex and nonconvex approximations of functions and sets, also consult
Borwein et al. [42], Clarke [52,54,58], Demyanov [65,66], Frankowska [83,87,88],
Ioffe and Penot [109], Outrata and Mordukhovich [218], Mordukhovich
[188,192,194,198,214], Pshenichnyi [226], Rockafellar [229—232], and Rockafellar
and Zagrodny [232].

We use difference approximations of partial derivatives and grid functions on a
uniform grid to approximate partial differential inclusions and to derive necessary
and sufficient conditions for optimality for discrete-approximation problems. The
latter is possible by passing to the necessary conditions for an extremum of the cor-
responding discrete inclusion. It turns out that this requires some special equiva-
lence theorems of a LAM, which arise in discrete and discrete-approximation
problems. These equivalence theorems allow us to make a bridge between pro-
blems (Pp) and (P¢). Obviously, such difference problems, in addition to being of
independent interest, can play an important role also in computational procedures.

Thus, we are able to use the results for discrete-approximation problems with
distributed parameters to get sufficient conditions of optimality for partial differen-
tial inclusions. We associate the discrete-approximation problem and derive neces-
sary and sufficient conditions for optimality. The key tools of our investigations
are based on the extremal principle and its modifications together with generalized
differential calculus [162—171,188,195,196,229,231]. Using the method of discrete
approximations and concepts of generalized differentiation, we establish optimality
conditions in both Euler—Lagrange and Hamiltonian forms. The relationship
between continuous and discrete systems is one of the central objects of this chap-
ter. Transition to the optimality conditions for discrete-approximation problems
from their discrete counterparts is realized by using special equivalence theorems
of the LAM, which play a substantial role in the next investigations and without
which few necessary or sufficient conditions would be obtained. The point is that
discrete and discrete-approximation problems naturally are described by different
(say F and G, respectively) multivalued functions, and in order to formulate the
optimality conditions for each discrete-approximation problem and then for its cor-
responding continuous problem, we must express the LAM G* by F*. In fact, many
necessary and sufficient conditions for optimality appearing in the survey papers of
Mahmudov [162—173] for partial differential inclusions inevitably require the
development of new forms of equivalence results.

The derivation of sufficient conditions is implemented by passing to the formal
limit as the discrete steps tend to zero. Of course, by using the suggested methods
for ordinary differential inclusions of Mordukhovich [190—192,196,199] or
Pshenichnyi [226], it can be proved that the obtained sufficient conditions are also
necessary for optimality. At the end of each section, we consider linear-type opti-
mal control problems. These examples show that in known problems the adjoint
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inclusions coincide with the adjoint equations, which are traditionally obtained
with the help of the Hamiltonian function.

In addition to many works devoted to optimization of partial differential inclu-
sions, the qualitative problems for boundary-value problems for systems of first-
order partial differential inclusions are considered. Benchohra and Ntouyas [34]
studied nonlocal Cauchy problems for neutral functional differential and integro-
differential inclusions in Banach spaces. Gatsori’s main goal [96] was to establish
sufficient conditions for the existence of solutions for semilinear differential inclu-
sions with nonlocal conditions. He relied on Covitz and Nadler’s fixed-point theo-
rem for contraction of multivalued maps and on Schaefar’s fixed-point theorem
combined with lower semicontinuous multivalued operators with decomposable
values. Furthermore, the well-posedness of degenerate Cauchy problems treated as
Cauchy problems for a differential inclusion with a multivalued linear operator is
considered. Using a new approach to the definition of degenerate integrated semi-
groups and their generators in a Banach space, a well-posedness criterion for the
problem is obtained. Moreover, Melnikova [179] considers the Cauchy problem for
a differential inclusion in the space of abstract distributions and given necessary
and sufficient conditions for well-posedness in the distribution space. Aubin and
Frankowska [17] devotes themself to set-valued solutions to the Cauchy problem
for hyperbolic differential inclusions.

Sections 6.2 and 6.3 are devoted to optimal control problems described by
first-order partial differential inclusions, which is an interesting and not well-
investigated class of control problems. Such research on the optimization of partial
differential inclusions can be applied in the theory of differential games, dynamic
optimization, gas dynamics, heat and mass transfer, wave theory, and much more.
It appears that optimization of the Cauchy problem is significantly different from
the optimization problems of the Dirichlet or Neumann types considered in
Section 6.5. The main distinction is that in the motivation of the two-parameter
optimization for discrete inclusions, a Hilbert space consideration is demanded. A
major role is played by the LAM calculus that is crucial for applications to very
different problems [164—171]. The LAM apparatus was introduced by Mahmudov
[164,166,168,171—173] and Pshenichnyi [226] and was applied successfully in
Refs. [140—164]. Note that in the related definition of LAM by Mordukhovich
[204,205,214], the normal cone construction is used and is called the coderivative
of a set-valued map at a given point. In addition to the LAM for convex set-valued
maps, F as defined in Refs. [164,166,168,171] is the same as the basic subdifferen-
tial of the Hamiltonian concave function Hg(u,v*) = sup{(v,v*):ve F(x)} on the first
argument. There are different approaches and various results in this field using
one or another tool in nonsmooth analysis. The primary goals of the book by
Mordukhovich [214] are to present basic concepts and principles of variational
analysis and to develop a comprehensive generalized differential theory in the
framework of Asplund spaces. In continuous problems, it is required that in some
way the coordinate-wise limit of the conjugate variables be equal to zero.

Thus, sufficient conditions for optimality of boundary-value problems (where
feasible solutions belong to the Sobolev space W' (Q)—i.e., the distributional
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derivatives of the first order belong to L;(Q))—and Cauchy problems both for con-
vex and nonconvex DFIs with first-order partial derivatives are formulated.
Naturally, the latter problems are converted to the computation problems of multi-
ple improper integrals. By passing to the formal limit in the intermediate discrete-
approximation problem with the use of LAM, we derive sufficient conditions for
continuous problem both in the extended Euler—Lagrange and Hamiltonian forms.
This method of optimization can be useful for other classes of discrete and partial
differential inclusions, namely, properly defined Cauchy problems.

The optimality conditions obtained by Mahmudov [164—171] are more precise,
since they involve useful forms of the Weierstrass—Pontryagin condition and the
Euler—Lagrange type of adjoint inclusions. We emphasize that in the problem
under consideration, the adjoint inclusion involves only one conjugate variable;
i.e., there are no auxiliary adjoint variables in the conjugate differential inclusions.
Apparently, this occurs because a set-valued map does not depend on partial
derivatives.

Section 6.4 is devoted to an optimal control problem given by hyperbolic dis-
crete inclusion (DSI) and DFI of the Darboux type. Note that problems for DSI and
DFI can be applied in the field of mathematical economics, in differential games,
and in the Fornosini—Marchesini [81] model which plays an essential role in the
theory of automatic control systems with two independent variables [81,113].
Finally, in addition to optimization problems for DFI, existence problems for
hyperbolic differential inclusions have been extensively studied in the literature
[21,49,62,219]. Aubin and Frankowska, and Domachawski investigate first-order
hyperbolic systems of partial differential inclusions [21,68]. Papageorgiou consid-
ers the existence of solutions for Darboux hyperbolic differential inclusions (6.81)
in Banach spaces [219]. Some second-order necessary conditions for an analogous
nonconvex hyperbolic differential inclusion problem are considered in Ref. [48].

In Sections 6.5 and 6.6, an extremal Dirichlet problem and a first boundary
value problem are formulated for elliptic and hyperbolic DSI and DFI with elliptic
Laplace’s operator, respectively. In addition, the results obtained generalize to the
multidimensional case with a second-order elliptic operator. Therefore, at the end,
we indicate general ways of extending the results to the case of generalized solu-
tions [6,7,27,29,44,46,92,104,126—128,131].

Section 6.7 is devoted to optimization of parabolic-type DSI and DFI. At the
end of this section, we indicate how to extend the results to multicriteria
optimization.

Next, we construct the dual problems of primary convex problems for partial
differential inclusions. The duality theorems for partial differential inclusions allow
us to conclude that a sufficient condition for optimality is an extremal relation for
the primary and dual problems. Here, the dual problem to the convex problem
obtained by using the infimal convolution of convex functions is the starting point
of the construction of duality theory. Thus, the duality problems for corresponding
discrete and discrete-approximation problems allow us to formulate this problem
for continuous problems. But to avoid long calculations, we omit it and formulate
only dual problems constructed for different partial DFIs.



Optimization of Discrete and Differential Inclusions with Distributed Parameters via Approximation 257

Some duality relations and optimality conditions for an extremum of different
control problems with partial differential inclusions can be found in Mahmudov
[159,162—166,168—171].

6.2 The Optimality Principle of Boundary-Value Problems
for Discrete-Approximation and First-Order Partial
Differential Inclusions and Duality

This section is devoted to an investigation of problems with distributed parameters
of the first kind, where the treatment is in a finite-dimensional Euclidean space.
Aubin and Cellina, and Barbu [20,27] obtained necessary conditions for an extre-
mum for some control problems with distributed parameters in abstract Hilbert
spaces. As a rule, the methods of these authors require the introduction of operators
with a maximal monotone graph.

Section 6.2 is divided into four parts. In the first part (Subsection 1), a certain
extremal problem is formulated for discrete inclusions. For such problems, we use
constructions of convex and nonsmooth analysis in terms of CUAs, local tents, and
LAMs [38,148,152,160—173] for both convex and nonconvex problems to get nec-
essary (and sufficient, in the convex case under a regularity condition) conditions
for optimality that are based on some subtle computations with the help of the
LAM apparatus.

In Subsection 2, we use difference approximations of derivatives and grid func-
tions on a uniform grid to approximate problems with first-order partial differential
inclusions and to derive a necessary and sufficient condition for optimality for the
discrete-approximation problem. The latter is possible by passing to necessary con-
ditions for an extremum of a discrete inclusion in Subsection 1.

In Subsection 3, we will be able to use the results from Subsection 2 to get suffi-
cient conditions for optimality for convex differential inclusions. The derivation of
sufficient conditions will be implemented by passing to the formal limit as the dis-
crete steps tend to zero.

At the end of Subsection 3, we consider an optimal control problem described
by a first-order differential equation with distributed parameters. This example
shows that in known problems, the adjoint inclusion coincides with the conjugate
equation, which is traditionally obtained with the help of the Hamiltonian function.

The basic concepts and definitions can be found in Sections 2.2 and 3.6. For a
multivalued mapping F:R*"— P(R"), we introduce the following notation:

Hr(p,x,v*) = sup{(v,v*) : veF(p,x)}, v*eR”",
(3
F(p,x;v*) ={veF(p,x) : (v,v") = Hr(p,x,v")}.
For convex F we set,

if He(p,x,v*) = —c0, if F(p,x)=.
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A mapping F*(v*; (p°,x°,0%) = {(p*,x*) : (p*,x*, — u*)eKgy F(P°, 20,10} s
called the LAM to F at a point (p°.x°,0%), where K, #(P°,x°,2°) is the cone dual
to the cone Kgpn F(pO,XO,UO). For nonconvex multivalued functions, obviously a
cone of tangent vectors is defined differently. But the wider this cone is, the more
effective optimality conditions are.

At first we consider the following optimization problem for discrete inclusions
with distributed parameters [168]:

S o ) (6.1)
t=1,..,T
7=0,.,L—1
subject to
xl+],TEF(~th+la-xt,T)s (taT)EHl XLla (62)
-x[,L = Oy, IEH19 -xo,T = /607'9 TGLO (OéOL = BOL)’ (6'3)

where H={0, ..., T}, H,=1{0, ..., T—1}, L,={0, ..., L}, L;={0, ..., L—1}, and
&ur ' R">RU{=* o0} are functions taking values on the extended line, F is multiva-
lued mapping, and «;, B, are fixed vectors.

A set of points {x;+}(, ) cpx g, = ¥ (t,7)eH X Ly, (t,7) # (T,L)} is called an
admissible solution for the problem in Eqgs. (6.1)—(6.3) if it satisfies the inclusion
in Eq. (6.2) and boundary conditions in Eq. (6.3). It is easy to see that for fixed nat-
ural numbers T and L, the conditions in Eq. (6.3) enable us to choose some admis-
sible solution, and the number of points to be determined coincides with the
number of discrete inclusions in Eq. (6.2). The following condition is assumed
below for the functions g, ., t=1, ..., T, T€L,, and the mapping F.

Condition N. Suppose that in the problem in Egs. (6.1)—(6.3), the mapping F is
such that the cone Kgph p(%; 7+ 1,%17,% +1,7) of tangent directions is a local tent,
where % ; are the points of the optimal solution {il,T}(t,T)e HX Lo Suppose, moreover,
that the functions g, . (x) admit a CUA h, (X, X, ;) at the points %, ; that is continuous
with respect to X. The latter means that the subdifferentials og, (%;,) = 0h, (0, %; ;)
are defined.

The problem in Egs. (6.1)—(6.3) is said to be convex if the mapping F is convex
and the g,, are proper convex functions. For a convex problem, we introduce
Definition 6.1.

Definition 6.1. We say that the convex problem in Egs. (6.1)—(6.3) satisfies the
regularity condition if for some feasible (admissible) solution {ng} (et x> We

have either (a) or (b):

0 0
a. (xt,'r + 1> xt,’f’

X, )erigph F, (t,r) e Hy X Ly,
xf‘),,T €ri dom gt,T9(t’T)EH X L()-
b, (x? ., x0 ), )eint gph F, (t,r)eH; X L,
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(t,7) # (to,70) ((to,70) is the fixed pair) and g,, are continuous at the point xQT. In
Subsection 3, we study the convex problem for differential inclusions with distrib-
uted parameters:

1

inf I(x(-,")) = Hg(x(t, T),t,7)dt dT + J go(x(1,7), 7)dT, (6.4)
. 0
o
subject to a"g; Dea <a"g;7) x(t, T)), 0<r=1, 0=7<1, (6.5)
x(t, )=a(t), x(0,7)=p(1), a0)=p(1), Q=][0,1]X]0,1]. (6.6)

Here, F is a convex multivalued mapping, g is a continuous function that is convex
with respect to x, g : R" X Q—R, go: R"X[0,1]1>R, and «a(?) and G(7) are abso-
lutely continuous functions, a : [0,1]—-R", 3:[0,1]—>R" . The problem is to find a
solution X(z,7) of the boundary value problem in Egs. (6.5) and (6.6) that mini-
mizes Eq. (6.4). Here, an admissible solution is understood to be an absolutely con-
tinuous function with summable first order partial derivatives. In other words, an
admissible solution belongs to the Sobolev space Wl’l(Q); i.e., the distributional
derivatives of the first order belong to L;(Q). In general, a Sobolev space is a vec-
tor space of functions equipped with a norm that is a combination of L” norms of
the function itself as well as its derivatives up to a given order. The derivatives are
understood in a suitable weak sense to make the space complete, thus a Banach
space [131,212].

1 Necessary and Sufficient Conditions for an Extremum for Discrete
Inclusions

At first we consider the convex problem in Egs. (6.1)—(6.3).

Theorem 6.1. Suppose that F is a convex multivalued mapping and g, are
convex proper functions continuous at the points of some admissible solution

{x?i} (r)eH X Lo" Then for {X-} e x 1, t0 be an optimal solution of the problem in

Egs. (6.1)—(6.3), it is necessary that there exist a number A=0 or 1 and vectors
{sz} and {cp;‘,T}, not all zero, such that

1. ((p;kﬂ— + l’x;k,‘r - @;iT)GF*(x;iT; (x~[,T+ 17)?[,7'3 xt + I,T))
+{0} X { — A\0g:-(%:.r)},  080-(For) =0, (1, 7)€H; XLy,
2. —xj,€ AOgr +(X1.7)s ©fo =0.
In addition, under the regularity condition, (1) and (2) are also sufficient for the
optimality of {X; -}, - cpx1,-
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[J One of the essential points in the proof is the use of convex programming
results. With this goal, we form the m = n(L + 1)-dimensional vector x, = (x,,

X.1s...» X )ER™ for any reH,. Further, let x;= (x70, ..., X7, —1)€R". Then
w=(xo, ..., xp)€R™ "L We consider the following convex sets defined on the
space R™T 1k,

M ={w=(x0,...,x7) : Xer+1, Xr, Xr—1,-)€Ph F}(t,7)eH| X L,

MO = {W = (x09 LI axT) : xl‘,L = Oé[L,tEH]},
NO = {W = ()CO, s ,XT) cXor = 607976[10}'
Thus, setting g(w) = 21:1 r  8&nr(x;r), we can easily show that the boundary
=1L

problem in Egs. (6.1)—(6.3) is equivalent to the following convex minimization
problem in the space R "%

inf g(w) subjectto weP = ( N M,,T) N My N Ny. (6.7)
(t,r)eHy X L,

We apply Theorem 3.4 to this problem. For this, it is necessary to compute the
cones Ky, (w), Ky (w), Ky (w), weP asin Lemma 6.1.

Lemma 6.1. Let Kj, (w) be a convex cone of tangent directions at we M, .. Then

K]Tl,’,.(w) = {W* = (X?;, e ,.X;i) : (xZ7+ ]ax:»rs-x;k+ ]’7) EI(;ph F(-xt,T+ 1> Xe,ms Xt + 1,7‘)7

=0, G)#@T+1), (,7), (+1,7)}, (7)eH XL

O Let weKy, (w). This means that w+ AweM,, for sufficiently small A>0,
equivalently,

(xt,T+ 1 + )\-)_CI,T+ 1> X7 + )‘)_Ct,ra Xt + 1,7 + Axt+ l,T:)Egph F.
Therefore,

Ky, (w) = {W = (X0, ..»x7) : X7+ 1, X175 X+ 1,7) € Koph F(X17 + 15 Xe,m0 X1 + 1,7)}~
(6.8)

On the other hand, w* €K}, (w) is equivalent to the condition

wow )= Y (®ypx) =0, wekKy, (w), (i) # (T,L),
(ij)eH X Ly

where the components X;; of the vector W (see Eq. (6.8)) are arbitrary. Therefore,
the last relation is valid only for xj; =0, (i,j) # (t,7 + 1), (#,7), (t +1,7). This
completes the proof of the lemma.
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It is also not hard to show that
Ky, (w) = {w* = (XG5 X7) 1 X, = 0,7 # L,teH},

(6.9)
Ky, (w) = {w* = (X0 --->X7) 1 X7, = 0,1 # 0,7€ Lo, (1,7) # (T,L)}.

Further, by the hypothesis of Theorem 6.1, {ilsT}(Z,T)E % 1, 18 an optimal solution.
Consequently, w = (%o, ...,Xr) is an optimal solution of the problem in Eq. (6.7).
Moreover, g(w) is continuous at the point w® = (xJ,...,x%). Then applying Theorem
3.4 to the minimization problem in Eq. (6.7), we can assert the existence of vectors

wi(t, ) eK}y (W), (,T)eH XLy, W*=(%,..., %) ek}, (W),
W= (X5, . ... Xp) €Ky (W), w*ed,g(w)

and of a number A (equal to O or 1), not all zero, such that

= 3T W)+ W (6.10)

(I,T)EH]J(L[

This equality plays a central role in the investigations to follow. Using the fact
that

W*(ts 7_) = (-xzk)(ta T)7 e 7x;(t7 T))7 -x;k(ts T) = (X:O(t, T)a e ,sz(t, 7_)); tEHl
'x>7k’(t5 T) = (x;‘,()(t’ T)» LECI] »x;L—[(ts T))

and Lemma 6.1, we get

[ > v 7)1 =X (LT + 0t —1,7) + X (T —1) (6.11)

(t,T)eEH; X L, tr

X (t,7=1)=0, 7=0, teH,

where [w*], , denotes the components of the vector w* for the given pair (¢,7).
On the other hand, using Eq. (6.9), we can write

* ~ % —% _ x;k,O(ta 0) +~x;k,0(t _1a0)a tEHl
[ > owie )+ +w1 —{x,;T(T_LT)’ el (6.12)
(t,r)eH) X Ly i ’

where it is taken into account that [W*],, =X, =0, teH, [W*],=X=0,

t=1,...,T,and [W*],, =% =0, [W];, =0, TeL;. Also from the arbitrariness
of &, , it is clear that the equalities

XL X (LD + X (L) + 8, =, =1, T 1
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always hold, where [WO*],,L =x2’£. The same applies to the component-wise repre-
sentation in Eq. (6.10) for (0,7), T€L; in view of the arbitrariness of [W*], . = X
Thus, by Eqgs. (6.11) and (6.12), it follows from Eq. (6.10) that

,T"

)\x?’: =x (t,7) +x; (t=1,7) +x; (t, 7 —1),
xj (t,7—1)=0, 7=0, teH, (6.13)
N =x5 (T —1,7), T€L.

Using Lemma 6.1 and the definition of a LAM, it can be concluded that

1@ 7), X (G EF (= X[y (6,7); Grort15 Xprs K 1.7)). (6.14)

Then, introducing the new notation x;_ (1, 7) = ¢, X (t—1,7)= —x,
we see from Egs. (6.13) and (6.14) that the first part of the theorem is valid. As for
the sufficiency of the conditions is obtained, it is clear that by Theorems 1.11 and
1.30 and the regularity condition, the representation in Eq. (6.10) holds with A =1
for the point w** €8,,g(%) N K3(w). A

Note that if in the problem in Egs. (6.1)—(6.3) the functions and mappings are
polyhedral, then by virtue of Lemma 1.22, the regularity condition in Theorem 6.1
is superfluous.

Theorem 6.2. Assume condition (N) for the problem in Egs. (6.1)—(6.3). Then for
{X1,-}¢.r)em x 1. to be a solution of this nonconvex problem, it is necessary that there
exist a number A =0 or 1 and vectors {x; }, {¢] } not all zero, satisfying condi-
tions (1) and (2) of Theorem 6.1.

O In this case, condition (N) implies the hypotheses of Theorem 3.25 for the prob-
lem in Eq. (6.7). Therefore, we get the necessary condition as in Theorem 6.1 by
starting from the relation in Eq. (6.10), written out for the nonconvex problem.

2 Approximation of the Continuous Problem and a Necessary Condition
for the Discrete-Approximation Problem

In this section, we use difference derivatives to approximate the problem in
Eqgs. (6.4)—(6.6), and with the help of Theorem 6.1 we formulate a necessary and
sufficient condition for it. We choose steps ¢ and & on the t-axis and the T-axis,
respectively, using the grid function x,, = xg,(t,7) on a uniform grid on Q. We
introduce the following difference operators, defined on the two-point models
[246] A| = Ays, As = Aoy

x(t+0,7)—x(t,7)
6 b
t=0,6,..., 1 =96, 7=0,...,1—h.

x(t, 7+ h)—x(t,T)
h b

Ax(t+6,7)= Apx(t+7,h) =
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With the problem in Egs. (6.4)—(6.6), we now associate the following difference
boundary value problem, approximating it:

inf In(e(, )= > Shge(t, T, 6T+ > hgo(x(1,7),7), (6.15)

t=0,.,1—-6 7=0,.,1—h

subject to Ax(t + 9, 7)€ a(Ax(t, T + h), x(t, 7)),
x(t,1)=a(t), x(0,7)=0(r), t=0,...,1=6, 7=0,...,1—h.
(6.16)

We reduce the problem in Egs. (6.15) and (6.16) to a problem of the form in
Egs. (6.1)—(6.3). To do this, we introduce a new mapping

F(p,x)=x+ 6F (’%x) (6.17)

and rewrite the problem in Eqgs. (6.15) and (6.16) as follows:

inf Lsn(x(+,)),

subject to  x(t + 8, 7)€ F(x(t, T + h), x(t, 7)),
x(t,1) = o), x(0, 7) = B(7),
t=0,...,1—-6, 7=0,...,1—h

(6.18)

By Theorem 6.1, for optimality of the trajectory {x(z,7)}, t=0,...,1,7=0,..., 1,
(t,7)# (1,1) in Eq. (6.18), it is necessary that there exist vectors {x*(¢,7)}, {¢*(t,7)},
and a number A = A\g,€{0,1}, not all zero, such that

(p*(t, 7 + h), x*(t, 7) — ©*(t, 7)) EF*()C*(I +6,7),xX(t, T + h),X(t, 7),X(t + 6, 7))
+ {0} X {6h\og(x(t,T),1,7)},

(6.19)

x*(1,7)e Midgo(X(1,7),7), ¢*(¢,0)=0, t=0,...,1=6, 7=0,...,1—h.
(6.20)

In Eq. (6.19), F* must be expressed in terms of F*.

Theorem 6.3. Suppose that the mapping F is such that the cones Koo #(p, X, 0),
(p,x,v)e gph F of tangent directions determine a local tent. Then the following
inclusions are equivalent:

L (p*,x")eF (v* (p, x,v)),

2 (I e (0 ), e
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[0 By Definition 3.4 of a local tent (SecEilon 3.4), there exi§} functions r;(Z), i =1, 2
and r(z), z=(p,X,v), such that ri(E)HZH —0 and r(Z)HZH —0asz—0, and
v+U+r@ex+x+rQ)

YD+ @) —x—%— 1
+6F(p P rZ(Z)hx i rl(Z),x-i—x-i—rl(Z))

for sufficiently small Ze Q, Q<ri Ky #(2).

Transforming this inclusion, we get

+
0 0 0

—x p—xX n@-nk _ 3
+ + +x+ .
eF( A ; ; ,X+X+r1(2)

v—x UV—X N r@) —r@)

From this, it is clear that Kgpn r((p — x)/h, x, (v — x)/6) is a local tent of gph F,
and

pP—X _U—X (p—x v—x
(h A )ngphF(—h s ) (6.21)

Now, by going in the reverse direction, it is also not hard to see from Eq. (6.21)
that

([_77 X, E)ngph F(paxa U)' (622)
This means that Egs. (6.21) and (6.22) are equivalent.
Suppose now that (p*, x*)e F *(v*; (p, x,v)) or, equivalently,

p,p") + (%,x") — (U,0") =0, (P, X,0) €Ky, 5P, X, V). (6.23)
We rewrite this in the form

vV—X

<?7¢T> + (.Y, ¢;> - <_ 5 _,¢*> ZO’ (F’X’E)EKgph F(p,x, ’U), (624)

where 1], 15, and 1" are to be determined. Carrying out the necessary transforma-
tions in Eq. (6.24) and comparing it with Eq. (6.23), we see that

x*+pt—o*
1: 53 1/1;: 5 > ¢*=U*.
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Then it follows from the equivalence of Egs. (6.21) and (6.22) that

This concludes the proof of the theorem. ll

Remark 6.1. In Eq. (6.25), it is taken into account that the LAM F* is a positive
homogeneous mapping with respect to the first argument:

F*(uv*; (p, x,v)) = uF*(v*; (p,x,v)), p>0.

Remark 6.2. If the mapping F is convex, then we can establish the equivalence of
the inclusions in Theorem 6.3 in another way, namely, by computing 6Hz(p, x, v*),
and expressing it in terms of OHp((p — x)/h,x,v*).

Let us return to the conditions in Egs. (6.19) and (6.20). By Theorem 6.3, the
condition in Eq. (6.19) takes the form

O, T+ h) x*(t,7) —x*(t+6,7)+ o (t, T+ h) — ©*(t,T)
5 ’ Sh

xX*(t+6,71) (6.26)

h
+{0} X {=\og(x(t,7), 1, 7)), t=0,...,1—6, 7=0,...,1—h.

eF* s (AxX(t, T+ h), X(t,T), A1 X(t + 6, 7))

Here, denoting the expressions (¢*(#,7))/6 and (x*(¢,7))/h again by @*(¢,7) and
x*(t,7), respectively, it is not hard to verify the following representation of the sec-
ond quotient:

x*(t, ) — x*(t + 6,7) + o, T+ h) — o*@,T)
Sh
t=0,...,1-6, 7=0,...,1—h.

=A0*(t, T+ h)—Ax*(t+6,7),

Then it follows from Egs. (6.20) and (6.26) that

(*(t, 7+ h),Ay*(t, T + h)) e F*(x*(t + 6, T); AxX(t, T + h), X(t, T), A X(t + 6, T))
+ {0} X {\og(xX(t, 7),t, 7) + A x*(t + 6, 7)},
(6.27)

O*(,0=0, —x*(1,7)edgo(x(1,7),7), t=0,...,1—=6, 7=0,...,1—h.
(6.28)

We formulate the result just obtained as in Theorem 6.4.
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Theorem 6.4. Suppose that F is convex and g and g, are proper functions convex
with respect to x and continuous at the points of some admissible trajectory {x" (1,7)},
t=0,06,...,1, 7=0h, ..., 1 (t,7) #(1,1). Then for the optimality of the trajectory
{X(¢, 7)} in the discrete-approximation problem in Egs. (6.15) and (6.16), it is neces-
sary that there exist a number A\ = \g;, = {0,1} and vectors {v*(¢,7)} and {x*(z,7)}, not
all zero, satisfying Eqgs. (6.27) and (6.28). And under the regularity condition,
Egs. (6.27) and (6.28) are also sufficient for the optimality of {x(z, 7)}.

Remark 6.3. As in Theorem 2.2, Eqgs. (6.27) and (6.28) are necessary conditions
for optimality in the case of nonconvexity for the problem in Eqgs. (6.15) and (6.16)
under condition (N).

3 Sufficient Conditions of Optimality for Differential Inclusions

Using the results of Subsection 2, we formulate a sufficient condition for optimality
for the continuous problem in Egs. (6.4)—(6.6). Setting A =1 in Egs. (6.27) and
(6.28), we find, by passing to the formal limit as 6 and /4 tend to O, that

(w(z, . 6”;(: ”) cF* (ﬁ(r, ) (aigf),)z(r, T),a’?g; ﬂ))
1.

ox*(t, T)
ot

+ {0} X — 0g(X(t, 7),t,7) p,

2. o*t,00=0, —x*(1,7)edgo(X(1,7),7).

Along with this we get one more condition ensuring that the LAM F* is
nonempty:

3. ai(t, T) eF (656'([, T) 7}(17 7_); X*(l, 7_)) .

ot or

The arguments in Subsection 2 suggest the sufficiency of conditions (1)—(3) for
optimality. It turns out that the assertion in Theorem 6.5 is true.

Theorem 6.5. Suppose that g(x,z,7) and go(x,7) are jointly continuous functions
convex with respect to x and F is a convex closed mapping; i.e., gph F is a convex
closed subset of R*. Then for the optimality of the solution %(-,-) among all
admissible solutions, it is sufficient that there exist absolutely continuous functions
{@*(t,7), x*(z,7)} such that the conditions (1) and (3) hold almost everywhere on Q.
[0 By Theorem 2.1,

F*(U*; (p, x,v)) = OpoHr(p,x,v"), vEF(p,x;V").
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Then by using the Moreau—Rockafellar theorem (Theorem 1.29), from condi-
tion (1) we obtain the inclusion

op*(t,7) ox*(t, T ox(t, ) .
o (1,7), “Ja(T )_ a(z )\ €p.0Hr (gT ) %, 1) (67)
Oox(t
+g1 x(’T),i(t,T),t,T , &1lp,x,t,7)= —g(x,1,7), (t,7)€Q.

or

Using the definitions of a subdifferential and Hy, we rewrite the last relation in
the form

o(x(t, 7)1, 7) — g1, 7). 1, 7) — <6xg; T),x*(t, T)> + <af(at; T),x*(t, T)>

_ <<p* " T)’axg; 7 6)?((;; T)> . <8x*§, ol 650’;(: r)’x(t’ o T)>’

or

glx(t,7),t,7) — g(xX(t,7),t,7) = <% (x(z, 7) — (2, 7)), x*(, 7')>

ox*(t,T)
ot

- % (o*(t,7),x(t,7) — X(t, 7)) + < , x(t, 7) — X(¢, 7')>.

On the other hand, by the second condition in (2),

go(x(l’T)a T) - g()(i(l,’r), T) = - (X*(LT)’X(LT) - i(la T)>

Integrating the preceding relation over the domain Q, and the latter over the
interval [0,1] and then adding them, we get

ﬂ[g(X(t, 7),1,7) — g(X(t, 7)1, T)dz AT + | [go(x(1,7),T) — go(X(1,7), T)ldT
Q

1

|

= JJ 9 (x(t,7) — X(t, 7), x*(t, 7))dr dT — Jg (p*(t,7), x(t,7) — X(¢, 7))dt AT
ot or

[¢] o

1
- J(x*(l, 7),x(1,7) — %(1, 7))dr.
0

(6.29)
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It is clear that

JJ% (x(t,7) — X(t, 7), x*(t, 7))dr dT
(4]

. | (6.30)
= J(x*(l, 7),x(1,7) — %(1,7))dT — J(x*(O, 7),x(0,7) — %(0, 7))dT
0 0
where, since X(0,7) = x(0, 7) (see Eq. (6.6)),
1
J(x*(O, 7),x(0,7) — %(0, 7))dT = 0.
0
Analogously,
11
JJ 3 (" (t, 7), x(t, 7) — X(¢, 7))dr dT
or
00 | (6.31)

1
= J(Lp*(t, 1), x(z, 1) — X(z, 1))dr — J(go*(t, 0), x(t,0) — X(z, 0))dz,
0 0

and since x(z, 1) = x(t, 1)and ¢*(¢,0) = 0 by condition (2),

1 1

J(cp*(t, 1),x(t,1) — x(z, 1))dr = 0, J(ga*(t, 0), x(¢,0) — x(z,0))dr = 0.
0 0

Then from Egs. (6.30) and (6.31), we obtain that the right-hand side of
Eq. (6.29) is equal to zero. Thus, we have finally

1

J]g(x(t, 7),t,7)dt dT + Jgo(x(l, T), T)dT

Q 0
1

= JJ gx(t,7),t, T)dt dr + Jgo(i(l ,T), T)dT

Q 0

for all admissible solutions x(z,7), (t,7) € Q.

The theorem is proved. l
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Remark 6.4. Recall from Sections 4.5 and 4.6 that the multivalued mapping
defined by the following inequality is called the LAM to nonconvex mapping F at
a point:

F*(U*; (p~9-£9 ’D)) = {(p*3X*) : HF(psx3 U*) - HF(pNP)z’ ’D*)
=(pp—p) + W x—3 V(px)eR"XR"}

Obviously, F* is a convex closed set at a given point.

Note that for smooth functions Hg( -, -,v*), the inequality in this definition can
be given by the Weierstrass function [111:124], which plays an important role in
the classical variational calculation’s problems. By using this definition of LAM
and the following conditions (a)—(c) in Theorem 6.5, it easily be seen that
Eq. (6.29) holds and hence a similar result to this theorem is valid for such a non-
convex case.

a. <30* (t.7), 0pr) _ oren) G 7_)> cF* (x*(t, ) A%(t,7) X1, 7) 5;(:,7))’

or ot > oor > ot
b‘ g(x, ta T) - g(j(ta T)a ta T) = (X*(t9 T),.X _)E(l‘, T)) VXGRn,
c. ©"(1,0)=0, go(x,7) = go(X(1,7),7)= — (x*(1,7),x —X(1,7)) VxeR"

Example 6.1. In the conclusion, we consider an example:

inf I(x(z, 7)),
subject to 6x(at; 7) =A ax(at;T) + Aox(t,7) + Bu(t,7), u(t,7)eU
x(t, 1)=a(t), x(0,7)=p(1), (6.32)

where A, and A, are n X n matrices, B is a rectangular n X r matrix, UcR" is a
convex closed set, and g and g, are continuously differentiable functions of x. It is
required to find a controlling parameter ii(z, 7) € U such that the solution %(z, 7) cor-
responding to it minimizes I(x(-,-)). In this case, F(p,x) = Ap + A>x + BU.

By elementary computations, we find that

(Atv*,Av*), if — B*v*e[cone(U — u)]*,
, if — B*v* ¢ [cone(U — uw)]".
v=Ap+ Ayx + Bu.

FH ("5 (p,x,0)) = {

Then, using Theorem 6.5, we get the relations

o't T)=ATX (1, 1), ¢*(1,0)=0, (6.33)
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op*(t,T)  ox*(t,7)

pm o = ASx*(t,7) — ' (&(t,7),1,7T), (6.34)
(u—ia(t, ), = B*x"(t,7)) =0, uel, (6.35)
x*(laT) = _g/()(i(laT)ﬂ T)' (636)

Substituting Eq. (6.33) into Eq. (6.34), we have

_Ox*(t,7) _ g ox*(t,7)
ot bor

+ ASx*(1, ) — g (&(t, 7), 1, 7). (6.37)

Obviously, Eq. (6.35) and the second condition of Eq. (6.33) can be written in
the form

(Bi(t, 7), x*(t, 7)) = sup{Bu, x*(t, 7)) (6.38)
uelU

x*(¢,0) = 0.
Thus, we have obtained the following theorem.

Theorem 6.6. The solution X(¢, 7) corresponding to the control (¢, 7) minimizes 1
(x(-,-)) in the problem in Eq. (6.32) if there exists an absolutely continuous func-
tion x*(¢,7) satisfying almost everywhere the differential equation in Eq. (6.37) and
conditions in Egs. (6.36) and (6.38).

4 Duality in the Problems of Optimal Control Described by First-Order
Partial Differential Inclusions

On the basis of the apparatus of locally conjugate mappings, a sufficient condition
for optimality is derived for the nonconvex problem and duality theorems are
proved. The duality theorems proved allow us to conclude that a sufficient condi-
tion for an extremum is an extremal relation for the direct and dual problems.

In this section, at first we establish the dual problem for the first-order differen-
tial inclusions in Eqgs. (6.4)—(6.6) with homogeneous boundary value problems
(x(1,1) =0, x(0,7) = 0).

The problem of determining the supremum

sup Llg*(t,7),x"(t,7), 2*(t, 7)] (6.39)
O (1) X (7). (1,7)
©*(t,0)=0
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is called the dual problem to the convex problem in Egs. (6.4)—(6.6), where

1*[¢*<r,f),x*<r,r),z*a,r)]=m < “(, )89”*“ ) ax*a(i’T)+z*(t,7'),x*(t,7'))

1
—-g" (@), l,T):| drdr — J go*(1,7),7)dr.
0

It is assumed that the functions ¢*(¢,7), x*(¢,7) are absolutely continuous func-
tions with summable first partial derivatives on Q; i.e., they belong to the Sobolev
space Wl’l(Q) and z*(#,7) is an absolutely continuous function on Q.

Theorem 6.7. The inequality
I(X(ts T)) = I*[SO*(I’ T)»X*(t’ T)’ Z*(t’ T)]

holds for all feasible solutions x(¢,7) and {u*(t,7),x*(t,7),z*(t,7)} of the convex
problem in Eqgs. (6.4)—(6.6) and the dual problem in Eq. (6.39), respectively.

O It is clear from the definitions of the functions M, g*, and gj that

M (p*(t,T)’asD*(t,T) (1,7 + 2T X T) S<<p*(t,7), 6x(t,7)>

or ot or
op*(t, T ox*(t, T ox(t, T
< pT) ;’ ) + (¢, 1), x(2, T)> - < g ) X (8, )>
= ag *(t,7),x(t, 7)) — = (x*(t, 7), x(2, 7)) + (" (¢, T), x(z, 7)) (6.40)
— g, ), t, 7)=gx(t,7),t,7) — {x(t,7), 2" (¢, 7)), (6.41)

- gS(X*(la T)) T) = go(x(l 5 T)a T) - <x(1 ) T)9X*(1 ) T))
Using Egs. (6.40) and (6.41), we have

Lg*(t,7),x"(1,7),2"(t,7)]

Sﬂg {o*(t,7),x(t,7))dt dT — ﬂ% (x*(t,7),x(t,7))dr dr
0 0 (6.42)

1

1
+J gx(t,7),t,7)dedr + Jgo(x(l ,7), 7)dT + J(x*(l ,7),x(1,7))dT.
0 0 0
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But since

1

0
Ha (p*(t,7),x(t,7))dt dT = J[(so*(t, 1), x(7, 1)) — (¢*(z,0), x(z, 0))]dr,
0 0

JJ% (x*(t,7),x(t,7))dt dT = J[(x*(l, 7),x(1, 7)) — (x*(0, 1), x(0, 7))]dT,
0 0

the solution x(#,7) (x(0,7) = 0,x(¢,1) = 0) is admissible, and u*(£,0) = 0, we get from
the inequality in Eq. (6.42):

L(u*(t,7), x*(t,7), 7°(t, 7)) =< | (x*(1, 7), x(1, 7))dT + I(x(2, 7))

(x*(1,7),x(1, 7))dT = I(x(¢t, T)).

Thus,
L (1, 7),x"(t,7), 2"(t, 7)) = 1(x(t, 7)),
which is what was required. ll

Theorem 6.8. If the functions X(¢,7) and {&*(t,7),%*(t,7),7°(t, 7)},
7*(t, 7)€ 0g(X(t, 7),t,7), where — X*(1, 7)€ 0go(X(1,7), T), satisfy conditions (1)—(3)
of Theorem 6.5, then they are solutions of the direct and dual problems, respec-
tively, and their values coincide.

[0 The fact that (¢, 7) is a solution of the direct problem was proved in Theorem
6.5. We study the remaining assertions. By the definition of the LAM, condition
(1) of Theorem 6.5 is equivalent to the inequality

or or ot
ox(t, 1)
or

+ 75, 7), x — X(2, 7')>

+ ( X (t,7),v— =0, (p,x,v)egphF,

which means that

(ﬁ* (1.7, 2067 0¥ ()

+ >k ~k i
P o 75 (e, ), X (¢, 7')) edom M, (6.43)
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where
dom M = {(p*,x*, —v*) : M(p*,x*,v*) > —o0}.

Further, since 0g(x,t,7)=dom g*(-,t,7) and 0go(x, 7)=dom gj(-,7), it is clear
that

Z(t,T)edom g*(-,1,7), X*(1,7)edom g;(-, 7). (6.44)

Then it can be concluded from Egs. (6.43) and (6.44) that the indicated func-
tions {i*(¢, 7), X" (¢, 7),Z"(¢t,7)} form an admissible solution. It remains to show that
it is optimal. Using Lemma 2.6, we get

M (ﬂ*(t, = 6’2}: 7 _ a)z*g D) 4 ). T)>
) (6.45)
- H, (ax(t’ D de,,50, T))
or
(60, TED) + (D - FRD v ren).
By condition (3) of Theorem 6.5,
Hy (m D 50, 7,8, 7)) - <am’ N g, T)>. (6.46)
or ot
Moreover, we can write
(1, 7), 2, 7) — g0 T 1,7) = G (1,7, 1, 7), (647)

(i(l’ T)s)z*(la T)> - go(i(19 T)s T) = gé()z*(la T)T)y
where it is taken into account that
(t, 7)€ 0g(x(t, 7),t,7), X*(1,7)€0g0(X(1,7), 7).

Then in view of Egs. (6.45)—(6.47), it is easy to establish, as in the proof of
Theorem 6.7, that

I(&(t, 7)) = L(a* (¢, 7), X (¢, 7), (8, 7).

The proof is complete. ll
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Let us construct the dual problem for the convex problem in Eq. (6.32), where
x(2,1)=0, x(0,7)=0. It is easy to see that

= Wy(B*v"), if x; = Ajv*, x, = ASv*
ok k) — > 17> 20>
M(xy, x5, v") {—oo, otherwise,
0, x*=0
* * — b >
go(x ,T) {OO, x* #£ 0.

Then taking into account the form of M, we conclude that the required dual
problem is transformed as follows:

Sup I*[x*(ta T)n Z*(tn T)])
x*(t,1), 2(t,7)
(1,7 =0,*(1,0)=0

_ox(t,T) _

ox*(t,7)
= _A*
ot !

or

+ Ax*(t, ) + (¢, 7),
where

Lx*(¢t,7),z2°(t, 7)] = — H[WU( - B*x*(t,7)) + g*(Z*(t,7),t, 7]dt dT.
Qo

6.3 Optimal Control of the Cauchy Problem for First-Order
Discrete and Partial Differential Inclusions

Optimization of the Cauchy problem for discrete inclusions is reduced to a problem
with geometric constraints in the Hilbert space ¢,, and necessary and sufficient con-
ditions for optimality are derived. The obtained results are generalized to the multi-
dimensional case.

In Subsection 1, on the basis of convex minimization programming, necessary
and sufficient conditions of Cauchy optimality problems for two-parameter discrete
inclusions are proved.

In Subsection 3, we associate a discrete-approximation problem to the Cauchy
problem for partial differential inclusions and derive necessary and sufficient condi-
tions for optimality. We establish optimality conditions in both the Euler—Lagrange
and Hamiltonian forms. It should be pointed out that in the present case, we do not
use the local tent apparatus and CUAs (see Refs. [163,166,169,170,224]). The opti-
mality conditions obtained involve useful forms of the Weierstrass—Pontryagin con-
dition and the Euler—Lagrange type of adjoint inclusions [50,63,136,162,166,169,
170,197,214]. Now, let us formulate the two-parameter Cauchy optimization prob-
lem for discrete inclusions. In Subsection 2 on the basis of this problem, we study
optimization of the discrete-approximation analogue of the continuous Cauchy prob-
lem. The problem consists of the following:

inf Y > gy (6.48)

TeN teH
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subjectto x;4+1, r€F (X7 +1,%7), (L, T)EH| XN, (6.49)
Xor = Qo,;» TEN, (6.50)

where H={0, ..., T}, H,={0, ..., T—1}, N={0,1,2,3, ...} is a set of natural
numbers including zero, g, :R"—RU{* oo} are functions taking values on the
extended line, F;, : R*" — P(R") is a set-valued mapping, and ,, are fixed vectors.
A set of points {xt,r}(;,r)eﬂxzv ={x;;:(t,7)eH X N} is called a feasible solution
for the problem in Eqgs. (6.48)—(6.50) if it satisfies the inclusion in Egs. (6.49) and
the conditions in Eq. (6.50). Obviously, the problem in Egs. (6.48)—(6.50) can be
interpreted as an optimization of a Cauchy problem. Observe that feasible solutions
to the discrete inclusions in Eq. (6.49) can always be defined because of the
Cauchy condition in Eq. (6.50).

In Subsection 3, we set up an optimization of the Cauchy problem for differen-
tial inclusions with distributed parameters:

inf  I(x(+,")) = J Jg(x(t, T),t,7)dt dT + J golx(ty, 7), 7)dT (6.51)

-0 1y -0

ox(t,7) + ox(t, 1)

subject to o 5 € F(x(t,7),t,7) 652)
ae. (t,7), H<t=t, —wo<17<+o00,
x(to, T) = (7). (6.53)

Here, F(-t,7):R*—>P(R") is a set-valued map, g:R"XQ—R, and go:
R" X R—R are continuous functions; ¢ : R—R" is an absolutely continuous func-
tion; and Q = [£(,t1] X R, where #(,#; are fixed points. The problem is to find a solu-
tion X(-,-) among all the set of feasible solutions of the problem in Egs. (6.52) and
(6.53) that minimizes Eq. (6.51). Here, a feasible solution is understood to be an
absolutely continuous function satisfying almost everywhere (a.e.) the differential
inclusion in Eq. (6.52) and the initial condition in Eq. (6.53). The problem in
Eqgs. (6.51)—(6.53) is called convex if the functions g(-,t,7) go(-,7) and set-valued
map F(-,t,7) are convex. We label this problem (CP). Such research on the optimi-
zation of partial differential inclusions can be applied in the theory of differential
games, dynamic optimization, gas dynamics, heat and mass transfer, wave theory,
and much more (see also Ref. [242]).

By analogy to the second part of Subsection 3, we study a generalized optimiza-
tion of a Cauchy problem:

n

inf Jx(-, )= JRn J fx(t, ), t,7)de dr + JRU Jolx(t1, ), T)dT (6.54)

fo
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ox(t,7) " Ox(t, T)
>

subject to eG(x(t,7),t,7) ae. (t,7)E[ty, 1] X R"
ot =1 oty
(6.55)
x(tg, 7) = (1), (6.56)
where G :R" X|[ty,t1]] X R"—>P(R"), 7=(71,...,7,) is n-dimensional vector;
dr=dry, ..., dr,, f:R"X[to,;;] XR">R and fy:R" XR"—>R are continuous

functions, and « : R"—R" is an absolutely continuous function. It is required to
find an absolutely continuous function X(z, 7) of n + 1 variables of the problem in
Egs. (6.55) and (6.56) that minimizes a functional J(x(-,-)). We label this problem
(GCP).

1 Optimization Problem for Discrete Inclusions with Distributed
Parameters

Mahmudov [163] showed the necessary and sufficient conditions for another
boundary value problem with discrete inclusions (6.49) in the finite-dimensional
Euclidean space both for the convex and the nonconvex cases. Theorem 6.9 is
proved by analogy to Theorem 6.1, where you can find all the details. However,
for the problem in Egs. (6.48) and (6.50), it is assumed only that {x.o, X1, X;2,
X;3, ...} €Ly Or {x,,T}(,,T)EHXNefz for all re H. Remember that ¢, is a space of
numerical sequences, such that if x = {x;} then Zifl x%; < co. In fact, £, is an infin-
ity-dimensional coordinate-wise Hilbert space with the corresponding inner product
(x,y) = >°72, xiyi. Endowing it with the associated relevant norm, we have a
Banach space. Obviously, optimization of the Cauchy problem can be reduced to a
problem with geometric constraints in this infinite-dimensional Hilbert space. For
convenience, let Hx,’TH be the Euclidean norm of the n-dimensional vector x; .
(t,7)eH X N. Then we remark that in our case

- 2
> x| <0, t=0,1,....T,
=0

and for
— k k >k k >k
Xp = (X1,0,Xe1, %12, - JEL and X} = (%0, X 1, X, .- ) EL,

the inner product (x,x*)= >_"_ ofXer, X7 ) is finite for all fixed reH, since the
series Efzo(xm,x;}) is convergent. In addition, it is known [139] that £, is a self-
adjoint space; i.e., £, = f;, L41l=1 50 &3 = ¢,. Thus, the dual cone constructed in
Theorem 6.9 can be defined.
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Let us give Theorem 6.9 for the convex case. In what follows, a function g :
R" ->RU{*c0} is said to be proper if it does not take the value — oo and is not
identically equal to + co.

Theorem 6.9. Suppose that F, , are convex set-valued mappings and g, , are convex
proper functions continuous at the points of some feasible solution of the problem in
Egs. (6.48)—(6.50), {er} (r)eH XN’ Then for its optimality, it is necessary that there
exist a number A€ {0,1} and vectors {x,,*} and {cp”} not all zero, such that

(Prr s 15X = o) EFT (5 Grr+ 15807, %4 17))
{0} X { = Aogi~(X:r)}, (1, 7)EH XN,
ii. —x;, eMogr.(¥r,).
In addition, if A =1, then these conditions are also sufficient for optimality of
{ifﬂ'}(t,r)eH XN-*

O Let us reduce the problem in Eqs. (6.48)—(6.50) to one of convex programming
with geometric constraints in £, space. With this goal, we set x, = (x,0, X.1 X2,
..)e{, for any te H and consider the following convex sets defined in the space ¢£5:

M ={w=(x0,...,x1) : Xz + 1, X X +17)€ gPh F(-,1,7)}, (t,7)eH; XN
Mo ={w=(x0,...,XT) : X0, = Po,» TEN}.

Thus, setting g(w) =>___y>,cy8&:-(x,-), we can easily show that the problem
in Egs. (6.48)—(6.50) is equivalent to the following convex minimization problem
in the space {5:

inf g(w), subjectto weP = < N M,,T) N M. (6.57)
(t,r)eH XN

In order to write the necessary and sufficient conditions of the problem in
Eq. (6.57), first we must compute the cones Ky (w), Ky (w), weP. Obviously,
we Ky, (w) means that w + A\weM, . for sufflclently small )\ >0, or equivalently,

(xt,‘r+1 + )\Xt,TJr 1> X7 + )\xl,Ts-xt+ 1,7 + AjCIJr l,r,)egph Ft,7'~
Hence,

Ky, (w)={w=o,...,%r) : Krr+ 1, X7, %+ 1,-) EKF,, (rr + 1, X075 X1 + 1,0}
(6.58)

Then w* €K} (w) is equivalent to the condition

(w, w*) ZZ Xij» X ” 0, WweKy, (w).

ieH j=0
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We notice that convergence of the series > .7 ((%;, X ) provides that for all
weKy, (w) and w* e K}, (w), the inner product (w, w*) is defmed where the com-
ponents X;; of the vector (see Eq. (6.58)) are arbitrary.

The rest of the proof is the same as in Theorem 6.1. The difference lies in the
fact that in this case, Ky (w) = {w* = (x3,...,x7) 1 x; =0, # 0,7eN}. W

Remark 6.5. If instead of N in the problem in Egs. (6.48)—(6.50) we take the set
of integer numbers Z = {0, £ 1, =2, =3, ...} by direct verification without loss of
generality, it can be shown that Theorem 6.9 is valid in this case.

2 Necessary and Sufficient Conditions for the Discrete-Approximation
Problem Associated with the Continuous Problem

In this section, we associate a discrete-approximation problem to the problem (CP)
and formulate necessary and sufficient conditions of optimality for it. Using the
grid function x;, = xs,(¢,7) on a uniform grid on Q, we introduce the difference
operators A, B defined on the two-point models [20]:

x(t+0,7) — x(t,T)
6 b
t=ty,to+6,...,11 =06, TEZ,

x(t, T+ h) —x(¢,7)

Ax(t + 6,7) =
X1+ 8,7) - :

Bx(t,7+ h) =

where 6, h are steps on the f-axis and T-axis, respectively, and Z is a set of
integers.

Then discretization analogy of the partial differential inclusion in Eq. (6.52)
consists of the following:

Ax(t +6,7) + Bx(t, 7 + h)eF(x(t,7),t,T), t=ty,tg+6,...,t; =06, TEZ.

After some simplification of this inclusion due to the above-defined operators,
we associate the following discrete-approximation problem to the problem in
Egs. (6.51)—(6.53):

T=+ 0 T=+®©

inf I((, )= > Z 6hg(x(t,r),t,7)+ > hgo(x(1,7),7)

T=—0 t=1, T=—0

.....

subject to x(t + 6, 7)€ Q(x(t, T + h),x(t,7),t,T) (6.59)

x(to, ) = (7)),

t=ty,to+6,...,01 — 6, TEZ,
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where

Ox(t, 7+ h),x(t,7),t,7) = (1 + B)x(t,7) — Bx(x(t,7 + h) + 6F(x(t,7),1, T),% =g.
(6.60)

Obviously, ve Q(p,x,t,7) means that
ve(l +B)x — Bp + 6F(x,t,7),

or, equivalently,

V=X p—Xx
+
o h

EF(x,t,T).

Thus, by Theorem 6.9 (see also Remark 6.5), for optimality of the solution
{x(z,7)}, t=1t9,...,t1, TEZ in the problem in Eq. (6.59) it is necessary that there
exist vectors {x*(#,7)}, {©*(t,7)} and a number A = Ay, € {0,1}, not all zero, such
that

(©*(t, 7+ h),x*(t,7) — ¢*(t,7) € Q*(x*(t + 6, 7),%(t, T + h),%(¢, 7),%(t + 6,7),t,T)
+ {0} X { — 6hXOg(X(t, T),t,7T)},

—x*(t;, 7)€ NOgo(X(t1, 7),T), t=ty,to+0,...,1 =0, TEZ. (6.61)
In Eq. (6.61), O* must be expressed in terms of F*.

Theorem 6.10. Let a set-valued mapping Q(-,t,7) be a convex multivalued func-
tion defined by Eq. (6.60). Then Ky .n(p.x,v), (px,v)egph QO(-.t,7) is a cone
of tangent directions if and only if Kp,n(x,(v —x)/6+ (p —x)/h),(x,(v —x)/
6+ (p—x)/h)egph F(-,t,7) is a cone of tangent directions. Furthermore, the fol-
lowing inclusions are equivalent:

1L (p*x")eQ* (v, (p.x,v).L,7),
2. (p* +x* = v¥O) e F* (v (x,(v — x)I6 + (p — x)/h),t,T), vF €R",

where p* = — Gv*.
O First, let us justify the equivalency of the remembered cones of tangent direc-
tions. Assume that

(25 ) e (6 25 (25 2 e

(6.62)
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By the definition of a cone of tangent directions (condition (2)), this means that
for a sufficiently small A >0

(x’v—x + p—x) +)\<X,V_x + p;x) egph F(-,t,7),

o h o

or

EF(x + \x,t,7).

Multiplying the left- and right-hand sides of this inclusion by ¢ and taking into
account that (6/h) = (3, we have

v+ Me(l + B)(x + XF) — B(p + Np) + \F(x + \T, 1, 7).

But it follows from Eq. (6.60) that the right-hand side of this relation is
O+ Mp,x+ Xx,t,7), i.e.,

v+ AveQlp + M\p,x + XX, t,7)
or
(p+ A\p,x + Xx,v+ Av)egph O(+,", 1, 7).
In turn, this means that
(p,x,v) + \p,%,v)egph O(-,",t, 7).

Consequently, by the definition of a cone of tangent directions, the last inclusion
yields

(. %, V)€Ko 1) (Psx,v),  (p,x,v)egph O(-, 1, 7). (6.63)

Conversely, it is also not hard to see that Eq. (6.63) implies Eq. (6.62), so
Egs. (6.62) and (6.63) are equivalent.
Moreover, now suppose that

(p",x")e Q" (v, (p,x,v),1,7),
or, equivalently,
@,p*) + & x*) — v =0, (@,%V)eKoin(P,x,V). (6.64)
Let us rewrite this inequality in the form

7—(1 _
<)_C,’(/)T>—<v ( +f)X+6ﬁ,w*>20’ ([_7,)_C,V)EKQ(<’[,7—)(p,x,V)
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and determine ¢}, ¢*. Since § is a positive number, this inequality is equivalent to

X o07) — (=1 +B)x+6p,¢") =0, (P,%,V)€Kg(1r)(P, X, V). (6.65)

After some simple transformations of Eq. (6.64) and comparing it with
Eq. (6.63), we have

_x*+p*_v*

pr=— BV, =, -

Then it follows from the equivalence of Eqs. (6.62) and (6.63) that

xX*+p*—=v* V=X p—x
F*( *;(’ + )3t’ )3
5 € Vi ; T

which ends the proof of the theorem. ll

In Theorem 6.11, sufficient conditions for the discrete-approximation problem
in Egs. (6.59) and (6.60) are formulated.

Theorem 6.11. Let a set-valued map F(-,t,7) be convex, and g and g, be proper
functions convex with respect to x and continuous at the points of some feasible
solution {x° (t,7)}, t=1tg, to+ 6, ..., 1, — &, t;:7€Z of the problem in Egs. (6.59)
and (6.60). Then for the optimality of the solution {X(#,7)} in the discrete-approxi-
mation Cauchy problem in Egs. (6.59) and (6.60), it is necessary that there exist a
number A = \g,€{0,1} and vectors {x*(#,7)}, not all zero, satisfying

1. —Bx*(t+06,7)—Ax*(t + 6, 7)e F*(x*(¢t + 0, 7); (X(t, 7),AX(t + 6, T) + BX(t, 7 + h)),t,7) —
Aag(i(t’ 7—)’ t) T)9
2. —x*(t1,7)eXOgo(X(ty,7),T), t=to,to+0,....,t1 =6 TEZ.

In addition, if A =1, then these conditions are sufficient for the optimality of

{x(, 7)}.

[0 Let us return to the condition in Eq. (6.61) for problem (CP). Because of condi-
tion (1) of Theorem 6.10, the difference inclusion in Eq. (6.61) has the form (p*,
x)eQ* (v*,(p.x,v),t,7), and since this inclusion is equivalent to condition (2) of
Theorem 6.10, the relation in Eq. (6.61) implies that

xX*(t,7) —x*(t+6,7) + o (t, T+ h) — p*(t,T)
)

eF*(x*(t + 6, 7), (X(t, 7),AX(t + 6,7) + BX(t, T + h)),t,7) — Mdg(X(t, 7),t,T),
t=ty,to+6,....,1 — 6, TEZ.

(6.66)



282 Approximation and Optimization of Discrete and Differential Inclusions

It is not hard to verify the following representation of the quotient on the left-
hand side of the inclusion in Eq. (6.66):

“(t,7) =Xt + 6,7) + @ (t, T+ h) — ¢*
X (taT) X (t 577_) 6@ (t57— h) QD (t’T) — %B(p*([,'r-l-h)—Ax*(t-i'(S,T),

t=ty,to+0,...,01 — 6, TEZ.

Now, remember that a LAM is a positive homogeneous mapping with respect to
the first argument. Then dividing Eq. (6.66) and the second relation in Eq. (6.61)
by h and denoting (¢*(z,7))/h and (x*(¢,7))/h again by ¢*(z,”) and x*(,7), respec-
tively, we have

1
BBQ&*(t, T+h)—AxX"(t+6,7)

e F*(x*(t + 6, 7); (X(¢, 7),AX(t + 6, T) + Bx(t, 7 + h)),t,7) — Mog(k(t, 7),t,7T),
(6.67)

_x*(ll,T)E)\ago()z(ll,T),T), t=ty,to+6,...,11 — 6, TEZ. (668)

Because of the condition p* = — gv*, we set (1/8)*(t,7 + h) = — x*(t + 6,7), so
1 * *
BBgo (t,7+h)=—Bx"(t +6,7).

Then the relation in Eq. (6.66) has the form

—Bx*(t + 6,7) —Ax*(t + 6,7)
eF*(x*(t + 6,7); (X(t,7),AX(t + 6, T) + BX(t, 7 + h)),t,7) — Aog(X(¢, ), t, 7).
(6.69)

Now, taking into account Egs. (6.68) and (6.69), we see that the proof of the
theorem is completed. l

Remark 6.6. Observe that the conditions of Theorems 6.9 and 6.11 are necessary
for optimality in the corresponding nonconvexity cases. It must be pointed out,
however, that only in the nonconvexity case we can use the definition of LAM. In
Remark 6.4, we assume that the cone of tangent directions are local tents and the
functions g( - ,#,7) and go(-,7) admit CUAsS.

3 Sufficient Conditions in the Cauchy Problem for First-Order Partial
Differential Inclusions

Using the results in Subsection 2, we formulate sufficient conditions for optimality
for the two-parameter Cauchy problem in Egs. (6.51)—(6.53). The formulation of
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sufficient conditions for continuous problems is based on the passage to the formal
limit in conditions (1) and (2) of Theorem 6.11 as discrete steps 8, & approach zero.
In this section, by the nonconvexity of a set-valued mapping, we have in mind that
for such mappings the Hamiltonian function satisfies the inequality of the definition
given in Remark 6.4.

Theorem 6.12. For the optimality of the solution X(-,-) in the nonconvex problem
(CP), it is sufficient that there exists an absolutely continuous function x*(-,-) with
summable first-order partial derivatives such that conditions (a)—(e), below, hold.

— D) ACED 4yx (1, 7) e B (x* (1, 7); (R(2, 7), (0X(2, 7)) /(Br) + (03(1, 7)) /(1)) 1, T),
g(x t 7') g&(t, 1), t,7) = (x*(t,7),x —X(t,7)) VxeR" ae. (t,7)eQ,
. go(x, 7) — go(X(ty, 7), T) = (x* (21, 7),x — X(t1, 7)) VxeR" ae. TeR,
(8%(t, 7))/ (01) + (83(t, 7)) /(81) e F(3(t, 7), x*(1,7), 1, 7) ae (1, 7)€,

11111 X, 7)) = lim x*(¢, 7) = 0 uniformly with respect to 7€ [fo,t;].
T+ ——0

L] It is easy to observe that the definition of LAM described in Remark 6.4 for all
feasible solutions x(-, -) implies that

E'D_Q-OC'N

Hp(x(t,7),x*(t,7),1,7) — Hp(X(t, 7), x*(1, 7),1,7)
_ox*(t,T)  Ox*(1,7)
ot or

=

,x(t, ) — X(¢, 7')> + (x*(t, 1), x(t, T) — X(t, T)).

Using the definition of Hamiltonian function, and condition (d), we rewrite the
last relation in the form

ox(t,7)— X, 1) ox(t,7) —x(t, 7))
(00 ) (09 )

+<6x D 17 - 6, T)> <axa(’ L 7)>

= <x*(t, T),x(t, ) — X(t, 7')>

Therefore, we have

%(x* (t,7),x(t,7)—X(t,7)) + % (x*(@t,7),x(t,7) =X, 7)) < (x*(t,7),x(t,7) — X(t,7)).

Thus, taking into account condition (b) for all feasible solutions,
0
g(x(t,7),1,7) — g(X(t,7), 1, 7) = <6t(x(t’ T) = X(t, 7)), x"(t, T)>

+ <aﬁ (x(t, ) — (2, 7)), x*(z, T)>
T
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Now integrating the last relation over the domain Q, and the inequality (c) of
Theorem 6.12 over the interval (—oco, +00) and then adding them, we get

J j[g(x(r, Pt,7) — g0, 7, e dr + J (go(x(t1,7),7) — go (11, 7), DT

= J Jﬁ (x(t,7) — %@, 7),x*(t,7))dt dT + J Ji (x(t,7) = x(t,7),x*(t,7))dr dT
ot or

—0 1y —o0 1y
. (6.70)
- | wmatn s mar.
Now, let us denote
+0o0 11 8 +o0 1 a
d,, = J Ja(x(t,'r)—)Z(t,'r),x*(t,T))dth-i- J Ja—(x(t,T)—)Z(t,T),x*(t,T))dth
T
0 o 0 1
+o0
- | -
0
and
0 1 a 0 1 a
d_, = J JE(X(Z‘,T)—)Z(I,T),x*(l‘,T»dl‘dT+ J Ja—(x(t,r)—)?(t,T),x*(t,T))dth
T
—00 fy —01

0
- J (x*(t1,7),x(t;,7) — X(t;,7))dT.

By elementary computations of improper integrals of the first type, we have

+o0

(I)+OOZ J [(x(tlaT) _-i(tlaT)aX*(tl,T» - (X(IO,T) _f(tOsT)’X*(tOST»]dT

0
1

+ Jb linl ‘[(x*(t,bl),x(t,bl) —X(t,b1)) — (x*(2,0),x(2,0) — %(z,0))]dz

fo

+o0 +oo
- J (-X*(tlaT)!'x(tlaT)_'i‘(tl’T))dT: J (.x~(l0,7')_X(IO,T),X*(IO,T)>dT
0

N 4]

+ Jblim (x*(t,b1),x(t,by) — X(t,by))dt — J(x*(t,O),x(t,O) —X(2,0))dr.
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By analogy,
0
q)*oC:‘ J [(x(tlaT) _i(tlsT)i'X*(tlsT)) - <X(t0,T) _i(ZOsT)’X*(t():T))]dT

—o0
151

+ Jb lim [(x*(2,0),x(z,0) = X(1,0)) — (x"(1,b2),x(1,b2) — X(t,b2))]dt

to

0 0
- j (e (01,711, 7) — 501, 7)) = J (10, 7) — 2(10,7)." (10, 7))

L
1

— Jblim (x*(t,by),x(t,by) — X(t,by))dt + J {(x*(¢,0),x(z,0) — %(z,0))dr

2 0 fo
fo

Since X(tg, T) = x(t9, 7) = @(7) (see Eq. (6.53)), it is clear that
3]

By + Dy = J lim (x*(t, b1), x(t, b)) — %(t, by))dt

147 +oo
fo

6.71)

4]
- Jb i (e*(t, ba), x(t, by) — 52, by)dr
2 —> —0

fo

Thus, taking into account condition (e) in Eq. (6.71), we have &, + ®_ ,, =0.
Note that the right-hand side of the inequality in Eq. (6.70) is a sum &, + ®_,
which is equal to zero. Consequently, I(x(t, 7)) = I(%(t, 7)) for all feasible solutions
x(-,-)€ Q. The proof of the theorem is completed. ®

Remark 6.7. Obviously, for the convex problem (CP), conditions (a)—(c) of
Theorem 6.12 consist of the following:

i. —(Ox*(t,7))/(0r) — (Ox*(t,7))/(OT) € F*(x*(1,7); (X(2,7),(0%(1,7)) /(O) + (85(¢,7)) / (D7), 1,7)
— 0g(x(t,7),t,7) ae. (t,7)EQ,
ii. — X*(l| . 7') € 0g0()?(t| , T), ’7'),
iii. (0%(r,7))/(0) + (6%(1, 7))/ (OT)EF(X(1,7),x*(1,7),8,7) ae. (t,7)€Q.

Note that sufficient conditions for a convex problem can be formulated by set-
ting A = 1 and then by passing to the formal limit in Eq. (6.69) as 6, h—0.

If F(-.,t,7) is a closed multivalued mapping then results (i)—(iii) of Remark 6.7
can be rewritten more symmetrically in terms of the Hamiltonian function.

Corollary 6.1. In addition to the assumptions of Remark 6.7, let F(-,t,7) be a
closed multivalued mapping, which of course is not the case for graph F. Then
conditions (i) and (iii) can be rewritten as follows:

1 -2 20D b Hy(i(t, 7),x*(t, 7), 1, 7)) — Bg(&(1, 7). 1, 7),
2. el ST o ) (T ac. (4T)EQ.
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00 The corollary follows immediately from Theorem 2.1 and Lemma 2.6.

Now we consider the multidimensional Cauchy problem in Eqs. (6.54)—(6.56).
By analogy, conditions (a’)—(e’) are formulated, which required that the limit of
the conjugate variable be equal to zero uniformly with respect to t€[t,t,] and 7; as
Tr— = oo (i#£k).

Theorem 6.13. For the optimality of the solution X(#, 7) in the nonconvex problem
(GCP) among all admissible solutions, it is sufficient that there exists an absolutely
continuous function x*(z,7) with summable first partial derivatives such that condi-
tions, (a’)—(e’), below, hold:

. —(ox*(t,7))/(0r) — ZZ _(0x*(t, 7)) /(O7k) + x*(1, T) €G* (x*(l, 7); (&(, ), (0%(2, 7))/ (OF)
+ ZZ = l(ai(t’ T))/(aTk))’ z, T)a

b'. f(x,t71)—f@&@E,71),t,71)=x*t,7),x—X(t,7)) VxeR”",

o fole, ) — ot T), T) = (XN (ty, T), x — &y, T))  VxeR”,

' (0%(1, 7))/ (00) + Do) —(0X(t, 7)) /(OTk) € G(A(t, T), x*(1,7), 8, T) ae. (t,T)€E[fy, 1] X R,

/ lim x*(t,7)= . limOC x*(¢, 7) = 0 uniformly with respect to 7€ [fy,¢;] and

T =+

Ti(i #£k), k=1,2,...,n.

Y]

L -"s)

[0 Proceeding as in the proof of Theorem 6.12 by using conditions (a’) and (b’), we
get a corresponding inequality in terms of the Hamiltonian function:

Hg(x(t,7),x*(t,7),t, 7) — Hg(X(t, 7), x*(¢, 7), 1, T)

= <— ox(T) _ Z XD 17— 56, T)> + (M, 7),x(, ) — K2, 7)),

ot =1 OTk

Thus, because of the definition of the Hamiltonian function, we have
O ) = ) + 3 2 (alt,7) - 500,720, 7)
— T) — T T — T)— T T
o’ > ’ “— Otk ’ 7 ’ (6.72)
= (x*(t,7),x(t, 7) — x(t,7)).

Now, integrating the inequalities (b’), Eq. (6.72), and (¢) over [#o,t;] X R" and
R”, respectively, we deduce that

|

J J[f(x([,’l’),[,’l’) —f(xX(t,7),t,7]dtdT + J[fo(x(tl ,7),T) —fo(X(t1,7),7]dT

R R
fo = (f o
= J J— (x(2,7) — X(t,7),x*(t,7))dedT + Z J J— (x(t,7) —X(t,7),x"(t,7))dT dr
ot — ) ) om
R 1y Rty

- J (x(y,7) — X(t,7),x*(t1,7))dT.
fo

(6.73)
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Let us simplify the right-hand side of this inequality. Using the fact that
X(to, 7) = x(ty, T) = a(7) for all feasible solutions, we get

]

J J% (x(t, ) — X(t,7),x"(t, 7))dT — J<X(l1, ) = X1, 1), x% (11, 7)dT

R" o R
= J(X(llﬂ—) — &1y, ), x*(t1, 7))dT — J(x(to, ) — &(to, 7), X*(t0, 7)) dT
R R
- [t =0 71570 e =0
ke

So the inequality in Eq. (6.73) can be written as follows:

t
n 1

0
J(x(t, 7)) —J@E({E, 7)) = Z J Ja—Tk (x(t,7) — X(t, 7),x*(t, 7))dT dt. (6.74)

k=1 R I

Moreover, obviously

L

> J Jai;k (x(t, ) — X(t, 1), x*(t, 7))dT dt

T R'1fy

J J J JOC x(’ ) = X(t,7),x"(t,7))dT | dr.

to L—00 —o0

Let us transform the multiple improper integral in the square brackets of this
equality. Then taking into account that in the present case the value obtained is
independent of the order of integration, we get the following chain of equalities:

) 4o

8

|
g4

[Za (171, ) = 5T o )X (T )T d

+8%

0 +00 +00
0 N
= J J 5y T ) =X T T X (T T d Ty
. 1
-0 =0~
+00 +oo +o0
+ + o J <x(taTla"'97—11)_x~([77-17”'7Tn)aX*(tale"'97—11))(17—1”'dTn
—0 =0~ "
400 +o0 +o0 by
. 0 .
- J j J lim J—<x(rm,~-~,rn)fx(rm,~-~,rn),x*(r,n,~-~,rn)>dr. dry--dr,
a; — —0 aTl
-0 =0 —® aj
_b|—>+oo
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+00 +00 +oo b,
+~-~+JJ } hmJ (xlt, 71,0, ) =X,y ) X (T, e 7)) Ty | dTy e dTy
a, — —0 7-’1
—00 —00 —o0 a,
b, — 40
+o0 +o0 “+o0
=H J fim [((tbrmas ) = 5{tby, ) by 2, 7))
—00 —0 M7
by — 40

- (x(taalaTZa Tt 9Tn)_x~(taa197—23 Tt 7Tn)7-X*(t9al 5T2s " JTIT))]dTZ o 'dTn
+o0 +o0 400

teet J J J lim [(x(laTlaTZJ"'9Tn*labn)_x~(t97—la"'9Tn*lahn)7-x>k(t97—la7—2"'7Tn*labn))

a, — —0
00 0
b, — +o0

- (X(t,Tl,TQ, o ':Tn—laan)_i(laTla o 'aTn—laan)aX*(taTlaT27 o ',7',1_1,0[,1)>]d7-1 ) "dTVl—l-

Then, since the feasible solutions are bounded, according to condition (e’) of the
theorem, the right-hand side of this relation is zero, so Eq. (6.74) implies that
J(x(t, 7)) =J(X(t,7)).1
Example 6.2. We now consider the convex problem:

inf  J(x(¢, 7)),

ox(t,7) N ox(t, )

pra Ax(t,T) + Bu(t,7), u(t,7)eU (6.75)

subject to

x(to, ) = p(7),

where A is an n X n matrix, B is a rectangular n X r matrix, UcR" is a convex
closed set, for simplicity go=0, and g is a continuously differentiable function in
x. It is required to find a controlling parameter (¢, 7)€ U such that the solution
X(t, 7) corresponding to it minimizes I(x(-,-)). In this case, F(x,t,7) = Ax + BU. By
elementary computations, we find that

HF(-X3 V*) = <st*V*> - WU(B*V*),

where Wy, is a support function of the set U.
Then by Theorem 2.1, we have

k . (> N — A*V*> (’Z’B*V*> :MU(B*V*)S
F (V y()C, V)) - {@, (ii, B*v*) # Mu(B*V*),

where V=AX+ Bii, iielU and here, as before, an asterisk denotes the adjoint
(transpose) matrix.
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Then, using Remark 6.7, we get the relations

_OET)_OXT) _ pen(s, ) — g0 T 1,7,

ot or
x*(t,7) =0,
(Bi(t, ), x"(t, 7)) = sup{Bu,x*(t,7)). (6.76)
uelU

Thus, we have obtained the result as in Theorem 6.14.

Theorem 6.14. The solution X(-,-) corresponding to the control #(-,*) is optimal
in the problem in Eq. (6.75) if there exists a function x*(-,-) satisfying the condi-
tions in Eq. (6.76) and (e) of Theorem 6.12.

These results can be divided into two parts. In the first part, a new optimization
problem for discrete and discrete-approximation inclusions associated with the con-
tinuous problem (CD) for first-order partial differential inclusions are investigated.
It appears that for the stated Cauchy problem, a set of feasible solutions must be
taken in the Hilbert space £,. An important role of Theorem 6.10 on the LAMs to
discrete and discrete-approximation problems is that this theorem provides the for-
mulation of sufficient conditions for the discrete analogy of a continuous problem.

Further, by passing to the formal limit in conditions (1) and (2) of Theorem
6.11, sufficient conditions for two-parameter and generalized optimization pro-
blems of Cauchy types (GCP) are proved.

We note that the given method of optimization here can be useful for other types
of discrete and partial differential inclusions, namely, properly defined Cauchy pro-
blems for hyperbolic and parabolic differential inclusions.

6.4 Optimal Control of Darboux-Type
Discrete-Approximation and Differential Inclusions
with Set-Valued Boundary Conditions and Duality

This section is devoted to an optimal control problem given by Darboux-type
hyperbolic discrete (Pp) and differential inclusions and ordinary discrete inclusions
(Pc). An approach concerning necessary and sufficient conditions for optimality is
proposed. Next we will present some applications of the results obtained to pro-
blems with single-valued mappings and set-valued boundary conditions. The for-
mulation of these conditions is based on LAMs.

First- and second-order necessary conditions for differential inclusions are well
known [48,49]. In particular, Mahmudov [162,165] established the duality theorems
for Goursat—Darboux-type problems with state constraints.
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In Subsection 2, we use discrete approximations of partial and ordinary deriva-
tives and grid functions on a uniform grid to derive necessary and sufficient condi-
tions for a discrete-approximation problem.

In Subsection 3, we are able to use the results of Subsection 2 to get sufficient
conditions for a Darboux DFI. The adjoint inclusions that arise are stated in
the Euler—Lagrange and Hamiltonian forms. This form automatically implies the
Weierstrass—Pontryagin maximum condition. A distinctive property of the investi-
gated problem is that it can involve discrete and differential equations given by
single-valued mappings and controlling parameters included in boundary condi-
tions. It should be expected that the optimality conditions for hyperbolic and
ordinary DFI involved both adjoint hyperbolic and ordinary DFI represented by the
LAM, respectively. But it appears that the optimality conditions for problem (Pc)
are not simply a combination of the optimality conditions for a partial DFI and an
ordinary DFI (wherein the ordinary adjoint DFI takes the place of the LAM).

Finally, note that the more general problem, where the right-hand side of the
hyperbolic DFI depends not only on the required function but also on the first partial
derivatives of this function, is considered separately. One can draw the important
conclusion that, in the more general case, despite the existence of some auxiliary
adjoint variables in the adjoint DSI or DFI, the main adjoint variable u*(-,-) is
essential.

Let us now consider the following discrete optimization problem:

inf Y g (6.77)

(t,x)eHy X Ly
(Pp) subject to u; € Fyy(try—1, U —1 0, U —15-1), (t,x)€H; X Ly, (6.78)

MzOGFtO(”tflo): teH,
’ ’ ’ 6.79
uox € Fox(uox—1), x€Li. 6.79)

Hi=1{t:t=i...,T), Li={x:x=i,...,L), i=0,1,

where u, €R", g, are real-valued functions, g,,: R"—>RU{=*c0}, F,, are multiva-
lued mappings, F;, : R3" —P(R™), and T and L are fixed natural numbers. The condi-
tions in Eq. (6.79) are simply set-valued boundary conditions. A sequence
(it p, = e (t,x)eHy X Ly} is called a feasible solution for the stated pf,b'
lem (Pp). Obviously, this sequence consists of (7'+ 1)(L + 1) points of the space R".

In Subsection 3, we will study the following problem (Pc), for Darboux-type
differential inclusions:

1 1
inf  J[u(-,")]: = JJ g(u(t,x),t,x)dt dx + ng(u(l,x),x)dt dx + ng(u(t, 1), f)dt
[¢] 0
(6.80)
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subject to u,(t,x) € F(u(t,x),t,x),(t,x)e Q =[0, 1] X [0, 1], (6.81)

u,(t,0)e Fi(u(t,0),t), te[0,1], u(0,x)eF>(x(0,x),x), x€[0,1], u(0,0)= u.
(6.82)

Here, F(-,tx):R"—>P[R", F,(-,f):R"=>P®R"), and F,(-x):R">PR"), are
multivalued functions for all fixed (z,x) e Q, t€[0,1], and x€[0,1], respectively, and
g(-,t,x), g1(-,x), and g,(-,f) are continuous functions from R” into R". The problem
is to find a solution iz, x) of the boundary value problem (Pc) that minimizes
Jlu(,)].

Here, an admissible solution is understood to be an absolutely continuous func-
tion defined on Q with an integrable mixed derivative u,(-,-) satisfying Eq. (6.81)
almost everywhere on Q and the boundary conditions in Eq. (6.82) on [0,1]. Note
that a function u(-,-) is said to be absolutely continuous on Q if there exist f:
Q—-R", h:[0,1]->R", z:[0,1]>R" such that

rx t

u(r,x)=j F(E,mde dn + Jh(f)d§+ jz(mdnw(o,m, (1,x)€0.
0

00 0

It is known that the space B of absolutely continuous functions u:Q —R" is a
Banach space endowed with the norm

1 1

(-, = HHu,X(t,x)Hdtdx-l— JHu,(t,O)Hdt-F JHux(O,x)de-f— 1u(0,0)].
0 0 0

1 Necessary and Sufficient Conditions for the Discrete Inclusion
Problem (Py)

First, we consider a convex problem (Pp). In what follows, we say that for a
convex problem (Pp), the regularity condition is satisfied if there are
”?,x eR”, (t,x)eHy X Ly such that either

0 0 0 0 : 0 0 eri 0 0 ;
a (up, )y up g _,up )€ tiogph Fo () g, upg)eTi gph Fro(ug, _y,up, )€ 1i gph
FO,X(I,X)GHI X Ll
or
0 0 0 0 Ve ; 0 0 ye i
b (), Uy oy —ys ;) € int gph Fy () o, up) € int gph Fg,

(u),,uy,)eint gph Fo; (t,x)eH, X L; (with the possible exception of one
fixed pair (ty.xo)), and the g,, are continuous at ”?,x-
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Theorem 6.15. Suppose F;,, (t.x)# (0,0) are convex multivalued mappings, and
&:x are convex proper functions, continuous at the points of some feasible solution

0 . . . ~ .
.{ut J}.Ho <Ly Then for the optimality of.the solution (i, } Hox Lo 1D the problem (Pp),
it is necessary that there exist a number Ae{0,1} and vectors
{lup, b Aer b Y o =mr 410 = €70+1=0), (1, x)€Hy X Lo, not all zero, such
that
1 (50;::5 n;k,x’ M;F—lx —I)EF;:C(M?Z):; (’ZI,X*I 5 ﬁt*l,{a sz —1x—1> ﬁt,x))

+(0,0) X {‘Pr*q,x + W;k,xq - Aaghl,x—l(”r—l,x%)},

2. o€ Fo(uyg, (10, 1:0)), 90, €F0 s (Ug (Fox—1,804)), (5,x)€H X Ly,
3. Vw1 —Ur €XOgra(liTy), x€Lo, My, —u;, €A0gL(f; 1), te€Ho.

Under regularity conditions, (1)—(3) are also sufficient for the optimality of the
solution {ii;x}y » 1, -

[0 Obviously, the problem (Pp) can be reduced to a problem with geometric
constraints in a finite-dimensional Euclidean space. With this aim, we form an
m=n(L+ 1) dimensional vector u,= (u; 0,41, ..., U;r)ER™. Let us introduce
w = (upity, - . ., up) ER™™* D and define in the space ™7 * D the following convex
sets:

My ={w=C(uo,...,u): (Upx—1,U—10 U —1x—1,Urx EEPNF,} V(t,x)eH XLy,
N} ={w=(ug,...,u;): (rx1,ur0)€gph Frpo}, teH,
N2 ={w=(ug,...,u;): (ox—1,uo,)€gph Fo.}, Xx€Li.

Then denoting g(w) = Z(; eHy x L,81x(Ury), we see that the convex problem
(Pp) is equivalent to the following convex minimization problem in R"™ *V:

T L
infimum g(w) subjectto weP = ( N Mt,x) N < N N,l) N ( N Nf)
=1

(tx)eH; X Ly x=1
(6.83)

Now we write out the optimality conditions (Section 3.2) for the convex minimi-
zation problem (6.83). Therefore, first we should calculate the dual cones to the cones
of tangent directions for the above-defined sets. It is an elementary way to show that

KLM(W) ={w'=ug,...,uy): (u:x,l, u;‘,l,x, u;",l,x,lﬁu;’;)

EKgph F’_’X(ul,x*la Ur —10 Ut —1x—1, ut,i)3 u;-t]- = 0, i # t, t _151 # X, X _1},
(ts -x)eHl X Lla ;(:/11 (W) = {W* = (Lt;;, DY u;) : (M;k—l’(b MZO)ngph F,VO(MI*I,Os ut,o)s
wf;=0,i#16,1—1,j#0}, teH, (6.84)

K 9) = (0" = @ 15) (01103, € Ky (01,10,

uzi=0, i#0, j#x, x—1}, xeLi; uf =, u;y,...u7;), teH,.
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By the hypothesis, g(w) is continuous at w° = (u,...,u}), u) =, ...ud;)
and the point w = (i, . . ., iir) is a solution of the problem in Eq. (6 83). Then by
Theorem 3.3, there are vectors w*(t, x)eK* W), (,x)eH X Ly;  wi(1)

K]’(]rl (W), teHy; W*(x)eK,*Qg(vT/), xeL;; w° e@wg(w)and Ae{0,1}, such that

T L
W= 3T W e+ > W+ ) ). (6.85)

(tx)eH; X Ly t=1 x=1

Here the indicated vectors and A are not all equal to zero.
According to Eq. (6.84), we have

w(t,x) = (0,...,0,u;_;  _(t,x),u;_; (,%),0,.. Ou,x 1 (t,x),u; (2,%),0,...,0),
(uy oy (8,), 7 1x(t X),uf gy (0,),uf (8,5)) €Ky, . (1, By —1 s Ty -1 - I,Mz,x)
(t,x)eH| XL,
wh () = (u;_; o(1),0,...,0,u((1),0,...,0),
wh(x) = ("‘ayﬂ (%), u;,x(x)a 0,...,0), (“;kq,o(t)a “fo(t)) € Kgph F,)O(lzt—l,Oa irp), teHy,

(6.86)

(u() - 1(x) ”()x(x))e gph FOX(MO,X*I:vﬂO,)C)a xel;.

By the definition of LAM, it follows from Eq. (6.86) that

(u;k’xfl(t?-x)a u;k—l,x(ts-x)yuj—l,xfl (ta'x)) EF::X( - M;k,x(tyx)a (’Zl,x —laﬂt —1,x5 ﬂl‘—l,x -1 ﬂt,x))s
(T,.X)GHI XLy,
”?71,0(06}7;?0( —uyo(1), (@ -1,0,8r0)), t€H;

Uy (V)€ Fg (= g (%), (o x 1, 0.x)), XEL;.

Now, transforming Eq. (6.85), we obtain that the component-wise representation
of Eq. (6.85) consists of the following:

up (6,%) Fup (Lx+ D,up 0+ Lx)+uf (t+ 1Lx+1)= At (6.87)

tx>

up (T,x+ 1) +up (T,x)= )\uTx, xeLo; uy,(t+1,L)+uj,(t,L)= Nu;;, teHo,

where w% = (ug*, .. u(%* 0* = (ulo, e u?’z , teH,, u?; € 0,8l ).
Now, denoting

up o (6,x) = pp 0, uf (LX) =0l —up (6,x) =uf, (,x)€Ho X Lo;
u; 1 0(1,0) = uy_y o(0), uio(t,0)=uio(t), teH; ug, 1(0,x)=ug, (%),
up (0,x) = ug (x), xeLly; uf(t+1,L+1)=0,
up (1, L+1)=0, teHo,u; (T+1,x+1)=0, up (T+1,x)=0, xely
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and in view of Eq. (6.87), we have
0
(SD:X’ nj,x’ )\Mril,x—l - n;k,x—l - SDT—],X + uf—l,x—l)’

eF[*,x(u:ix’ (ﬁl,x—laﬁl—l,X7 ﬁt—l,x—laﬁt,x))a (t:'x)eHl XLI’ (688)

7720 € F;:O(u;kpa (ﬁt -1,05 ﬁl,o)), teHl 903,)( € Fg,x(”ax, (ﬁO,X =1 ﬁO,X)); XELI ) (689)

* * 0x . * * *
Oras1 — Uy = Nug,, X€Loy 1y —u = Nujp, t€H. (6.90)

As a result of the regularity condition, the dual cone Kj;(W) is a sum of the cones
in Eq. (6.84). Then it follows by Theorem 3.2 that for w%* €8,,g(W) N K3(W) in the
representation in Eq. (6.85), A= 1. Therefore, taking into account Egs. (6.88)—
(6.90), the proof is concluded. B

Remark 6.8. In addition to the assumptions of Theorem 6.15, let F,,(-) be a
closed-valued mapping (which of course is not the case for gph F,,). Then
Oy Hp, (u,v*) = F; (u,v*), u=(uy,u,us3) and, therefore, both conditions (1) and
(2) can be written in a more symmetrical form:

1. lzt,x eav*HFm(ar,x -1 ﬁt —1x ﬁt —lx—1» sz 5
(@zp niﬂ uf—lyx -1 ) eauHFu(ﬁt,x =1 ﬁt —1,xs ’Zt —lx—15 M;ix
(0,0 X (1, + 1y — A1 11 (151,

2. G 0€EO» HF,, (@ -1,0, u;io), 77?,0 € auHF[,Q (it -10, ldio),
IzO,x € av*HFn,r (ﬂO,x =1 ué,x)’ QO(*;,X € auHFu_r(ﬁO,x =1 M:;J).

Theorem 6.16. Assume that in the problem in Egs. (6.77)—(6.79), the mappings
F, ., (tx) # (0,0) are such that the cones of tangent directions

Kgph F,yx(ﬂt,x -1 ﬁl —1,x» ’Zz —1x—1» ﬁt,x)a Kgph Fio (ﬂt -1,0» ﬁt,O), Kgph FU,X(IZO,X =1 ﬁ(),x)

are local tents and the functions g,, admit a CUA h, (%, i, ) at points i, that are
continuous with respect to #. Then for the optimality of the solution {i; <}y », in
such a nonconvex problem, it is necessary that there exist vectors {u; }, {4} ,},
i oo =n74 1= Pro+1 =0), (1,x)€Ho X Lo, not all equal to zero, and a num-
ber Ae {0,1} satisfying conditions (1)—(3) of Theorem 6.15.

0] In this case, we have the nonconvex problem in Eq. (6.83) and the subdifferen-
tials Og; (#l;x) = Ohy (0, ii; ) are defined. Therefore, we get a necessary condition as
in Theorem 6.15 by starting from the relation in Eq. (6.83), written out for the non-
convex problem (Pp). Here the hypothesis of the theorem for the problem in
Egs. (6.1)—(6.3) ensures the condition of Theorem 3.25 for the nonconvex minimi-
zation problem (Pp).
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2 Approximation of a Continuous Problem (Pc) and Optimization of a
Discrete-Approximation Problem

Let us introduce the following difference operator on a uniform grid on Q [246]:
1
Au(t+ 6,x + h) = %[u(t +6,x+h)—u(t+ 6,x) — u(t,x + h) + u(t,x)],
t=0,0,...,1—=6; x=0,h,...,1—h,

where )\ and £ are steps on the #- and x-axes, respectively.
Then to the problem (Pc), we associate the following discrete-approximation
problem:

inf  Jg[u(t,x)] = Z Ohg(u(t, x),t,x) + Z hgi(u(1,x),x)
h

subject to Au(t + 6,x + h)e F(u(t,x),t, x),
Asu(t,0)e Fi(u(t,0),1);  Apu(0,x) € F2(u(0, x), x), (6.91)
u(0,0) =up,t=0,0,...,1 =6 x=0,h,...,1—h

where Asu(r,0) = (1/6)[u(t +6,0) —u(r,0)];  Ayu(0,x) = (1/h)[u(0,x + h) — u(0,x)].
Let us introduce the new multivalued functions

G(p’('L u, [,.X') =D + q—u + (5hF(u,t,x), G](I/l, t) =u+ 6F1(I/l, t)a
Go(u,x) = u + hF,>(u, x)

and rewrite the problem in Eq. (6.91) as follows:
inf Jﬁh[u(.9.)]a
subjectto  u(t + 6,x + h)e G(u(t + 6,x), u(t,x + h),u(t, x),t,x)),
u(t +6,0)e G (u(t,0),1);  u(0,x+ h)e Ga(u(0,x),x), u(0,0)=uo

1=0,6,....,1—8 x=0,h,....,1—h.
(6.92)

Now, our main problem is to get necessary and sufficient conditions for optimal-
ity for the problem in Eq. (6.91) or (6.92). We need the following supplementary
formulas:

HG(p’ q? u? v*’t’x) = 5hHF(u, v*7t7x) + (p + q - u’ v*>)
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Hg, (u,v*, 1) = 6Hp, (u, v*, 1) + (u,v*), (6.93)
Hg,(u,v*,x) = hHp,(u,v*, x) + (u,v*), v eR"

Then for convex multivalued functions G, F and F; (i = 1,2), elementary calcu-
lations of subdifferentials of Hamiltonian functions give us

Op.qnHe(p, q,u,v*,1,x) = (0,0) X 6ho, Hp(u,v*, t,x) + (v, v*, —v¥)
= (v*,v*) X {6h0,Hp(u, v*, t,x) — v*},

0 Hg, (u,vi,t) =6 OHp,(u,v{,1) +vi; OuHg,(u,v5,x) = h OHp,(u,v*,x) + V3,

whence by Theorem 2.1, it is immediately shown that

G (v*, (P, g, u,v), 1,%) = (v*,v") X {ShF™ (", (u,v), 1,x) = v*}, veG(p,q,u,v",1,x),

GiOvisu,v), ) =0 F7 | vi; | u, g v vieGi(u, vy,

(6.94)

G (V55 (u,v2),x) =h F5 | v5; u,T X | V5 vaeGalu, va,x).

Obviously, the first relationship in Eq. (6.94) means that the following inclu-
sions are equivalent:

P ¢ u")eG (v (p,q.u,v),1,x), veG((p,q,u);v*,1,x),

% . (V*; (%)@

N (6.95)
L A B péhq LeFuv,nx), p=q" ="
And the remaining relationships can be rewritten as follows:
weGi(vi; (u,v1), 1) vi€Giu;vi, ),
M eR (v (w0 P R, (6.96)

u € Gy(vy; (u,v2),x);  vaeGa(u,v3,x),
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M*

A V2 eF; (vﬁ; (%),x); Vzh “ eFy(u,v3,x),
respectively. In more general cases, i.e., in the nonconvex cases and existences of
local tents, the equivalence of the inclusions in Egs. (6.95) and (6.96) can be
proved in a way similar to that in Theorem 6.23 and Remark 6.9.

Now using the equivalence of Egs. (6.95) and (6.96), we can write necessary
and sufficient conditions for the problem in Eq. (6.91). At first we use Theorem
6.15 for the discrete-approximation problem in Eq. (6.82). By this theorem, there
exist vectors {n*(t,x)},{¢*(t,x)}, {u*(t.x)} and a number A = A\s,€{0,1}, not all
zero, such that

(p*(t+ 6,x + h),n* (t + 6,x + h), u*(t,x) — ¢*(t,x + h) — *(¢t + 6, x))
e G*(u*(t + 6,x + h); (a(t + 6,x), i(t,x + h), id(t + 6,x + h)), t,x) (6.97)
(0,0) X { = AspOhog(i(t, x), t, x)},

n*(t +6,0)e Gy (u*(t + 6,0), (ii(z, 0), &i(t + 6, 0)), 1),

(0,0 W)E GE (0. x + h), (0, 2). 40, + ). x), (698)
Sp*(lax—i_h)_u*(lax)eA&hhagl(ﬁ(lax)rx)a (6 99)
n(t+ 6, 1) — u*(t,1) € Asp60g2 (i1, 1), 1), '
u*(0,0)=u*(1+6,1)=u*(1,1+h)=0.
Using Eq. (6.95), the condition in Eq. (6.97) can be rewritten as follows:
Au*(t + 6,x + h)e F*(u*(t + 6,x + h); (ii(z, x), Aii(t + 6,x + h)), t,x) (6.100)

—AsnOg(ii(t, x), t, x).
Here, we have taken into account (see Eq. (6.95)) that
W (t,x) = n"(t,x) = ¢*(1, %). (6.101)
Furthermore, Eq. (6.98) implies that

N+ 6,0) —u*(r +6,0)

eFT(u*(t +6,0), (i1(r,0), a(t + 6,0)), 1),

5
. \ (6.102)
+h)— +
7 (O.x+ h) . wOx+h € FX(u*(0,x + h), (i(0, x), ii(0, x + h)), x).
Let us rewrite Eq. (6.99) in the form
*,x+h)—u*(1,x+h - u*(l,x+h)—u*(1,x
2 )h ( )e)\éhagl(ué(l»x)x)_ ( })z ( ),
T+ 8,1) — (1 +8,1) W+ 6, 1) — ur(t, 1) (6.103)

€ A\sn0g2(ii(z, 1),1)—

6 h
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By Eq. (6.101), the left-hand sides of Eqs. (6.102) and (6.103) are equal to zero.
Then taking into account Theorem 2.1 and the relations in Eqs. (6.101) and
(6.102), it is easy to see that

Oe auI_II'-l (ﬁ(ts O)s M*([ + 6a O))a Oe auHFz (ZZ(Oa x)a M*(O, x+ h))y

or, equivalently,

Hp, (i(2,0),u™(t + 6,0)) = (Asi(t,0),u™(t + 6,0)), (6.104)
HFz (IZ(O,)C), M*(O, X+ h)) = (Ahﬁ((), X), M*(Orx + h))s '
i.e., at the points #(t, 0), #(0, x), the Hamiltonian functions Hp, and Hp,assume their
maximums.
On the other hand, because of Eq. (6.101), it follows from Eq. (6.103) that

Apu(1,x) € Asp0g1(a(1, x),x),  Asu™(2, 1) € A\sp0g2(ii(1, 1), 1). (6.105)
This proves Theorem 6.17.

Theorem 6.17. For optimality of the solution {ii(¢,x)} in the convex discrete-
approximation problem in Eqgs. (6.91)—(6.93) with set-valued boundary conditions,
it is necessary that there exist a number \s;, € {0,1} and vectors {u*(¢,x)} (*(0,0) =
u*(1 +6,1)=u*(1,1 + h)=0), not all equal to zero, satisfying Egs. (6.100),
(6.104), and (6.105). Also, under the regularity condition, the conditions in
Egs. (6.100), (6.104), and (6.105) are sufficient for the optimality of {zi(z, x)}.

3 Optimization of Problem (P()

Setting s, = 1 and passing to the formal limit in Egs. (6.100), (6.104), and (6.105)
as 6 and h approach zero, we find that

il (t,x) e F*(u*(t, x), (i(t, x), in(2, X)), t, x) — Og(ii(t, x), 1, X),

uy(1,x)€0g1(i(1, x), X) uy (1, 1) € 0ga(il(t, 1), 1),

u*(0,0) = u*(1,1) =

ity (2, x) € F(ii(t, x) u (t X),1,x),

i(1,0)e F1(i(t,0),u™(1,0), 1),  #:(0,x) € F>(ii(0, x), u*(0, x), x).

iv. Hp, (i(t,0), u*(1,0)) = (ii:(2,0), u™(1,0)), Hp,(i(0,x), u™(0,x)) = (it(0, x), u*(0, x)).

ii.

iii.

Theorem 6.18. Let g,g,,2> be continuous and convex functions on the first argu-
ment u# and suppose that the multivalued functions F, F, F, are convex. Then for
the optimality of a feasible solution ii(z, x), it is sufficient that there exists an abso-
lutely continuous function u*(¢,x) on Q with an integrable mixed derivative u(z, x)
such that conditions (i)—(iv) hold almost everywhere.

0 By Theorem 2.1
F*(u*(t, x), (i(t, x), iy (2, x), t, x)) = 0, Hp(ii(t, x), u*(t,x), 1, x),
iy (2, x) € F(il(t, x), u* (1, X), 1, x).
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Then using the Theorem 1.29 (Moreau—Rockafellar), from condition (i), we
have

u; (1,x) € 0,[Hp(il(t, x), u*(t,x), 1, x) — g(#(t, x), 1, x)].

By definition of a subdifferential,
Hp(u(t, x), u*(t,x), t,x) — Hp(ii(t, x), u*(t, x), t, x) — g(u(t, x), t, x)
+ g(@i(t, x), t, x) = (uj (¢, x), u(t, x) — i(t, x)).

Using the definition of Hamiltonian Hp, by integration of this inequality we
establish that
[Jtstwte.n.. - a0t ae= [[ateo0 - e G coare
Q Q
- ﬂ(ufx(t,x),u(t,x) —ii(t,x))dz dx. (6.106)
Q

Let us rewrite the double integrals on the right-hand side as follows:
1

JJ(u,x(t,x) — fn(t,x),u*(t,x))dt dx = | {(u,(1,x) — it (1,x),u”(1,x))dx
0
¢ 1 (6.107)
— {u(0,x) — i1,(0,x), u*(0,x))dx — J(ux(t,x) — (1, x), 1 (2,x))dedx
0
1
ﬂ(u;‘;(t,x),u(t,x) —(t,x))drdx = | (u] (2, 1),u(t, 1) — a(z, 1))ds
© 0 (6.108)
— |(u(£,0),u(,0) — ii(z,0))dr — ﬂ(u;‘(t,x), uy(t,x) — Ui (¢,x))dt dx.
0 (4]
Moreover, the second and third condition of (iii) mean that
(u,(1,0) — i1,(£,0), u*(£,0)) =0,  (u(0,x) — i1, (0, x), u*(0,x)) =O0. (6.109)

Subtracting Egs. (6.107) and (6.108) and using Eq. (6.109), we have from
Eq. (6.106)
1
[Jtstwte. 0.0 - a0 00001 03 = 1.0 - 100000

0
1

0
1
- J(ux(O, x) — 1,0, x), u* (0, x))dx — J(u;k(t, 1), u(r, 1) — @(t, 1))dr
0 0
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1
+ |(uf(t,0), u(t,0) — i(r,0))dr + J(u,(t, 0) — @,(¢,0), u*(z,0))dt
0

+ [{u,(0, x) — 4,0, x), u*(0, x))dx. (6.110)

o__o_.—

On the other hand, condition (iii) implies that

gl(u(lax)sx) - gl(ﬁ(lﬂx)’x) = <M:(1>x)’ u(l,x) - ﬁ(lsx»s (6 1 11)
g2(u(t? 1)’ t) - gZ(ﬂ(ts 1)3 t) = (u;k(t: 1)7 Lt(t, 1) - ﬂ(t’ 1)) '

Integrating Eq. (6.111) and adding Eq. (6.110), we have

1

1
J(-,-)—J@(, )= de(u*(l,x),u(l,x) —u(1,x)) + Jd,(u*(t,O),u(t,O) —(z,0))
0

= (u*(1,1),u(1,1) —12(10, 1)) — (u*(1,0),u(1,0) — i#(1,0)) + (u*(1,0),u(1,0) — ii(1,0))
— (u*(0,0),u(0,0) — (0,0)) =0.

Thus, J[u(-,-)] = J[i(-,-)]. The proof of the theorem is completed. Bl

Theorem 6.19. Let ii(,x) be some feasible solution of a nonconvex problem (P)
and the LAM to a nonconvex multivalued function F at a point (u,v)€gph F be
defined as

F* (v, (u,v)) = {u" : Hp(uy,v*) — Hp(u,v*) = (u*,uy —u) Vu;eR"}, ve F(u,v").

Moreover, let u*(¢,x) be an absolutely continuous function satisfying almost
everywhere on Q and for arbitrary u the following conditions:

a. up (1, x) + u*(t,x) e F*(u*(t, x); (@i(t, x), il (2, %), 1, X)),
. g(u,t,x) — g(a(t, x), t, x) = (u*(t,x), u — i(t, x)),
¢ gi(u,x) — g1(@(1, x),x) = (w*(1, x), u — (1, x)),
ga(u, 1) — go(li(t, 1), 1) = (u*(t, 1), u — ii(t, 1))
d. (i, (1, x), u*(t,x)) € Hp(i(t, x), u*(t, x), t, x),
e. (i,(t,0),u*(,0)) € Hr, (ii(t, 0), u*(t, 0), 1),
(i1,(0, x), u*(0, x)) € Hr, (1(0, x), u*(0, x), x).

=

Then ii(t, x) is optimal.

[J As in Section 6.2 (see Remark 6.4), it is easy to see that from (a) and (b) for all
arbitrary feasible solutions u(t,x), the inequality

gu(t,x),t,x) — g(ii(t, x),1,x) = (u(t,x) — i(t, x),u*(t,%)) — (. (t,x), u(t,x) — ii(t,x))

holds. If we integrate this inequality on Q, we get Eq. (6.106). Then starting from
Eq. (6.106) and using conditions (c)—(e), we can prove that #(z, x) is optimal. H
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Let Fuy,uz,uz) = {fluy,uz,uz)}, f: R¥ - R”" be a single-valued smooth mapping
with components f', i = 1, ..., n. Then by Eq. (3.69) (see Corollary 3.11),

F*(V*.(u(])7u2a Lt3, O)) = {ful(ulsuzy )V fuz(u]9u25 M3)V fu3(u]su27 )V }
V _f(ulauz’ )

where the derivative of f{u;,us,u3) is, by definition, a linear operator {fu1 (u, uz, u3)

fu2 (ul,uz,u3) fm (9,ud,ul)} with components O /i), (Of i), @f' /), i,j= N
and f * is the adjoint operator to f =1,2,3.
Let us consider the following problem.
inf ) g 6.112)

(t,x)eHy X Ly
subject to ;= f(Uyx—1,Ur 105U —1x-1), (t,X)EH XL (6.113)

uo =Aru—10 + Biwi—10, wi—10€Uy, teH,, (6.114)
Uox =A2uo,x71 +BzW()?x71, Wox -1 EUz, xeL1 ’
where f: R*"—R" is a smooth mapping, g:. are continuously differentiable func-
tions on u,A;,B;, i=1,2 are n Xn and n X r matrices, respectively, and U;cR”",
i=12. It is now required to find a pair of controlling parameters {W; -0, Wox -1},
(t,x)eH; X L; such that the corresponding solution {#;,} minimizes Eq. (6.112).
Taking into account conditions (1)—(3) of Theorem 6.16, we have

* £k~ ~ ~ * Ry ~ ~ *
Sot,x _f;] (ul,xfl sUr—1x, Ut —1,x—1 )Mt’xa 77;,x _f;z (uf,x —1,Ur—1 x5 Ur—1,x *l)ut’xs
* A% o — R ~ ~ * Yol ~
U 1x—1 7 Pr=1x MThx—1 _fu3 (”z,x—lauz—l,x, ”r—l,x—l)“z,x )\gt—l,x—l (“z—l,x ).

(6.115)
Using the calculation technique of dual cones, it is easy to see that
Kaon Fm(u VW) = {(— APV V) ¢ (W, BV = 0,We Ky, (W)}
So, by definition of LAM
F::O(uo,vo) c(uf —Vv)eK; aph Fio(uo, Wy = {A]v' 1 — B eKZ}] W)},

W0 =A1u0 +Blw s

where A7j,B* are the adjoint (transposed) matrices of A; and B, respectively.
Therefore, using Eq. (6.115), we have

77?‘,0 :ATMZ(), - BT“;‘:OEK;I (Wi -1,0),

QQSXZA;"{?;X’ _BEMSXEK;(WO,X*IL (l,X)GHl XLI:

90;,)(‘*'1 B u;,x = )‘g/]‘,x(ﬁT,x): XEL()a 77:(_*_1 - u;k’L = )\g;’L(ﬁI,L)ﬁ tEHo.

(6.116)
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Then we see that Eq. (6.116) can be expressed only in terms of uj :

J ~ ~ ~ / ~ ~ ~
M:F,x :fuT(ut,x: Ur—1x+1,Ut 71,x)u;k,x+ 1 +fuj(ut+ Tx—1sUrx, Ur—1x 71)”?-{. 1.x
J ~ ~ ~ ~
o i 1 B4 15 B U 4 g — )\g;,x(uu), t=0,..,T—1, x=0,..,.L—1,
(6.117)

Fud @ ey iy —1 15 8 <1 DUT o — Uy = A&y (dr ), x€Ly,
S @15 By p e~y — Ui = Ao (il 1), teHo, (6.118)
Vo = AUG > Mg =ATUpg, (H,x)EH XLy,

(B1W,—10,u79) = Wy, (Biufy), (BaWox—1,uq ) = Wu,(Byug ). (6.119)

Theorem 6.20. If the solution {ii;}y, ., corresponding to a pair of controlling
parameters {WI—I,O’WOJ—l}HIXLI for the problem in Egs. (6.112)—(6.114) with
Darboux-type hyperbolic discrete inclusions is optimal, then there exist adjoint
variables {uj"X}H(JX , not all zero, and a number Ae{0,1} satisfying the discrete
adjoint equation (6.Lsf 17) and the conditions in Egs. (6.118) and (6.119). In addition,
if A =1, these conditions are sufficient for the optimality of {i } Ho X Lo-

Now let us consider the problem with a Darboux-type differential equation:

1 1
inf  J[u(-,")]= ﬂg(u(t, x), t,x)dt dx + ng(u(l,x),x)dx + ng(u(t, 1), 1)dt,

o 0 0
(6.120)
subject to u, (¢, x) = f(u(t, x),t, x), (6.121)
u(1,0) = Au(t,0) + Bywi (1), wi()elU;, tel0,1],
u(0,x) = Au(0,x) + Bowy(x), wa(x)eU,, x€[0,1], (6.122)

M(O, O) = Uo,

where A; (i = 1,2) are (n X n) matrices, B; (i = 1,2) are (n X r)matrices, U;,U, are
convex sets in R”, and f(-,t,x) : R"—>R"; g(-,t,x) : R" >R are continuously differen-
tiable functions. It is required to find a pair of controlling parameters {W(t), W,(x)}
such that the corresponding solution (¢, x)minimizes J[u(-,-)].

In the present case, we have

FXO0, (u,v), t,x) = {f™(u, 1, x)v"} (6.123)
and it is not hard to see that the relations Oe Fj(vi, (u1,v1)), 0€F;(V5, (u2,Vv2)),

where Fy(u)=Au+ BU,, Fy(u)=Au+ B,U,, mean that A7vi =0, A5v;=0
(see the formula preceding Eq. (6.116)). Then taking into account Eq. (6.123), we
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see that conditions (a), (c), and (d) of Theorem 6.19 consist of the following:

ul (t,x) + u(t,x) = f*(a(t, x), t, x))u*(t, x),
Aju*(t,0)=0, r€[0,1], Alu*(0,x)=0, x€[0,1],
(Biw1(2), u*(2,0)) = Wy, (Bju*(1,0)),  (Bawz(x),u*(0,x)) = Wy, (B5u*(0, x)).
(6.124)

Let us summarize the obtained result.

Theorem 6.21. Assume that #i(t, x) is a feasible solution corresponding to the pair
of controlling parameters {W;(¢), w,(x)} in the problem in Egs. (6.120)—(6.122).
Then for the optimality of #i(t, x), it is sufficient that there exists an absolutely con-
tinuous function u*(t,x) on Q satisfying the condition (6.124) and hypotheses
(b) and (e) of Theorem 6.19.

Now, let us consider the nonconvex problem in Egs. (6.80)—(6.82), where the
right-hand side of the differential inclusion in Eq. (6.81) depends on both u(-,-) and
its first partial derivatives with respect to ¢ and x:

un(t, x) € F(u (1, %), uy(t, %), u(t, x), £, %), (£, x)€0. (6.125)
If we define

—u g—u
5§ h

G(p,q,u,t,x)=p+q—u+6hF(p ,u,t,x), (6.126)

then the discrete-approximation problem associated with the problem in
Egs. (6.80), (6.82), and (6.125) is Eq. (6.92), where G is replaced by G.

Lemma 6.2. Let G(-, -, ,t,x): R" X R" X R"—P(R") be a convex multivalued
mapping defined by Eq. (6.126). Then

p—uqg—u

HG(~,-,~,z,x)(P"1’”’V*):5hHF<A,-,-,t,x)< 5 > h ,u,v*) +(p+q—u,v).

U] Indeed, by definition (6.126), of multivalued function G~, we can write
HG('a's'alax)(p’ q.u, V*) = Sl"}p {(Vﬂ V*> SVE é(pﬂ q,u, tax)}

—u qg—u
PR9 2 ux]pm

=sup (V,p+qg—u+obhv):vieF ,
Vi 6 h

p—uq—u *

= (p +q —u, V*> + 6hHF(',',',t,x) 5 5Tauav
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Let ¢;: R*—R"™ i=1, ..., m be Frechet differentiable functions at a point a =
(po,qo-uo) and g : R™ —R be continuous convex at (pi(a), ..., pu(a)). Then for a
function

fp,q.u) = g(p1(p,qs1t), . . ., Pu(p,q,1t)), applying Theorem 2 in Section 4.5 of Ref.
[111] at a point a = (pg,qo,Uo), We have

of (a) = A" 0g(p1 (@), ..., 0, (@)) (6.127)

where A’ is the transpose of

op(a) Op(a) Op(a)

op oq ou
A= : : : (6.128)
Opu(a) Op,la) 0p,(a)
op oq ou

and (Op;/0p), (09/0q), (Op/Ou),i =1, ..., m are the Jacobi matrices. Now, taking

—u —u
@](p q:u) ] 802(p qsu) 5 SDS(p qsu) =u

h
in the case of m =3 from Eq. (6.128), we derive that

E/§ 0 —E/S
A= o E/m —E/n)|,
0 0 E

where E and 0 are n X n identity and zero matrices, respectively. Thus, applying
Lemma 6.2, from formula (6.127), we have the result in Theorem 6.22.

Theorem 6.22. Let G(~, o, 5x)  RPX R XR"— P(R") be convex multivalued
mapping. Then

p—uqg—u
’u7

GHG(.’_’.’,J)(p,q,u,v*)=§hA*8Hp(.7.,.,,,X)( e v*)+{v*}><{v*}><{—v*}.

Observe that ohA™ is a nonsingular partitioned matrix. Taking partitioned
matrices

hE : O 0
A= A E Ar=1| ... |, A3:(_hE —5E), Ay = 6hE,



Optimization of Discrete and Differential Inclusions with Distributed Parameters via Approximation 305

it follows from the Frobenius formula [175,176] for the inverse of a partitioned
matrix that

-1 E/h 0 0
(5/1/1*)‘1:(2 §i> - 0o Es o

E/6h E/6h E/bh
On the other hand, it can be easily checked that for the mapping in Eq. (6.126),

—-p—q+ —u qg— <
d péhq ueF(p6u,qhu,u,t,x), if veG(p,q,u;v*,t,x).
By applying Theorems 2.1 and 6.22, we have proved Theorem 6.23.

Theorem 6.23. The following inclusions are equivalent:
L (p".q" )G (v (p.q.u,v).1.),

p*_v* q*_V* p*+q*+u*—v* . . (P—u q—u V_p_(]“"u
2. Fo (v , > U, X
( K8 8h R N T 72 *

Remark 6.9. In accordance with Theorem 6.10, it can be pointed out that in the
more general cases, i.e., in the nonconvex case and the existence of local tents
Koph (-, 00> 4, %, V) Kegph Fy(-) (”’ v = ”)/6)’ and Koph (-0 (”’ (v2 = ”)/h)’ the
equivalence of the inclusions in Eq. (6.96) and conditions (1) and (2) of Theorem
6.23 can be proved in a similar way. We prove this fact for the mapping G (this
can be proved a similar way for the mappings F; and F»). Indeed, by the definition
of LAM, (p*, ¢*,u*, — v*)eK;‘ph F(,’,’,M)(p, q,x,v) means that

(l_)sp*> + <q>q*> + (ﬁ, I/t*> - (Va V*> 209 (psqsu’v)ngph F(',‘,',t,x)(ps q,u, V)'

Then it is not hard to show that this inequality can be reduced to the equivalent
form

p—u 7 cK p—u q—uuv—p—q-i-u
(5 > I’l s Uy 6h gphF(',~,',t,x) 5 b h s Uy (Sh .

Therefore, by using Theorem 6.23, it is not hard to see that the adjoint discrete
inclusion in Eq. (6.97) for the problem in Egs. (6.80), (6.82), and (6.125) has the
form

(—w*(@ +6,x+h), —¢*(@+6,x+h),Au*(t + 6,x + h))
€ F*(u*(t + 6,x + h); (Bii(t + 6,x), Cii(t, x + h), ii(t, x), Au(t + 6,x + h)), 1, x)
(0,0) X {Bw*(t + 6,x + h) + Cy*(¢ + 6,x + h) — \og(a(t, x), t,x)},
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where

u*(t +6,x +h)— *(t + 6,x + h)
h 2

w*(t+ 6,x +h)—n*(t+ 6,x + h)
5 .

wr(t + 6, x +h) =

Y+ o,x+h) =

In conclusion, using the techniques of the proof of Theorem 6.18 and the latter
adjoint inclusion, we have the result in Theorem 6.24.

Theorem 6.24. Let Egs. (6.80), (6.82), and (6.125) be a convex problem. Then
for the optimality of the solution i(-,-), it is sufficient that there exist absolutely
continuous functions u*(-,‘), v*(-,-), and w*(-,~) on Q satisfying the following
conditions:

1w x), =0 (x), i (,x)) € F(w(,00; @t x), (1, x), (1, ), (1, %)), 1, %))

+(0,0) X {wy(t,x) + ©i(t,x) — 0g(ii(t, x), 1, x)},

—y*(t,0) e Fy(u*(2,0); ((@(t, 0), 1, (,0)), 1), — w*(0,x) € F5(u*(0,x); (((0, x), (0, x)), x),
—w*(1,x)e0g:(@(1,x),x) —ui(l,x), —¢*(t,1)edg(i(t, 1),1) —ul(t, 1),

(2, x) € F((d(1, X), @:(2, x), #(2, X)); u* (1, %), 1, %),

i,(t,0) e F1(i(2,0); u*(t,0), 1), i,(0,x)e F>(i(0, x); u*(0,x), x)

u*(0,0) = u*(1,1) = 0.

Remark 6.10. For the nonconvex problem in Egs. (6.80), (6.82), and (6.125), the
analogous conditions (a)—(e) of Theorem 6.19 and condition (2) of Theorem 6.24
are satisfied, where the condition (a) has a form

(=w*(t,x), —¢*(t,x), u;(t,x)

+ut(t,x)) € F*(u™ (1, x); ({11, x), 81, x), i1, ), (1, X)), 1, %),

Bk

where the LAMs F} (i =1,2) are defined as follows:

Fr (v, (u,vi) = {u" : Hp(uy,vy) — Hp(u,vi) = (u*,u; —u), Vu;eR"},

veF(u,vy), i=1,2.

Let us consider the problem

1 1
inf  Ju(-,")]= ﬂg(u(t, x), t,x)dt dx + ng(u(l ,X),x)dx + ng(u(t, 1), )dt
Q 0 0
(6.129)
subject to u, (2, x) = Au,(t, x) + Bu,(t,x) + Cu(t,x), (t,x)€Q, (6.130)

u(t,0)e F1(u(2,0)), Fi(u)=Aju+U;; u0,x)eF>u(0,x)), Fr(u)=Au+ U,,
(6.131)
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where A, A; (i = 1,2), B, C are n X n matrices; U;=R" (i = 1,2) are convex sets, and
g(-.tx), gi(-x), g(-,f) are convex continuously differentiable functions.
Obviously, to every admissible pair of controlling parameters u(¢) € Uy, u(x) € Us,
there corresponds some feasible solution of the hyperbolic Eq. (6.130)—say u;(-),
u>( - ) from the class of bounded measurable functions. It is necessary to find a fea-
sible pair of controlling parameters {i;(-), #(-)} such that the corresponding solu-
tion (-, -) minimizes J[u(-,-)]. In a way similar to that described for the problem
in Egs. (6.120)—(6.122), it is easy to see that conditions (1)—(5) of Theorem 6.24
consist of the following:

—w*(t,x) = A*u*(t,x), —*(t,x) = B*u*(t,x),
ul (1, x) = C*u*(t,x) + wi(t,x) + Yi(t,x) — g;l(ﬁ(t, X), t,X),
—*(1,0) = Atu*(1,0), —w*(0,x) = A3u*(0,x),

_W*(]ax) = gll(ﬁ(]sx)ax) - ui(l,x), - w*(ta 1) = g/z(ﬂ(ta l)s t) - M;((l‘, 1),

<L7,x(t, x),u* (t,x)> = Hr(i1,(1,x), i, (2, %), 4(t,x), u* (¢,x),1,%),
(@1,(1,0),u*(2,0)) = Hr, (ii(t,0),u*(2,0),1), {i:(0,x),u*(0,x)) = Hp, (ii(t,0),u*(0,x), ).

Obviously these conditions can be rewritten as follows:

wh(t,x) = — A*ui(t,x) — B*ui(t,x) + C*u*(t,x) — g, (ii(t, x), t, x),
(AT = B u*(,0)=0, (A5 —A*)u*(0,x)=0,
wi(1,x) = g\ @1, x),x) — A*u*(1,x), uy(t, 1) = g(ii(t, 1), 1) — B*u*(z, 1),

(6.132)

<L7,(t,0),u*(t,0)> = sup <u1,u*(t,0)>, <ﬁx(0,x),u*(0,x)>= sup <u2,u*(0,x)>.
w €Uy uelUs

(6.133)

Theorem 6.25. If the conditions in Egs. (6.132) and (6.133) are satisfied, then the solu-
tion #(-,) corresponding to the optimal control pair {#;(), #i(+)} minimizes J[u(-,)]
in the problem in Egs. (6.129)—(6.131), where u*(0,0) = O,u*(l,l) =0.

Example 6.3. Consider the following example:
1 1
inf  J(u(-,"))= Ju(l,x)dx - Ju(t,l)dt,
0 0

subject to  u, = v, |v(t, x)| =1, (t,x)eQ,
u(t,0)=0, rel0,1], (6.134)
u(0,x) =0, xe[0,1].
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It is assumed that v(-,-) is a piecewise continuous function (control) with a finite
number of discontinuity lines. In our notations, the problem in Eq. (6.134) has the
form

1 1
inf  J(x(-,"))= Ju(l,x)dx - Ju(t, 1)ds,
0 0
subjectto u,eF(u), Fuw)=U=[—1, +1], (t,x)€Q,
u(t,0)=0, te€[0,1], (6.135)
u(0,x) =0, xe[0,1].

For the mapping F(u) = U (see Section 2.4), we have

* (LK, _ 09 if _y* € [COHe(U - V())]*, _
%20 = { @, if —y*¢[cone(U — vp)]* 20 = (uo, vo)-

Thus, the adjoint hyperbolic DFI is ;. = 0. Since in the problem in Eq. (6.135),
g=0, g(u(1,x),x) =u(l,x), g-(u(t,1),t) = —u(t,1), conditions (i)—(iii) of Theorem
6.18 imply that

uj(l,x) =-1, u;“/(t, D=1,u"1,1)=u*(0,0)=0, 0g(il(t,x),t,x) = {0}.

It is easy to verify that u*(z,x) = t — x being a solution of the DFI u}, = 0 satisfies
the latter conditions. We show that

(6.136)

ﬁ(l X)= 1x _21‘2 +p(t), if 0str<x= 1’
> —tx + p(x), if 0=x<t=<1

is an optimal solution of problem (6.135) and hence of Eq. (6.134), where p(p(0) = 0)
is an arbitrary smooth function. Indeed from condition

Hr(%(t, x), u*(t,x)) = ¥(t, x) - u*(t, x)

it follows that ¥(f,x) = +1 if u (1,x) >0 or t > x. Otherwise, if u*(z,x) <0 (or t < x),
then (¢, x) = —1. Thus,

5(,x) = +1, if 0=x<r=1,
VY= -1, if o=r<x=1

and the admissible pair (i(t, x), v(z,x)) and the function u*(¢,x) =t — x satisfy the
hypotheses of Theorem 6.18. Here the least value of the cost functional J does not
depend on the function p. Indeed,

1 1

960) = [t peona = [(0=20 + proyar =1,
0 0
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Note that as is seen from Eq. (6.136), the function (%, x) is not defined uniquely
because of the arbitrariness of the function p. The reason is that the line x = trisa
line of discontinuity (of the first kind). Obviously, by means of the choice of a
function p it can always be arranged that the solution ii(z,x), as well as its first-
order partial derivatives, be continuous on the line x = 1.

4 On Duality in the Convex Problem (P¢)

Consider the convex Darboux problem for a hyperbolic DFI with state constraint

inf Ju(-, )= ﬂ g(u(t,x),t,x)dt dx,
subject to  u,(t, x) € F(u(t, x)),Q (t,x)eQ =0, 1] X0, 1], (6.137)
u(t,x)ed(t,x),

u(t,0) =0, u(0,x)=0,

where ® : Q— P(R") is a convex-valued mapping.

Theorem 6.26. Let g be continuous and convex with respect to u, and let F be a
closed convex multivalued function. Moreover, let ® be a convex-valued mapping.
Then for the optimality of the solution ii(f,x) among all feasible solutions of the
problem in Eq. (6.137), it is sufficient that there exists an absolutely continuous
function u*(¢, x) on Q with an integrable mixed derivative u(z, x) such that the fol-
lowing conditions hold almost everywhere:

a. uf, (1, x)e F*(u (1, x); (@(t, x), 7, (t, X)) + K, (i1, x)),

> Tx
b. uy (1, 1) e Ky, 1) (i(t, 1)), uy(1,x) Ky (1, x)),
u*(0,0) =u*(1,1) =0,
c. i (1, x) € F(i(t, x); u*(t, x)).

[0 The proof is similar to the proof of Theorem 6.18. l
The maximization problem

Sup J*[u*(t,x), QO*(I,X), Z*(I,X)] (6138)
u*(t,x),0* (t,x),2*(1,x),
u*(0,0) = u*(1,1)

where

Jo[u* (t,%), o*(1,%),7*(t,x)] = ﬂ[M(u;;(t,x) — " (t,x) + 27 (8, x),u* (2,x))
Qo 1

1
Wt (— " (1,0)) " (" (1, 0), £,0)]drdo — JWM)(MZ‘(A )i — jwq><1,x)(u:<1,x)>dx
0 0
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is called the dual problem to the primary convex problem in Eq. (6.137). It is
assumed that ¢*(-,-), z*(-,-) are absolutely continuous functions on Q and that
u*(-,-) is an absolutely continuous function on Q having an integrable mixed par-
tial derivative u(-, *).

Theorem 6.27. The inequality
J(ﬂ(ta )C)) = J* [X*(ta )C), SD*(I’ x)a Z*(ta )C)]

holds for all feasible solutions u(t,x) and {u*(t,x), p*(t,x),z"(¢,x)} of the primary
problem in Eq. (6.137) and the dual problem in Eq. (6.138), respectively.
OJ It is clear from the definitions of the functions M, Wg, and conjugate g* that

M (2, x) — ©*(t,x) + 2°(, x), u* (¢, x))
= (M;(L x) - 90*(%36) + Z*(ta -x)s M(t>x)) - (I/t*(l, x), Mtx(ts )C)),
W@(l,x)(w*(ta x)) = <90*(t’ )C), u*(ts .X)),
Wae () (8, 1)) = (uf(t, 1), u(t, 1)), te€[0,1],
Waa 0@ (1,x) = (i(1,x),u(l,x), xe[0,1].

Using these inequalities, we deduce
Tl (2, ), 7 (2, ), 27 (1, 0)]

= H[(u;‘x(t, X), u(t, x)) — (u*(t,x), up(t, x)) + g(u(t, x), t,x)|de dx
o

(6.139)

|
(uf(z, 1), u(t, 1))dr — J.(uj:(l,x), u(1, x))dx

O —

0

But since .
ﬂ(u*(r, ), (1, )t dx = J<u*(1,x), (1, 0)dx

9 0

1
— J(u*(O, x), u(0, x))dx — ﬂ(u:‘(t, X), u(t, x))der dx
(4]

and
1

H(u(l, x), u; (t,x))dr dx = J(u(t, 1),uf(z, 1))ds

Q 0
1

- J(u(r, 0), u;(z,0))dr — J](uj‘(t, x), u(t, x))de dx.
0 0
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We obtain from the inequality in Eq. (6.139) that

1
Ju* (8, %), o*(t, x), 75 (t, x)| = —de(u*(l,x), u(1,x))dx
0 (6.140)

1 1
+ J[u(z,x)] + J(u*(O, x), u(0,x))dx — J(u(t, 0), u,(¢,0))dr
0 0

The solutions u(t,x) and {u*(t,x), *(t,x), 2" (¢, x)} are feasible solutions and u
(,0) = u(0,x) = u*(1,1) = 4*(0,0) = 0. So it is not hard to show that the right-hand
side of the latter inequality equals zero. Indeed,

1

1 1
J<u*(0,x), 1, (0, ) dx — dew*(l,x), (1, x))dx = dew*(o,x), (0, ))dx
0 0 0

1

1

- J(uj(o,x), u(0, x))dx — de(u*(l,x), u(1,x))dx
0 0
= (u*(1,0),u(1,0)) — (@*(1,1),u(1,1)) = 0.

That is why for all feasible solutions J(ii(t, x)) = J.[u*(¢, x), ©*(t, x), 2*(¢, x)]. A

Theorem 6.28. If the functions #(r,x) and {u*(z,x),0*(¢,x),z*(t,x)}, where
7*(t,x) € Og(ii(t, x), t, x), satisfy conditions (a)—(c) of Theorem 6.26, then they are
optimal solutions of the primary and dual problems, respectively, and their values
are equal.

[0 Actually, by Theorem 6.26, ii(t,x) is a solution of the primary problem. We
study the remaining assertions. By the definition of LAM, condition (a) implies
that

(U (1, %) = (8, %) + 2°(2, x), u — i(t, x)) — (2, x),v = @I, (1,x)) = 0,
(u7 V) € gph Fa W(I)(l,x)(gp*(t’ )C)) = <§0*(I, )C), ﬂ(ta x)) .

This means that
(U (1, %) — @ (t,x) + Z*(t, x), u*(t, x)) edom M,

dom M = {(u*, —v*) : M(u*,v*) > —o0}.

On the other hand, it is known that Og(u,t,x)cdom g* (-,t,x) and so z*(t.x)€
dom g*(-,tx). Thus, the triplet {u*(t,x),9*(¢,x),z"(t,x)} is a feasible solution. By
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Lemma 2.6, it is also clear that

M@ (t,x) — @*(t,x) + Z°(t, x), u* (1, x))

: ) (6.141)
= (U} (t,x) — ¢*(t,x) + 2°(¢, x), il(t, x)) — Hp(ii(t, x), u* (1, x)).

By conditions (b) and (c) of Theorem 6.26, we have

W@(I,l)(u;k(t: 1)) = (u;k(ta 1)9 ﬁ(t: 1)>a IG[O, 1]:
Waa,o@i(1,x) = (u;(1,x),i(1,x)), x€[0,1], (6.142)
Hp(a(t, x), u*(t,x)) = (i1, x), u*(,x)), (t,x) € Q.

Since z*(t, x) € 0g(ii(t, x), t, x), we can write (Theorem 1.26)
(@i(t, x), % (t, x)) — g(ii(t, x), , x) = g"(" (£, %), 1, x). (6.143)

Then, in view of Egs. (6.141) and (6.142), having instead of the inequalities in
Egs. (6.139) and (6.140) the corresponding equalities and following the proof of
Theorem 6.27, it is easy to establish that

J(i(t, x)) = J [u* (1, x), o (8, x), (£, x)]

and so {u*(t,x),0*(t,x),2*(t,x)} is an optimal solution. l

6.5 Optimal Control of the Elliptic-Type Discrete and
Differential Inclusions with Dirichlet and Neumann
Boundary Conditions via Approximation

This section deals for the first time with the Dirichlet problem for discrete (Pp)
inclusion, discrete-approximation problems on a uniform grid, and differential (P¢)
inclusions of elliptic type. Necessary and sufficient conditions for optimality in the
form of a Euler—Lagrange inclusion are derived for the problems under consider-
ation on the basis of LAM. The results obtained are generalized to the multidimen-
sional case with a second-order elliptic operator.

It must be pointed out that in elliptic differential inclusions, the solution is taken
in the space of classical solutions. However, as will be seen from the context, the
definition below of the concept of a solution in this or that sense is introduced only
for simplicity and does not in any way restrict the class of problems under consid-
eration. Therefore, at the end of the section, we indicate general ways of extending
the results to the case of generalized solutions [246].

Let us mention the notations:

H(u,v*) = sup{(v,v*) :veF(u)}, F(u,v*)={veF(u): {(v,v*)=H(u,v")}, v:eR",

where F : R¥"— P(R™).
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For a convex mapping F, by definition of LAM, a multivalued mapping from R”
into R*"

F*v*, (u,v)) = {u* : (u*, — v*)eK;‘ph ru,v)},

*

where Ko #(u,v) is the dual to the cone Ky, #(1,v).

And the following multivalued mapping defined by
Fr(v*, ® V) = {u* : Hu,v*) — H@®,v*) = ¥, u — u®) V(u,v)egph F},

WeFu®, v

is the LAM to the nonconvex mapping F at a point (u°,v°) e gph F.
As before, we denote

M@*,v*) = inf{{u, u™) — (v,v*) : (u,v)egph F}.

We consider the following optimization problem:

inf > 8y ity 1) (6.144)

subject to Ury + 1,x, eFXl,Xz(uxl —Lxys Uny g =15 Uy xp5 Uy oy + 1)’ (6145)

MX],O = anl s uxl,L = CVL)C] ] uO,xz = ﬁ()xzs uT,Xz = ﬁsz

(6.146)
x1=1,...,T—1;, x=1,...,L—1,

where gy, v, : R" >R U {*o0o} are functions taking values on the extended line, F, ,,
are multivalued mappings, Fy, ., : R* 5 P(R™), o> x> Box,» Brv, are fixed
vectors, and 7, L are natural numbers. We label this problem (Pp) and call it the
Dirichlet problem for a discrete inclusion of elliptic type.

Let us denote D = {(x1,x2) : x1 =0, ..., T;x,=0, ..., L(x;,x3) # (0,0),(0,L),
(T,0),(T,L)}. Then a set of points {uy, ,};, = {Ux, x, : (x1,x2) €D} is called a feasible
solution for the problem (Pp) if it satisfies the inclusions in Eq. (6.146). It is easy
to see that for each fixed T and L, the boundary condition in Eq. (6.146) enables us
to choose some feasible solution, and the number of points to be determined and
discrete inclusions are equal. In this sense, the name elliptic discrete inclusions is
justified. The following condition is assumed below for the functions gy, ,, and the
mappings Fy, ,(x1=1,...,T—1; xo=1,...,L—1).

Hypothesis H1. Assume that in the problem (Pp), the mappings F,, ,, are such that
the cone of tangent directions Kgpp, Fun (T, —1 1y Ty g —15 iy xyo By sy + 15 By, + 1.x,) QT
local tents, where i, ,, are the points of the optimal solution {i,, ,},. Assume,
moreover, that the functions g, ,, admit a CUA h,, ,,(@, @y, x,) at the points iy, ,,
that is continuous with respect to u. This implies that the subdifferentials
agXl,XZ (ﬁx1,xz) L= ah)ﬂ X2 (0, ﬁxl,xz) are defined.

The problem (Pp) is said to be convex if the mappings Fy, ., are convex and
&x,.x, are convex proper functions.
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Hypothesis H2. Suppose the problem (Pp) is convex and {ugl w1 p 1s some feasible
solution for it. Then suppose that

0 0 0 0 0 .
(uxl L2 Yoy o =1, %y o Yy ey + 10 Uy + I,X2)er1 gphFxl,Xz
0 . — _
uy, o, €ri domgy,r,, x1=1,....,T—1, x,=1,...,L—1

In Subsection 3, we study the following problem for an elliptic differential
inclusion:

inf Ju(-)): = ﬂ g(u(x), x)dx (6.147)
R
subject to Au(x)e F(u(x),x), x€R (6.148)
u(x) = p(x), xeB (6.149)
where A is Laplace’s operator: A : = & + a‘; >, F(,x):R" —>P(R”) is a multiva-

lued mapping for all x = (x1,x;) in the bounded region R <= R?, which has a closed
piecewise-smooth simple curve B as its boundary, g : R" X R—»R is a continuous
convex function on u, 3 is continuous, and dx = dx;dx,.

We label this continuous problem (Pc) and call it the Dirichlet problem for
elliptic differential inclusions. The problem is to find a solution #i(x) of the bound-
ary value problem in Egs. (6.148) and (6.149) that minimizes J(u(-)). Here, for
simplicity of the exposition, a feasible solution is understood to be a classical solu-
tion. At the end of Subsection 4, we introduce the concept of a generalized solution
and show that it is possible to carry over the results to this case.

Consider the following multidimensional optimal control problem (P,,) for ellip-
tic differential inclusions:

inf J(u(-)) : = ﬂ g(u(x), x)dx (6.150)
G

subject to Lu(x)) € F(u(x),x), xeG (6.151)

u(x) = a(x), xeS (6.152)

where F(-,x) : R— P(R) is a convex closed multivalued mapping for all n-dimensional
vectors x = (xy,...,X,) in the bounded set G=R", which has a closed piecewise-
smooth surface S as its boundary, g : R X G—R is a continuous function convex on
u, v is continuous, dx = dx;dx,---dx,, and L is the second-order elliptic operator:

Lu: = Z ('Sc, (au ) Z b; (x) + c(x)u,

a;(x)e C (G), bix)eCY(G), c(x)eC(G),
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where [|a;(x)|| is a positive definite matrix, and C(G) and C'(G) are the spaces of
continuous functions and functions having a continuous derivative in G,
respectively.

A function u(x) in C*(G) N C(G), that satisfies the inclusion in Eq. (6.151) in G
and the boundary condition in Eq. (6.152) on S, we call a classical solution of the
problem posed, where CZ(G) is the space of functions u(x) having continuous sec-
ond-order derivatives (azu/ax,-axj), i,j=1, ..., n It is required to find a classical
solution #i(x) of the boundary value problem (P,,) that minimizes J(u(-)).

1 Necessary and Sufficient Conditions for the Dirichlet Problem
of Elliptic Discrete Inclusions

At first we consider the convex problem (Pp). In order to use convex programming
results, we form the m =2n(L —1) + n(T —1)(L + 1)-dimensional vector w = (ug,
uy,. . ..ur), where for x; =1,....T—1, uy, = (U, 0, U, 15+ - - uX],L)eR"U‘+ D is an n
(L + 1)-dimensional vector, and uy = (4o 1, - - -» uO,L,l)eR”(Lfl), ur=Ury, ..., Ur,
1 —1)eR™ ™D Let us consider the following convex sets defined in the space R™:

MX],)C2 = {W:(umula“ ~9MT) : (uxl —1,x09 Uxy xp =15 Uy x5 Uy xp + 15 Ux +1,xz)egphFx1,xz}a
x1=1,....,T—-1, x,=1,...,L—1,

Hi={w=(uo,...,ur): y, 0= 0y, x1 =1,..., T —1},
Hy={w=(ug,...,ur) o, = Boy,,x2=1,...,L—1},
HL:{W:(uo,...,l/t]"):MXI,L:O[LX],)Q = l,...,T_l},
Hr={w=(uo,...,ur):ury, = Br,,x2=1,...,L—1}.

Now setting

glw) = > 8 (U )

x1=1,.,T—1lx; =1,.,L—1

we reduce the convex problem (Pp) to the following convex minimization problem
in the space R™:

inf g(w) subjectto weN = N M, ., | NH NH,NH, N Hy.

(6.153)

We apply Theorem 3.4 to the convex minimization problem in Eq. (6.153). For
this, it is necessary to calculate the dual cones Kl\tlx, . w), Kj w), Kp,(w),
Ky (w), Kj (w), weN. )
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* — [y — (4 % () * ut * *
Lemma 6.3. K (W)_{W _(MO’ SUp - (uxl—lxz’uxl Jo =Wy oo Uy o + 10 x1+lxz)

EKgphFxl xz(u)ﬂ -1 Xzauxl X2 *lauxl,xza u)ﬂ,xz + 1)”)61 + lJCZ) I/l 0 (la./) ;é ('xl _1 -x2)
(x1,x2 —1),

(xli‘xz)’('xlﬂxz—i_l)’(‘xl+17'x2)}7 ‘x1:17"‘3T_1) x2:1)“')L_1'

0 Let weKj, (w) weN. This means that w + A\weM,, ,, for sufficiently small
A>0, Wthh is the same as

(ux] —1,x + )\ﬁxl —1xps Ux; o —1 + Aﬁxl,xz —15 Uy x, + )\ﬁxhxza Uy, xr + 1

+ )\ﬁx],xz+ l;uxl + 1,x + )\ﬁxl + l,xza)egph F)C],Xg'

Thus,

KMX[,XZ (W) = {W = (EO’ L :ET) : (ﬁxl —],xzsuxl,xz _lﬂﬁxl,xzsﬁxl.,xz + laﬁxl + l,xz)

ej(l”x],x2 Uy —1,3 Uy xy =15 Uiy g Uy s + 15 Uy + l,x2)~ (6.154)

On the other hand, w*e€Kj}; (w) is equivalent to the condition
Xp,%0

wow) = > (@u) =0, WekKy, (W),

where the components %;; of the vector W (see Eq. (6.154)) are arbitrary. Therefore,
the last relation is valid only for u =0, (i,)) # (x1 —1,x2), (x1,x2 —1), (x1,x2),
(x1,x2 + 1), (x; +1,x2). This ends the proof of the lemma. H

It is also easy to show that

K;'}](w) W =(ug,....u}):u - Ox1=1,...,T—l,xz;éO,u;ﬁ:u’}:O},
Ky w)={w* = (ug,...,up) cuy =0,x1=1,...,T},

Ky, (w) ={w* = (ug,...,u7): X]XZ Ox1—1 ST —1,x # L ujy = u} = 0},
Ky (w) = {w* = (ug, ..., u7) : ug O,uxl—O,x]—l,...,T—l}.

(6.155)

Theorem 6.29. Assume that Fy ,,, x; =1,..., T —1; x,=1,...,L—1 are convex
multivalued mappings, and g, are convex proper functions continuous at the
points of some feasible solution {u)C w)p- Then for the {iy 1.}, to be an optimal
solution of the problem (Pp), it is necessary that there exist a number A =0 or 1
and vectors {5 1 Any 1 A8 L) {45, L, ), not all equal to zero, such that:

X1,X2

i (W;, 7);235;#2’”,(17;(2’77;12)EF;p (uj:, X2>(ﬁx1 —1,x ﬁ’tl,’(z -1 aﬁX|,x2’ﬁX|,x2+ 1 aﬁM + l,xz)) + {O} X {O} X
£3
0 1 T 6t 17T 11— A8y (8,10} X 10)
- %

b, =00 U5 =0, x0=1,...,L—1;

Mo e=0, & ,=0,x=1,...,T-L
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Under Hypothesis H2, the conditions (i) and (ii) are also sufficient for the opti-
mality of {iiy, x,}p.
[0 By the hypothesis of the theorem, W = (i, if1, . . ., fir)is a solution of the convex
minimization problem in Eq. (6.153) and g(w) is continuous at the point
= (u),...,uY). Then we can assert the existence of vectors
w*(x1,x2) €Ky (09), Wre Ky (W), w* e K, (W), wl ek, (D), wl ek}, (D), wh e
Owg(W) and of a n{lmber A=0 or 1, not all equal to zero, such that

Z Wi, x) + W W+ wt T = At (6.156)

Let [w*],, ,, denote the components of the vector w* for the given pair (x,xy).
Then using Lemma 6.3 and the relations in Eq. (6.155), we get

> wirnx) W Rt T (6.157)
X1 =1,...,T*1
X2 = 1,...,L -1 X100

u(ﬁ,xz(l,xz)-l—ﬁ&&, if x;=0,x,=1,...,L—1,

up (T -1, x2)+u§fxz, if xy=T,x,=1,...,L—1,
x10(x1’1)+ux10’ if xq=1,...,T—1,x =0,
X]’L(X], —1)+ule, if x;=1,....,T—1,x, =L,

where it is taken into account that

T* T*
]

~ _ _ — _ L* L*
[W*]O.,xz - uaxz’ [W Ty, UTpxyo [W*]x,,o - u;ck] 00 [W ] = Uy L

. . Ak T* _ _ —x
Pecause of the arbitrariness of the vectors Up s UT s X2 = 1,...,L—1, uy, 0s

ut > X1 =1,...,T —1, it follows from Egs. (6.156) and (6.157) that

up, (Lxa) +iig =0, up, (T —1,x) + up,, =0,
uj]’o(xl,l)-i-ﬁ;f],OZO, u;,L(xl,L)-i-uf],L:O, x1=1,....,T—1, x,=1,...,L—1.

Thus, Eq. (6.156) implies that

wy Lo+ L) tul  (exa + 1)+ (g (ox00) Fuf  (exa =D+ (o —1Lx)
:)\ug:k’xzy MUZ(O,XZ):O, uxl’l(-xla()):()’ uxl,L—l(xlaL):Oa qul,XZ(Taxz):Oa
W™ =ue a1 =1,..,T=1, x,=1,...,L—1. (6.158)
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Using Lemma 6.3 and the definition of an LAM, it can be concluded that

(0, o, (o, x2), 1y, ) (1, %2), ) (1, Xa), g, 4 (X1, %2))
EF;,XZ( - u:] + l,xz(xla-x2)9 (ﬁ)q —1,x25 ﬁxl,xz —1» ﬁ)q,)(zy ﬁxl,xz +1, ﬁxl + l,xz))
=1, T—1, xx=1,...,L—1. (6.159)

Then, introducing the new notations uf;l 71,X2(x1,x2) = ¢;,xz» u;‘] ,xz—1(xl»x2) =
Erimrr Wiy 1, X2) =18 s — U 4y, (X1, x2) = 5, we see from Egs. (6.158)
and (6.159) that the first part of the theorem is valid. On the other hand, it follows
from Hypothesis H2 that Eq. (6.156) holds with A =1 for the point w’* €4d,,g(W)N
K3 (W). Hence, conditions (i) and (ii) are sufficient for the optimality of {iy, .,},.
This completes the proof of the theorem.

Now let us write the result of Theorem 6.29 in a more symmetrical form.

Taking into account Theorem 2.1,we obtain the result in Corollary 6.2.

Corollary 6.2. Suppose that the conditions of the Theorem 6.29 are satisfied and
in addition F(u;, u,, us, uy) is a closed set for every (u;, u,, us, uyq). Then for the
optimality of {i,, ,,}, it is necessary that there exist a number A=0 or 1 and vec-
tors {45 1 075, 1 (€5, 1,0 uf, ) not all equal to zero, such that

* ~ ~ ~ ~ *
qu,xz € av*Hxl ,xz(uxl —1x2 Uxi oo =15 Uxy xos Uxy oo + 15 Mxl,xz)’

(¢:m, f;kl,xp u; —1,00° 7);1,)@) € OuHy, oy (B 100> iy ey =15 By iy > By iy + 1 M;I,XZ)
+ {O} X {O} X {w;ckl +1,x + gjl,xz +1 + Ujm -1 /\agxl,xz(ﬁxl,xz)} X {O}s
”(/)SM =0, u”}m =0, ,=1,...,.L—1; 77:1,0 =0, €;I’L =0, x;=1,...,T—1.

If Hypothesis H2 is fulfilled, conditions (i) and (ii) are sufficient for optimality.

Theorem 6.30. Assume Hypothesis H1 for the nonconvex problem (Pp). Then for
{#x, x,}, to be an optimal solution of this nonconvex problem (Pp) it is necessary
that there exist a number A€ {0,1} and vectors {7} }, {n} ), (& ), {uf ), not
all equal to zero, satisfying conditions (i) and (ii) of Theorem 6.29.

O] In this case Hypothesis H1 ensures the relation in Eq. (6.156) for the nonconvex
problem (Pp) or Eq. (6.153). Therefore, we get the necessary condition as in
Theorem 6.29 by starting from the relation in Eq. (6.156), written out for the non-
convex problem (Pp).H

Remark 6.11. Suppose D; is a set of pairs (x1,x,) consisting of integer numbers x;
and x,. Then we denote by D the set of interior points of D;—i.e., those for which
the points of the form (x; = 1, x,) and (x;, x, = 1) belong to this set. Let D have the
connectivity property, that all points of D can be connected with some zigzag
whose segments are parallel either to the Ox;-axis or the Ox,-axis. Moreover,
assume that I' is the set of boundary points of D so that D; = DUI'. Now, instead
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of Eq. (6.146), we consider the following condition
MX],—’Cz = axl,xz: (xlaxz)ef (6160)

where ay, ,, are a fixed vectors for every (x, xp). It is understood that for every
point belonging to I there exists some interior point (x1, x,) € D for which the given
boundary point is one of the form (x;, x, = 1), (x; £ 1, x,). In this case, the set of
points of the form (x; + 1, x5), (x; —1, x3), (x1, x, + 1), and (x;, x, —1) we call right,
left, upper, and lower sets respectively, and denote them by Q,, O, Oy, and Q.
Obviously, I' = Q,UQ,.UQ,UQ,.

Then by analogy it can be shown that for the problem in Eqgs. (6.144), (6.145),
and (6.160), boundary condition (ii) of Theorem 6.29 consists of the following:

Vi =0, (x1,x2)€0; 7y, =0, (x1,x2) € Qo

& =0, (x1,x)eQy; ul . =0, (x1,x2)€Q:
1,42 1,42

2 Approximation of the Continuous Problem and Necessary Condition
for the Discrete-Approximation Problem

In this section we use difference operators to approximate the problem (Pc) and
formulate a necessary (and sufficient in the convex case) condition for it with the
help of Theorems 6.29 and 6.30. We choose steps § and 4 on the x;-axis and
x,-axis, respectively, using the grid functions u,, y, = us;(x1,x2) on a uniform grid
on R.

Let Au = Au + Ayu, where Aju = &*u/ox? (i = 1,2). We introduce the following
difference operators, defined on the three-point models [178,246]; i.e., each of the
operators Aju, A,u are approximated by the Au and A,u:

u(xy; +0,x2) —2uxy,xz) + u(x; — 6,x2)

Aju(x): = s ,
: u(xy,xz +h) —2u(xi,x2) + ulxy, x2 — h)
Asu(x): = 2 .

The point (xi, xp) is called regular [31] if the four points (x; =8, x5), x, xo £ h
belong to R = R U B. Otherwise, the point (x;, x,) is called irregular.

The set of regular knot points are denoted by w$, and irregular points by wj,.
The set of intersections of lines x; = id, x, =jh, i,j=0,*1, £2, =3, ... and arc
B are called boundary knot points and denoted by vs,. Thus, according to the set R
we have grid wg, = w§, U wj, U 74, Assume that Wy, is a connected set. According
to Eq. (6.149), we have ug,(x, x2) = 8(x1, X2), (X1,X2) € Ysn-
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For irregular knot points, there are different conditions. For such points, we use
the value B(X) of the function 3, where Xe~, is a closest knot point for a given
irregular point

u(x) = ugsp(x) = B(X), xeWy,.

Now, with respect to the problem (P.), we associate the following difference
boundary value problem approximating it:

inf  Jg(u(x;,x)) : = Z ohg(u(x1,x2), x1,x2)

(x1,x2) €Wy
(P4) subject to Aju(x) + Aru(x)e F(u(x),x),x = (x1,X,) ETsp,
u(x) = px), xevg.

First, for simplicity assume that (P,) is a discrete-approximation problem for
problem (Pc), where R = (0,1) X (0,1) so that

ngh = {(-xla-xz) LX) :Oa 65' K] 1;x2 :Oaha' L] 1,(.X1,.X2) ?é (090)5(0’ 1)5(1’0)7(1, 1)}

Now we reduce the problem (P,) to a problem of the form (Pp) and introduce a
new mapping Q(-,x) : R* - P(R"):

62
Our, uz, uz, ug, x) : = 2(1 + Ous — uy — Ous + up) + 8*F(uz, x), 0= i
(6.161)
and we rewrite the problem (P,) as follows:
inf ]§h(u(. > ))7 (6162)

subject to u(x; + 6,x2) € Q(u(x1 — 6,%2), u(x1,x2 — h),u(xy,x2), u(x1,x2 + h),x1,x2)
(x1,X2) €Wsn, u(x1,x2) = B(x1,%2), (X1,X2) € V- (6.163)

By Theorem 6.29 for optimality of the feasible solution {ii(x,x;)}, (x1,X2) € Wsp,
in the problem in Egs. (6.162) and (6.163), it is necessary that there exist vectors
{w* (1, x2)}, (" (x1,x2)}, {€°(x1,x2)}, {"(x1,x2)} and a number A = Ag,€ {0,1}, not
all zero, such that

(V" (r1,22), £ (xp,22),u* (1 — 6,%2),17* (x1,X2))

€ O*(u* (x1,x2); (d(x1 = 6,x2),81(x1,x2 — h), (X1, X2), H(x1, X2 +h), (1 + 6,%2),X1,X2)
+{0} X {0} X {9 (o1 + 6,02) + " (x1,x2 + h) + 1" (x1,%, — h)
— AOg(i(x1,x2),x1,X2} X {0},

U (0,x)=0, u*(1,x)=0,x,=1,...,1—h,

7 (x1,0)=0, £ (x1,1)=0,x;=1,...,1 =6. (6.164)

In the problem in Eq. (6.164), we express the LAM Q* in terms of F*.
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Theorem 6.31. Let Q(-,x) be a multivalued mapping such that the cone of tangent
directions Kgpn (. v(U1,U2,U3,U4,V), (11,Un,13,Us,v) € gph O(- x) is a local tent. Then

v+u + 0(uy +uy) —2(1 + O)us
Keph o(-.) | 43 52

is a local tent to gph F(-,x) and the following inclusions are equivalent:

a. (), %, u3,14) € Koph o(- vy (11, Ua, U3, g, V),
S+ 0 + 1) ~2(1 + )
b. <u3,L ) + 0 52»!4) ( 9)143)

v+uy + 0(uy +us) =2(1 + O
ngphF(_’X)(u% LBy + ) n).

[0 By the definition of a local tenﬁt,1 there exist functions r;(z), i=0,1,2,3,4
Z = (i1, U, U3, 14, ) such that r;(z)[z]  —0asz—0and

v+ v+ @ e2(l +0)(us + a3 + r3(2)) —ur — 1 — r1(2)

— Ous + wy + Uy + 2 + 14(2) + 12(2)) + 8 Fuz + T3 + r3(2), %)
for sufficiently small Ze K, where K =ri Ky, g(-x)(2) is a convex cone.

Transforming this inclusion, we get
1% _2(1 + 9)143 + u + 9(142 + M4) v _2(1 + Q)ﬁg + ﬁ] + H(ﬁz + ﬁ4)
8 i &5
4 0@ ~2(+ 0)r3(@) + 1@ + 00u(@) + 12(2))
62

eF(usz + u3 + r3(2), x).

From this relation it is clear that
(_ v+u + 0 +uy) —2(1 + 9)ﬁ3>
MS’
52
v+ uy 4+ 0(uy + ug) —2(1 + 0)u3)
5 '

(6.165)

€ Koph (- x) (“3a

By going in the reverse direction, it is also not hard to see from Eq. (6.165) that
(U1, 1, U3, Us) € Kgph (v (U1, Uo, U3, Us, V). (6.166)

Therefore, Egs. (6.165) and (6.166) are equivalent. l
In what follows, Theorem 6.32 is very important.

Theorem 6.32. Assume that the mapping Q( - ,x) is such that the cones of tangent
directions Kgpn (. v (U1,U2,u3,14,v) determine a local tent. Then the following
inclusions are equivalent under the conditions that v* + uj =0, uj = u; = — Ov*:

a. (uy,us, us,uy) € Q° (v, (ur, uz, u3, us, v), x),
3 —2(1 + 0 )+ up + + -2(1 +
b. u3 (\7 ) cF* (V*, (Ms, v+ up + 0(uy 5’?4) 2(1 0)1l3>’x> )

&2
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[0 Suppose that condition (a) is fulfilled. By the definition of LAM, this means
that in the case of Eq. (6.166)

(ﬁl,uik) + (ﬁz,bt;) + (53,14;) + (ﬁ4,uj) — (v, v*) =0. (6167)
Let us rewrite the inequality in Eq. (6.166) in the form

. v+ + 0 + 1) —2(1 + 0);
<M3, 1/)3) - 62

,1/)3‘> =0, (6.168)

where it is taken into account that the inclusions in Egs. (6.165) and (6.166) are
equivalent. Here 95 and ¢/* are to be determined. Carrying out the necessary transfor-
mations in Eq. (6.168) and comparing it with Eq. (6.167), it is not hard to see that

Yr=v, o =t =l 0t =, — 0t =, SR+ 2(1 4 Ot = u

These equalities imply that v +uf =0, ud =uj=—60v* and =} —
2(1 + 9)v*)/62. Then from Theorem 6.31, we obtain condition (b); i.e., a = b. By
analogy, it can be shown thatb = a.ll

Let us return to the inclusion in Eq. (6.164). By Theorem 6.32, this condition
has the form

w(x; = 6,x2) —Y*(x1 + 6,x0) — £ (x1,x2 + h) — 1" (x1,x2 — h) —2(1 + O)u*(x1,x2)

(52
€ F*(u*(x1,%2), (i(x1,%2), A1 (x1,%2) + Aii(x1,X2)), X1,%2) — X Og(ii(x1,X2),X1,%2)
(6.169)
010) = = 070, €G3 =7, 0) = = O o)
0 x1=6,28,...,1 =8 xa=h,2h,...,1 —h. (6.170)

:ﬁ’

Note for further convenience that because of the positive homogeneity of LAM
F*, the coefficient 6k in front of Og(ii(x;, x2),x1,x;) in Eq. (6.169) is removed.

Further, using Eq. (6.170), it is not hard to verify that the left side of Eq. (6.169)
has the form

1
?[u*(xl —8,x0) +ut(x1 +8,x0) + O(u* (x1,x0 + )+t (x1,x0 — b)) —2(1 + O)u™* (x1,x2)]

_u (g +0,x2) =20 (x1,X2) + ut(x1 — 6,x2)
- 62
4 u*(xy,x2 + h) —2u* (x1,x2) + u*(x1,x2 — h)
h? ’

(6.171)
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On the other hand, from the boundary conditions in Eq. (6.164) and from
Eq. (6.170), we obtain

u*(x1,0)=0, wu*(x;,1)=0, x;=96,...,1—=46;
u*(0,x)=0, u*(l,x)=0, x,="h,2h,...,1—h. (6.172)

Taking into account the relations in Egs. (6.169), (6.171), and (6.172), we have
proved the result in Theorem 6.33 for (P,).

Theorem 6.33. Suppose g(-,x) is a convex proper function and is continuous at the
points of some feasible solution {u’(x)}, xews,. Then for the optimality of the
solution {#i(x)} in the convex problem (P,), it is necessary that there exist a number
A= As»€{0,1} and grid functions {u*(x)}, x€ws,, not all equal to zero, such that

ic At (x) + Ayu (x) € F*(u*(x), ((x), A1 ii(x) + A,ii(x)), x) — X Dg(ii(x), x).
ii. u*(x,0) =u*(x,1)=0,x,=6, ..., 1 =06,
u*(0,x) =u*(1,x3), xo=h, ..., 1 — h.

Under the condition of Hypothesis H2, these conditions are also sufficient for
the optimality of {ii(x)}, x€wsy.

Remark 6.12. As in Theorem 6.29, conditions (i) and (ii) of Theorem 6.33 are
necessary for optimality in the nonconvex case of the problem (P,) under
Hypothesis HI.

Remark 6.13. Observe that for problem (P.) with nonsquare region R, boundary
condition (ii) of Theorem 6.33 for boundary points consists of the following: u*
(x) =0, xeys < B.

3 Sufficient Conditions for Optimality for Differential Inclusions
of Elliptic Type

Using the results in Subsection 2, we now obtain a sufficient condition of optimal-
ity of the continuous problem (P¢) . Let us pass to the formal limit in condition (i)
of Theorem 6.33 and in the boundary condition (see Remark 6.13) as §, h—0 and
set A = 1. Then we have

a. Au*(x)e F*(u*(x), (ii(x), Ai(x)), x) — 0g(ii(x),x), x= (x;,x2)€eR.

b. u*(x) =0, xeB.
Along with this, we get condition (c), which ensures that the LAM F*(-,-,x) is nonempty
for every fixed xeR (see Theorem 2.1).

c. Aii(x) e F(i(x), u*(x), x).

The arguments in Subsection 2 guarantee the sufficiency of conditions (a)—(c)
for optimality. It turns out that the assertion in Theorem 6.34 is true.
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Theorem 6.34. Assume that a continuous function g is convex with respect to u
and that F(-,x) is a convex mapping for all fixed x. Then for the optimality of the
solution #i(x), among all feasible solutions in (Pc), it is sufficient that there exists a
classical solution u*(x) such that conditions (a)—(c) hold.

0 By Theorem 2.1, F*(v*, (u,v), x)=0,H(u,v*x), ve F(u;v*,x). Then applying
the Moreau—Rockafellar theorem (Theorem 1.28) and the fact that — Og(-,x) =
o(— g(+,x)), from condition (a), we obtain

Au*(x) e d,[H(i(x), u*(x),x) — g(ii(x),x)], xeR
or

H(u(x),u” (x),x) = H(ii(x), u"(x),x) = g(u(x), x) + g(ii(x),x) = (Au*(x), u(x) — i(x)).

Now, taking into account condition (c) of Theorem 6.34, the definition of the
function H, and integrating both sides of the latter inequality over the domain R,
we get

[[[g(u(x),x) — (@00, 0)Jdx — ﬂ(A(u(x) — (), () dx
R R

(6.173)
+ ﬂ(u(x) — i(x), Au*(x))dx = 0.
R
On the other hand, by Green’s theorem [127,128,180], we have
[Jre = oy, s = (o) - .o
: ) ) (6.174)
_ ﬂ <u(x) i, 2 (x)> - <a<u(x> — i) M*(x)> 0,
on on

B

where ds is a symbolic arc length element and n is the outer normal for the
curve B.

Since u(x) and ii(x) are feasible solutions—i.e., u(x)=ii(x) = 8(x), xeB and
condition (b) of theorem is fulfilled—the integral in Eq. (6.174) is equal to zero.
Therefore, from the inequality in Eq. (6.173), it follows that

[J et nac= [ oo

R R

for arbitrary feasible solutions u(x), xeR.H
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Corollary 6.3. In addition to the assumptions of Theorem 6.34, suppose that
F(-,x) is a closed mapping. Then conditions (a) and (c) of Theorem 6.34 can be
rewritten as follows:

i. Au*(x)ed,H(a(x), u*(x),x) — og(i(x), x),
ii. Adi(x) €0, H(i(x), u*(x), x).

U] In fact, on the one hand, by Theorem 2.1 the following equality is correct:
F(v", (u,v),x) = 0,H(u,v*,x), veF(u;v*,x).

On the other hand, 0,«H(u,v*,x) = F(u; v*, x). Therefore, (i) and (ii) are equiva-
lent to conditions (a) and (c) of Theorem 6.34. W

Remark 6.14. It follows from condition (ii) of Corollary 6.3 and condition (c) of
Theorem 6.34 that

(" (x), Adi(x)) = H(ii(x), u*(x), x).

So, in particular, if F(-,x) is a quasisuperlinear mapping and H(-,v*,x) is a con-
vex proper function, then by Theorem 2.20 this equality can be written as follows:

WO AR) = | nf (0, i) — M (), 147, 9)

Theorem 6.35. Let Hypothesis H1 be fulfilled for the nonconvex problem (P().
Moreover, let ii(x), xeR be some feasible solution of this problem and suppose
that u*(x) is a classical solution satisfying the following conditions:

i Au*(x) + u*(x) e F*(u*(x), (a(x), Ai(x)),x),
il. g(u,x) — g(@(x), x) = (u*(x), u — ii(x)) for all u,
iii. (u*(x), Ad(x)) = H(ii(x), u*(x), x)},

where F*(-,-,x) is given by the second definition of LAM—i.e., by the
Hamiltonian function. Then the feasible solution #(x) is optimal.

] Taking into account the definition of LAM by the Hamiltonian function, it fol-
lows from condition (i) that for all feasible solution u(x),

H(u(x), u*(x),x) — H(ii(x), u*(x), x) = {(Au*(x) + u*(x), u(x) — it(x)), xeR.
Then using condition (iii), we have
(Au(x) = ii(x)), u*(x)) = (Au*(x) + u*(x), u(x) — ii(x)). (6.175)

Now, from condition (ii) for an arbitrary feasible solution u = u(x) and from the
inequality in Eq. (6.175), it is easy to see that

8(u(x),x) = g(ii(x),x) — (A(u(x) — @(x)), u*(x)) + (u(x) = i(x), Au*(x)) =0, xeR.
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Then by integrating this inequality over the domain R, we see that the obtained
inequality takes the form of Eq. (6.173). Thus, in view of Eq. (6.173), it is easy to
show, as in the proof of Theorem 6.34, that #i(x) is optimal. l

Let us consider the following example:

inf J(u(x)) = ﬂ g(u(x), x)dx, subject to Au(x) = Au(x) + Bw(x), w(x)eV,
R
(6.176)

where A is an n X n matrix, B is a rectangular n X r matrix, V=R" is a closed con-
vex set, and g is a continuously differentiable function of x. It is required to find a
controlling parameter w(x)€V such that the feasible solution corresponding to it
minimizes J(u(-)).

Let us introduce the convex mapping F(u) = Au + BV. By elementary calcula-
tions, it can be shown that

. _ AN, if = B eKH(w),

FO7 wv) = { o, if —B*v*¢ K“;,(w).

Here, v =Au + Bw and Kj(w) is the cone dual to the cone of tangent directions
Ky(w) at a point we V. Then using Theorem 6.34, we get the relations
Au*(x) = A*u*(x) — ¢'(ii(x),x), xeR

u*(x)=0, xeB, (6.177)

(Bii(x), u*(x)) = sup(Bu, u*(x)).

weV
Thus, we have obtained the result as in Theorem 6.36.

Theorem 6.36. The feasible solution #(x) corresponding to the control Ww(x) mini-
mizes J(u(-)) in the problem in Eq. (6.176) if there exists a classical solution u*(x)
satisfying the conditions in Eq. (6.177).

4 Multidimensional Optimal Control Problems for Elliptic Differential
Inclusions

In this section, we study the following problem (P,,) with elliptic operator L con-
sidered in Subsection 1:

inf J(u() = jg(u(x),x)dx,
G
(Py) subject to Lu(x)e F(u(x),x)

u(x) = ax), xeS
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Theorem 6.37. Suppose that g is a continuous function convex with respect to u,
and F(-,x) is a convex closed mapping for every fixed xe G. Then a solution #(x)
minimizes the functional J(u(-)) among all feasible solutions of the problem (P,,)
if there exists a classical solution of the following boundary value problem:

i. L*u*(x)e F*(u*(x); (fi(x), Li(x)), x) — Og(i(x), x), u*(x) =0, x€S,
ii. Li(x)e F(i(x), u*(x), x),

where L* is the operator adjoint to L.
[J By arguments analogous to those in the proof of Theorem 6.34 and by condition
(1), it is easy to see that

H (u(x),u™(x),x) = Hi(x), 17 (x),x) = g(u(x),x) — g(i(x),x) + (L u* (x), u(x) — ii(x)),

where because of condition (ii),
H(ii(x), u*(x), x) = (u*(x), Lii(x)).

SO

j[g(uoc),x) — (@), )] = ju*(x)L[u(x) i) — jL*u*(x)[u(x) — iodx,
G G G
(6.178)

Then using the boundary conditions of (i) and the fact that the functions u(x) are
feasible solutions—i.e., u(x)=1ii(x) = a(x), xeS—we get from Green’s formula
that the right-hand side of Eq. (6.178) is equal to zero. This means that
J(u(x)) = J(ii(x)) for all feasible solutions in problem (P,,).

Remark 6.15. If, in addition to the assumptions of Theorem 6.37, we assume that
F(-.x) is a closed mapping, then conditions (i) and (ii) of Theorem 6.37 can be
rewritten as follows (see Corollary 6.3):

i. L*u*(x)e0,H(i(x), u*(x), x) — 0g(ii(x), x),
ii. Li(x)ed,-H(ii(x), u*(x), x)

Replacing the Laplacian A with an elliptic operator L and extending the proof
of Theorem 6.35 to the problem (P,,) in the nonconvex case, it is not hard to get
Theorem 6.38.

Theorem 6.38. Suppose that ii(x) is some feasible solution of the nonconvex prob-
lem (P,,) and that u*(x) is a classical solution satisfying the following conditions:

i L*u*(x) + u*(x) e F*(u*(x), (i(x), Lii(x)), x),
u*(x) =0, xes,
ii. (u*(x), Li(x)) = H(ii(x), u*(x), x),
iii. g(u, x) — g(i(x), x) = (u*(x), u — i(x)) for all u,

where the LAM F*(-,-,x) is given by the Hamiltonian function. Then the feasible
solution #(x) is optimal.
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In conclusion, we discuss the possibility of passing to more general function
spaces of solutions in these problems. It is known that for the theory of partial dif-
ferential equations, the concept of a generalized solution is important both from the
theoretical and from the practical point of view [180,246]. The definition of such
solutions associates with a given equation a certain integral identity that uses, in
turn, the class of generalized derivatives.

Therefore, following this path, the most natural approach to elliptic differential
inclusions is apparently the use of single-valued branches (selections) of a multiva-
lued mapping [111].

Thus, suppose that we have the problem (P,;) with homogeneous boundary con-
ditions and let HI(G) be the Hilbert space consisting of the elements u(x) e L,(G)
having square-integrable generalized derivatives on G, where the inner product and
norm are defined by the expressions

(ur, w2) gy = J(uluz + uu,,)dx, HMHHI(G) =/, u) g )
G

By analogy with the classical theory of the Dirichlet problem for elliptic equa-
tions [180], we call a function u(x)e H(G) a generalized solution of our problem if
it satisfies the integral identity

J Z a1, dx + J“[Z bin,, + (Z by, _C> ”]dx: - J g dx

Gt,]=l G i=1 i=1 G

for all n(x)e H' (G) (for a more detailed study see, for example, Refs. [92,180,246])
of the multivalued mapping F(u,x) a generalized solution is defined analogously for
the adjoint boundary value problem.

We now remind that for all the results obtained here we have used the formula
of integration by parts and it is easy to see that the Green and Gauss—Ostrogradsky
formulae follow from it. The latter can be used, getting the indicated classes of
generalized solutions. Therefore, it is not difficult to verify the validity of all the
assertions in this general case.

5 Sufficient Conditions for Generalized Dirichlet and Neumann Problems
in Dynamic Optimization

First in this section, we will investigate a generalized Dirichlet problem of the form

inf  J[u()] = JJ g(u(x), x)dx (6.179)
0
subject to Au(x) € F(u.(x), u(x),x), xeQ, (6.180)

u(x) = p(x), x€B, (6.181)
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where A is Laplace’s operator, u, = (uy,, uy,), F(-, -, -, x) : R" X R" XR" > P(R"),
Q is a bounded region of R with a closed piecewise-smooth simple curve bound-
ary B, §(-) is a continuous function, and dx = dx;dx,(x = (x,x;)). We label this
continuous Dirichlet problem in Egs. (6.179)—(6.181) as (Pp). Another problem is
an optimization problem consisting of Egs. (6.179) and (6.180) and the boundary
condition

ou(x)
on

= By (%), (6.182)
B

where 7 is the normal to a curve B, and (3,(-) is a continuous function. We call this
problem a second boundary value problem, or a Neumann problem (Py).

The main subject will be the following pair of problems, one is the multidimen-
sional Dirichlet problem (P,;p) and the other is the Neumann problem (P,y):

inf  J[u()] = J g(u(x), x)dx, (6.183)
G
subject to Lu(x) € F(u,(x), u(x),x), x€G, (6.184)

and either, for the Dirichlet problem,
u(x) = ai(x), xes, (6.185)

or, for the Neumann problem,

0
MO . (6.186)
on |g
where F(-,-x) : R" S P(R), x=(xy, ..., X,), Uy = (ty,, Uy,, - - ., Uy, ) is the gradient

vector, G is a bounded set of R” with a closed piecewise-smooth surface boundary
S, g : R X G—R is continuous on u function, «a;(-),a,(-) are continuous functions,
and L is a second-order elliptic operator.

It is required to find a classical solution #i(-) of the boundary value problem
(Py,) that minimizes J[u(-)]. Clearly, such a class of functions is endowed with the
corresponding norms form a Banach space. Moreover, by introducing a generalized
solution, it is possible to carry over the results obtained in this section.

At once, we emphasize that in contrast to the problem considered in Ref. [166],
the right-hand side of the differential inclusions contained in the problems (Pp),
(Py), and (P,,), depend also on the partial derivatives of the required function, too.
Of course, such problems are an important generalization of the problems investi-
gated in Ref. [166] and considerably complicate the posed problem. That is why
these problems are a separate object for study. In fact, because of the presence of
the gradient function, in the adjoint inclusion the divergence operation has arisen.
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Note that such gradient—divergence connections appear in the duality relations for
some variational problems of Ekeland and Temam [76].

Observe that since F : R*'— P(R™), in the next statements, the LAM F* is a mul-
tivalued function from R” into R*".

In Theorems 6.39—6.41, we formulate sufficient conditions first for the problem
(Pp) and then for (Py).

Theorem 6.39. Suppose that a continuous function g is convex with respect to u,
and F(-,-,-,x) is a convex multivalued function for all fixed x. Then for optimality
of the solution #(-) in the convex problem (Pp), it is sufficient that there exists a
triplet of classical solutions {@*(-), p*(-),u™(-)} such that conditions (ap) to (cp),
below, hold.

(ap) (= ¢"(x), = p*(x), Aur(x)) € F* (u* (x); (itx(x), ii(x), Adi(x)), x)
+(0,0) X {7} (x) + py,(x) — Og(i(x), x)},  x=(x1,x2)€R,

(bp) u*(x)=0,xeB,

(cp)  Aii(x) € F(itx(x), il(x), u*(x), x).

O] In the convex case, by Theorem 2.1,
F*(vV*, (u,v),x) = 0,Hu; V', x), veF(u;v,x), u=(u,us,u3).

Then from condition (ap) of Theorem 6.39 and the Moreau—Rockafellar theo-
rem (Theorem 1.29), we obtain

(= ¢"(x), = p*(x), Au*(x) — ¢} (%), P}, (%))
€ a(”l ,MZ»M3)[H(IZX1 ()C), ﬁxz ()C), ﬁ(x)s -x) - g(ﬁ(x)9 )C)], X€e R

By definition of subdifferential this means that

H (ux(x), u(x), u* (x), x) — H(ix(x), i(x), u*(x), x) — g(u(x), x) + g(i(x), x)
= — (@), 1, (%) = iy, (1)) — (P (0), 10, (¥) — iy () + (Au*(x), u(x) — i(x))
— (@, (0), ux) — ii(x)) — (i, (x), ux) — i(x)).

By virtue of condition (cp) and the definition of the Hamiltonian function H, the
last inequality gains the form

(Au(x) = a(x)), u™(x)) — g(u(x), x) + g(i(x), x)
0 0
= (Au*(x), u(x) — i(x)) — o (" (x), u(x) — di(x)) — o (p*(x), u(x) — i(x)).
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Then by integrating both sides of this inequality over the domain O, we have

ﬂ[g(uoc),x) — g, x]dx = ﬂ[(A(u(x) — ). () — (A (), u(x) — )dx
Q

Q

n ﬂ {ai;lw*(x),u(x) )+ a%m*(x),w) - ﬁ(x»] dx
Q
(6.187)

Since u(-) and #(-) are feasible solutions, u(x)=ii(x) = 3,(x), xe B (Green’s
theorem [91,180,246]) yields

1 29

5 (6.188)
= [0 .0 — oy + | (7.0~ o =
B
and
[J s - aeon.un - e — .o
¢ (6.189)

|

B

<u(x) ~ () a”*(x)> <a(”(x)a; "D e )>] ds=

where ds is a symbolic arc length element and 7 is the outer normal for a curve B.
Theorem 6.40. Let ii(-) be a feasible solution of the nonconvex problem (Pp) and
suppose that the triplet {©* (-), p* (-), u*(-)} satisfies the following conditions:

L (=), =p"(x), — Au(x) + u*(x) = o5 () = pi, (x) € F*(u* (x), (i1x(x), i(x), Ad(x)), x),
ii. g(u, x) — g(i(x), x) = (u*(x), u — i(x)) for all u,

iii. (u*(x), Ad(x)) = H(ii(x), i(x), u*(x), x),
iv. u*(x)=0, xeB,

where the LAM F* is defined by the Hamiltonian function. Then the solution ()
is optimal.

[0 Using the definition of LAM in the nonconvex case, it follows from condition
(i) that for all u(-),

H(u(x), u(x), u*(x), x) — H(iix(x), d(x), x)
= - (QO*(X), Uy, ()C) - ﬁxl (X)) - (p*(x): Uy, (x) - ﬁxz (x)>
+{Au*(x) + u*(x), ulx) = ii(x)) — (@, (x), u(x) = i@x)) — (i, (x), u(x) — i(x)).
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Then using the definition of function H, from the last inequality and condition
(i1), we obtain for all feasible solutions u(-):

B0, ) ~ (09,0 = (A — (), 1) — (B (9, u(x) — )
0000 — ) + (0, 1(0) — ).
X1 8x2

If we integrate this inequality over the domain Q, we have the inequality in
Eq. (6.187). Then beginning with the inequality in Eq. (6.187), we again are per-
suaded that the theorem is valid. ll

Now, let us consider the problem (Py)—i.e., Egs. (6.179)—(6.181).
Theorem 6.41. Assume that ii(-) is a feasible solution of the nonconvex Neumann

problem (Pp) and a classical solution satisfying conditions (i)—(iii) of Theorem
6.40 and boundary conditions:

ou*(x)
on

X)) =0, p*x)=0, 0, xeB. (6.190)

Then the solution #(-) is optimal.
[0 The distinctive peculiarity in the proof is that in Egs. (6.188) and (6.189),

instead of the condition (bp) we use the boundary conditions. ll

Remark 6.16. Obviously, for the convex Neumann problem (Py), the sufficient
conditions for the optimality of () consist of conditions (ap) and (cp) of Theorem
6.39 and the boundary conditions in Eq. (6.190) of Theorem 6.41.

6 Optimization of the Multidimensional Problems (Pyp) and (Pwy)

First, let us consider the Dirichlet problem with second-order elliptic operator L:

minimize J[u(-)] = Jg(u(x),x)dx

G
(Pyp) subjectto Lu(x)e F(uy(x),u(x),x),xeG,
u(x) =o(x),xeS;  uy = (Uy,,...,ux).

Theorem 6.42. Assume that ii(-) is some feasible solution of the convex Dirichlet
problem (P,;p) and that there is a pair {w*(:),u*(-)} of classical solutions
w(x) = (Wi(x),...,wi(x)) and u*(x) of the following boundary value problem:

(= w* (), L*u*(x)) € F* (u* (x), (@ix(x), ii(x), Lii(x)), x)
+ {0} X {div w*(x) — dg(ii(x), x)}, x€G,

ii. u*(x)=0, xes,

iii. Li(x) e F (i (x), a(x), u*(x), x),
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where L* is the operator adjoint to L and

owy(x) N ow(x) .

ox;,

+ ...

div w*(x) =

Then #(-) is an optimal solution of the Dirichlet problem (P,,).
[J By analogy with the proof of Theorem 6.39, it is easy to see that

H (uc(x), u(x), u™(x), %) = H(ii(x), i(x), ™ (x), x) = g(u(x), x) + g(ii(x), x)
= = (W), ux(x) — (x)) + (u(x) — @)L u*(x) = (ux) — i#(x)div w(x).

Then because of the definition of H and condition (iii), from the previous
inequality, we have

8(u(x), x) — g(@a(x), x) = w* () L(u(x) — it(x)) — (ulx) — @(x)L*u*(x)

+ (W (), 1 (X) — () + div W () (u(x) — ii(x)). (6.191)

It is not hard to see that

(W), ux(x) = itx(x)) + div w* (x)(u(x) — ii(x))
SN gy Q) — (X)) Owf e
= ; wi(x) o + 6—x,»(u(x) i(x)) (6.192)

=32 i) — )] = divT (o) — )]

i=1

Integrating Eq. (6.191) over the domain G and taking into account Eq. (6.192),
we obtain

J[g(u(xxx) — (@), 0)Jdr = J[u*(x)L(u(x) — () — () — AL (o)
G G

+ Jdiv w* (x)(u(x) — @(x))dx. (6.193)
G

Then since u(-) is a feasible solution and in particular, u(x) = ii(x) = a;(x), x€S,
it follows from Green’s formula in the multidimensional case that the first integral

on the right-hand side of Eq. (6.193) is equal to zero. Furthermore, using Gauss’s
theorem, it is easy to see that

Jdiv w*(x)(u(x) — a(x))dx = J(w*(x)(u(x) —i(x)),n)ds =0

G S
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where n = n(x) is the unit outer normal vector for the surface S. Thus,

J[g(u(x), x) — g(ii(x), x)Jdx =0

G

for all feasible u(-), so #(-) is an optimal solution. l

Formally replacing A with the second-order elliptic operator L in Theorem 6.40
and using the proof techniques of Theorem 6.42, in a similar way we get Theorem
6.43.

Theorem 6.43. Suppose that i(-) is a feasible solution of the multidimensional
nonconvex Dirichlet problem (P,;p) and there exists a pair {w*(x),u*(x)} of classi-
cal solutions w*(x) = (W(x),...,wi(x)),u*(x) of the adjoint differential inclusion
such that the following conditions are satisfied:

i (—w*(x), L*u*(x) + u*(x) — div w*(x)) € F*(u*(x), (it (x), it(x), Lii(x)), x),
il g(u,x) — g(i(x),x) = (u*(x),u — i(x)) Vu,

ii. (u*(x), Li(x)) = M(ii(x), id(x), u*(x), x),

iv. u*(x)=0, xeS.

Then the solution #(-) is optimal.

Remark 6.17. It is understood that in both the convex and the nonconvex multidi-
mensional Neumann’s problem (P,,y), the boundary conditions of the adjoint dif-
ferential inclusions consist of the following w*(x) = 0, du*(x)/(On) =0, x€S.

Remark 6.18. As shown in Refs. [92,180,246], the results obtained can be gener-
alized to the case of more general function spaces—i.e., for generalized solutions
of these problems. According to what has been said, it is necessary only to take
care of how to define generalized solutions for classical partial differential equa-
tions of elliptic type for which the right-hand side is a branch (selection) of the
considered multivalued function.

In conclusion, we consider the following problem:

inf  J[u(:)]= J] g(u(x), x)dx, (6.194)
0
subject to Au(x) = Ajuy, (x) + Aguy, (x) + Azu(x) + Bw(x), wx)eV, (6.195)

ou(x)
on

= [y (x), (6.196)
B

where A; (i =1,2,3) are n X n matrices, B is an n X r matrix, V= R” is a convex set,
and g is a continuously differentiable function on u. It is required to find a
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controlling parameter w(x) € V such that the solution #(-) corresponding to it mini-
mizes J[u(-)].

The problem in Egs. (6.194)—(6.196) can be converted to the Neumann problem
in Egs. (6.179)—(6.181) with the multivalued function

F(uy,up,uz,x) = Auy + Arup + Azuz + BV. (6.197)

Therefore, by Remark 6.16, it is necessary to calculate the LAM F* to write out
a sufficient condition for optimality.
By an elementary calculation, it can be shown that

H(iy, iy, i3, v*, x) = sup{{(v,v*) : ve F(uy, up, u3, x)}
= (u1, A]V*) + (up, A3V*) + (u3, A5v*) + sup (Bw,v").

weV

So by Theorem 2.1,
F*(V*s (ﬁ], ﬁ27 ﬁ3a ‘7)5 -x) = a(ul,ug,u_;)M(ﬁls IZZ» ﬁ39 V*yx) = {ATV*aAz‘}*:A;‘)*}’
(6.198)

where A} is the adjoint of A;, V = Al + Aqily + Azils + Bw, weV.
Moreover, F(iiy, ity, ii3; v*,x) = {ve F(iy, itp, ii3,x) : (BW,u*) = sup,,.y{(Bw,v*)}.
Now applying Remarks 6.16 and 6.17, we are persuaded that conditions (ap)
and (cp) of Theorem 6.39 consist of the following:

— ') = At (x),  —pr(x) =Azu*(v),

Au*(x) = @F (x) = pk (x) = A%u*(x) — g'(i(x), x). (6.199)

Then taking into account the boundary conditions for problem (Pp) (Remark
6.16) and the conditions in Eq. (6.199), we have obtained Theorem 6.44.

Theorem 6.44. The feasible solution ii(-) corresponding to the control
function Ww(:)€eV minimizes the functional J[u(-)] in the Neumann problem in
Egs. (6.194)—(6.196) if there exists a classical solution u*(-) satisfying the follow-
ing conditions:

Au*(x) = ATuy, (x) + ASuj, (x) + Aju*(x) — g'(@(x), x),

Aju*(x) =0, Alu*(x)=0, xeB,

ou*(x)|
on g =0,
(BW(x), u*(x)) = sup(Bw, u*(x)).

weV

Remark 6.19. As has been shown in these problems, in general cases the adjoint
inclusion involves several (auxiliary and main) adjoint variables. Nevertheless, in
concrete problems the same inclusion involves only the main variable—i.e., u*(-)
(see Theorem 6.44).
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7 On Duality in Elliptic Differential Inclusions
According to the previous definition, let us denote

Jo(u(x),2"(x)) = H[M(AM*(X) + 270, u*(x), x) — g7(27(x), x]dx,
R

where H is a Hamiltonian function and g*(z*,x) is the conjugate function to g(-,x)
for every fixed xeR%. Then the maximization problem,

(Pp)  sup  L('(x),2°(x)),
u*(x),2*(x),x€ G,
u*(x)=0xeS

is called the dual problem to the primary convex problem (Pc), where (G(x)=0. It
is assumed that u*(x) e C2(R) N C(R), z*(x)e C(R).

Theorem 6.45. Assume that u(x), xeR is an arbitrary feasible solution of the pri-
mary problem (Pc) and {u*(x), z*(x)} is a feasible solution of the dual problem
(Ppy) - Then J(u(x)) = J*(u*(x)).

(] It is clear from the definitions of the functions M and g* that

M(Au*(x) + 2% (x), u*(x),x) = (Au*(x) + 2" (x), u(x)) = (" (x), Au(x)),
8(2"(x), %) = (" (%), u(x)) — g(u(x), x).

Therefore,

M(Au*(x) + 2"(x), u*(x), x) — g"(z"(x),x)
= (Au*(x), u(x)) — (u*(x), Au(x)) + g(u(x), x). (6.200)

Then, since u*(x) =0, u(x) =0, xe B, by Green’s theorem we have

ﬂ[mu*(x), (o)) — (), Au(e))]dx
R

_ J [<6”;x),u(x)> - <u*(x), 62;x)>]ds -0,
B

where n is the outer normal to the curve B. Then integrating both sides of the
inequality in Eq. (6.200), because of Eq. (6.201), we obtain the required
inequality. ll

(6.201)

Theorem 6.46. If the feasible solutions #i(x) and {u*(x),z*(x)}, z*(x) € Og(ii(x), x)
satisfy the conditions of Theorem 6.34, then they are optimal solutions of the pri-
mary (Pc) and dual (Pp;) problems, respectively, and their values are equal.
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00 To proceed, first note that by Theorem 6.34 #i(x) is a solution of the primary

problem (Pc). We need to prove that the pair {#*(x),z*(x)} is a solution to problem

(Ppy). By definition of a LAM, condition (a) of Theorem 6.34 is equivalent to the

inequality (Au*(x) + 7*(x), u — i(x)) — (u*(x),v — Adi(x)) =0, (u,v)egph F(.,.,x).
The latter yields

(Au*(x) + " (x), u*(x)) edom M(-,", x) (6.202)

where dom M(-, - x): = {(u*v*):M(u*,v*x) > — o0 }. Further, since dg(u,x)<dom
g*(-,x) it is clear that

Z*(x)edom g*(-, x). (6.203)
Consequently, it can be concluded from Eqs. (6.203) and (6.203) that the indi-
cated pair of functions {u*(x),z*(x)} is a pair of feasible solutions; i.e., the set of

feasible solutions to (Pp,;) is nonempty. Now, let us justify the optimality of the
solution {u*(x),z*(x)} to problem (Pp,;). By Lemma 2.6,

F*(v*, (u,v),x) = {u* : M(u*,v*,x) = (u,u*) — H(u, v*, x)}.

Using this formula and condition (a) of Theorem 6.34, we get
M(Au*(x) + 2" (x), u*(x), x) = {@(x), Au*(x) + 75(x)) — H(@@(x), u*(x), x).
Now based on condition (¢) of Theorem 6.34, we have (Aid(x),u*(x)) =
H(ii(x), u*(x), x). Thus,
M(Au*(x) + 7*(x), u*(x),x) = (@(x), Au*(x) + 2" (x)) — (Ad(x), u*(x)). (6.204)

On the other hand, the inclusion z*(x) € dg(ii(x), x) is equivalent to the equality
g2 (x),x) = (ii(x), 2" (x)) — g(ii(x), x). (6.205)

Then, in view of Egs. (6.203)—(6.205), as in the proof of Theorem 6.45, it is not
hard to show that J(@(x)) = J,(u*(x),z*(x)). This completes the proof of the
theorem. ll

Now let us formulate the dual problem to the convex problem (P,,) with homo-
geneous boundary conditions. In this case, the duality problem consists of the
following:

(Pupr) — sup Jo(u*(x),27(x)),
u*(x),z*(x),xeG,

u*(x) =0,x€eS.
Here,

Jo (' (x), 2" (x)) = J[M (L™ (x) + 27(x), " (x), ) — g7(z"(x), 0)]dx,
G

W (x)eCHG)N C(G), Z*(x)eC(G), x=(x1,...,x,).
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Now by replacing A with the second-order elliptic operator L and using the idea
suggested in the proofs of Theorems 6.45 and 6.46, it is easy to get Theorem 6.47.

Theorem 6.47. If ii(x) and the pair of functions {u*(x),z*(x)} are feasible solutions
to the primary convex problem (P,;;) with homogeneous boundary value conditions
and dual problem (P,;p,), respectively, then J(@i(x)) = J,(u*(x), 2*(x)). In addition, if
assertions (i) and (ii) of Theorem 6.37 for sufficiency of optimality are valid here
and z*(x) € 0g(ii(x), x), then the values of the cost functional are equal and {u*(x),z*
(x)} is a solution of the dual problem (Pyp;).

6.6 Optimization of Discrete-Approximation and
Differential Inclusions of Parabolic Type and Duality

The present section is devoted to an investigation of first boundary value problems
for partial differential inclusions of parabolic type. It can be divided conditionally
into two parts.

In the second part of this section, we construct the dual problem to convex pro-
blems for partial differential inclusions of parabolic type. Note that a sufficient
condition for an extremum is the extremal relation for the direct and dual problems.
As in the preceding sections, it is known that for the theory of partial differential
equations, the concept of a generalized solution is important from both the theoreti-
cal and the practical point of view.

We emphasize that the solution of the considered differential inclusions is taken
in the space c'? [92,178].

At the end of Subsection 2, we consider an optimal control problem described
by the heat equation. This example shows that in known problems the conjugate
inclusion coincides with the conjugate equation, which is traditionally obtained
with the help of the Hamiltonian function.

A mapping F*(-, (%, 7)) : R" > P(R"), (%, ¥) e gph F defined by

F*(v*; (x,7)) = {x* : Hp(x,v") — Hp(X,v") = (x*,x — X)VxeR"} (6.206)

is the LAM for a nonconvex mapping F : R" — P(R").

Remember that for a convex mapping F, the LAM is equal to OHg(x,v*)
(Theorem 2.1).

In Subsection 1, we study the problem for the so-called partial differential inclu-
sions of parabolic type:

inf I(x)= ﬂ gx(t,7),t, 7)dedr (6.207)
0

&x(t,m)  ox(t,7)

52 o eF(x(t,7),t,7), 0<t=1, 0<7<1, (6.208)

subject to
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x(0,7)=a(r), x(2,0)=0y(), =x@1)=p,@r, Q=[0,1]X][0,1]. (6.209)

Here, F(-,t,7) : R"—>P(R") is a multivalued mapping, g: R" X Q—RYV, and «
and (3,3, are continuous functions, « : [0,1]>R", 3;:[0,11—-R"(i = 0,1). The prob-
lem is to find a classical solution %(z, 7) of the so-called first boundary value prob-
lem in Egs. (6.207) and (6.208) that minimizes /. Note that in Refs. [4,21,46,
164,166], the classical optimal control problems described by hyperbolic or ellip-
tic-type differential equations are extended to the case of corresponding differential
inclusions and the obtained problems, naturally, are called problems for hyperbolic
and elliptic differential inclusions, respectively. Of course, in this sense the name
parabolic differential inclusions for problems (6.207)—(6.209) is justified.

Here a solution is understood to be classical solution only for simplicity of the
exposition. As will be seen at the end of Subsection 1, the results obtained can be
extended to the case of a generalized solution.

The subject of the next investigation in Subsection 1 is the multidimensional
optimal control problem for partial differential inclusions of parabolic type:

1
inf I(x)= J Jg(x(t, T),t,7)dtdr (6.210)
0G
. ox(t,T)
subject to Lx(t,7)€e o + F(x(t, 7)), (6.211)
x(0,7)=a(r), teGcR", (6.212)
x(t,7)=p(t 1), (t,T7)EH, (6.213)

where F: R"— P(R") and G is the domain of change of arguments 7= (74,...,7,)
in the differential inclusion in Eq. (6.211), with piecewise smooth boundary S.
Thus, the domain in which Eq. (6.211) is given is a cylinder D = {7eG, 0 <r <1}
(DcR”“) of height 1, base G,H is the lateral surface of D:H = {7€S, 0<t<1},
and G X {0} and G X {1} are the lower and upper bases, respectively. L is a sec-
ond-order elliptic operator.

A function x(z,7) in C"*(D)NC[DUHU(G X {0}], that satisfies the inclusion in
Eq. (6.211) in D, the initial condition in Eq. (6.212) on G X {0}, and the boundary
condition in Eq. (6.213) on H is called a classical solution of the problem posed,
where C'? (D) is the space of functions u, having continuous derivatives Ou/or,
Suloriory, i, j=1,...,n [164,178].

1 Sufficient Conditions for Optimality for Differential Inclusions of
Parabolic Type

Theorem 6.48. Suppose that g : R” X Q—R is continuous and convex with respect
to x and F:R" X Q—P(R") is a convex mapping. Then for the optimality of the
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solution (¢, 7) among all admissible solutions in the problem in Egs. (6.207) and
(6.208), it is sufficient that there exists a classical solution x*(¢,7) of the following

boundary value problem:

a, ZEUD 4 8D ¢ (e (g, 7); (R, 7), Fp2 (6, 7) — Kot 7)), 1, 7) — O8(R(1, 7, 1, 7),
b. x*(1,7) =0, x*(1,0) =0, x*(1,1) = 0, (1,7) € Q,

. S0 8D ¢ Bt 7); 58, 7), 1, 7).

or?

[0 For a convex multivalued mapping F, using the Moreau—Rockefeller theorem
from condition (a), we obtain the inclusion

Px¥(t, ) N ox*(t,7)

52 5 © OHp(X(t,7),x*(t,7),t,7) — g(x(t,7),t, 7], (t,T)EQ.

Using the definitions of subdifferential and condition (c) for all admissible solu-
tions x(z,7), we rewrite the last relation in the form

<52x(t, T) . ox(t,7) (1 ’r)> _ <a2i(t, T) . ox(t, 1) Xt ’r)>

or2 a or2 or
2 ok %
— gt )17 + g ey = (ST PO oy ).
or? ot
Integrating this inequality over Q, we get
Px*(t ox* (¢
ﬂ[g(x(tﬂ'),tﬂ')— g((t, 7)1, 7)drdT= —ﬂ< "87(2’7)+ "a(t’T),x(t,T)—x(t,T)>drdT
0 Qo
2 = _~
 [(BUen R HODTTD s 6210
or? ot

After simple transformations, we obtain that the right side of the inequality in
Eq. (6.214) is equal to zero. Indeed for brevity of notation, we denote the right side
of Eq. (6.214) by R. Then

Re— ﬂ <azx*(;,7),x (tr)-i (m)>dtd7+ ﬂ <82(x(t,7')—i(t,7))’x* (t,r)> drdr
0 0

or? or?
- ﬂ% <x(t, ) —X(t,7),x"(¢, T)>dt dr,
o

where, since by condition (b), x*(1,7) = 0 and x(¢,7), and X(¢, 7) are admissible solu-
tions, i.e., x(0, 7) = X(0, 7) = (1), we have

ﬂg {(x(t,7) — X(t, 7), x*(t, 7))dr dT = J(x(l, ) —X(1,7),x*(1,7))dr

Q 0

1
— J(X(O, 7) —X(0,7),x*(0,7))dT = 0.
0
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So it is clear that

R=— JJ6T<5xa(ir) x(t, 1) — (2, T)>dl‘dT+JJ <*(t T), (x(t T)— x(tT))>dtd7-

0 0
1
J<6x ®1) (t,l)—i(t,1)>dt+J<6xa(t’0),x(t,0)—i(t,0)>dt
0 0 ’
1 1
J< (1, 1) (x(t 1)—x(z, 1))>dt—J< (2, 0) (x(t 0) —x(z, 0))>dt—
0 0

where it is taken into account that x*(#,0) = x*(¢,1) = 0 by condition (b) of the theo-
rem. Thus, we have finally

J]g(x(t, T), t,7)dtdT = H g(x(t,7),t,7)dedr.
(9] Qo

The theorem is proved. l

Theorem 6.49. Let us consider the nonconvex problem in Egs. (6.207)—(6.209)
and let X(z, 7) be an admissible solution of this problem. Then for the optimality of
the solution %(z, 7) among all admissible solutions, it is sufficient that there exists a
classical solution x*(¢,7) of the following boundary value problem:

i 000 4 80D ¢ pr (g, 7); (32, 7), B2 (1, 7) — Rol1, 7)), 1, 7))
ii. g(x,t,7)— g(x(t T),t,7) = (x*(t,7),x — X(t, 7)) forall x,
jii. x*(1,7) =0, x*(,0) = 0, x*(1,1) = 0,

iy, 230 a517) eF@(t,7);x*(t,7),1,7), (t,7)€Q.

or? T

Here the LAM F* is defined by Eq. (6.206).
] By the definition of the LAM F* and by conditions (i) and (ii), we have
Hp(x, (t,7),x*(t,7),1,7) = Hp (%, (1, 7),x*(1,7),1,7)

Px*(t,7)  ox* (t T)
or? -

glx, (@, 7),t,7)— g(x,(t,7),t, T) = (x*(¢, 1), x(t,7) — X(t,7)).

,x(t,T) — X, T)> (6.215)

Now, using condition (iv) and integrating the relations in Eq. (6.215) and adding
them, we get the inequality in Eq. (6.214). Then starting from the inequality in
Eq. (6.214) similarly as in the proof of Theorem 6.48, it can be shown that (z, 7) is
optimal.
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We now apply the results of this section to the problem in Egs. (6.210) and
(6.213); here, the use of Theorem 6.48 plays a decisive role in the investigation of
this problem.

Theorem 6.50. Suppose that g is a continuous function that is convex with respect
to x, and F is a convex mapping. Then X(¢z,7) minimizes the functional equa-
tion (6.210) among all admissible solutions of the problem in Egs. (6.210)—(6.213)
if there exists a classical solution x*(#,7) of the following boundary value problem:

L*x*(t,7) + x}(t, 7) e F*(x*(¢, 7); (X(¢t, ), LX(t, T) — X2, 7)) — Og(%(2, 7), 1, T),
Lx(t,7) — X(t, T) e F(X(t, T); x*(¢, 7)),
x*(1,7)=0, 7eG;, x*@,7)=0, (t,7)€eH,
(6.216)

where L* is the operator adjoint to L.

[J By arguments analogous to those in the proof of Theorem 6.48, it is not hard to
see that

1
[t~ g namiarar= - [ [ wn +x@rnen - e
G 1 0G

ol

0G

O —

L(x(t,7)— x(t, T))—g (x(t,7)— (1, 7'))} x*(t,7)drdr. (6.217)

Using boundary condition (7) and the condition x*( #,7) =0, (,7)eH, we get
from Green’s formula that

J[x* (t, T)L(x(t, 7) — X(t, 7)) — (x(t, 7) — X(¢, 7))L*x*(¢, 7)]dT = 0. (6.218)
G

Moreover, by the initial condition in Eq. (6.212) and x*(1,7) = 0, we have

J%[x*(t, )x(t,7) — X(¢t, 7))]dt dT = Jx*(l, )(x(1,7) — X(1,7))dr = 0.
G G

e

(6.219)

Then with the use of Egs. (6.218) and (6.219), we conclude that the right side of
Eq. (6.217) is equal to zero; i.e.,

O —

1
Jg(x(t, 7),t,7)dtdT = J J g(x(t,7),t, 7)dedr.
G 0G

The theorem is proved. l
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Remark 6.20. If by analogy to the classical theory of parabolic equations, we take
x; — Lx instead of Lx — x;, then F* must be replaced by (— F)*. Therefore, for the
computation of F * £, F(x) = aF(x) (o = constant) by Lemma 2.7, we have the
formula

F (V3 (x, av)) = || F*(v*sgn a; (x, V),

which is easily obtained from the definition of LAM.

Remark 6.21. With the use of Theorem 6.49, there can be obtained sufficient con-
ditions for the nonconvex problem in Eqs. (6.210) and (6.213).

Remark 6.22. Suppose that we have the problem in Egs. (6.210)—(6.213) with
homogeneous boundary conditions, where a(7) € L,(G), H l’O(D) is the Hilbert space
(for a more detailed study, see, for example, Refs. [91,180]) consisting of the ele-
ments x(7,7) € L,(D) having square-integrable generalized derivatives on D, where
the inner product and the norm are defined by the respective expressions

Ox1 Ox
(X1, X2) grrogpy = J (xpcz + 8_7'18_7-2) dedr, HxHHl,O(D) =1/ (% X) gro(p).-
D

By analogy to the classical theory of the first boundary value problem for partial
differential equations of parabolic type, a function x(r,7) € H°(D) is called a gener-
alized solution of the problem in Egs. (6.210)—(6.213) if it satisfies the boundary
conditions x(¢,7) = 0, (t,7) € H and the identity

J <x<, - Z dij%% - Zbisjg—cm)dm: JaC(O,T)dT-}— Jf(dtdr
J i i i pa

D ij=1 =1 D

for all ((t,T)eHl(D) [91,180,246] with the conditions ((1,7) =0,7€G, ((t,7) =0,
(t,7)eH.

Here, f= f(x) is an arbitrary measurable selection [111] of the multivalued map-
ping F.

It easy to see that the concept of a solution almost everywhere (a.e.) can be
introduced in addition to the concepts of a classical solution and generalized
solution.

A function )C(l‘,T)EHz’l(D) [25] is said to be a solution a.e. for the problem in
Egs. (6.210)—(6.213) with homogeneous boundary conditions if it satisfies for
almost all (#,7) e D the inclusion in Eq. (6.211), the initial condition in Eq. (6.212),
and the homogeneous boundary conditions. A generalized solution for the adjoint
boundary value problem is defined analogously.
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2 Duality in Differential Inclusions of Parabolic Type

Let us introduce the function

L(x*,u™) =H {MF (62)212’ 7 + Gx*(g,T) +u*(t,7),x* (¢, 7')> -g" (M*(I,T),l,’l'):| drdr
Q
- J(x*(O,T),a(T))dT.

0

Then the problem of determining the supremum

sup L.(x*,u*) (6.220)
x*(t,7),u*(t,m)x*(1,7) =0,
x*(1,0) =x*(,1)=0

is called the dual problem to the convex problem in Egs. (6.207)—(6.209) with
homogenous boundary conditions (By(f) = 3;(f) = 0). It is clear that the boundary
conditions in the problem in Egs. (6.207)—(6.209) can always be made homoge-
neous by a change of variables. We assume that x* eCl’Z(Q) and u* is in the class
of continuous functions on Q in the problem in Eq. (6.220).

Theorem 6.51. The inequality /(x) = I"(x*, u*) is satisfied for all admissible solu-
tions x and {x*,u*} of the problem in Egs. (6.206)—(6.209) with homogeneous bound-
ary condition and all solutions of the dual problem in Eq. (6.220), respectively.

[0 The proof is similar to the one for duality theorems in the preceding sections.
By definition of the functions My, it is clear that for all x = x(t,7), x* = x*(¢t,7),
ut =u*(t,7),

oXx*(t,7)  ox*(t,7)
+ I 3 k
Mp( 52 o u*(t,7),x (l,T))
O x*(t,T)  ox*(t,7) *x(t,7) ox(t,7)
=- + —u* * +( x* ).
= < . D () (m)> <x (502 >

(6.221)

Moreover using the definition of g*and I*(x*, u*) and integrating Eq. (6.221), we
found

L(x"(t,7),u*(t, 7)) = — JJ <82x* (t,7) x(t, 7-)>dt dr + H <x*(t, T), &, T)>dt dr
(4] (4]

or? ot?
1
_ JJ% (x*(t,7),x(t,7))dedr — J(x*(o,r), a(r))dr + I(x(t, 7)). (6.222)
0 0

Similarly to the proof of Theorem 6.48, using the condition x*(1,7) =0, it can
be shown that the sum of the last two integrals on the right side of the equality in
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Eq. (6.222) is equal to zero. On the other hand, taking into account the homoge-
neous boundary conditions x(#,0) = 0 and x (z,1) = 0, it is not hard to show that

([0 E82) - (2262 v
o

1

* =1 1 .
)] e 0282 e
0 0

T

Thus, we have from the inequality in Eq. (6.222) that I*(x*(¢,7),u*(t,7)) =
I(x(t,7)). 1

Theorem 6.52. If the solutions X(¢,7) and {x*(t,7), u*(t,7)}, u*(t,7)e
0g(X(z,7),t,7) satisfy conditions (a)—(c) of Theorem 6.48, then they are solutions
of the direct and dual problems, and their values are equal.

[0 The fact that X(¢, 7)is a solution of the direct problem was proved in Theorem
6.48. We prove the remaining assertions. By the definition of LAM, condition (a)
of Theorem 6.48 is equivalent to the inequality

Px*(t, )  ox*(t,7)
*(t,7) + + -3
<u 1) 72 Eraty x(, T)>

2% ox
—{(x*@t,7),v— e, ) + X, 7) =0, (x,v)egphF,
or? ot

which means that

2 % *
(u*(l,7+ O*x*(t,7) N ox*(t,7)

52 o x4 (1, T)> edomMp: = {(x*,v*) : Mp(x*,v*)>—c0 }.
Moreover, from 0g(x,t,7) =dom g*( - ,t,7), it follows that u*(¢,7) e dom g*(-,t,7).
Then taking into account these inclusions, it can be concluded that the solution

{x*,u*} is an admissible solution. Further, by Lemma 2.6, we get

o*x*(t,7) ox*(t,7) . .
MF< 52 o u*(t,7),x"(t, 7)>

_ <62x*(t, T) N ox*(t,7)

o7 or +“*<fﬁ>»f(m>>—HF(f(r,r),x*a,T)), (6.223)

and from condition (c), we have

Hp (1, 7), 51, 7)) = <62);(T’; D_ axg; D v, T)>. (6.224)
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Then, in view of Egs. (6.223) and (6.223) and u*(t, 7)€ 0g(X(t, 7),t,7), it is easy
to establish that instead of the inequality in Eq. (6.222) in the proof of Theorem 2.1
(see also Theorem 6.46), we have equality; i.e., I(X(t, 7)) = L.(x*(¢, ), u*(t, 7)) and
{x*(t,7), u*(¢,7)} is optimal. &

We remark that the dual problem to the convex problem in Egs. (6.210)—
(6.212) with homogeneous boundary conditions consists of the following:

sup L(x*u*), 71€G (6.225)
x*(t,7)u*(t,7)x*(1,7) =0,
x*(t,7)=0,(t,7)€H,

where

ox*(t,7)
ot

1
L(x*,u*)= JJ [Mp <L*x*(t,7') + +u*(t,7),x" (¢, T)) — g*(u*(t,T),t,T)} drdr
0G
- JX*(O,T)(J((T)dT. (6.226)
G

By extending the proof of Theorems 6.51 and 6.52 to the case under consider-
ation, it is not hard to get the following result.

Theorem 6.53. If X(¢,7) and {x*(¢t,7), u*(t,7)}, u*(t,7)edom g*(-,t,7) are admissi-
ble solutions to the primary convex problem in Egs. (6.210)—(6.213) with homoge-
neous boundary conditions and of the dual problem in Egs. (6.225) and (6.226),
respectively, then L.(X(t, 7)) = L.(x*(¢, 7), u*(¢, 7)).

If the condition of Theorem 6.50 that suffices for optimality is valid here, then
the strict equality holds, and {x*(¢,7), u*(#,7)} is a solution of the dual problem.

We now consider an example:

inf  I(x)

*x(t,7) _ox(t,7)
or? ot

x(0,7)=a(r), x(2,0)=0y(), =x(z,1)=p,(), (6.227)

subject to

= Ax(t,7) + Bu(t,7), u(t,7)eU

where A and B are nXn and n X r matrices, respectively, UcR” is a convex
closed set, and g is a continuously differentiable function of x. It is required to find
a controlling parameter #(¢, 7)€ U such that the solution X(z, 7) corresponding to it
minimizes 1.
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Now applying Theorem 6.48 as in the example considered in Section 6.5, we
get

O*x*(t,T) + ox*(t, 1)
ot2 ot

= A*X*(t, T) - g/(i(ta 7-)7 Z T)a

(1,1 =0, x*(t,0), x*(t,1)=0, (6.228)

(Bu(t, 7),x"(¢, 7)) = sup(Bu,x"(¢,7)).
uelU

Therefore, we have obtained Theorem 6.54.

Theorem 6.54. The solution X(z, 7) corresponding to the control (¢, 7) minimizes
I(x) in the problem in Eq. (6.227) if there exists a function x*(¢,7) satisfying
Eq. (6.228).

On the other hand, by elementary computations, we find that

Ay — —o0, if x* # A*v¥,
M, v7) {— Wy (B*v*), if x* = A*v*,
where Wy, is a support function of U. Thus, in the dual problem in Eq. (6.227),
I*(x*,u™) has the form
1

L(x*, u*)=— ﬂ[WU(B*x*(t, )+ g*W*(t,7),t, 7)|drdr — J(x* (0,7), a(r))dr,
] 0

where

Px*(t, ) n ox*(t,T)

= A*x* % .
5.2 o x'(t,7) —u(t, 7)

6.7 Optimization of the First Boundary Value Problem
for Hyperbolic-Type Discrete-Approximation and
Differential Inclusions

This section deals with the first boundary value problem for discrete (Pp), the
discrete-approximation problem on a uniform grid and differential (Pc) inclusions
of hyperbolic type. In the form of the Euler—Lagrange inclusion, necessary and
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sufficient conditions for optimality are derived for these problems on the basis of
new concept of LAMs. In Subsection 4, the results obtained are generalized to
the multidimensional case with a second-order elliptic operator (P,,). It must be
pointed out that in hyperbolic differential inclusions, the solution is taken in the
space of classical solutions.

First, we consider the following optimization problem for discrete hyperbolic
inclusions

inf S gl (6.229)
t=2,...Tx=1,.,L—1

SUbjeCt to u;+ 1.x eFt,x(ut —1x0 Urx —15 Ut xs Up x + 1)’ (6230)

U = Qoy, U = Oy, Uox = ﬁ()xa Ulx = ﬂlx (6-231)

where g, : R" >RU{*o0} are real valued functions, F,, are multivalued mappings,
Fi.: R* > P(R") and gy, avzs, Bow Bix are fixed vectors, and 7, L are positive inte-
gers. We label the problem in Egs. (6.229)—(6.231) (Pp), and call it the first
boundary value problem for a discrete inclusion of hyperbolic type. The problem
(Pp) is convex if the mappings F,, are convex and g,, are convex proper
functions.

A set of points {u,,,}p = {u,,:(t.x) €D}, where

D={(tx):t=0,...,T;x=0,...,L,(t,x) # (0,0), (0,L), (T,0), (T,L)}

is called a feasible solution for the problem (Pp) if it satisfies the inclusions in
Eq. (6.230) and boundary conditions in Eq. (6.231). One can check easily that for
any fixed 7 and L the boundary condition in Eq. (6.231) possesses a feasible solu-
tion, and the number of points to be determined is equal to the number of discrete
inclusions. In this sense, the name discrete hyperbolic inclusions is justified.

The following condition is assumed below for the functions g,, and the map-
pings F,, (t=1,..,T —l;x=1,...,L—1).

Hypothesis H1. Let {ii;,}, be an optimal solution of the problem (Pp) and assume
that the cone of tangent directions Kopp, £, (i -1 x, yx 1, Gy x, Hrx + 1,y + 1) i locally
tent. Assume, moreover, that the functions g,, admit a CUA h, (4, ii; ) at the points
iisx, which is continuous with respect to u.

Hypothesis H2. Let {”?,x}D be a feasible solution for convex problem (Pp).
Assume that either (a) or (b) is satisfied:

0 0 0 0 0 :
a. (urfl,x’ Wy —15 Wy o Up x4 15 Uy 1,x)er1 gph Fuy,
Peridomg,, t=1,....,T—1; x=1,...,L—1.
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b. For u?,xeri domg;t=1,...,T—1; x=1, ..., L—1 the indicated points in (a) are inte-
rior points of gph F,,, except maybe one of them.

In Subsection 3, we investigate the following problem for hyperbolic differential
inclusion:

1
inf J(u(-,)): = J]g(u(t,x), t,x)dx dr + Jgo(u(l,x),x)dx (6.232)
R 0
subject to Clu(t, x) e F(u(t,x),t,x), (t,x)eR=[0,1] X0, 1] (6.233)
u(0,x) = P (x), 6”(60; Y _ o, (6.234)

M([, 0) = Oéo(t), M(f, 1) = Oé](t),

where [ is the operator defined as (1 = (6%/0r%) — (6°/6x%). Here F( - t,x) : R"— P(R"),
g:R"X R®>>R, g :R"XR—-R, and gpi, o; (i=0,1) are continuous functions.
We label this continuous problem (Pc) and call it the first boundary value problem
for hyperbolic differential inclusions. It is required to find a solution (-, -) of the
boundary value problem in Egs. (6.233) and (6.234) that minimizes J(u( -, - )), where
in this context a feasible solution is understood to be a classical solution.

The obtained results are extended to the case of the multidimensional optimal
control problem (P,,) for hyperbolic differential inclusions:

1

inf Ju(-,)): = JJg(u(t, X), t,x)dx dt + Jgo(u(l,x),x)dx (6.235)
0G G
subject to az’;(;’x) — Lu(t, X)) e F(u(t,x),1,x), (£,x)€[0,1]X G (6.236)
ou(0, x)

u(0,x) = @y(x),

o =¢,(x), xeG (6.237)

u(t,x) = a(t,x), (t,x)eB,

where F(-,t,x) : R— P(R) is a convex closed multivalued mapping for all fixed (z,x),
x=(x1, ..., x)€G, D=(0,1) X GecR""! is a bounded cylinder. Thus, the domain
in which Eq. (6.236) is given is a cylinder D of height 1 and base G. The set B =
(0,1) X S, where S is a piecewise-smooth boundary of G is the lateral surface of D.
G is a domain consisting of arguments x = (xy, ..., X,,), {0} X G,{1} X G are the
lower and upper bases, respectively. g:R X [0,1] X G—>R, go:RXG—-R are
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functions that are continuous and convex in u, and y:G—R”", apI:G—>R”, and « are
continuous. L is a second-order elliptic operator and dx = dx;dx;, ..., dx,.

A function u(-,-) from C*(D) N C'[D U B U ({0} X G)], satisfying the inclusion
in Eq. (6.236) in D and the initial boundary condition in Eq. (6.237) is called a
classical solution of the problem (P,,), where CZ(D) is the space of functions u(-,-)
having continuous second-order derivatives (azulaxiﬁxj), i, j=1, ..., n. It is
required to find a classical solution #(-,7) of the initial boundary value problem
(Py,) that minimizes J(u(-,-)).

1 Necessary and Sufficient Conditions for First Boundary Value Problems
of Discrete Hyperbolic Inclusions

First, we formulate necessary and sufficient conditions for the convex problem
(Pp).

Theorem 6.55. Let {“?,x} D be a feasible solution and g,, be convex proper func-
tions continuous at the points of {u(t)J}D. Moreover, assume that F,, t=1, ...,
T—1;x=1, ..., L—1 are convex multivalued mappings. Then for {i .}, to be an
optimal solution of the first boundary value problem for the discrete inclusion of
hyperbolic type (Pp), it is necessary that there exist a number Ae {0,1} and vectors
{5 Anf) (€7, uf .}, not all equal to zero, such that:

i. (@ZJ:;, E;ixa M:x, 7];;5)61:‘:;(”;;5 (ﬁl—l,X’ ﬁt,x -1 ﬁt,x, ﬁt,x+ 1 ﬁt+ l,x)) + {0} X {0} X
{7 et E:F,xﬂ T AOg: ()} X {0},
i =0, —uj_ €Xgraliiry), x=1,....L—1; 77y=0, &, =0, 1=1,...,T—1.

Under Hypothesis H2, the conditions (i) and (ii) are also sufficient for the opti-
mality of {#;,} .

L] In order to use the convex programming result, we form the m =2n(L—1) +n

(T —1)(L + 1)-dimensional vector w = (u, ..., ur), where for any t=1, ..., T—1,
u; = U, .-, u,,L)eR’”(L+ D is an n(L + 1)-dimensional vector and up = (ug 1, ...,
L—1 _ L—1
uop —)ER™ ™™V ur=(uzy, .. urp )RV,
Setting
M ={w=(uo,u,...,ur): (Us—1x Urx—1, U, Urx+ 1, Us + 1,x) EEPh Fi ),

t=1,...,T—1; x=1,...,L—1,

N={w=(up,...,ur) urx=pLx=1,...,L—1},
M1={w=(u0,...,uT):uo,x=<p2,x=l,...,L—l},
ML={w=(u0,...,uT):u,,LZa,L,tz1,...,T—1},

M2={w=(u0,...,ur):u,,0=oz9,t=1,...,T—1}.
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We can formulate a convex minimization problem in the space R™, which is equiv-
alent to the problem (Pp):

inf g(w) subjectto weN = N M, |NNOM NM"NM,, (6.238)

.....

We shall use the results obtained for the convex minimization problem in
Eq. (6.238) in the next section. Thus, it is necessary to calculate the dual cones
K,’(,,m(w), Ky(w), Ky, (W), Ky (w), Ky (w), weN.

By Lemma 6.3, we can write

K/T’Iu(w) = {W* = (I/t?;, Tt M#T() : (u;k—l,x’ u;k,x—l’ u:x’ u;ix-*— 1° u;k-%— l,x)
€ Kot 1, (e —1s Ur e 15 Ups Up e+ 15U+ 1x), U7 =0, (1) # (= 1,x), (1,x —1),

tx),t,x+1),¢+1,0},t=1,....,T—1; x=1,...,L—1. (6.239)
On the other hand,

Kyw) ={w* = (ug, ..., up) cu; = 0,1 # Luj o =uj, =0},

Ky, (w) ={w* = (ug,...,u7) 1uf =0,t=1,...,T},
K&L(w)={w*=(u3,...,u’;):u;ix=0,t=1,...,T—1,x7éL,u3=u’;=O},
Kypw) ={w* = (ug,...,up) tuy, =0,0=1,..., T —1,x # 0,u5 = uzy = 0}.

(6.240)

Obviously, g(-) is continuous at the point w® = (4, ..., u}), and by the hypothe-
sis of theorem, w = (i, iy, . .., Ur) is a solution of the convex minimization problem
in Eq. (6.238). By Theorem 3.4, there exist vectors w*(t,x) e Ky, (W), w* e Ky (W),
w'* e K, (w), )

wh ek, (W), w”eKj, (W), w*e€d,g(w), and a number Ae{0,1}, not all
equal to zero, such that

Z wh(t,x) + w* +w +wh +wT = (6.241)
t=1..T 1
x=1,..L-1

Remember that [w*],, denotes the components of the vector w* for the given
pair (¢,x). Then using Eq. (6.239), we derive that

> Wt x) + W+ w4 (6.242)
t=1,...,T—1
x=1,...,L—1

X
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=uy (t+ 1,x) +up (t,x+ 1) +up (6,0) +up (6,0 —=1) +uf (1 =1,x) = )\u?:;,
t=1,....,T—1, x=1,...,L—1
uzl(t,O)ZO, u(,L)=0, t=1,....T, up (T,x)=0, x=1,...,L—1

uy (T —1,x)= )\u(}fx,x =1,...,L—1, u?j €08 (T x), [wo*]t)x = u?;“(

(6.243)
Moreover, using Eq. (6.239) and the definition of a LAM, we have

(u;(—l,x(ta x)9 uf,x—l (ta X), sz(t, .X'), uz)ﬁ—] (ta X))
€ F:jx(_ultrl,x(ts )C), (ﬁl‘—l,xy ﬁl,x =1 lzt,xa Izt,x+l 5 IZH'I,X)) (6244)

t=1,....,T—1; x=1,...,L—1.

Hence, introducing the new notations u;_, (#,x) =1, uy, _(t,x) =&,
U, 1 (6,x) =07 —upy (8, x) = up, from Egs. (6.243) and (6.244), we derive the
validity of the first part of the theorem. It should be pointed out that by Hypothesis
H2, the relation in Eq. (6.241) holds with A = 1 for the point w%* € 8,g(W) N K3 (W).
Therefore, by Theorem 3.3, the conditions (i) and (ii) are sufficient for the optimal-
ity of {i,},. W

Then taking into account Theorem 2.1, we obtain the result in Corollary 6.4.

Corollary 6.4. If the conditions of Theorem 6.55 are satisfied and if in addition F
(uy,up,u3,uy) is a closed convex set for every (uy,up,us,uy), then for the optimality of
{fi;x}p, it is necessary that there exist a number Ae{0,1} and vectors
Wit ), 1€}, ()} not all equal to zero, such that

u;ix € av*HF,,\. (ﬁf—],xa ﬁt,x—l Sy s ﬁz,x+] 5 ’/l;ix)a
("/}sz g:x! ”;21,;;, 772);) € 8uHF,,X (ﬁtfl,xa Ugx—1 5 g s Ug b1 5 ”;F,x
(0} X {0} X (7 + €y + 1y — AOgua(10)) X {0},
VY7, =0, —uy_y € NOgr(iiry), x=1,...,.L—1; 5, =0, §r=0,t=1,....T—1

In addition, if Hypothesis H2 is satisfied, the conditions (i) and (ii) are sufficient
for optimality.

Theorem 6.56. Assume Hypothesis H1 for the nonconvex problem (Pp). Then for
the optimality of {#, .}, it is necessary that there exist a number Ae{0,1} and vec-
tors {w;ix}, .} {5:}}, {uf,} not all equal to zero, satisfying conditions (i) and (ii)
of Theorem 6.55.

OJ In the present case, Hypothesis H1 guarantees the relation in Eq. (6.241) for the
nonconvex problem (Pp) and so for Eq. (6.238). Then we derive the necessary con-
dition as in Theorem 6.55 by starting from the relation in Eq. (6.241)) written out
for the nonconvex problem (Pp).H
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2 Approximation of the Continuous Problem and Necessary Conditions
for the Discrete-Approximation Problem

In this section, we use difference operators to approximate the problem (Pc) and
apply Theorems 6.55 and 6.56 to obtain a necessary and sufficient condition for
optimality. For the given natural numbers N;, N, we choose steps 6 and A on the
t- and x-axes, respectively, and use the grid functions u,, = us,(t,x) on a uniform
grid on R.

Denoting [lu = Au — Bu, where Au = (6*uldr®), Bu = (8*uldx?) , it can easily be
seen that the following difference operators are defined on the three-point models
[32]; i.e., each of the operators Au, Bu is approximated by the Au and Bu :

_u(t+6,x) —2u(t,x) + ut — 6,x)

= 5

u(t,x + h) —2u(t,x) + u(t,x — h)
h? '

Au(x) :

b

Bu(x) : =

Thus, we have the following difference boundary value problem approximating
(Pc):

inf  Jg(u(t,x)) : = Z 6hg(u(t, x),t,x)

(P4) subject to Au(x) — Bu(x)e F(u(t,x),1,x), (t,x) €@gp,
u(0,x) = °(x), u(86,x)—u(0,x)=060"(x), x=h2h,...,1—h,
u(t,0) = ap(t), u(t,1)=cai(t), t=06,26,...,1—24.

First, for simplicity assume that (P,) is a discrete-approximation for problem
(Pc), where R =(0,1) X(0,1), so that ws, ={(t,x):t=0,6,...,1;x=0,h,...,1,
(t,x) # (0,0),(0,1),(1,0),(1, 1)}. In order to reduce the problem (P,) to a problem
of the form (Pp), we introduce the multivalued mapping QO(-,t,x) : R4"—>P(R"),
defined as

52
Q(uls U, M3,M4,t,.x) L= 2(1 - 9)”3 — U + 9(1/!4 + uz) + (st(l/t:;, [’_x)’ 6 = ﬁ
(6.245)
Then the problem (P,) can be formulated as follows:
inf  Jgp(u(-, -)), (6.246)

subject to u(t + 6,x) € Q(u(t — 6, x),u(t,x — h),u(t,x),u(t,x + h),t,x), (t,x)EwWsp,
(6.247)
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u(0,x) = °(x), u(6,x)="(x) +60'(x), x=h,2h,...,1-h,
u(t,0)=ap(t), u(t,1)=a(t), t=206,26,...,1—=06.

Applying Theorem 6.55, we see that for the optimality of {ii(z, x)}, (f,x) ewg, in
the problem in Eqgs. (6.246) and (6.247), it is necessary that there exist vectors
{u*(t, %)}, (V" (1, 0)}, {£° (¢, )}, {n*(t,x)} and a number A = \g,€{0,1}, not all zero,
such that

(" (8, x), £ (t, x), w*(t — 6, %), " (1, x))
€ Q" (u* (¢, x); (a(t — 6, x), u(t,x — h), u(t, x), u(t, x + h), 4(t + 6, x), t,x)

+ {0} X {0} X {* (¢t + 6, x) + £ (¢, x + h) + n*(t,x — h) — NOg(ii(t, x), t,x)} X {0},
Y*(1,x)=0, —u*(1—06,x)e dgo(i(l,x),1,x), x=h,...,1—h,
7, 0)=0, £(,1)=0, r=6,...,1—=06.

(6.248)

Now we must express the LAM Q* in terms of F™.

Theorem 6.57. Let the cone of tangent directions Kgph o . rx(U1.l2, U3,la,V), (U1,
Uy, Us,Ug,v) € gph Q(-,t.x) be a local tent. Then

v+u — 0us +uy) —2(1 — 9)u3>
62

Kgph 0(.,t,x) (”37
is a local tent to gph F (- ,t,x) and the following inclusions are equivalent:

a. (U1, U2, u3,14) € Kgph o(10 (U1, U2, U3, U4, V),
b. <ﬁ3’v+u, — 0@, tszm)—z(l - 0)53)

v+up — Ouy +ug) —2(1 — O)us
€ Koph F(1x) <M3, e 2 ).

[0 The proof is similar to the one for Theorem 6.31.H
The next step for the optimization of the discrete-approximation problem in
Egs. (6.246) and (6.247) is an equivalence result for LAM.

Theorem 6.58. Let the cones of tangent directions Kypn o. rx)(#1,U2, Us,itg,V) be
locally tent. Then the following inclusions are equivalent under the conditions that
vitul =0, us=u;=0y":

a. (uf,us,uy, ;)€ OF(v¥, (U1, uz, u3, us, v), 1, ),

b, “ —2(|2— 0 (v*; (Ms, v+ uy — 0 +62u4)—2(1 —9)u3>,t,x>.

&

[0 With the use of Theorem 6.57, the proof is elementary (see also Theorem
6.32).1



Optimization of Discrete and Differential Inclusions with Distributed Parameters via Approximation 355

Remark 6.23. For the convex problem (Pp), the results of Theorem 6.58 can be
obtained by a direct calculation of the subdifferential 0, Hp(u,v*,t,x), u = (uy,u,, us,
uy) and expressing it via LAM of multivalued mapping F.

Consequently, by the equivalence in Theorem 6.58, the condition in Eq. (6.248)
has the form

w*(t — 6,x) — Y*(t + 6,x) — £ (t,x + h) — *(t,x — h) —2(1 — O)u*(¢, x)

62
€ F*(u*(t, x), (ii(1, x), Aii(t, x) — Bii(t, )), 1,x) — A 6g(il(t, x), 1, x), (6.249)
w(t,x) = —P*(t,x), § (1, x) = 1*(t, x) = Ou*(t, x)
2
9=%, t=6,26,...,1—8 x=h2h,....,1—h. (6.250)

Clearly, by using Eq. (6.250), the left-hand side of the inclusion in Eq. (6.249)
can be written as

%[u*(r —6,x) +ut(t+6,x) — O(u*(t,x + h) +u*(t,x — h)) —2(1 — O)u*(¢,x)]

_uf(t+6,x) —2u*(t,x) + ut(t— 0,x) N w*(t,x +h) —2u*(t,x) + u*(t,x — h)
- 52 h2 :

(6.251)
Moreover, from the boundary conditions in Eqs. (6.248) and (6.250), we have

u*(t,0)=0, u*(t,1)=0, t=6,...,1—06, u*(1,x)=0, x=h2h,....,1—h
—u*(1 — 6,x)e Mogo(ii(1,x),1,x). (6.252)

Then denoting u*(£,x)/p1, V*(t.x)/ p, §*(t.x) p, *(€.x)/p (= h16) by u*(t.x), *(t,
x), &£*(tx), m*(tx), respectively, and taking into account the relations in
Egs. (6.249), (6.251), and (6.252), we have proved the following result.

Theorem 6.59. Let g(-,t,x) be a convex proper function and continuous at the
points on some feasible solution {u’(,x)}, (¢, x) €wsy,. Then for the optimality of the
solution {ii(z,x)} in the convex problem (P,), it is necessary that there exist a num-
ber A= A\s,€{0,1} and grid functions {u*(t,x)}, (¢,x)€ws;, not all equal to zero,
such that

i. Au*(t,x) — Bu*(t,x) € F*(u*(t, x), (i(t, x), Aii(t, x) — Bii(t, x)), 1, x) — X dg(ii(t, x), 1, x),
ii. w*@,0)=u*(t,1)=0, t=6,...,1-0,

*(1,x) —u*(1— 8
w(lxy=0, LY z( Y ¢ \ogo((1.2).1.%). x=h....1—h.
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In addition, if the condition in Hypothesis H2 is satisfied, then these conditions
are also sufficient for the optimality of {(z, x)}, (¢, x) €wsp,.

Remark 6.24. Conditions (i) and (ii) of Theorem 6.59 are necessary for optimality
in the nonconvex case of the problem (P,) under Hypothesis H1.

3 Sufficient Conditions for Optimality for Differential Inclusions of
Hyperbolic Type

Applying the results of Subsection 2, we next formulate a sufficient condition for
optimality for a first boundary value problem of hyperbolic differential inclusions
(P¢). Thus, by passing to the formal limit in conditions (i) and (ii) of Theorem 6.59
as 6,h— 0 and setting A = 1, we have

a. Ou*(t,x)e F*(u*(t,x), (i(t, x), Lii(t, x)), t, x) — 0g(i(t, x), t,x) (¢, x)ER,

b. u*(1,x) =0, uf(1,x)edgo(ii(1,x),1,x),

c. u*(t,0)=0, u*t,1)=0.
Furthermore, we formulate the following condition, ensuring that the LAM F*
(-,-,t,x) is nonempty for every fixed (¢,x) eR (Theorem 2.1):

d. Od(t, x) e F(a(t, x), u*(t, x), t, x).

Theorem 6.60. Let the functions g and gy be continuous and convex with respect
to u and F(-,t,x) be a convex mapping for all fixed (z,x). Then for the optimality of
a solution #(-,") in first boundary value problem for hyperbolic differential inclu-
sions (P), it is sufficient that there exists a classical solution u*(-,-) such that
conditions (a) and (d) hold.

J By Theorem 2.1, F*(v*,(u,v),t.x) = 0, He(u,v*,t,x), ve F(u;v*,t,x). Then applying
Theorem 1.28 (Moreau—Rockafellar) from condition (a), we obtain

Ou*(t, x) € 0,[Hr(a(t, x), u* (¢, x), t, x) — g((t, x), t,x)], (¢, x)eR.
Then

Hr(u(t, x), u*(t, x), t, x) — Hp(ii(z, x), u*(t, x), t, x)
—g(u(t,x), t,x) + g(ia(t, x), t,x) = (O u*(t, x), u(t, x) — i(t, x)).

In view of condition (d) of Theorem 6.60, we derive that
[Jiewte.n.1.0 - staev.omavar - ([ (D0 - ey 0)aca
R R

+ H <u(t, x) —a(t,x), 0 u*(t,x)>dx dr=0. (6.253)

R
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Since u(t, x), ii(t, x) are feasible solutions (see Eq. (6.234)) and by condition (b),
u*(1,x) =0 it is easy to see that

[ 0,758 g [ (Z T,
R

R
= % <u(t,x) - L?(t,x),au*a(tt’x)>dtdx — H <a(u(t’x)a; i(t,)) , 8M*a(;’x)>dtdx
R R
0 [ o(u(t,x)—it,x)) O(u(t,x) — i(t,x)) ou*(t,x)
_JE <—at U (t,x)>dtdx+ﬂ< 5 S >dtdx
R R
_ % <u(t,x) - ﬂ(t,x),au*a(tt’x)>dtdx - ﬂ% <a(”(t ’x)a; %) u*(t,x)>dtdx
R R
I
= J[(u(l,x) —i(1,x),u;(1,x)) — (u(0,x) — @(0,x),;(0,x))]dx
‘ 1
10 = 8000, (10) = 0.0 ~ 10,00 000
1 0
=J(u(l,x)—ﬁ(l,x),u;“(l,x))dx. (6.254)
0

By virtue of u*(¢,0) = u*(z,1) = 0 and the boundary conditions in Eq. (6.234), by
analogy it can be proved that

ﬂ <W,u*(t,x)>dtdx - ﬂ <u(r,x) - g(;,@,%%m =0.
R

(6.255)

For convenience, in the next calculations, let us denote the difference of the sec-
ond and third integrals in Eq. (6.253) by . Then summing Egs. (6.254) and
(6.255), we have

1
2= J(u(l,x) —a(1,x),u; (1, x))dx
0

and Eq. (6.253) yields

H[g(u(t, x),t,x) — g(a(t,x),t,x)dtdx + Q =0. (6.256)

R
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On the other hand, condition (b) implies that
go(u(t, x),x) — go(i(t, x), x) = (u; (1, x), u(1,x) — ii(1, x)).

By integrating this inequality over the interval [0,1], we have
1
J[go(u(t, x),x) = go(ii(t, x), 0)]dx = Q. (6.257)
0

Consequently, adding Egs. (6.256) and (6.257), we have that for any feasible
solution u( -, ), J(u(t,x)) = J(i(t, x)); i.e., @(-,) is an optimal solution. ll

Corollary 6.5. Let the conditions of Theorem 6.60 be satisfied and let F(-,z,x) be a
closed mapping. Then conditions (a) and (d) of Theorem 6.60 can be rewritten as
follows:

i Ou*(t,x) € 0,HF(ii(t, x), u*(t, x), 1, x) — Og(ii(t, x), 1, x),
ii. Od(t,x) €0, He(i(t, x), u*(t, x), t, x).

Thus, conditions (i) and (ii) are equivalent to conditions (a) and (d) of Theorem
6.60.

Theorem 6.61. Let us consider the nonconvex problem (Pc). Then for optimality
of #(-,-) in this nonconvex problem, it is sufficient that there is a classical solution
u*(-, -) satisfying the following conditions:

i. Ou*(t,x) + u(t, x) e F*(u*(z, x); (#(t, x), O i(t, x)), t, x),
il. g(u(t,x),t,x) — g(i(, x), t, x) = (u*(t, x), u(t,x) — i(t,x)) for all u,
iii. (u*(¢,x), Oz, x)) = Hp(a(t, x), u*(t, x), t, x),

where the LAM F*(-, - ,t,x) is given by the Hamiltonian function Hp.
[0 By virtue of the LAM defined by a Hamiltonian function, it follows from condi-
tion (i) that for all feasible solution u(-,-), we have

Hp(u(t, x), u*(t,x), t,x) — Hp(i(t, x), u*(t, x), t, x)
=(0Ou*(t,x) + u*(t,x), u(t,x) — i(t,x)), (t,x)eR,

which by condition (iii) implies that
(O (u(t,x) — a(t,x), u*(t,x)) = (Ou*(t, x) + u* (1, x), u(t,x) — i(t,x)). (6.258)

Thus, for any feasible solution u(-,-), from condition (ii) of theorem and the
inequality in Eq. (6.258), it easily can be seen that

g(u(t,x),t,x) — g(a(t, x), t,x) — (O (u(z, x) — i(t, x)), u*(z, x))
+ (u(x) — a(x), Au*(x)) =0, (¢,x)eR.
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Now, by integrating this inequality over R, we see that the obtained inequality
has the form in Eq. (6.253). Then in view of Eq. (6.253), it is easy to show (see
Theorem 6.60) that #(-,-) is optimal. l

Now we consider the example

1

inf  J(u(-,"))= ﬂg(u(t, x),t,x)dxdt + Jgo(u(l,x),x)dx (6.259)
R 0

subjectto  u(z,x) = Au(t,x) + Bw(t,x), w(t,x)eV,

where A is an n X n matrix, B is a rectangular n X r matrix, V=R" is a closed con-
vex set, and g is a continuously differentiable function on (z,x). It is required to
find a controlling parameter w(t,x) € V such that the feasible solution corresponding
to it minimizes J(u( -, -)).

By using the formula of LAM calculated for the problem in Eq. (6.176) and
Theorem 6.60, we have

Ou*(t,x) = A*u*(t,x) — g'(ii(t,x),t,x), (t,x)eR
w (t,x)=0, u(0,x)=gy(u(l,x),x), u*(,0=0, u*(t1)=0 (6.260)

(Bii(t, x), u*(t,x)) = sup(Bu, u*(t,x)).

weV

Thus, the feasible solution #(-,-) corresponding to the control w(-,-) minimizes
J(u(-,-)) in the problem in Eq. (6.259) if there exists a classical solution u*(-,-)
satisfying the conditions in Eq. (6.260).

4 Multidimensional Optimal Control Problems for Hyperbolic
Differential Inclusions

In this section, we study the problem (P,,) defined with elliptic operator L.

Theorem 6.62. Let g and g, be continuous functions and convex with respect to u.
Moreover, let F(-,t,x) be a convex closed mapping for every fixed (¢,x)eD. Then a
solution #(,*) minimizes the functional J(u(-,-)) in the problem (P,,) if there exists
a classical solution u*(-,-) of the following boundary value problem:

i 0D (1, x) € F* (1, ); (1, %), Lil(t, %), 1,X) — (@1, %), 1, %),

ii. #'(1,x)=0, u/(1,x)edgo(@(l,x),x), xeG
u*(t,x)=0, (t,x)€eB,

iii. 209 — 77, x) e F(ii(r,x); u*(t,0),1,%),  (1,x)€D,

where L* is the operator adjoint to L.
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[J Analogously for Theorem 6.60, condition (i) implies that

Hr(u(t, x), u*(t,x), t,x) — Hp(i(t, x), u*(t, x), t, x) < g(u(t, x), t, x) — g(i(z, x), t, x)
+ u (¢, x) — L*u*(t, x)(u(z, x) — a(z, x)).

Since by condition (ii)
Hp(a(t, x), u*(t, x), t, x) = u*(t, x)(uy(t, x) — Lii(t, x)),

we have
1 1
JJ [g(u(t,x),t,x) — g(i(t, x), t,x)]dx dr = JJM*(I, X (2, x) — G2, x)
0G 0G

1
— L(u(t, x) — i(t, x))]dx dt — JJ[MZ(I, x) — L*u* (¢, x)|(u(t, x) — d(z, x))dx dt.
0G

(6.261)

According to Eq. (6.254), we find that

1 1
JJM*(I, X)(ug (2, x) — (2, x))dx dr — Jju;(z‘, x)(u(t, x) — 0z, x))dx dt
0G 0G

1

- J J[u*(r, 3t %) = it ) — 160 6)ut, ) — 2, )

G \0

= - Ju;“(l,x)(u(l,x) — (1, x))dx. (6.262)
G

Further, using the boundary conditions, we deduce from Green’s formula that in
the multidimensional case

J[(u(t, x) — w(t, x))L*u* (¢, x) — u*(t, x)L(u(t, x) — i(t,x))]dx = 0. (6.263)

G

Thus, because of the conditions in Egs. (6.261)—(6.263), we derive
1
| Jtewteanneon — @t sooparar= = [ 00010 - 6264

0G G
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On the other hand, by integrating the inequality following from condition (ii),
we have

J[go(u(l,x),x) — go(i(1,x),x)]dx= — Juf(l,x)(u(l,x) — (1, x))dx. (6.265)
G G

Thus, adding the inequalities in Eqs. (6.264) and (6.265), we conclude that for
all feasible u(-,-), J(u(t, x)) = J(i(t, x)); i.e., (¢, x) is optimal. ll

Remark 6.25. In addition to the assumptions in Theorem 6.62, suppose that F(-,t,x)
is a closed mapping. Then conditions (i)—(iii) can be rewritten as follows (see
Corollary 6.5).

i (1,x) = L*u*(1, %) € 0,M(i(t, x), u*(1, %), 1, x) — Og(@(1, x), 1, %),
ii. ﬁ:t(t,x) — Li(t,x) € 0,-M(ii(t, x), u*(t, x), t, x).

Replacing the operator (6%/0x%) with an elliptic operator L and extending the
proof of Theorem 6.61 to the problem (P,,) for a nonconvex case, it is not hard to
get Theorem 6.63.

Theorem 6.63. Let i(-,-) be some feasible solution of the nonconvex
problem (P;,) and suppose u*(-,-) is a classical solution satisfying the following
conditions:

2 %
L “&(Zt’x) — Lru(t, %) + (1, x) € F*(u* (¢, x); (i, x), Lit(t, x)), 1, %),

w'(l,x) =0, u/(1,x)€dgo((1,x),x), xeG,

ii. ﬁl‘l(t’x) - Lﬁ(trx) = HF(ﬁ(tix)’ M*(t,-x)a 1, x)a I/l*(l,x) = 0> (tsx)EBa
iii. g(u,t,x) — g(i(t,x), t,x) = u*(¢, x)(u — i(t, x)) for all u,

where the LAM F*(-,-,t,x) is given by Hamiltonian function. Then #(-,") is
optimal.

Suppose now that we have the problem (P,,) with homogeneous boundary con-
ditions and let H'(D) be the Hilbert space consisting of the elements u(-,-) € Ly(D)
having square-integrable generalized derivatives on D, where the inner product and
norm are defined as in Remark 6.22.

By analogy with the classical theory of the Dirichlet problem for an elliptic
equation [164], we call a function u(-,-)e H(D) a generalized solution of our prob-
lem if it satisfies the integral identity

1 1
JJ(—um, + ajjun,, + biugn + cun)dx dr — J (0, x)dx = Jjgn dx dr
0G G 0G

for all 7n(-,-)e H'' (D) (for a more detailed study see, for example, Refs. [131,
178]). Here, g = g(u,t,x) is an arbitrary measurable selection of the multivalued
mapping F.
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5 Duality in Problems for Hyperbolic Differential Inclusions

As in the previous sections, we can establish the duality problems for primary pro-
blems (P¢) and (P,). Construction of (P,,), the dual problem for (P), is based on
duality for discrete-approximation problem and infimal convolution of convex
functions, where kpl(x) =0, ap(r)=0, a,(t) =0. In the considered case,

TG (1,0, (1,)) = jJ[MF(D (6,3 — (6,20 (1, 0) — 8 (p (1, ), £, )]de e
R

1
- J[g:;( (12,0 — (7(0,2), (),
0

where u*(-,-) € C2(R), p*(-,-) € C(R). The following maximization problem under the
indicated constraints of feasible solutions is just the desired dual problem:

(PCD) Sup J*(M*(t, x):p*(ta X))
u*(t.x),p" (.x),(1,X) €R,
uw*(1,0) = 0,u™(2,1) = 0.

The dual problem for hyperbolic multidimensional problem (P,;) (p;(x)=0,
xeG; ag(t,x) =0, ay(t,x) =0,(t,x) e B) is defined similarly, where

(Pmp) sup J(u*(t,x), p*(t, X))
w*(t,x),p*(t,x),

u*(t,x) = 0,(t,x)e Bu*(1,x) =0

and

1
]*(M*(l, X),p*(t, -x)) = J [MF(u;kz(ls -x) - L*u*(ta X) _p*(t9 )C), M*(l, -x))
0

Q—

g (" (1), £, ) dx — J[g’g(—ui‘(l,x),x) — (0,0, P ().
G

Here u* and p* are classical solutions; u*(-,-) € CX(D),p*(-,-) € C(D).
The duality theorems for problems (Pcp) and (Pyp) are true in the same formu-
lations of the preceding sections.

Remark 6.26. Notice that results analogous to those that we have seen in Chapters
4—6 for different discrete and differential inclusions may be stated in the vector-
optimization form with many cost functionals. To do this, it is necessary to intro-
duce the notion of a weakly efficient solution for multicriteria optimization in more
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general form. Let f=(f}, ..., f,,) be a convex vector-function defined on R”; i.e.,
f:R">R™ We call xy a weakly efficient solution of Py, the minimization problem
of f over R”, if there are no xeR" such that f{x) > fixg) [74,193]. Let f be continu-
ous at some point x; and M = {p = (py, ..., p,,) = > or—y p; = 1, p; =0},

Lemma 6.4. In order for x; to be a weakly efficient solution, it is necessary and
sufficient that there exists g €M such that 0e > /- | 11,0fi(xo).

O By Hurwitz’s theorem [74,193] for the weak efficiency of xoeR”, it is necessary
and sufficient that there is a vector eM for which

(1 f (x0)) = min({p, f(x)).

It follows that (u, f(x)—flxg))=0 or ¢x)—(xg) =0, where p(x)=
oI pfi(x). Thus, 0€dp(xo). It remains to observe that since the condition of Py,
(Theorem 1.29, Moreau—Rockafellar) is satisfied, dp(xg) = > iy p;0fi(xo). W

The following result is immediate from Theorem 3.1 and Lemma 6.4.

Lemma 6.5. Let Q<=R" be a convex set and x; € Q be a point at which f=(f, ...,
fw) 1s continuous. Then in order for xoeQ to be a weakly efficient solution, it is
necessary and sufficient that there is e Msuch that

Kj(x0) N pdfi(xo) # .
i=1

Then in the corresponding convex minimization problems we should use
Lemma 6.5. Therefore, in the adjoint differential inclusions for optimization pro-
blems, where the number of functionals is m; i.e., J;, i=1, ..., m (and conse-
quently, g;, i =1, ..., m) the subdifferential dg(%) is replaced by > - 11,08:(%).
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Operations and Symbols

TEH0y <
R%

Il -
lim inf (lim sup)
HODI

HOADI

DSI and DFI

A*

A

Ol

L
la;(x)
L

L

Y ()
L*

A
2[0,1](0, No)

S(7,0,Nop)
div w'(x)

Spaces

R=(—00,0)
R}‘l

R™

&

universal quantifier, “for every”

sign of implication, “... implies ...”

proof beginning

end of proof

scalar(or inner) product of elements x€ X, xeX
identically equal

equal by definition

Norm

lower (upper) limit

higher-order differential inclusion

higher-order adjoint differential inclusion
discrete and differential inclusions, respectively
adjoint (transposed) matrix of A

Laplace’s operator

difference of second-order partial derivatives with respect to ¢
and x, respectively

second-order elliptic operator

positively definite matrix

sth order differential expression

sth order adjoint differential expression

vertex defined by the index set J=I= {1, ..., m} the number
of which exactly is n.

operator adjoint to elliptic operator L.

difference operator defined on the three-point models

family of solutions to ordinary differential inclusion (CP) with
the initial condition x(0) € N, defined on [0,1]

section of family of solutions

divergence operation

real line

n-dimensional Euclidean space

positive orthant of R

infinity dimensional coordinate-wise Hilbert space
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Glossary of Notations

C(G) and
C'(G)
C*(D)

Cl,z( D)
H'(G)
H*'(D)

Wi (70, 11])
w"'(Q)

Sets

conv M
Lin M

Aff M

int M and ri M
M

0" M

M°

P

cone M
P(Y)

K ;ph F(x’ y )
K(x)

D

Functions

f:X->Y
ra(X)
f1®f>
f*

epi f
dom f
fo©
Hy(+)
conv{f;:iel}
f

f'(x0.p)

Of(xo)

spaces of continuous functions and functions having a continuous

derivative in G, respectively

space of functions u( -, -) having second-order continuous
derivatives

space of functions u, having first- and second-order continuous
derivatives in first and second arguments, respectively

Hilbert space consisting of the elements u(x) € L,(G) having
square-integrable generalized derivatives on G

Hilbert space of functions having generalized derivatives on D
with corresponding inner product

Banach space, endowed with the corresponding norms

Sobolev space

convex hull of a set M

linear hull for a set M

affine hull of a set M

interior and relative interior of a set M, respectively
closure of M

recession cone of a set M

polar of a set M

dual cone to the cone K

cone generated by M

the family of all subsets of ¥

dual to cone Kgpp (x,y) = cone(gph F' — z)

cone of tangent directions of the set A at a point xe A
nondegeneracy domain of polytope F(x)

single-valued mapping from X to Y

Minkovski’s (or gauge) function

infimal convolution of convex functions fi, f>

conjugate of function f

epigraph of f

domain of f

recession function of f

support function of a nonempty set M

convex hull of the pointwise infimum of the collection /
closure of f

directional derivative of f at x, with respect to a vector pe X = R"

subdifferential of f at xg
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()
p(A,B)
CUA h(x,x)
HF(X,)’*)
L(x,y*)

Mappings

F:X—P(Y)

*

F

F*(y*;z)

gph F

dom F
FLy—PX)
Fi+F,

Fi X F,
F|oF,

FQxy®)
F*(y*,x)

indicator function of a set A

Hausdorff metric between A and B

convex upper approximation of f at a point x
Hamiltonian function of F

Lagrangian of convex programming

multivalued (set-valued) mappings from X to ¥

adjoint multivalued mapping (AM) from ¥ to X'
locally adjoint mapping (LAM) to F at a point z€ gph F
graph of F

domain of F

inverse multivalued mapping to F

sum of multivalued mappings of F,F,

cartesian product of multivalued mappings of F; and F,
composition multivalued mapping of F, and F
argmaximum set of F(x) at a given y*

adjoint mapping (AM) to F at a point xedom F
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