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Preface

Give me a place to stand on, and I will move the Earth.

Archimedes

Mathematics is the language with which God has written the universe.

Galileo Galilei

As a well spent day brings happy sleep, so life well used brings happy death

Leonardo da Vinci

Scientists investigate that which already is;engineers create that which has never

been

Albert Einstein

The primary goals of this book are to present the basic concepts and principles of

mathematical programming in terms of set-valued analysis (Chapters 2 and 3) and

on the basis of the method of approximation, to develop a comprehensive optimal-

ity theory of problems described by ordinary and partial differential inclusions

(DFI) (Chapters 4�6). This book consists of six chapters divided into sections and

subsections, and contains many results that have not been published in the mono-

graphic literature.

In Chapter 1, convex sets and convex functions are studied in the setting of n-

dimensional Euclidean space. However, the reader familiar with functional analysis

can generalize the main results to the case of infinite-dimensional functional

spaces. In spite of the fact that the stated notions and results are known, they play a

decisive role for obtaining the main results in the next chapters of the book. The

key issues of convex analysis in finite-dimensional spaces have been addressed in

the books Convex Analysis by Rockafellar and Convex Analysis and Extremum

Problems by B.N. Pshenichnyi. The identifications of convex functions and their

epigraphs make it easy to pass back and forth between the geometric and analytical

approaches. It is shown that convex sets and functions form classes of objects pre-

served under numerous operations of combination; pointwise addition, pointwise

supremum, and infimal convolution of convex functions are convex.

In Chapter 2, the apparatus of locally adjoint mappings (LAM) (which is new)

is studied in the light of convex analysis. It is the fundamental concept in what fol-

lows, and it is used to obtain the optimality conditions for the problems posed in

this book. We give the calculus of LAM on different multivalued mappings, such

as the sum, composition, and inverse. We introduce the adjoint (not locally adjoint)



mapping, using the recession cone, and the connection between the adjoint and

LAM is established. Based on the adjoint mapping, the duality theorems for convex

set-valued mappings are proved.

Chapter 3 is devoted to applications of these basic tools to the study of mathemati-

cal programming with possibly nonsmooth data. Starting with problems of mathemati-

cal programming under functional and geometric constraints, we then consider

various problems of constrained optimization, minimax problems and equilibrium

constraints, infimal convolution of convex functions, duality in convex programming,

and duality relations. In order to formulate a necessary condition for the existence of

an extremum, of course, some special condition by function taking part in the given

problem is required. In particular, in some neighborhood of a point minimizing our

objective function, we deal with the comparatively easily computable functions. As is

known, a smooth function admits a linear approximation. On the other hand, a convex

function can be approached by positively homogeneous functions. However, a non-

smooth and nonconvex function cannot be approximated in a neighborhood of a point

by positively homogeneous functions. Precisely this class of functions is required for

introducing the concept of convex upper approximations (CUAs). The key tools of

our analysis are based on the extremal principle and its modifications together with

the LAM calculus.

Chapters 4 and 5 deal mostly with optimal control problems of the Bolza type

described by ordinary differential, high-order differential, delay-differential, and

neutral functional-differential inclusions. The development and applications of the

LAM are demonstrated in these problems with ordinary discrete and differential

inclusions. In particular, for polyhedral DFI, under the corresponding condition for

generality of position, the theorem of the number of switchings is proved. The cor-

responding results are obtained for linear optimal control problems in linear mani-

folds. For a nonautonomous polyhedral DFI, a special condition for generality of

position is formulated. Moreover, for problems described by ordinary nonconvex

DFI under the specially formulated monotonicity and t1-transversality conditions,

sufficient conditions for optimality are proved.

In Chapter 6, we continue the study of optimal control problems governed by dis-

crete and differential inclusions with distributed parameters, which during the past

15�20 years has been a basic source of inspiration for analysis and applications. Using

LAM and the discrete-approximation method in Hamiltonian and Euler�Lagrange

forms, we derive necessary and sufficient optimality conditions for various boundary

values (Dirichlet, Neumann, Cauchy) problems for first-order, elliptic, parabolic, and

hyperbolic types of discrete and partial DFI. One of the most characteristic features of

such approaches with partial DFI is peculiar to the presence of equivalents to the LAM.

Such problems have essential specific features in comparison with the ordinary differ-

ential model considered in the second part of the book. For every concrete problem

with partial DFI, we establish rather interesting equivalence results that shed new light

on both qualitative and quantitative relationships between continuous and discrete

approximation problems.
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In Chapter 5 and the second part of Chapter 6, we construct the dual problem of

convex problems for ordinary and partial differential inclusions of hyperbolic, para-

bolic, and elliptic types. We study separately the duality problems with first-order

partial differential inclusions. As is known, duality problems have always been at

the center of convex optimality theory and its applications. In this book, we formu-

late duality results and search for the conditions under which primary and dual pro-

blems are connected by such duality relations. For duality constructions of convex

problems, we use the duality theorems concerning infimal convolution and the

addition of convex functions.

Thus, we can list the major features of our book that make it unique:

� The introduction of a new concept of LAM and its calculus.
� The connection between LAM and adjoint (not locally) mappings defined in terms of the

recession cone.
� Duality theorems for convex multivalued mappings established in terms of a Hamiltonian

function.
� The basic results of mathematical programming in terms of Hamiltonian functions.
� Under a suitable condition for generality of position, the theorem of the finiteness of

switching numbers for optimal control of polyhedral differential inclusions.
� Under a special t1-transversality condition, new sufficient conditions for optimality in

terms of extended Euler�Lagrange inclusions for Bolza-type problems with ordinary dif-

ferential inclusions and state constraints.
� A new class of optimal control problems for higher-order differential inclusions.
� Duality relations in mathematical problems with equilibrium constraints via recession

cones. Major features using the method of discrete approximation.
� Optimization of first-order discrete and partial differential inclusions. Note that one of the

characteristic features of optimization of Cauchy for first-order discrete inclusions is the

intrinsic presence of the infinite dimensional self-adjoint Hilbert space l2.
� Optimization of Darboux-type partial differential inclusions and duality.
� Optimization of elliptic, hyperbolic, and parabolic types of discrete and partial differential

inclusions and duality.
� Optimization of partial differential inclusions with a second-order elliptic operator.
� Equivalence results that facilitate making a bridge between discrete and corresponding

discrete-approximation problems.

Throughout this book, a proof is marked with an empty square & and its end is

marked with a Halmos box, ’. Since many problems in engineering reduce to

such problems, the book will be of interest to mathematicians and nonmathemati-

cian specialists whose study involves the use of ordinary and partial differential

equations (inclusions) and approximation methods and its applications, as well as

to undergraduate, graduate, and postgraduate students at universities and technical

colleges. In other words, the book is intended for a broad audience—students of

universities and colleges with comprehensive mathematical programs, engineers,

economists, and mathematicians involved in the solution of extremal problems.

Basic material has also been incorporated into many lectures given by the author at

various international conferences in London, UK; Zurich, Switzerland; and Leipzig,
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Germany, and the Banach international mathematical center in Warsaw, Poland,

during recent years.

This book includes an index of symbols and notation, and a subject index. Using

the subject index, the reader can easily find the page where some notion or notation

is introduced. Our notation and terminology are generally consistent with those

used by Rockafellar, Mordukhovich, and Pshenichnyi in their writings. For the

reader’s convenience, an introduction in each chapter of the book describes the

contents and commentaries, and outlines a selection of material that would be

appropriate for the subject. This book is also accompanied by an abundant bibliog-

raphy. Parts of this book have been used by me in teaching graduate and postgradu-

ate students on Convex Analysis, Optimal Control Theory, and Nonlinear Analysis

and Its Applications at Azerbaijan State University and Istanbul Technical

University.

Prof. Elimhan N. Mahmudov

Baku and Istanbul

August 2011
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1 Convex Sets and Functions

1.1 Introduction

Convexity is an attractive subject to study, for many reasons; it draws upon geome-

try, analysis, linear algebra, and topology, and it has a role to play in such topics as

classical optimal control theory, game theory, linear programming, and convex pro-

gramming. Convex sets and convex functions are studied in this chapter in the set-

ting of n-dimensional Euclidean space ℝn. (However, if you are familiar with

functional analysis, you will be able to generalize the main results to the case of

infinite dimensional functional spaces.) These results play a decisive role in obtain-

ing the main results in the next chapters of this book. In the field of convex analy-

sis, you can consult Rockafellar [228] and Pshenichnyi [226] for related and

additional material (most of the familiar results on convex analysis presented in

this chapter are taken from Pshenichnyi [226]). The basic idea in convexity is that

a convex function on ℝn can be identified with a convex subset of ℝn11, which is

called the epigraph of the given function. This identification makes it easy to move

back and forth between geometrical and analytical approaches. It is shown that

pointwise addition of functions, pointwise supremum, and infimal convolution of

convex functions are convex, in fact, convex sets and functions are classes of

objects that are preserved under numerous operations of combination. A function is

closed if its epigraph is closed. The latter is equivalent to lower semicontinuity of

functions. This leads to the notion of the closure operation for proper convex func-

tions, which corresponds to the closure operation for epigraphs.

In Section 1.2, we study some topological properties of sets and their convex

hull, and consider how a convex set can be characterized by both Minkowski’s

method and support functions. The role of dimensionality in the generation of con-

vex hulls is explored in Carathéodory’s theorem (Theorem 1.1). It is interesting

that Theorem 1.2 (Gauss�Lucas) says that the roots of the derivative of a noncon-

stant complex polynomial belong to the convex hull of the set of roots of the poly-

nomial itself. The foundations for extremal theory are laid in the Separation

Theorems 1.5�1.7.

In Section 1.3, we discuss the convex cone, which is one of the important con-

cepts in convex analysis and extremal theory. The investigation of its properties is

connected with the calculation of the dual cone.

The cones K1, . . . , Km are called separable if there exist not all zero vectors

x�i AK�
i ; such that x�1 1?1 x�m 5 0: By Theorem 1.12, if K5K1\?\Km, then

either K� 5K�
1 1?1K�

m or the cones K1, . . . , Km are separable. By Lemma 1.17,
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ðK1 \? \ KmÞ� 5K�
1 1?1K�

m : But since for polyhedral cones, K�
1 1?1K�

m is

also a polyhedral cone, this sum of cones is closed and the bar above it can be

removed. One of the remarkable properties of a polyhedral set is that it can be repre-

sented as a sum of polytope (polyhedron) and polyhedral cone. Conversely, the sum

of any polytope and polyhedral cone is a polyhedral set (Theorem 1.14). The reces-

sion cone of a nonempty convex set M, i.e., the set of vectors x such that M1 xCM

is denoted by 01M and for a bounded set 01M5 {0}.

In Section 1.4, we develop the main properties of convex functions. Recall that

by Definition 1.20 a function f is said to be proper, if f(x),1N for at least one x

and f(x).2N for every x. A function that is not proper is improper. It follows

from Lemma 1.24 that dom f is convex, even if f is an improper function. Besides,

an improper convex function may have a finite values only at points of the relative

boundary of dom f. The sum of proper convex functions fi, i5 1, . . . , m with non-

negative coefficients is convex (Lemma 1.27).

It is known that the indicator function δM( � ) of M is useful as a correspondence

between convex sets and convex functions. Then note that the sum of proper con-

vex functions fi, i5 1, . . . , m with nonnegative coefficients may not be a proper

function (Lemma 1.27). For example, for the disjoint sets M1 and M2, the sum of

indicator functions δM1
1 δM2

is identically 1N.

We shall denote the gradient of f at x by f 0(x) and the Hessian matrix of f at x by

fv(x), whose (i,j)th element is @2f/@xi@xj. Then if f is twice differentiable, the con-

vexity of f and the positive semidefiniteness of fv(x) are equivalent. Of course, the

latter is an important result not only in analysis but also in nonlinear programming.

Lemma 1.29 implies that properness of convex functions is not always preserved

by infimal convolution f1"f2, which is commutative, associative, and convexity-

preserving. Indeed, if f1 and f2 are linear functions not equal to each other, then

their infimal convolution identically is 2N.

The convex hull conv g of a nonconvex function g, defined as the greatest con-

vex function majorized by g, is used in establishing the dual problem governed by

polyhedral maps in Section 5.2. In Theorems 1.16 and 1.17, the continuity and

Lipschitz properties of convex functions are shown. By Theorem 1.18, f, a proper

convex function, is necessarily continuous on ri dom f. As is seen from this theo-

rem, a convex function is continuous in dom f and may have a point of discontinuity

only in its boundary. In order to characterize the case in which there is no such dis-

continuity, it is convenient to introduce the closure function concept (a function f is

said to be a closure if its epigraph epi f is a closed set in ℝn11). By Definition 1.26,

the recession function is denoted by f01 and defined as epi (f01 )5 01 (epi f ).

Obviously, if f is a proper convex function, then the recession function f01 of f is a

positively homogeneous proper convex function.

Section 1.5 is devoted to the conjugate of a convex function, which is one of the

basic concepts both of convex analysis and of duality theory. The definition of the

conjugate of a function grows naturally out of the fact that the epigraph of a closed

proper convex function on ℝn is the intersection of the closed half-spaces in ℝn11

that contain it. The function defined as f �ðx�Þ5 supxfhx; x�i2 f ðxÞg is called the

conjugate of f. It is closed and convex. It is useful to remember, in particular, that

2 Approximation and Optimization of Discrete and Differential Inclusions



Young’s inequality f(x)1 f �(x�)$ hx,x�i holds for any function. If here f is a proper

convex function, then we shall refer to this relation as Fenchel’s inequality. Taking

conjugates clearly reverses functional inequalities: f1$ f2 implies f �1 # f �2 :
The polar of a set M is denoted by MO and defined as MO5 {x�: HM(x

�)# 1},

where HM(x
�) is a support function of M. Note that if K is a convex cone, then

KO5 {x�:hx,x�i# 0, ’xAK} and so K� 52KO. Then r�Mðx�Þ5 δMO ðx�Þ; where

rM( � ) is Minkowski’s function. If f is a closed proper convex function, then f5 f ��

(Theorem 1.21). Thus, the conjugacy operation f-f � induces a symmetric one-

to-one correspondence in the class of all closed proper convex functions on ℝn. By

Theorem 1.23, if f is a closed proper convex positively homogeneous function, then

f �(x�)5 δdom f �(x
�) and dom f � is a closed set. The conjugate function of the

support function of a closed convex set is the indicator function of this set

(Theorem 1.25).

In Section 1.6, we analyze directional derivatives and subdifferentials of convex

functions. The theory of subdifferentiation is a fundamental tool in the analysis of

extremum problems. It is known that, in general, convex functions are not differen-

tiable. Nevertheless, these functions have many useful differential properties, and

one of them is the fact that directional derivatives exist universally. Moreover, for

convex function can be defined as the notion of subgradient and the set of subgra-

dients is the subdifferential conception. If f is a proper convex function and

x0Adom f, then the value of the directional derivative f 0(x0,p), finitely or not,

always exists for all p (Lemma 1.31). Obviously, the subdifferential @f(x0) is a

closed convex set. The directional derivative f 0(x0,p) is a positively homogeneous

convex function of p. Theorem 1.27 asserts that x�A@f(x0) if and only if hx0,x�i2
f(x0)5 f �(x�). This simple fact will be used in the next investigations. Also, if f is a

closed proper convex function, then x�A@f(x0) if and only if x0A@f �(x�) (Corollary
1.2). In Section 1.4, we will see that multiplication by positive constants of convex

functions, their addition, and the pointwise supremum of convex functions are

again convex. So it is important to calculate the subdifferentials of such functions.

We have that for f(x)5α f0(x), α. 0, @f(x0)5α@f0(x0). Let f1, f2 be proper convex

functions and f5 f11 f2, x0Adom f1\dom f2 and suppose either (1) there is a point

x1Adom f1\dom f2, where f1 is continuous, or (2) ri dom f1\ri dom f2 6¼[. Then @f
(x0)5 @f1(x0)1 @f2(x0) (Moreau�Rockafellar). In Theorem 1.31, we calculate the

subdifferential of functions of the form f ðxÞ5 supαf f ðx;αÞ: αAAg:
If a set M is given by the inequality of the form M5 {x: f(x)# 0}, where f is a

convex function, then under the existence of an interior point it is proved that the

dual cone is expressed by cone @f(x0), i.e., [cone(M2 x0)]
� 52cone @f(x0)

(Theorem 1.33).

1.2 Some Basic Properties of Convex Sets

We consider the vector x, belonging to n-dimensional real Euclidean space X5ℝn.

We also consider its dual space X� 5ℝn. In this book, the inner product of two

3Convex Sets and Functions



vectors xAX and x�AX� is defined by hx; x�i5 Pn
i51 x

ixi
�
; where xi and xi

�
are the

components of x and x�, respectively. Let us explain the difference between the

two spaces X and X�. The point is that each element of X� plays the role of a linear

function defined on X. It is well known that any linear function l(x) defined on X

can be given by some x� so that l(x)5 hx, x�i. Thus, in order to emphasize the fact

that x� defines a linear function, we introduced such notation.

Definition 1.1. A subset M is said to be convex if

λ1x1 1λ2x2AM; λ1;λ2 $ 0; λ1 1λ2 5 1:

Whenever x1, x2AM, it follows that [ and ℝn are convex.

Let us give some important properties of convex sets.

Lemma 1.1. Let {Mi:iAI} be a collection of nonempty convex sets in ℝn, where

I is an arbitrary index set. Then the intersection

M5 \
iAI

Mi

is also convex.

& By definition, if x1, x2AM, then x1, x2AMi, iAI, and so λ1x11λ2x2AMi for all

iAI and hence λ1x11λ2x2AM’

Lemma 1.2. If M1 and M2 are convex sets in ℝn, then so is the sum c1M11 c2M2,

where c1, c2 are real numbers.

& Recall that by definition, c1M11 c2M2 is the set of points of the form

c1x11 c2x2, where x1AM1, x2AM2. Now, the proof of the lemma follows from the

definition of a convex set.’

Lemma 1.3. If M is a convex set and c1$ 0, c2$ 0, then

ðc1 1 c2ÞM5 c1M1 c2M:

& The inclusion C would be true whether M is convex or not. The reverse inclu-

sion * follows from the convexity relation

M*
c1

c1 1 c2
M1

c2

c1 1 c2
M

on multiplying through by c11 c2, provided c11 c2. 0. If c15 c25 0, the asser-

tion of the theorem is trivial.’

Definition 1.2. A point x is called a convex combination of points x1, . . . , xm if

there are nonnegative numbers λ1, . . . , λm such that

x5λ1x1 1?1λmxm
λi $ 0; i5 1; . . . ;m; λ1 1?1λm 5 1:

ð1:1Þ

4 Approximation and Optimization of Discrete and Differential Inclusions



Lemma 1.4. If M is a convex set and xiAM, i5 1, . . . , m, then the set M contains

all the convex combinations of elements x1, . . . , xm.
& It is convenient to use mathematical induction; for m5 2, the assertion follows

from the definition. Make the induction hypothesis that M contains all the convex

combinations of elements x1, . . . , xm, where m# k. We show that

x5λ1x1 1λ2x2 1?1λkxk 1λk11xk11AM

for all λi, such that λi$ 0, λ11?1λk1 1$ 1. For convenience, suppose λi. 0.

Thus, 12λk1 15λ11?1λk. 0. Since

Xk
i51

λi

12λk11
5

1

12λk11

Xk
i51

λi 5 1;

by the induction hypothesis

y5
λ1

12λk11
x1 1?1

λk

12λk11
xkAM:

Therefore, by the definition of convex set

x5 ð12λk11Þy1λk11xk11AM:’

Note that in many situations in which convex combinations occur in applied mathe-

matics, λ1, . . . , λm can be interpreted as proportions or probabilities. For example,

if m particles with masses α1, . . . , αm are located at points x1, . . . , xm of ℝ3,

the center of gravity of the system is the point x5λ1x11?1λmxm, where

λi5αi/(α11?1αm). In this convex combination, λi is the proportion of the

weight, which is at xi.

Definition 1.3. The intersection of all convex sets containing M is called the con-

vex hull of a set M and denoted by conv M.

We show that conv M is the smallest convex set containing M, characterizing it

as the set of all convex combinations of points of M. Using this characterization,

we prove two combinatorial results, one due to Carathéodory, the other to

Gauss�Lucas on the location of the roots of the derivative of complex polynomial.

According to Lemma 1.1, conv M is a convex set. Since MDconv M, by

Lemma 1.4 it contains all the convex combinations of elements x1, . . . , xm:

x5λ1x1 1?1λmxm; xiAM; i5 1; . . . ;m
λi $ 0; i5 1; . . . ;m; λ1 1?1λm 5 1:

Moreover, it is not hard to see that the set of such points itself is convex. Thus,

on the one hand, conv M contains all the convex combinations (Eq. 1.1) of ele-

ments x1, . . . , xm; on the other hand, by Definition 1.3, conv MDM.

Thus, we have obtained the following result.
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Lemma 1.5. Let M be a set in X5ℝn. Then conv M is the set of all convex combi-

nations of points of M.

Carathéodory’s theorem, which is proved below, states that each point of the

convex hull conv M can be expressed as a convex combination of n1 1 or fewer

points of the set. Thus, a point in the convex hull of a set in ℝ3 is either a point of

the set or belongs to a line segment, a triangle, or a tetrahedron with vertices in

the set.

Theorem 1.1. (Carathéodory) Let M be any set in X5ℝn and x be any point in

conv M. Then x can be expressed as a convex combination of n1 1 or fewer points

of M; i.e., for every xAconv M, there are points x1, . . . , xrAM, such that

x5λ1x1 1?1λrxr;
λ1 1?1λr 5 1; λ1 $ 0; . . . ;λr $ 0;

ð1:2Þ

where r# n1 1.

& In fact, we must show that r# n1 1. Take a point of the form of Eq. (1.1) and

show that the number of nonzero terms in Eq. (1.1) can be reduced if m. n1 1. It

is sufficient to assume that λi. 0. Consider the (n1 1)-dimensional vectors (xi,1),

i5 1, . . . , m. Since by assumption, the number of such vectors is m. n1 1, there

is a linear dependence. Hence, there exist scalars αi, i5 1, . . . , m, not all zero such

that Xm
i51

αixi 5 0 ð1:3Þ

and

Xm
i51

αi 5 0: ð1:4Þ

Of course, by Eq. (1.4) there are necessarily positive αi. Let us denote

ε0 5min
λi

αi

: αi . 0; i5 1; . . . ;m

� �
:

Suppose the minimum is attained at i5 i0. Then it is clear that for any αi,

i5 1, . . . , m

λi 5λi 2 ε0αi $ 0:

Obviously by (1.3) and (1.4),

Xm
i51

λi 5
Xm
i51

λixi 2 ε0
Xm
i51

αixi

 !
5 x

Xm
i51

λi 5
Xm
i51

λi 2 ε0
Xm
i51

αi

 !
5 1:
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By the choice of ε0, the new coefficients λi are nonnegative, and at least one of

them is 0. We therefore have an expression of x as a nonnegative linear combina-

tion of fewer than m elements. This reduction is possible until m. n1 1.’

Theorem 1.2. (Gauss�Lucas) The roots of the derivative of a nonconstant complex

polynomial belong to the convex hull of the set of roots of the polynomial itself.

& Let P be the complex polynomial defined by the equation

PðzÞ5 a0z
n 1?1 an21z1 an;

where n$ 1 and a0, . . . , an are complex numbers with a0 6¼ 0. Then

PðzÞ5 a0ðz2 z0Þ?ðz2 znÞ;

where z1, . . . , zn are the roots of P, each being repeated according to its multiplic-

ity. A routine verification shows that for z 6¼ z1, . . . , zn,

P0ðzÞ
PðzÞ 5

1

z2 z1
1?

1

z2 zn
5

z2 z1

jz2 z1j2
1?1

z2 zn

jz2 znj2
; ð1:5Þ

where z is the conjugate of z. Now, let z be a root of P0. We establish the theorem

by showing z as a convex combination of z1, . . . , zn. This can be done trivially if z

is one of z1, . . . , zn, so we assume that this is not the case. Setting P0(z)5 0 in

Eq. (1.5), we find that

z5

1

jz2 z1j2
z1 1?1

1

jz2 znj2
zn

1

jz2 z1j2
1?1

1

jz2 znj2
;

which expresses z as a convex combination of z1, . . . , zn. Here we have used the

fact that if P0(z)5 0, then P0ðzÞ5 0:’
Note that the open unit ball B in ℝn centered at the origin and radius 1 is the set

of all points of ℝn whose distance from the origin is less than 1; i.e.,

B5 fx : kxk, 1g; kxk5 hx; xi1=2:

Definition 1.4. A point x of a set M in ℝn is said to be an interior point of M, if

there exists a number ε. 0 such that x1 εBDM.

The set of interior points of M is called the interior of M and denoted by int M.

Clearly, int M1Dint M2 when M1DM2. A set in ℝn, each of whose points is an

interior point of the set, is said to be open. Since int MDM is always true, M is

open if and only if int M5M. Clearly, the sets [ and ℝn are open.

Definition 1.5. A point x is said to be a limit point of M if there exists a sequence

xkAM that converges to x. The set of all limit points of M is called the closure of

M and is denoted by M :
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Lemma 1.6. The closure and interior of a convex set M are convex sets.

& If M is convex, then x1Aint M and x2Aint M imply that x11 ε1BDM,

x21 ε2BDM. Let λ1xl1λ2x2 be the convex combination of points x1 and x2. Thus,

λ1ðx1 1 ε1BÞ1λ2ðx2 1 ε2BÞ5λ1x1 1λ2x2 1 ðλ1ε1 1λ2ε2ÞBDM;

i.e., λ1x11λ2x2 is a point of int M.

Now, if x1; x2AM ; then by definition of a closure set there exist sequences

x1k, x2kAM, such that x1k-x1, x2k-x2. Let λ1x1k1λ2x2k be the convex combina-

tion of points x1k, x2k. Therefore, since λ1x1k1λ2x2kAM, we have λ1x1 1λ2x2 5
limk-Nðλ1x1k 1λ1x2kÞAM :’

Definition 1.6. Let M be a convex set in ℝn and x0 be any point of M. Then the

intersection of all possible underlying (carrier) subspaces containing M2 x0
is called the linear hull for a set M and denoted by Lin M. In other words, Lin

M is the smallest subspace of ℝn that contains M. The affine hull Aff M of a set M

is the intersection of all affine sets (synonyms used by other authors for affine set

include affine manifold, affine variety, linear variety, flat) in ℝn containing M.

Thus, we may refer to Aff M as the smallest affine set containing M. Then we

can define the affine hull as Aff M5 x01Lin M.

Definition 1.7. The relative interior of a convex set M in ℝn, which we denote by

ri M, is defined as the interior that results when M is regarded as a subset of its

affine hull Aff M. That is, ri M consists of the points x1AAff M for which there

exists an ε. 0, such that x2AM whenever x2AAff M and kx12 x2k# ε; i.e.,

ri M5 fxAaff M : 'ε. 0; ðx1 εBÞ \ ðaff MÞCMg;

where B is a closed unit ball. Observe that ri MCMCM : Naturally, M is said to be

relatively open if ri M5M.

Definition 1.8. The dimension of a convex set M is the dimension of Lin M and is

denoted by dim M.

A set of m1 1 points x0, x1, . . . , xm is said to be affinely independent if Aff {x0,

x1, . . . , xm} is m-dimensional. If {x0, x1, . . . , xm} is affinely independent, its con-

vex hull is called an m-dimensional simplex, and x0, x1, . . . , xm are called the verti-

ces of the simplex.

For an n-dimensional convex set, Aff M5ℝn by definition, so ri M5 int M.

It should be pointed out that although the inclusion M1CM2 implies M1CM2

and int M1Cint M2, it does not generally imply ri M1Cri M2. For example, if M2

is a square in ℝ2 and M1 is one of the sides of M2, then ri M1 and ri M2 are both

nonempty but disjoint.
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Lemma 1.7. ri M 5 ri M:
& Observe that Lin M is a closed set containing M; i.e., Lin M+M : On the other

hand, Lin M5Lin M : It is also clear that ri MDri M : Let us show the reverse

inclusion. Let xAri M and suppose e1, . . . , er is a basis for Lin M. Then, for small ε
we have

yk 5 x1 ε ek 2
1

r1 1
e

0
@

1
AAM ; k5 1; . . . ; r;

y0 5 x2
ε

r1 1
eAM ;

where e5 e11?1 er. The vectors yk2 y05 εek are linearly independent and

x5
1

r1 1
y0 1?1

1

r1 1
yr:

This equality means that x is an interior point of an r-dimensional simplex with

vertices y0, . . . , yr. Taking points ykAM sufficiently close to yk, we see that x is an

interior point of a simplex with vertices yk : It follows that x is also an interior point

of M. Thus, ri M+ri M :’

Definition 1.9. The intersection of all closed convex sets containing M is called the

closed convex hull of a set M and denoted by conv M:

Lemma 1.8. conv M5 conv M :
& Since conv M is the intersection of all convex sets containing M, we have the

inclusion conv M+ conv M: It follows that conv M+ conv M : Conversely,

conv M is a closed convex set. Hence, conv MD conv M : This ends the proof of

lemma.’

Theorem 1.3. The convex hull of a compact set is itself compact.

& Remember that a set in ℝn is compact if and only if it is both closed and

bounded (or, equivalently, if each sequence of its points contains some subse-

quence that converges to a point of the given set).

If M is compact and xAconv M, then by Theorem 1.1 we can write:

x5
Xn11
i51

λixi; xiAM; λi $ 0;
Xn11
i51

λi 5 1:

Therefore,

kxk#
Xn11
i51

λikxik# c;
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where c is a constant such that kxk# c for all xAM. Thus, conv M is a bounded

set. We show that M is a closed set. Let

xk 5
Xn11
i51

λikxik; xikAM;
Xn11
i51

λik 5 1: ð1:6Þ

Since the sequences λik and xik are bounded, they contain convergent subsequences.

Without loss of generality, assume that λik-λi0 and xik-xi0AM (remember that M

is compact). Then by passing to the limit in Eq. (1.6), we have

x0 5
Xn11
i51

λi0xi0; xi0AM;
Xn11
i51

λi0 5 1:

It follows that x0Aconv M, so conv M is closed.’

The following property of closures and relative interiors of convex sets is

fundamental.

Theorem 1.4. Let M be a convex set in ℝn. If x1AM ; x1Ari M; then (12λ)
x11λx2Ari M for all λ in (0,1). In addition, M 5 ri M :
& If x2Ari M, then x21Lin M\(εB)DM. Hence, it follows that

ð12λÞx1 1λðx2 1Lin MðεBÞÞ5 ð12λÞx1 1λx2 1Lin MðλεBÞDM :

That is, since ri M5 ri M by Lemma 1.7, we have (12λ)x11λx2Ari M. Now, let

x0AM ; xkAM, xk-x0, λk-0. Thus, (12λk)xk1λkyAri M if yAri M.

Therefore, x0 is a limit point for ri M. Consequently, MDri M : The reverse

inclusion is trivial.’

Lemma 1.9. Let M be a convex set and x0AM ; but x0 =2M. Then in any neighbor-

hood of x0 there are points not contained in M :
& Take a point yAri M. Then the points of the ray y1λ(x02 y), λ. 1, do not

belong to M : We argue by contradiction. Suppose that if λ. 1, then

x1 5 y1λðx0 2 yÞAM : Thus, by Theorem 1.4, we deduce that

x0 5
1

λ
x1 1 12

1

λ

� �
yAri M:

But by hypothesis, x0 =2M. This contradiction proves the lemma.’

The results on the separation of convex sets that we establish below are among

the most important ones in convexity. They are based on the fact that a hyperplane

in ℝn divides ℝn into two, in the sense that the complement of the hyperplane is

the union of two disjoint open convex sets—the open half-spaces associated

with the hyperplane. A hyperplane H is said to separate the sets M1 and M2 if M1

lies in one of the closed half-spaces determined by H, and M2 lies in other. Some

kinds (properly, strongly) of separation the reader can find, for example, in Refs.

[111, 226]. Obviously, if a hyperplane separates two sets, then it also separates

their convex hulls; for this reason, we consider only the separation of convex sets.
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Theorem 1.5. Let M be a nonempty convex set and assume that x0 =2M : Then there

are x� and ε. 0, such that

hx; x�i# hx0; x�i2 ε ’xAM:

& Let y be the point of M closest to x0 (since M is closed, a point y exists) such

that

kx2 x0k$ ky2 x0k; ’xAM :

The convexity of M implies that λx1 ð12λÞy5 y1λðx2 yÞAM for all λA[0,1].

Thus,

kλx1 ð12λÞy2 x0k2 5 hy2 x0 1λðx2 yÞ; y2 x0 1λðx2 yÞi
5 ky2 x0k2 1 2λhx2 y; y2 x0i1λ2kx2 yk2 $ ky2 x0k2:

As a result of a simple transformation we obtain

2hx2 y; y2 x0i1λkx2 yk2 $ 0; λA½0; 1�:

In particular, if λ5 0 it follows that

hx2 y; y2 x0i$ 0: ð1:7Þ

Let x� 5 x02 y, ε5 kx�k2. Here, y 6¼ x0, because x0 =2M by hypothesis.

This implies that x� 6¼ 0 and so ε. 0. Now, the inequality in Eq. (1.7) can be

rewritten as follows:

hx; x�i# hy; x�i5 hx0; x�i2 hx�; x�i5 hx0; x�i2 ε:

for arbitrary xAM.’

Theorem 1.6. Let M be a convex set not containing x0. Then, there is a point

x� 6¼ 0 such that

hx; x�i# hx0; x�i ’xAM:

& The assertion follows from the previous theorem if x0 =2M : So assume that

x0 =2M : Then, by Lemma 1.9, there exists a sequence xk-x0, xk =2M : Then, accord-
ing to Theorem 1.5,

hx; x�ki# hxk; x�ki2 εk; εk . 0:
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Since εk. 0, it follows that x�k 6¼ 0: Taking into account that εk is arbitrarily small

and x�k 6¼ 0; we can write

x;
x�k

kx�kk

� �
# xk;

x�k
kx�kk

� �
: ð1:8Þ

The sequence x�k=kx�kk is bounded and so contains a convergent subsequence.

Without loss of generality, suppose that

x�k
kx�kk

-x�0; kx�0k5 1: ð1:9Þ

Thus, by passing to the limit in Eq. (1.8), we have hx; x�0i# hx0; x�0i:’

Theorem 1.7. If M1 and M2 are nonempty disjoint convex sets, then there exists

x� 6¼ 0 such that

hx1; x�i# hx2; x�i

for all x1AM1, x2AM2.

& Consider the convex set M5M12M2. Since M1 and M2 are nonempty disjoint

convex sets, the point x05 0 does not belong to M. Then by the preceding theorem

we obtain the existence of x� 6¼ 0 such that

hx; x�i# h0; x�i ð1:10Þ

for all xAM; i.e., for x5 x12 x2, x1AM1, x2AM2. Then by substituting x5 x12 x2
into Eq. (1.10), we obtain

hx1 2 x2; x
�i# 0; x1AM1; x2AM2:’

Theorem 1.8. Let M1 and M2 be nonempty disjoint closed convex sets, one of

which is compact. Then there exist x� 6¼ 0 and ε. 0 such that

hx1; x�i# hx2; x�i2 ε ’x1AM1; x2AM2:

& Observe that, as in the proof of the preceding theorem, the point x05 0 does not

belong to M5M12M2. But since M1 and M2 are closed and one of them is com-

pact, it is not hard to see that M is a closed set. Thus, 0 =2M. Applying the preced-

ing theorem ends the proof of this theorem.’

Definition 1.10. Let M be a convex set and 0Aint M. Then a function

rMðxÞ5 inf α : α. 0;
x

α
AM

n o

defined on X5ℝn is called a Minkowski (or gauge) function.
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Since 0Aint M, α21xAM for any x, when α is sufficiently large and rM(x) is

always a finite number. Besides, by definition, rM(x)$ 0.

Lemma 1.10. Let M be a convex set and 0Aint M. Then:

a. rM(λx)5λrM(x) if λ$ 0;

b. rM(x)# 1, if xAM and rM(x)$ 1, if x =2M;

c. rM(x1 y)# rM (x)1 rM(y).

& a. Let λα15α. We have

rMðλxÞ5 inf
α

α : α. 0;
λx
α

AM

8<
:

9=
;5 inf

α1

fλα1 : α1 . 0;α21
1 xAMg

5λ inf
α1

fα1 : α1 . 0;α21
1 xAMg5λrMðxÞ:

b. If xAM, then x/1AM, so that rM(x)# 1. Now, let x =2M. On the contrary, if rM(x), 1,

then there is α, 1 such that α21xAM. Because 0AM and M is convex, we can write

x5 ð12αÞ01αðα21xÞAM;

which contradicts the fact that x =2M. Thus, rM(x)$ 1 for all x =2M.

c. Let γ. rM(x)1 rM(y). Then there are α and β so that γ5α1β, α. rM(x),

β. rM(y). The inequality α. rM(x) implies that α21xAM. Indeed, by definition of

rM(x), there is a number α1 such that α.α1. rM(x) and α21
1 xAM: Because M is con-

vex and 0AM, it follows that α21x5 ð12α21α1Þ01α21α1ðα21
1 xÞAM: Similarly, we

can prove that β21yAM. Thus, we have

x1 y

γ
5

x1 y

α1β
5

α
α1 β

ðα21xÞ1 β
α1 β

ðβ21yÞAM:

Consequently, rM(x1 y)# γ. But since γ is an arbitrary number satisfying

γ. rM(x)1 rM (y), finally we obtain

rMðx1 yÞ# rMðxÞ1 rMðyÞ:

We now associate with each nonempty convex set a convex function known as its

support function.’

Definition 1.11. The support function HM of a nonempty set M in ℝn is defined by:

HMðx�Þ5 sup
x
fhx; x�i : xAMg:

Theorem 1.9. Let M be a closed convex set. Then xAM if and only if

hx; x�i#HMðx�Þ ð1:11Þ

for all x�.
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& If xAM, then according to the definition of support function, the inequality in

Eq. (1.11) is satisfied.

Conversely, let Eq. (1.11) be satisfied for x0 and x0 =2M. Then by Theorem 1.5,

there exist x� and ε. 0 such that

hx; x�i# hx0; x�i2 ε

for all xAM. Thus, the least upper bound (supremum) of the left-hand side of this

inequality is HM(x
�); i.e.,

HMðx�Þ# hx0; x�i2 ε;

which contradicts Eq. (1.11).’

Thus, a convex set can be characterized by both Minkowski’s function and sup-

port functions.

By way of an example, we find the support function HM of the set M defined as

M5 fx5 ðx1; . . . ; xnÞAℝn : jx1j1?1 jxnj# 1g:

Let x� 5 ðx�1; . . . ; x�nÞ. Then

HMðx�Þ5 sup
xAM

hx�; xi5 sup
x
fx1x�1 1?1 xnx

�
n : jx1j1?1 jxnj# 1g

# sup
x
fjx�1jjx1j1?1 jx�njjxnj : jx1j1?1 jxnj# 1g

# sup
x
f½maxðjx�1j; . . . ; jx�njÞ�ðjx1j1?1 jxnjÞ : jx1j1?1 jxnj# 1g

5maxfjx�1j; . . . ; jx�njg:

Let kA{1, . . . , n} be such that jx�k j5maxfjx�1j; . . . ; jx�njg: Define a point x5
(x1, . . . , xn) of M by the conditions xi5 0 when i 6¼ k and x�k is 1 or 21 according

to whether x�k is nonnegative or negative. Then

hx�; xi5 jx�k j5maxfjx�1j; . . . ; jx�njg;

and, therefore, HMðx�Þ$maxfjx�1j; . . . ; jx�njg: We have thus shown that

HMðx�Þ5maxfjx�1j; . . . ; jx�njg:

1.3 Convex Cones and Dual Cones

A convex cone is one of the important concepts in the theory of extremal problems.

To investigate its properties, first we must calculate the dual cone.
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Definition 1.12. A convex set K is said to be a cone if xAK and λ. 0 imply that

λxAK.

Lemma 1.11. If x1, . . . , xmAK, λ1. 0, . . . , λm. 0, then

λ1x1 1λ2x2 1?1λmxmAK:

& The proof of the lemma follows immediately from the formula:

λ1x1 1?1λmxm 5λ
λ1

λ
x1 1?1

λm

λ
xm

� �
;

where λ5λ11?1λm, which is Lemma 1.4, and the definition of a cone.’

Thus, a convex cone (or, briefly, a cone) contains any linear combination with posi-

tive coefficients of its elements.

We assume, unless otherwise stated, that the cones being considered are convex.

Definition 1.13. The set of vectors x�AX� 5ℝn for which hx,x�i$ 0 holds for all

xAK is called the dual cone to the cone K and is denoted by K�. Briefly, it can be

written as follows:

K� 5 fx�AX� : hx; x�i$ 0 ’xAKg:

Obviously, K� is a convex cone.

Some important properties of cones follow.

Lemma 1.12. K� is a closed cone.

& If x�kAK�; then hx�k ; xi$ 0 for all xAK. By passing to the limit in this inequality

as x�k-x�0; k-N, we have

hx; x�0i$ 0 ’xAK;

which means that x�0AK�:’

Lemma 1.13. K and K have the same dual cones; i.e., K� 5 ðK Þ�:
& If x�AðK Þ�; then hx,x�i$ 0 for all xAK and so for all xAK. Hence, x�AK�.
Conversely, if x�AK�, then by continuity, hx,x�i is nonnegative, because elements

of K are the limit points of K.’

Lemma 1.14. If K is a closed cone and hx,x�i$ 0 for all x�AK�, then xAK.

& We argue by contradiction. Suppose x0 =2K, but hx0,x�i$ 0 for all x�AK�. Since
x0 =2K, by Theorem 1.8, there exist x� and ε. 0 such that

hx0; x�i# hx; x�i2 ε ð1:12Þ
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for all xAK. We show that

inf
xAK

hx; x�i5 0 ð1:13Þ

Indeed, since by definition xAK implies λxAK, λ. 0, any cone K contains ele-

ments sufficiently close to zero. In particular, a closed cone always contains the

zero point, so the infimum of hx; x�i cannot be greater than zero. On the other

hand, according to Eq. (1.12), the inner product hx; x�i is bounded below. We prove

that hx; x�i$ 0: On the contrary, suppose that there exists a point x1AK such that

hx; x�i, 0: Then denoting x5λx1 and by passing to the limit in hx; x�i; as

λ-1N, we observe that hx; x�i-2N: This contradiction proves that hx; x�i$ 0:
It follows that the formula in Eq. (1.13) is true. Thus, x�AK�: Setting x5 0 in the

inequality in Eq. (1.12), we have hx; x�i,2ε; which contradicts that hx0,x�i$ 0

for all x�AK�. Consequently, x0AK.’

Naturally, later on we denote K�� 5 (K�)�.

Lemma 1.15. If K is a closed cone, then K�� 5K.

& According to Definition 1.13, we can write

K�� 5 fx : hx; x�i$ 0; x�AK�g:

And if xAK, then hx,x�i$ 0 for x�AK�. Conversely, if K is closed, then by the pre-

vious lemma, from the inequality, hx,x�i$ 0 for all x�AK�, it follows that xAK.’

Note that in the more general case for any convex cone, K�� 5K : This follows
from Lemma 1.13 because K�� 5 ðK Þ� and so K�� 5 ðK Þ�� 5K :

Lemma 1.16. Let K1 and K2 be convex cones. Then K11K2 is also a convex cone

and

ðK1 1K2Þ� 5K�
1 \ K�

2 :

& Note that the convexity of K11K2 follows immediately from Lemma 1.2. On

the other hand, it is easy to see that if K11K2 contains a point x5 x11 x2, x1AK1,

x2AK2, then it also contains an element λx5λx11λx2, λ. 0. Moreover, x�A
(K11K2)

� if and only if

hx1 1 x2; x
�i$ 0; x1AK1; x2AK2:

Since x1 and x2 change independently and one of them can tend to zero, if neces-

sary, the latter inequality is equivalent to the inequalities

hx1; x�i$ 0; x1AK1;
hx2; x�i$ 0; x2AK2;

i.e., x�AK�
1 and x�AK�

2 : Thus, it is proved that x�A(K11K2)
� if and only if

x�AK�
1 \ K�

2 :’
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Lemma 1.17. If the cones K1 and K2 are closed, then

ðK1 \ K2Þ� 5K�
1 1K�

2 : ð1:14Þ

& In fact, by using the previous results, we can write

ðK1 \ K2Þ� 5 ðK��
1 \ K��

2 Þ� 5 ððK�
1 1K�

2 Þ�Þ� 5 ðK�
1 1K�

2 Þ�� 5K�
1 1K�

2 :’

Remark 1.1. We mention that a bar denotes the closure of a set. It should be

pointed out that, in general, the formula in Eq. (1.14) is not true without the clo-

sure: the left-hand side of Eq. (1.14) is always closed, but the right-hand side may

or may not be closed.

Lemma 1.18. If hx,x�i is bounded below for all xAK, then x�AK�. Moreover, if

xAint K, then

hx; x�i. 0

for all x�AK�, x� 6¼ 0.

& In fact, the first assertion is proved in Lemma 1.14. We show the second asser-

tion. If xAint K, then there is an ε. 0 such that x1 εBDK, where B is the

Euclidean unit ball. Hence,

hx1 εz; x�i$ 0

for all x�AK� and zAB. Then it follows that

hx; x�i$ ε sub
zAB

h2z; x�i$ ε
x�

kx�k ; x
�

� �
5 εkx�k. 0;

i.e., hx,x�i. 0 for all x�AK�, x� 6¼ 0.’

Theorem 1.10. Let K1, . . . , Km be convex cones. In order that their intersection be

empty, it is necessary and sufficient that there exist x�i AK�
i ; i5 1; . . . ;m not all

zero, such that

x�1 1?1 x�m 5 0:

& Consider the Cartesian product Xm5X3X3?3X5ℝmn. The elements of

Xm have the form (x1, x2, . . . , xm), where xiAX(i5 1, . . . , m). Obviously, the scalar

product of vectors (x1, . . . , xm) and ðx�1; . . . ; x�mÞ can be written in the form of the

sum:

hx1; x�1i1 hx2; x�2i1?1 hxm; x�mi:
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Consider two cones in Xm of the form

K5K1 3?3Km 5 fðx1; . . . ; xmÞ : x1AK1; . . . ; xmAKmg;
P5 fðx; . . . ; xÞ : xAXg:

Since \m
i5 1Ki 5[; it is not hard to see that the cones K and P are disjoint, i.e.,

K\P5[. Applying Theorem 1.6, we determine that there is a vector ðx�1; . . . ; x�mÞ
such that

hx; x�1i1?1 hx; x�mi# hx1; x�1i1?1 hxm; x�mi ð1:15Þ

for all xAX, x1AK1, . . . , xmAKm.

The inequality in Eq. (1.15) implies that hxi; x�i i is bounded on Ki, i5 1, 2, . . . , m.
By Lemma 1.18, it follows that

x�i AK�
i ; i5 1; . . . ;m ð1:16Þ

By Eq. (1.15), hx; x�1 1?1 x�mi is bounded above for all xAX. Since a nonzero lin-

ear function takes infinitely large values, the boundedness of hx; x�1 1?1 x�mi
implies that

x�1 1?1 x�m 5 0: ð1:17Þ

Now taking into account Eqs. (1.16) and (1.17), we have the desired result.’

Theorem 1.11. Let K1, K2, . . . , Km be convex cones. If K5K1\K2\?\Km and

K1\int K2\?\int Km 6¼[, then

K� 5K�
1 1?1K�

m:

& The validity of the inclusion

K�+K�
1 1?1K�

m

is verified immediately, starting from the definition of a dual cone. We prove the

inverse inclusion. Let x�AK�, x� 6¼ 0 denote

K0 5 fx : hx; x�i, 0g:

We show that the cones K0 and K are disjoint. On the contrary, suppose that there

exists an element x1AK0\K 6¼[. Since x1AK0, we have:

hx1; x�i, 0:
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On the other hand, since x1AK, x�AK�, by definition of dual cone,

hx1; x�i$ 0:

Therefore, the last two inequalities contradict each other, so K0\K 6¼[. Consider

the dual cone K�
0 : Suppose that hx,x�i, 0 implies that hx,y�i$ 0; i.e., y�AK�

0 ,

y� 6¼ 0. Then x� and y� are linearly dependent vectors. This means that there are

numbers α1 and α2 (at least one of them is nonzero) such that

α1x
� 2α2y

� 5 0:

Because x� 6¼ 0 and y� 6¼ 0, we have α2 6¼ 0 and

y� 5λx�; λ5α1=α2:

Moreover,

0# hx; y�i5λhx; x�i

for all xAK0. Since hx,x�i, 0, it follows from the last inequality that λ, 0. If

y� 5 0, we put y� 5 0 � x�. Thus, we find that

K�
0 5 fy� : y� 5λx�; λ# 0g:

Because the cones K0 and K are disjoint (i.e., K0, K1, . . . , Km are disjoint), accord-

ing to preceding theorems, there exist vectors y�AK�
0 ; x

�
i AK�

i ; i5 1; . . . ;m such

that

y� 1 x�1 1?1 x�m 5 0; ð1:18Þ

where not all terms are zero. By using y� 5λx� and λ# 0, we rewrite Eq. (1.18) in

the form

2λx� 5 x�1 1?1 x�m: ð1:19Þ

Observe that if λ, 0, then

x� 5 2
1

λ

� �
x�1 1 2

1

λ

� �
x�2 1?1 2

1

λ

� �
x�mAK�

1 1?1K�
m:

Here, note that x�i AK�
i ; i5 1; . . . ;m:

Next, we show that λ 6¼ 0. On the contrary, suppose that λ5 0. Then, it follows

from Eq. (1.19) that

x�1 1?1 x�m 5 0 ð1:20Þ
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Here, not all x�i are zero and so at least two of them, say x�1 and x�2; are nonzero. By

the hypotheses of the theorem, there exists a point x0AK1\int K2?\int Km so that

by Lemma 1.18

hx0; x�2i. 0

and hx0; x�i i$ 0 for i 6¼ 2. Then taking into account Eq. (1.20), we establish the fol-

lowing contradiction:

05 hx0; x�1 1 x�2 1?1 x�mi5 hx0; x�1i1?1 hx0; x�mi. 0;

i.e., 0. 0.’

Theorem 1.12. Let K1, . . . , Km be convex cones and K5K1\?\Km. Then either

K� 5K�
1 1?1K�

m ð1:21Þ

or there exist x�i AK�
i ; not all zero, such that

x�1 1?1 x�m 5 0:

& If for all x�AK� it occurs that λ, 0 in Eq. (1.19), then x� can be represented as

a sum of x�i AK�
i : Clearly, this representation implies Eq. (1.21). If λ5 0 for some

x�, then the formula in Eq. (1.20) is satisfied.’

As is shown in Theorem 1.11, if the intersection of cones is empty, then the

equality in Eq. (1.20) is true.

Definition 1.14. The cones K1, . . . , Km are called separable if there exist vectors

x�i AK�
i ; not all zero, such that

x�1 1?1 x�m 5 0:

Definition 1.15. Let M be an arbitrary nonempty set in ℝn. The cone defined by

cone M5 fx : x5λx1; x1AM; λ. 0g

is called the cone generated by M.

Lemma 1.19. If M is a convex set, then cone M is a convex cone.

& Take x1Acone M and x2Acone M. Then

x1 5λx1 ; x2 5λx2 ; x1 ; x2AM; λ1; λ2 . 0:
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Let α1. 0 and α2. 0 be arbitrary numbers. Then we can write:

α1x1 1α2x2 5α1λ1x1 1α2λ2x2

5 ðα1λ1 1α2λ2Þ
α1λ1

α1λ1 1α2λ2

x1 1
α2λ2

α1λ1 1α2λ2

x2

� 	
Acone M:

Here, we have used the fact that M is convex, and so

α1λ1

α1λ1 1α2λ2

x1 1
α2λ2

α1λ1 1α2λ2

x2

� 	
AM:’

Lemma 1.20. Let M be a convex set. Then x�A(cone M)� if and only if hx,x�i$ 0

for all xAM.

& In fact, x�A(cone M)� if and only if

hλx; x�i$ 0

for all λ$ 0 and all xAM. Since λ$ 0, it follows that hx,x�i$ 0 for all xAM.’

Definition 1.16. Let M be a nonempty convex set in ℝn. The recession cone of M

is denoted by 01M and is defined as

01M5 fx 6¼ 0 : x1λxAM; ’xAM; ’λ$ 0g [ f0g:

Observe that if M is bounded, it certainly contains no half-lines, so that

01M5 {0}.

As examples of recession cones in ℝ2, for

M1 5 ðx1; x2Þ : x1 . 0; x2 $
1

x1

8<
:

9=
;;

M2 5 fðx1; x2Þ : x1 . 0; x2 . 0g [ fð0; 0Þg;

one has

01M1 5 fðx1; x2Þ : x1 $ 0; x2 $ 0g;
01M2 5 fðx1; x2Þ : x1 . 0; x2 . 0g [ fð0; 0Þg5M2:

Moreover, if

M5 fx : hx; x�ki#βk; kAIg;
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where x�kAℝn; βkAℝ1 and I is an arbitrary index set, then

01M5 fx : hx; x�ki# 0; kAIg:

Definition 1.17. A polyhedral convex set in ℝn is a set that can be expressed as the

intersection of some finite family of closed half-spaces, that is, as the set of solu-

tions to some finite system of inequalities of the form

hx; x�ki#βk; k5 1; . . . ; l: ð1:22Þ

The definition of a polyhedral set immediately makes it clear why such sets play a

leading role in linear programming.

In particular, if the finite system of inequalities in Eq. (1.22) is homogeneous

(βk5 0, k5 1, . . . , l); i.e.,

hx; x�ki# 0; k5 1; . . . ; l; ð1:23Þ

then the set of solutions to this finite system of inequalities is called a polyhedral

convex cone. A bounded polyhedral convex set is a polytope (polyhedron), which

is the convex hull of finitely many points. Clearly, a polyhedral set is closed.

Theorem 1.13. (Farkas) If K is a polyhedral cone, then the dual cone K� is polyhe-

dral and consists of the elements of the form

x� 5
Xl
k51

γkx
�
k ; γk $ 0:

& Consider a polyhedral cone

K~5 x� : x� 5
Xl
k51

γkx
�
k ; γk $ 0

( )
:

By the definition of a dual cone, xAðK~Þ�; if

x;
Xl
k51

γkx
�
k

* +
$ 0; γk $ 0; k5 1; . . . ; l:

It follows that

hx; x�ki$ 0; k5 1; . . . ; l;
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i.e., xAK. Thus, K5 ðK~Þ�: Consequently, since K is closed as a polyhedral cone,

we have

K� 5 ðK~Þ�� 5 K~:’

Lemma 1.21. The sum of polyhedral cones is a polyhedral cone.

& Let K1 and K2 be polyhedral cones. Then there exists a collection of vectors xi1,

i5 1, . . . , m and xj2, j5 1, . . . , l such that all x1AK1, x2AK2 can be represented as

x1 5
Xm
i51

λixi1; λi $ 0; x2 5
Xl
j51

γjxj2; γj $ 0:

If now xAK11K2, then

x5 x1 1 x2 5
Xm
i51

λixi1 1
Xl
j51

γjxj2; λi $ 0; γj $ 0;

i.e., K11K2 is a polyhedral cone.’

Lemma 1.22. If K1, . . . , Km are polyhedral cones, then

ðK1 \? \ KmÞ� 5K�
1 1?1K�

m:

& According to Lemma 1.17, we have

ðK1 \? \ KmÞ� 5K�
1 1?1K�

m :

Since K�
i ; i5 1; . . . ;m are polyhedral cones, by Lemma 1.21, K�

1 1?1K�
m is also

a polyhedral cone. Thus, this sum of cones is closed and the bar above it can be

removed.’

Theorem 1.14. A polyhedral set can be represented as a sum of a polytope and a

polyhedral cone. Conversely, the sum of any polytope and a polyhedral cone is a

polyhedral set.

& Let us introduce an additional coordinate x0 and consider a system of homoge-

neous inequalities

hx; x�ki2 x0βk # 0; k5 1; . . . ; l; x0 $ 0 ð1:24Þ
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Clearly, the set of solutions to this system is a polyhedral cone in ℝn11, the ele-

ments of which can be represented as follows:

x0

x

� �
5
Xm
j51

λj
x0j
xj

� �
; λj $ 0; ð1:25Þ

where x0
x


 �
is an (n1 1)-dimensional vector in ℝn11. Observe that λj$ 0 is arbi-

trary. In particular, taking λj5 1, λi5 0, i 6¼ j, the inequality in Eq. (1.25) implies

that x0j $ 0:
Let

I0 5 f j : x0j 5 0; j5 1; . . . ;mg

and

I15 f j : x0j . 0; j5 1; . . . ;mg:

Denoting yj 5 xj=x0j ; γj 5λjx
0
j ; jAI1; we rewrite the inequality in Eq. (1.25) in the

forms:

x0 5
X
jAI1

λjx
0
j 5

X
jAI1

γj; γj $ 0 ð1:26Þ

and

x5
X
jAI0

λjxj 1
X
jAI1

λjx
0
j

xj

x0j

 !
5
X
jAI0

λjxj 1
X
jAI1

γjyj; γj $ 0

Thus, every solution of Eq. (1.24) can be represented in the form of Eq. (1.26).

Remember that setting x05 1, a solution to Eq. (1.22) is obtained from a solution

to Eq. (1.24). Consequently, every solution of Eq. (1.22) can be represented in the

form

x5
X
jAI0

λjxj 1
X
jAI1

γjyj; λj $ 0 ð1:27Þ

and X
jAI1

γj 5 1; γj $ 0; jAI1: ð1:28Þ

Note that the first term on the right-hand side of Eq. (1.27) represents a point of

a polyhedral cone, while the second term is a point of some polytope. Similarly,

taking into account Eqs. (1.27) and (1.28) in reverse direction, it can be shown that

the sum of any polytope and polyhedral cone is a polyhedral set.’
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1.4 The Main Properties of Convex Functions

Let f be a function whose values are real or 6N and whose domain is a subset of

ℝn. The effective domain of a function f (dom f) is the set of points of ℝn on which

the values of f are real or 2N:

dom f 5 fx : f ðxÞ, 1Ng:

The epigraph of f is the set of pairs x0Aℝ1 and xAX5ℝn such that x0$ f(x):

epi f 5 fðx0; xÞ : x0 $ f ðxÞg:

It should be noted that a point (x0,x)Aℝn11 belongs to epi f, if xAdom f, because in

the case f(x)51N, there is no real number x0 such that x0$ f(x). It is not hard to

see that the function f can be defined by epi f as follows:

f ðxÞ5 inf
x0
fx0 : ðx0; xÞAepi f g: ð1:29Þ

Thus, there is a close connection between subsets of ℝn11 and functions defined

on ℝn.

Definition 1.18. A function f is said to be convex if epi f is a convex set.

Definition 1.19. A function f is said to be proper if f(x),1N for at least one

x and f(x).2N for every x. A function that is not proper is improper.

Thus, f is proper if and only if dom f 6¼[ and f(x) is finite for xAdom f.

Lemma 1.23. Let f be a proper function. Then f is convex if and only if

f ðλx1 1λx2Þ#λ1f ðx1Þ1λ2f ðx2Þ;
λ1 $ 0; λ2 $ 0; λ1 1λ2 5 1:

ð1:30Þ

& If f is convex, then, by Definition 1.18, for all λ1, λ2$ 0, λ11λ25 1,

λ1ðx01; x1Þ1λ2ðx02; x2Þ5 ðλ1x
0
1 1λ2x

0
2;λ1x1 1λ2x2ÞAepi f

if ðx01; x1ÞAepi f ; ðx02; x2ÞAepi f or, equivalently,

f ðλ1x1 1λ2x2Þ#λ1x
0
1 1λ2x

0
2:

In particular, if x01 5 f ðx1Þ; x02 5 f ðx2Þ; then

f ðλ1x1 1λ2x2Þ#λ1f ðx1Þ1λ2f ðx2Þ;
λ1 1λ2 5 1; λ1;λ2 $ 0
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Conversely, it is not hard to see that if f is a proper function satisfying

Eq. (1.30), then f is convex.’

Lemma 1.24. If f is convex, then its dom f is a convex set.

& Let x1, x2Adom f. Then there exist x01; x02 such that f ðx1Þ# x01; f ðx2Þ# x02: Thus,
ðx01; x1ÞAepi f ; ðx02; x2ÞAepi f ; and so

λ1ðx01; x1Þ1λ2ðx02; x2ÞAepi f ;
λ1 1λ2 5 1; λ1;λ2 $ 0

or

f ðλ1x1 1λ2x2Þ#λ1x
0
1 1λ2x

0
2:

Consequently, f(λ1x11λ2x2) is not equal to 1N, and so λ1x11λ2x2Adom f.’

It follows from Lemma 1.24 that dom f is convex, even if f is an improper func-

tion. Consider such a function. Let yAdom f, for which f(y)52N, but xAri dom f.

Then (x2 y)ALin dom f and so x15 x1 ε(x2 y)Adom f for a sufficiently small

ε. 0. It is clear that

x5
1

11 ε
x1 1

ε
11 ε

y:

If y0 is any number and x01 $ f ðx1Þ; then (y0,y)Aepi f [remember that f(y)52N],

ðx01; x1ÞAepi f ; and so by virtue of the convexity of epi f,

1

11 ε
x01 1

ε
11 ε

y0;
1

11 ε
x1 1

ε
11 ε

y

0
@

1
AAepi f ;

f ðxÞ5 f
1

11 ε
x1 1

ε
11 ε

y

0
@

1
A#

1

11 ε
x01 1

ε
11 ε

y0:

In the latter inequality, by passing to the limit as y0-2N, we have f(x)52N.

Therefore, if f is an improper convex function, then f(x)52N for every xAri dom f.

It follows that an improper convex function may take finite values only at points of

the relative boundary of dom f.

Lemma 1.25. Let fi, iAI be a collection of convex functions, where I is an arbitrary

index set. Then their pointwise supremum

f ðxÞ5 sup
iAI

fiðxÞ

is a convex function.
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& It is not hard to see that

epi f 5 \
iAI

epi fi;

which is a convex set by Lemma 1.1.’

Lemma 1.26. (Jensen’s inequality) Let f be a proper convex function. Then

f ðλ1x1 1?1λmxmÞ#λ1f ðx1Þ1?1λm f ðxmÞ;
λi $ 0; i5 1; . . . ;m; λ1 1?1λm 5 1:

& Without loss of generality, let λi. 0, iAI. If xi =2 dom f, then f(xi)5 1N,

λi f(xi)5 1N and the inequality is fulfilled trivially, because its right-hand side is

equal to 1N.

Now, let xiAdom f, i5 1, . . . , m. Since epi f is a convex set, by Lemma 1.4, the

inclusion ( f(xi),xi)Aepi f implies that

λ1f ðx1Þ1?1λmf ðxmÞ;λ1x1 1?1λmxmð ÞAepi f :

Thus,

f ðλ1x1 1?1λmxmÞ#λ1f ðx1Þ1?1λmf ðxmÞ:’

Lemma 1.27. The sum of proper convex functions fi, i5 1, . . . , m with nonnega-

tive coefficients is convex.

& Since fi, i5 1, . . . , m are proper convex functions, by Lemma 1.23,

fiðλ1x1 1λ2x2Þ#λ1fiðx1Þ1λ2fiðx2Þ;

where λ1$ 0, λ2$ 0, and λ11λ25 1. Thus, multiplying these inequalities by

αi$ 0 and then adding them, we have

Xm
i51

αi fiðλ1x1 1λ2x2Þ#λ1

Xm
i51

αi fiðx1Þ1λ2

Xm
i51

αi fiðx2Þ:’

There are some useful correspondences between convex sets and convex func-

tions. The simplest associates with each set M in ℝn the indicator function δM ( � )
of M, where

δMðxÞ5 0; xAM;
1N; x =2M:

�

Clearly, M is convex if and only if δM ( � ) is a convex function on ℝn.
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Note that the resulting function of Lemma 1.27 may not be a proper function.

For example, for the disjoint sets M1 and M2, the sum of indicator functions

δM1
1 δM2

is identically 1N.

Now, we show that on the basis of Lemmas 1.25�1.27 a new class of convex

functions can be constructed. Let f be a proper function. Choose a point pAℝn and

construct a function

gx;pðαÞ5 f ðx1αpÞ:

Lemma 1.28. A function f is convex if and only if gx,p(α) is convex in α for all x

and p.

& If f is convex, then for all λ1$ 0, λ2$ 0, λ11λ25 1, we have

gx;pðλ1α1 1λ2α2Þ5 f ðx1 ðλ1α1 1λ2α2ÞpÞ
5 f ðλ1ðx1α1pÞ1λ2ðx1α2pÞÞ
#λ1f ðx1α1pÞ1λ2ðx1α2pÞ

5λ1gx;pðα1Þ1λ2gx;pðα2Þ:

Conversely, let gx,p(α) be convex on α for all x and p. Then

f ðλ1x1 1λ2x2Þ5 f ðx2 1 ðλ1U11λ2U0Þðx1 2 x2ÞÞ
5 gx2; x12x2 ðλ1U11λ2U0Þ
#λ1gx2; x12x2 ð1Þ1λ2gx2; x12x2 ð0Þ

5λ1f ðx1Þ1λ2f ðx2Þ:’

We shall denote the gradient of f at point x by f 0(x) and the Hessian matrix of

f at x whose (i,j)th element is @2f/@xi@xj by fv(x). Thus, f 0(x) is a column vector

with components @f(x)/@xi, i5 1, . . . , n, and

f vðxÞ5 @2f ðxÞ
@xi@xj

� �
; i5 1; . . . ; n; j5 1; . . . ; n:

Let denote g(α)5 f(x1αp). It is not hard to verify that

g0ðαÞ5 hp; f 0ðx1αpÞi;
gvðαÞ5 hp; f vðx1αpÞpi:

Theorem 1.15. Let f be a differentiable function. Then the following assertions are

equivalent:

1. f is convex.

2. f(x2)2 f(x1)$ hx22 x1, f
0(x1)i for all x1 and x2.

3. hp,f 0(x1αp)i is nondecreasing function on α for all x and p.

4. If f is twice differentiable, then fv(x) is positive semidefinite matrix.
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& We show that (1) implies (2). In fact, since

f ðð12λÞx1 1λx2Þ# ð12λÞf ðx1Þ1λf ðx2Þ; 0,λ, 1;

then

f ðx1 1λðx2 2 x1ÞÞ2 f ðx1Þ
λ

# f ðx2Þ2 f ðx1Þ:

By passing to the limit as λ-0, we have:

hx2 2 x1; f
0ðx1Þi# f ðx2Þ2 f ðx1Þ: ð1:31Þ

Now we show that (2)-(3). Taking x15 x1α1p, x25 x1α2p in Eq. (1.31), we

get

gx;pðα2Þ2 gx;pðα1Þ$ ðα2 2α1Þhp; f 0ðx1α1pÞi:

Similarly,

gx;pðα1Þ2 gx;pðα2Þ$ ðα1 2α2Þhp; f 0ðx1α2pÞi

if x15 x1α2p, x25 x1α1p. From the last two inequalities, it follows that (say

α2.α1)

hp; f 0ðx1α1pÞi#
gx;pðα2Þ2 gx;pðα1Þ

α2 2α1

# hp; f 0ðx1α2pÞi:

We show that (3)-(1). Let g
0
x;pðαÞ5 hp; f 0ðx1αpÞi be a nondecreasing function of

α. Hence, g
0
x;pðα1Þ# g

0
x;pðα2Þ if α2$α1.

Suppose that 0,μ, 1. Then

0#μðα2 2α1Þ
ð1
0

½g0
x;pðα1 1 τðα2 2α1ÞÞ2 g

0
x;pðα1 1 τμðα2 2α1ÞÞ�dτ

5 ð12μÞgx;pðα1Þ1μgx;pðα2Þ2 gx;pðð12μÞα1 1μα2Þ;

i.e., gx,p(α) is convex. On the basis of Lemma 1.28, we conclude that f is convex.

Let f be a twice differentiable function. We show that (4)$(3). Since g
0
x;pðαÞ is

nondecreasing,

gvx;pðαÞ5 hp; f vðx1αpÞpi$ 0; ð1:32Þ

and so the matrix fv(x) is positive semidefinite. Conversely, if Eq. (1.32) is satis-

fied, then gvx;pðαÞ is nonnegative and hence gvx;pðαÞ5 hp; f vðx1αpÞpi is

nondecreasing.

Consequently, we have that (1)-(2)-(3)-(1) and (4)$(3).’

It is not hard to see that a quadratic function

f ðxÞ5 1

2
hx;Axi1 hx; bi;
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where A is a symmetric n3 n matrix, is convex on ℝn if and only if A is positive

semidefinite; i.e.,

hz;Azi$ 0 for every zAℝn:

Lemma 1.29. Let f1, f2, . . . , fm be proper convex functions on ℝn, and let

f ðxÞ5 inf f1ðx1Þ1 f2ðx2Þ1?1 fmðxmÞ : xmAℝn;
Xm
i51

xi 5 x

( )
:

Then f is a convex function on ℝn.

& Let Ei5 epi fi and E5E11?1Em. Then E is a convex set in ℝn11. By defini-

tion, (x,x0)AE if and only if there exist xiAℝn, x0iAℝ so that x0i $ f ðxiÞ;
x0 5 x01 1?1 x0m and x5 x11?1 xm. Thus, the f defined in the theorem is the

convex function obtained from E by the construction in formula in Eq. (1.29).’

Definition 1.20. The function f in Lemma 1.29 will be denoted by f1"f2"?"fm
and the operation " is called infimal convolution. The terminology arises from the

fact that in the case of two functions,

ð f1"f2ÞðxÞ5 inf
y
f f1ðx2 yÞ1 f2ðyÞg

and this is analogous to the classical formula for integral convolution.

Let f1 be the Euclidean norm and f2 be the indicator function of a convex set M.

Then we get

ð f1"f2ÞðxÞ5 inf
y
fkx2 yk1 δMðyÞg5 inf

yAM
kx2 yk5 dMðUÞ;

which establishes the convexity of the distance function dM( � ).
If f25 δM, M5 {b} for some fixed point bAℝn, then ( f1"f2)(x)5 f1(x2 b). Hence,

f1"δb is the function whose graph is obtained by translating the graph of f1 hori-

zontally by b.

Properness of convex functions is not always preserved by infimal convolution,

because the infimum in the formula in Lemma 1.29 may be 2N. Indeed, if f1 and

f2 are linear functions not equal to each other, then their infimal convolution is

identically 2N. Note that f1"f2 can be defined for any functions f1, f2:

ℝn-[2N,1N] in terms of addition of epigraphs:

ð f1"f2ÞðxÞ5 inffx0 : ðx0; xÞAðepi f1 1 epi f2Þg:

As an operation on the family of all functions from ℝn to [2N,1N], infimal

convolution is commutative, associative, and convexity-preserving.
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Definition 1.21. The convex hull of a nonconvex function g is the function

f5 conv g, defined by

f ðxÞ5 inf
x0
fx0 : ðx0; xÞAconvðepi gÞg:

It is the greatest convex function majorized by g.

The convex hull of an arbitrary collection of functions {fi: iAI} on ℝn, denoted

by conv {fi: iAI}, is the convex hull of the pointwise infimum of the collection:

convffi : iAIgðxÞ5 inf x0Aℝ : ðx0; xÞAconv [
iAI

epi fi

� �� �
:

Lemma 1.30. Let g be a convex function and α0,α1,α2; α0, α1, α2Adom g.

Then

gðα2Þ2 gðα0Þ
α2 2α0

$
gðα1Þ2 gðα0Þ

α1 2α0

;
gðα1Þ2 gðα0Þ

α1 2α0

#
gðα2Þ2 gðα1Þ

α2 2α1

:

& Setting

λ1 5
α1 2α0

α2 2α0

;λ2 5 12λ1 5
α2 2α1

α2 2α0

;

λ1α2 1λ2α0 5
α1 2α0

α2 2α0

α2 1
α2 2α1

α2 2α0

α0 5α1:

Hence,

gðα1Þ5 gðλ1α2 1λ2α0Þ#
α1 2α0

α2 2α0

gðα2Þ1
α2 2α1

α2 2α0

gðα0Þ:

Subtracting g(α0) from this inequality, we have

gðα1Þ2 gðα0Þ#
α1 2α0

α2 2α0

ðgðα2Þ2 gðα0ÞÞ:

Deleting α12α0 from this inequality, we obtain the first inequality of the lemma.

On the other hand, since λ11λ25 1,

α1 2α0

α2 2α0

gðα1Þ1
α2 2α1

α2 2α0

gðα1Þ#
α1 2α0

α2 2α0

gðα2Þ1
α2 2α1

α2 2α0

gðα0Þ;

or

α2 2α1

α2 2α0

gðα1Þ2 gðα0Þ½ �# α1 2α0

α2 2α0

gðα2Þ2 gðα1Þ½ �:

This is the desired inequality.’
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Note that from the first inequality it can be deduced that (g(α)2 g(α0))/(α2α0)

is a monotonically nondecreasing function in α, α.α0.

It seems that the convexity of a function is closely connected with its continuity.

Theorem 1.16. Let a proper convex function f be bounded above in a neighbor-

hood of some point x0Adom f. Then f is continuous at x0.

& Without loss of generality, suppose that x05 0. Let Ω be an open ball with the

center the origin such that f(x)# c1 for all xAΩ. Consider a function g(α)5 f(αx)
for fixed xAΩ. Taking in the first inequality of Lemma 1.30, α05 0, α15α. 0,

α25 1, we have

gðαÞ2 gð0Þ
α

#
gð1Þ2 gð0Þ

1
:

Because

gð1Þ5 f ðxÞ# c1; gð0Þ5 f ð0Þ# c1;

we also have

f ðαxÞ2 f ð0Þ# 2c1α: ð1:33Þ

Moreover, setting α0521, α15 0, α25α in the second inequality of Lemma

1.30, we have

gð0Þ2 gð21Þ
02 ð21Þ #

gðαÞ2 gð0Þ
α

;

whence

22c1α# f ðαxÞ2 f ð0Þ: ð1:34Þ

Thus, it follows from the inequalities (1.33) and (1.34) that

9 f ðαxÞ2 f ð0Þ9# 2c1α: ð1:35Þ

Take ε. 0 and set δ5 ε/(2c1), 1, Ωδ5 δΩ. Let yAΩδ. Then there is xAΩ such

that y5 δx. Thus, according to Eq. (1.35), we have

9 f ðyÞ2 f ð0Þ95 9 f ðδxÞ2 f ð0Þ9# 2δc1 5 ε;

i.e., f is continuous at x05 0.’

Theorem 1.17. If a convex function f is continuous at x0, then f satisfies the

Lipschitz condition for neighborhood points of x0:

9 f ðxÞ2 f ðx0Þ95 Lkx2 x0k;

where L is some constant.
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& Suppose that x05 0. Let Ω be an open ball of radius r centered at the origin.

Take yAΩ, satisfying the inequality kyk, r/2, and set x5 (r/2)(y/kyk). By using

Eq. (1.35), we obtain

9 f ðyÞ2 f ð0Þ95 f
2kyk
r

x

� �
2 f ð0Þ

����
����# Lkyk;

where L5 4c/r.’

Theorem 1.18. Let f be a proper convex function. Then f is continuous on ri dom f.

& Any point, x0Ari dom f can be made an interior point of some simplex with ver-

tices y0, . . . , ykAdom f, where k5 dim dom f. Every point of this simplex has the

form:

x5λ0y0 1?1λkyk; λi $ 0; i5 0; 1; . . . ; k;
λ0 1λ1 1?1λk 5 1:

Thus,

f ðxÞ#λ0f ðy0Þ1?1λkf ðykÞ# max
i

f ðyiÞ;

i.e., f is bounded in some neighborhood of x0. Consider a convex function of

y5 x2 x0:

gðyÞ5 f ðy1 x0Þ; yALin dom f :

Now apply Theorem 1.15.’

As is seen from this theorem, a convex function is continuous in dom f and may

have a point of discontinuity only in its boundary. In order to characterize the case

in which there is no such discontinuity, it is convenient to introduce the closure

function concept.

Definition 1.22. A function f is said to be a closure if its epigraph epi f is a closed

set.

Theorem 1.19. The following three conditions are equivalent:

1. f is a closure.

2. The level sets Cα5 {x: f(x)#α} are convex for every αAℝ1.

3. f is lower semicontinuous throughout ℝn.

& We show that (1)-(2). Let xk-x0 and f(xk)#α. Without loss of generality, we

suppose that f(xk)-μ#α, where μ is either finite or 2N.

We show that f(x0)52N if μ52N. In fact, if f(x0)5μ0 is finite, then

f(xk),μ02 ε for large k. Consider the sequence of points (μ02 ε, xk)Aepi f. Since
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(μ02 ε, xk)-(μ02 ε, x0) and epi f is closed, then (μ02 ε,x0)Aepi f; i.e., μ02 ε$
f(x0)5μ0. This contradiction proves that f(x0)52N, i.e., x0ACα.

If μ is finite, then ( f(xk), xk)-(μ, x0)Aepi f, so α$μ$ f(x0); i.e., again x0ACα.

Thus, Cα is closed.

Suppose now that (2) is satisfied. If xk-x0 and f(xk)-α, then for all ε. 0 and

sufficiently large k we have f(xk)#α1 ε and hence f(x0)#α1 ε (Cα1 ε is closed).

Since ε is arbitrarily small, then f(x0)#α. Thus, (2)-(3).

Finally we show that (3)-(1). Remember that f is lower semicontinuous at a

point x0 if for every sequence xk-x0,

lim
k

inf f ðxkÞ$ f ðx0Þ:

Thus, if x0k $ f ðxkÞ; f ðx0k ; xkÞ-ðx0; x0Þ; then

x0 $ lim
k

inf f ðxkÞ$ f ðx0Þ;

i.e., (x0,x0)Aepi f, which implies that epi f is closed.’

Theorem 1.20. If f is a closed convex function and f(x0) is finite at x0, then

f(x).2N everywhere.

& Above, it was shown that if f takes the value 2N, then f(x)52N for all xAri

dom f. But by Theorem 1.4, if xAdom f then (12λ)x1λx1Ari dom f for all λ and

x1Ari dom f. Because f is closed,

f ðxÞ# lim
λk0

f ðð12λÞx1λx1Þ52N;

i.e., f(x)52N for all xAdom f. Thus, if f is finite at even one point, then

f(x).2N for all x.’

Definition 1.23. If f is a convex function, then the function f defined by

epif 5 epi f

f ðxÞ5 inf
x0
fx0 : ðx0; xÞAepi f g

is said to be the closure of f. Since the closure of a convex set is convex (Lemma

1.6), it follows that f is a convex function.

A convex function is said to be closed if f 5 f :

Definition 1.24. A function f on ℝn is said to be positively homogeneous (of degree

one) if for every x one has

f ðλxÞ5λf ðxÞ; λ. 0:
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Clearly, positive homogeneity is equivalent to the epigraph’s being a cone in

ℝn11. An example of a positively homogeneous convex function that is not simply

a linear function is f(x)5 kxk.
Furthermore, if f is convex, then

f ðx1 1 x2Þ5 f 2
1

2
x1 1

1

2
x2

� �� �
5 2f

1

2
x1 1

1

2
x2

� �
# f ðx1Þ1 f ðx2Þ

or, more generally,

f ðx1 1?1 xmÞ# f ðx1Þ1?1 f ðxmÞ:

Setting in the previous inequality x15 0, x25 x, we obtain f(x)# f(0)1 f(x); i.e.,

f(0)$ 0.

Let f be a positively homogeneous closed proper convex function. By virtue of the

closure of f,

lim
λk0

f ðλxÞ5 lim
λk0

λf ðxÞ5 0$ f ð0Þ:

Thus, f(0)5 0 for homogeneous closed proper convex functions.

Now, let f be an arbitrary convex function on ℝn not identically 1N. The epi-

graph of f as a nonempty convex set in ℝn11 has a recession cone 01 (epi f ). By

definition, (y0, y)A01 (epi f ) if and only if

ðx0; xÞ1λðy0; yÞ5 ðx0 1λy0; x1λyÞAepi f

for every (x0,x) epi f and λ$ 0. This means that

f ðx1λyÞ# f ðxÞ1λy0

for every x and λ$ 0. By definition, the latter inequality holds for every x and

every λ$ 0 as long as it holds for every x with λ5 1. In any case, for a given y,

the values of y0 for which (y0, y)A01 (epi f ) will form either a closed interval of ℝ
unbounded above or the empty interval. Hence, 01 (epi f ) is the epigraph of some

function.

Definition 1.25. The recession function is denoted by f01 and defined as

epi ð f01 Þ5 01 ðepi f Þ:

Obviously, if f is a proper convex function, then the recession function f01 of f

is a positively homogeneous proper convex function.
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1.5 Conjugate of Convex Function

The definition of the conjugate of a function grows naturally out of the fact that the

epigraph of a closed proper convex function on ℝn is the intersection of the closed

half-spaces in ℝn11 that contain it. Remember that a closed convex set can be char-

acterized completely by its support function

HMðx�Þ5 sup
x
fhx; x�i : xAMg

We now calculate the support function of the epigraph of a closed convex func-

tion f. Taking into account that epi fCℝn11, we can write

Hepi f ðx0
�
; x�Þ5 sup

ðx0;xÞ
fhx; x�i1 x0x0

�
: ðx0; xÞAepi f g:

If x0
�
. 0, then for a given x the number x0 may be an arbitrary number, larger

than f(x). Hence Hepi f (x
0�, x�)5 1N. It remains to calculate Hepi f when x0

�
# 0.

Below, we will show that for the evaluation of Hepi f, x
0� , 0 when f is a closed

convex function, it is sufficient to find Hepi f (2 1, x�). If x0
�
521, then

Hepi f ð21; x�Þ5 sup
ðx0;xÞ

fhx; x�ix0 : x0 $ f ðxÞg5 sup
x
fhx; x�i2 f ðxÞg:

Definition 1.26. The function

f �ðx�Þ5 sup
x
fhx; x�i2 f ðxÞg

is called the conjugate of f.

Lemma 1.31. The conjugate function is closed and convex.

& For a fixed x the function hx,x�i2 f(x) is linear in x�, so it is closed and convex

in x�. The epigraph of f �(x�) is the intersection of the epigraphs of the closed con-

vex functions hx,x�i2 f(x). Therefore, epi f � is closed and convex.’

For example, consider the function f(x)5 (1/2)x2, xAℝ. Then, by definition,

f �ðx�Þ5 sup
x�

xUx� 2
1

2
x2

� �
5 sup

x�

1

2
x�2 2

1

2
ðx2 x�Þ2

� �
;

i.e.,

f �ðx�Þ5 1

2
x�2; x�Aℝ:

It is useful to remember, in particular, that Young’s inequality,

f ðxÞ1 f �ðx�Þ$ hx; x�i;
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holds for any function. If here, f is proper and convex, then we shall refer to this

relation as Fenchel’s inequality.

Taking conjugates clearly reverses inequalities: f1$ f2 implies f1
� # f2

�.
The polar of a set M is denoted by MO and defined as

MO 5 fx� : HMðx�Þ# 1g:

Note that if K is a convex cone, then

KO 5 fx� : hx; x�i# 0 ’xAKg;

and so K� 52KO. Let us calculate the conjugate of Minkowski’s function rM( � ):

r�Mðx�Þ5supfhx;x�i2rMðxÞg5supfhx;x�i2inf½α.0 :α21xAM�g
5supfhx;x�i2α :α.0;α21xAMg5supfsup½hx;x�i : xAαM�2α :α.0g
5 sup

α.0

fα½sup
xAM

hx;x�i21�g5δMOðx�Þ;

where δMO ðUÞ is the indicator function of MO.

Theorem 1.21. If f is a closed proper convex function, then

f 5 f ��;

where, according to Definition 1.22,

f ��ðxÞ5 sup
x�

fhx; x�i2 f �ðx�Þg:

& By Fenchel’s inequality,

f ðxÞ$ hx; x�i2 f �ðx�Þ;

and so

f ðxÞ$ f ��ðxÞ:

In particular, it follows that dom fDdom f ��. Let x0Adom f. Choose γ, f(x0) and

consider in ℝn11 the following set:

Pε 5 fðx0; xÞ : x2 x0AεB; x0 # γg;

where B is the unit ball in ℝn. Since epi f is closed, then for sufficiently small ε the

sets Pε and epi f are disjoint. We argue by contradiction. Suppose that there exists

a sequence ðx0k ; xkÞAPεk ; εk-0; x0k # γ such that ðx0k ; xkÞAepi f : Since εk-0,
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xk-x0, limk-N x0k # γ; and by virtue of the fact that epi f is closed,

γ$ limk-N x0k $ f ðx0Þ: This contradiction proves that epi f\Pε5[. Thus we can

separate epi f and Pε. Then there is a nonzero vector (x0
�
, x�) such that

x0
�
y0 1 hy; x�i$ x0

�
x0 1 hx; x�i

ðy0; yÞAPε; ðx0; xÞAepi f :
ð1:36Þ

Since y0 can be chosen as any number less than γ, from Eq. (1.36), it follows

that x0
�
# 0. Actually, we show that x0

�
, 0. If x0

�
5 0, then Eq. (1.36) implies that

hy; x�i$ hx; x�i; y2 x0AεB; xAdom f :

Setting x5 x0, we have

hy2 x0; x
�i$ 0; y2 x0AεB:

By virtue of the arbitrariness of y2 x0AεB, this inequality is satisfied only if

x� 5 0. In turn, this contradicts the fact that (x0
�
, x�) is nonzero.

Let now x0
�
521. Then Eq. (1.36) takes the form

2y0 1 hy; x�i$2x0 1 hx; x�i;
y0 # γ; y2 x0AεB; x0 $ f ðxÞ: ð1:37Þ

Let y05 γ, x05 f(x), y5 x0. Thus, from Eq. (1.37) we obtain

hx0; x�i2 γ$ sup
x
fhx; x�i2 f ðxÞg5 f �ðx�Þ:

or

γ# hx0; x�i2 f �ðx�Þ;

whence

γ# sup
x
fhx0; x�i2 f ðx�Þg5 f ��ðx0Þ: ð1:38Þ

Since γ is an arbitrary number less than f(x0), Eq. (1.36) implies that

f ðx0Þ# f ��ðx0Þ:

Comparing this inequality with f(x0)$ f ��(x0), we conclude that f(x0)5 f ��(x0).
Now assume that x0 =2 dom f; i.e., f(x0)51N. In just the same way as before,

taking arbitrary γ it can be shown that epi f\Pε5[ for a small ε and Eq. (1.36)

holds.

If for arbitrarily large γ we have x0
�
, 0, then Eq. (1.38) holds for γ, and so

f ��(x0)51N.

Now let x0
�
5 0 for some γ. Then from Eq. (1.36), we obtain

hy; x�i$ hx; x�i; y2 x0AεB; xAdom f ;
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or

hy2 x0; x
�i$ hx2 x0; x

�i; y2 x0AεB; xAdom f :

Thus,

2εkx�k$ sup
xAdom f

hx; x�i2 hx0; x�i ð1:39Þ

Remember that there exists a point x1 such that f(x1) is a finite number. Hence,

by substituting γ, f(x1), y5 x1 into Eq. (1.37), we derive:

2γ1 hx1; x�i$ 2 f ðxÞ1 hx; x�i;

i.e., f �(x�)#2γ1 hx1,x�i. Thus, there is a vector x�1 with finite f ðx�1Þ: It follows
that

f �ðx�1 1αx�Þ5 sup
x
fhx; x�1 1αx�i2 f ðxÞg# f �ðx�1Þ1α sup

xAdom f

hx; x�i

and hence, taking into account Eq. (1.39),

f ðxÞ5 f ��ðx0Þ$ hx0; x�1 1αx�i2 f �ðx�1 1αx�Þ
$ hx0; x�1i2 f �ðx�1Þ1α½hx0; x�i2 sup

xAdom f

hx; x�i�
$ hx0; x�1i2 f �ðx�1Þ1αεkx�k-1N as α-1N:’

Theorem 1.22. If f is closed, proper, and convex, then f � is closed, proper, and

convex.

& By Lemma 1.31 f � is closed and convex. It remains to prove that it is proper.

Because f(x1) is a finite number for some x1Adom f, then

f �ðx�Þ$ hx1; x�i2 f ðx1Þ;

and so f � is not equal to 2N. In the proof of the preceding theorem, we saw that

there exists x�1 with f �ðx�1Þ finite. This means that f is proper.’

Corollary 1.1. If f is lower semicontinuous at x0Adom f, then f(x0)5 f ��(x0).
The conjugate function of f, a closed proper convex positively homogeneous func-

tion, is

f �ðx�Þ5 sup
x
fhx; x�i2 f ðxÞg$ 2 f ð0Þ5 0:

If there exists a point x1 such that

hx1; x�i2 f ðx1Þ. 0;
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then

f �ðx�Þ$ sup
λ. 0

fhλx1; x�i2 f ðλx1Þg5 sup
λ. 0

λ½hx1; x�i2 f ðx1Þ�5 1N:

Thus, f �(x�) take only two values, 0 and 1N:

f �ðx�Þ5 δdom f � ðx�Þ5 0; x�Adom f �;
1N; x� =2 dom f �:

�

Theorem 1.23. If f is closed, proper, convex, and positively homogeneous, then

f �ðx�Þ5 δdom f � ðx�Þ

and dom f � is a closed set.

& It remains only to prove that dom f � is closed. Actually, f � is a closed function.

Then, it is not hard to see that the indicator function of dom f � is closed if and

only if dom f � is closed.’
Let f(x)5 jxj, xAℝ. This function is positively homogeneous, and by Theorem

1.22, its conjugate is δdom f �. Indeed,

f �ðx�Þ5 0; if jx�j# 1;
1N; if jx�j. 1;

�

and dom f � 5 {x�Aℝ:jx�j# 1}; i.e., f �(x�)5 δdom f �(x
�).

Theorem 1.24. If f is positively homogeneous, closed, proper, and convex, then

f ðxÞ5 sup
x�

fhx; x�i : x�Adom f �g:

& We apply Theorem 1.21. Indeed, we have f(x)5 f ��(x). Then, by Theorem 1.23,

f � 5 δdom f �( � ) and

f ��ðxÞ5 sup
x�

fhx; x�i2 δdom f � ðx�Þg5 f �ðx�Þ5 sup
x�

fhx; x�i : x�Adom f �g:’

Theorem 1.25. The conjugate function of the support function of a closed convex

set is the indicator function of this set.

& Let C� be a closed convex set in x� 5ℝn and

f ðxÞ5 sup
x�

fhx; x�i : x�AC�g: ð1:40Þ
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Obviously, f is a closed convex positively homogeneous function. Besides, f is

the support function of C�.
Consider the indicator function δC�(x�) of the set C�. Clearly, its conjugate func-

tion is

sup
x�

fhx; x�i2 δðx�jC�Þg5 sup
x�

fhx; x�i : x�AC�g5 f ðxÞ:

Thus, f is the conjugate function of δC�(x�). Finally, by Theorem 1.20, we obtain

f �ðx�Þ5 δðx�jC�Þ; f � 5C�:’

1.6 Directional Derivatives and Subdifferentials

In general, convex functions are not differentiable. Nevertheless, these functions

have many useful “differential” properties, and one of them is the fact that direc-

tional derivatives exist universally. Moreover, for convex functions, a notion of

subgradient can be defined and the set of subgradients yields the subdifferential

conception.

Recall that the directional derivative of f at x with respect to a vector pAX5ℝn

is defined to be the limit

f 0ðx; pÞ5 lim
λk0

f ðx1λpÞ2 f ðxÞ
λ

;

if it exists.

Lemma 1.32. Let f be a proper convex function and x0Adom f. Then the value

f 0(x0, p), finite or not, exists for all p.
& If x01λp =2 dom f for all λ. 0, then f(x01λp)5 1N and f 0(x0, p)51N. If

x01λp =2 dom f for a small λ, then according to Lemma 1.31 the quotient

f ðx0 1λpÞ2 f ðx0Þ
λ

is a nonincreasing function of λ, when λk0. Therefore, the limit

f 0ðx; pÞ5 lim
λk0

f ðx0 1λpÞ2 f ðx0Þ
λ

exists.’

41Convex Sets and Functions



Lemma 1.33. If x01λp =2 dom f for λA[2ε,1ε], ε. 0, then the value f 0(x0,p) is

finite.

& By the second inequality of Lemma 1.31, setting α052ε, α15 0, α25λ, we
have

f ðx0Þ2 f ðx0 2 εpÞ
ε

#
f ðx0 1λpÞ2 f ðx0Þ

λ
:

Whence, by passing to the limit as λk0, we have

f ðx0 1λpÞ2 f ðx0Þ
λ

$ f 0ðx0; pÞ$ f ðx0Þ2 f ðx0 2 εpÞ
ε

:’

Lemma 1.34. The directional derivative f 0(x0,p) is a positively homogeneous con-

vex function of p.

& By definition of a directional derivative, for α. 0:

f 0ðx0;αpÞ5 lim
λk0

f ðx0 1λαpÞ2 f ðx0Þ
λ

5α lim
λk0

f ðx0 1λαÞp2 f ðx0Þ
ðλαÞ 5αf 0ðx0; pÞ:

Furthermore, for λ1, λ2$ 0, λ11λ25 1, we have

f ðx01λðλ1p11λ2p2ÞÞ2 f ðx0Þ
λ

5
f ðλ1ðx01λp1Þ1λ2ðx01λp2ÞÞ2λ1f ðx0Þ2λ2f ðx0Þ

λ

#λ1

f ðx01λp1Þ2 f ðx0Þ
λ

1λ2

f ðx01λp2Þ2f ðx0Þ
λ

Thus, by passing to the limit as λk0, we obtain

f 0ðx0;λ1p1 1λ2p2Þ#λ1f
0ðx0;P1Þ1λ2f

0ðx0; p2Þ:’

Definition 1.27. A vector x� is said to be a subgradient of the proper convex func-

tion f at the point x0Adom f if

f ðxÞ2 f ðx0Þ$ hx2 x0; x
�i ’x:

This condition says that the graph of the affine function α(x)5 f(x0)1
hx�,x2 x0i is the nonvertical supporting hyperplane to the convex set epi f at the

point (x0, f (x0)).
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Lemma 1.35. Let f be a proper convex function at x0Adom f. Then x� is a subgra-

dient of f at x0 if and only if

f 0ðx0; pÞ$ hp; x�i ’p: ð1:41Þ

& If x� is a subgradient, then

f ðx0 1λpÞ2 f ðx0Þ$λhp; x�i;

whence

f ðx0 1λpÞ2 f ðx0Þ
λ

$ hp; x�i

and f 0(x0,p)$ hp,x�i. Conversely, if Eq. (1.41) is satisfied, then for all 0,λ, 1,

f ðxÞ2 f ðx0Þ5
f ðx011ðx2x0ÞÞ2 f ðx0Þ

1

$
f ðx01λðx2x0ÞÞ2 f ðx0Þ

λ
$ f 0ðx0; x2x0Þ$ hx2x0; x

�i;

i.e., x� is a subgradient.’

Definition 1.28. The set of subgradients of f at a point x0 is called the subdifferen-

tial of f at x0 and is denoted @f(x0):

@f ðx0Þ5 fx� : f ðxÞ2 f ðx0Þ$ hx2 x0; x
�i ’xg:

In general, @f(x0) may be empty. If @f(x0) is not empty, f is said to be subdifferenti-

able at x0. For example, the Euclidean norm f(x)5 kxk is subdifferentiable at every

x, although it is not differentiable at x5 0 and

@f ð0Þ5 fx� : kxk$ hx�; xi ’xg:

In other words, it is the Euclidean unit ball. For x 6¼ 0, the subdifferential @f(x)5
{kxk21x}. In particular, the subdifferential of the function f(x)5 jxj, xAℝ at x5 0

is @f(0)5 [21,11].

Lemma 1.36. The subdifferential @f(x0) is a closed convex set.

& The proof is obtained by direct verification of the definition.’

It follows from Lemma 1.35 that

@f ðx0Þ5 @pf
0ðx0; 0Þ;
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where @p is a subdifferential of f 0(x0,p) with respect to p. Actually, by definition,

f 0(x0,0)5 0, so Eq. (1.41) can be rewritten as follows:

f 0ðx0; pÞ2 f 0ðx0; 0Þ$ hp; x�i;

so x�A@pf
0(x0,0).

Theorem 1.26. If f 0(x0, � ) is closed, then @f(x0) is nonempty and

f 0ðx0; pÞ5 sup
x�

fhp; x�i : x�A@f ðx0Þg:

& Since f 0(x0, � ) is positively homogeneous, closed, and convex, by Theorem 1.24,

f 0ðx0; pÞ5 sup
x�

fhp; x�i : x�Adomðf 0ðx0; UÞÞ�g: ð1:42Þ

where (f 0(x0, � ))� is the conjugate function of f 0(x0,p) relative to p; i.e.,

ð f 0ðx0; UÞÞ�ðx�Þ5 sup
p
fhp; x�i2 ðf 0ðx0; pÞg: ð1:43Þ

Now, recalling that

ð f 0ðx0; UÞÞ�ðx�Þ5 0; x�Adomðf 0ðx0; UÞÞ�;
1N; x� =2 domðf 0ðx0; UÞÞ�;
�

and so taking into account Eq. (1.43), we have that x�Adom(f 0(x0, � ))� if and

only if

0$ hp; x�i2 f 0ðx0; pÞ;

which is equivalent to Eq. (1.41). It follows that

@f ðx0Þ5 @pf
0ðx0; 0Þ5 domð f 0ðx0; UÞÞ�:

The latter formula together with Eq. (1.42) ends the proof of the theorem.’

Theorem 1.27. x�A@f(x0) if and only if hx0,x�i2 f(x0)5 f �(x�).
& In fact, by definition, x�A@f(x0) if

hx0; x�i2 f ðx0Þ$ hx; x�i2 f ðxÞ:
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Thus,

hx0; x�i2 f ðx0Þ$ supfhx; x�i2 f ðxÞg

and so

hx0; x�i2 f ðx0Þ$ f �ðx�Þ:

On the other hand, by Fenchel’s inequality, hx0,x�i# f �(x�), and so

hx0; x�i2 f ðx0Þ5 f �ðx�Þ:’

Corollary 1.2. If f is a closed proper convex function, then x�A@f(x0) if and only if

x0A@f �(x�).
& By Theorem 1.26, x0A@f �(x�) is equivalent to hx0,x�i2 f �(x�)5 f ��(x0), which
by Theorem 1.20, f(x0)5 f ��(x0), coincides with the condition of Theorem 1.26.’

Remark 1.2. It can be shown that for a convex function f, continuous at x0, its sub-

differential @f(x0) is a nonempty bounded set. Then, Theorem 1.26 has the form

f 0ðx0; pÞ5 max
x�

fhp; x�i : x�A@f ðx0Þg:

In this direction we particularly refer the reader, for example, to Ref. [224,

p. 74].

& Actually, x0A@f �(x�) is equivalent to

hx0; x�i2 f ��ðx0Þ5 f �ðx�Þ;

and this coincides with the condition hx0,x�i2 f(x0)5 f �(x�) of Theorem 1.26, if

f(x0)5 f ��(x0).’

Theorem 1.28. If f is a convex function differentiable at x0, then the subdifferential

consists of the single gradient vector at this point, i.e.,

@f ðx0Þ5 f f 0ðx0Þg:

& For a function f, differentiable at x0, we can write:

f 0ðx0; pÞ5 hp; f 0ðx0Þi;

and hence, f 0(x0,p) is a closed function of p. By Theorem 1.26, we then have

hp; f 0ðx0Þi5 sup
x�

fhp; x�i : x�A@f ðx0Þg:
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In turn, it is easy to see that this formula holds, if @f(x0) consists of the point

f0(x0).’
In Section 1.4, we have seen that multiplication by a positive constant, addition,

and pointwise supremum of convex functions are again convex. So it is important

to calculate the behavior of subdifferentials under these operations.

Lemma 1.37. Let f0 be a convex function and α. 0. Then f(x)5αf0(x) is subdif-
ferentiable and

@f ðx0Þ5 a@f0ðx0Þ:

& The proof is elementary.’

Lemma 1.38. Let f1, f2 be proper convex functions and let f5 f11 f2. Then

@f ðx0Þ+@f1ðx0Þ1 @f2ðx0Þ:

& Suppose x�1A@f1ðx0Þ; x�2A@f2ðx0Þ; or, equivalently,

f1ðxÞ2 f1ðx0Þ$ hx2 x0; x�1i ’x

f2ðxÞ2 f2ðx0Þ$ hx2 x0; x�2i ’x:

Adding these inequalities, we obtain x�1 1 x�2A@f ðx0Þ: Thus, @f+@f11 @f2.’

Theorem 1.29. (Moreau�Rockafellar) Let f1, f2 be a proper convex function and

f5 f11 f2, x0Adom f1 \ dom f2. Suppose that either (1) there is a point x1Adom

f1 \ dom f2 where f1 is continuous or (2) ri dom f1 \ ri dom f2 6¼[. Then

@f ðx0Þ5 @f1ðx0Þ1 @f2ðx0Þ:

& For the proof, refer to Refs. [111:59,224:78,226:78,228:223].’

We next calculate the subdifferential of the indicator function @δM(x0), x0AM.

By definition x�A@δM(x0) if and only if

@δMðxÞ2 @δMðx0Þ$ hx2 x0; x
�i ’x:

But @δM(x0)5 0. If x =2M, then by definition of the indicator function, @δM(x)5
1N and the last inequality is always fulfilled. For xAM, we obtain

0$ hx2 x0; x
�i: ð1:44Þ

Let

coneðM2 x0Þ5 fp : p5λðx2 x0Þ; λ. 0; xAMg:
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Then the inequality in Eq. (1.44) is equivalent to

2x�AðconeðM2 x0ÞÞ�:

Thus,

@δMðx0Þ52ðconeðM2 x0ÞÞ�: ð1:45Þ

Now, if Ki, i5 1, . . . , m, are convex cones and 0AKi, then cone(Ki20)5Ki,

and so

@δKi
ð0Þ5K�

i : ð1:46Þ

Observe that

δ\m
i51

Ki
ðxÞ5 δK1

ðxÞ1?1 δKm
ðxÞ: ð1:47Þ

Theorem 1.30. Suppose that ri K1 \?\ ri Km 6¼[. Then

ðK1 \? \ KmÞ� 5K�
1 1?1K�

m:

& Clearly, domδKi
ðUÞ5Ki: And so, by hypothesis,

ri dom δðUjKiÞ \? \ ri dom δðUjKmÞ 6¼ [:

Then taking into account Eqs. (1.46) and (1.47) by Theorem 1.29, we have

2 \m
i51

Ki

� ��
5 @δ \m

i51
Ki
ð0Þ5 @δK1

ð0Þ1?1 @δKm
ð0Þ52K�

1 2?2K�
m:’

Theorem 1.31. Let M� be a closed convex set and

f ðxÞ5 sup
x�

fhx; x�i : x�AM�g:

Then

@f ðx0Þ5 fx�AM� : hx0; x�i5 f ðx0Þg:

In particular, if x05 0, then @f(0)5M�.
& If x�AM�, hx0, x�i5 f(x0), then

f ðxÞ2 f ðx0Þ$ hx; x�i2 hx0; x�i5 hx2 x0; x
�i;

i.e., x�A@f(x0).
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Conversely, let x�0A@f ðx0Þ: We must prove that x�0AM�: Suppose the contrary,

i.e., that x�0 =2M�: Then by Theorem 1.5 there is vector p such that

sup
x�

fhp; x�i : x�AM�g, hp; x�0i: ð1:48Þ

On the other hand, it is not hard to see that

sup
x�

fhx2 x0; x
�i : x�AM�g$ f ðxÞ2 f ðx0Þ$ hx2 x0; x

�
0i:

Taking x5 x01 p in this inequality, we obtain

sup
x�

fhp; x�i : x�AM�g$ hp; x�0i;

which contradicts the inequality (1.48). Hence, x�0AM�: By assumption x�0A@f ðx0Þ
and so

f ðxÞ2 hx; x�0i$ f ðx0Þ2 hx0; x�0i:

Setting x5 0, we have hx0; x�0i$ f ðx0Þ: On the other hand, the hypothesis x�0AM�

implies that f ðx0Þ$ hx0; x�0i: Consequently, hx0; x�0i5 f ðx0Þ: Furthermore, if x05 0,

then f(0)5 h0,x�i5 0 for all x�AM�, and so @f(0)5M�.’

Theorem 1.32. Let A be compact and f(x,α) be convex in x for every fixed αAA

and continuous in some neighborhood of x0 and in αAA. Then

@f ðx0Þ5 conv [
αAAðx0Þ

@f ðx0;αÞ
� �

;

where

f ðxÞ5 sup
α
ff ðx;αÞ : αAAg; AðxÞ5 fαAA : f ðx;αÞ5 f ðxÞg:

& For the proof, refer to Refs. [111:225,226:87,214:114].’

Remember that the cone generated by M2 x0 is defined as follows:

coneðM2 x0Þ5 fp : p5λðx2 x0Þ; λ. 0; xAMg;

where x0AM and M is a convex set. In the theory of extremal problems, one of the

important problems is to calculate the dual cone, [cone(M2 x0)]
�.

Theorem 1.33. Let f be a convex function and

M5 fx : f ðxÞ# 0g
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and suppose that x1AM is such that f(x1), 0. If f(x0)5 0 and f 0(x0, � ) is a closed

function, then

½coneðM2 x0Þ�� 52cone @f ðx0Þ:

& Since

0. f ðx1Þ5 f ðx1Þ2 f ðx0Þ$ hx1 2 x0; x
�i; x�A@f ðx0Þ;

the point zero does not belong to the closed convex set @f(x0). We show that

cone @f ðx0Þ5 fx� : x� 5λx�0; λ$ 0; x�0A@f ðx0Þg

is a closed set. Indeed, let λk and x�k be sequences such that λkx
�
k-x�;

λk . 0; x�kA@f ðx0Þ; x� 6¼ 0: Then the sequence λk is bounded, for suppose the con-
trary: if λk-1N, then λkkx�kk-kx�k; and so kx�kk-0: This contradiction (0 =2 @f
(x0)) proves that λk is bounded. By virtue of the boundedness of λk, assume that

λk-λ0. 0. Hence, x�k converges to λ21
0 x� and since @f(x�) is closed,

λ21
0 x�A@f ðx0Þ: Thus, x�Acone @f(x0) and cone @f(x0) is closed.
By definition, pA[2 cone @f(x0)]

� if and only if

hp; 2λx�0i$ 0; λ. 0; x�0A@f ðx0Þ;

i.e.,

sup
x�
0

fhp; x�0i : x�0A@f ðx0Þg# 0: ð1:49Þ

Since by hypothesis, f 0(x0, � ) is closed, then by Theorem 1.26 and Eq. (1.49), we

have

½2cone @f ðx0Þ�� 5 fp : f 0ðx0; pÞ# 0g:

Take p15 x12 x0. Then for 0,λ, 1,

f 0ðx0; p1Þ#
f ðx0 1λp1Þ2 f ðx0Þ

λ
# f ðx1Þ2 f ðx0Þ, 0;

and by virtue of the convexity of f 0(x0, p) relative to p,

f 0ðx0; λp1 1 ð12λÞpÞ#λf 0ðx0; p1Þ1 ð12λÞf 0ðx0; pÞ, 0 ð1:50Þ

if f 0(x0, p)# 0.

Now, let p5λ(x2 x0), xAM, λ. 0; i.e., pAcone(M2 x0). Then f(x)# 0 and

0$ f ðxÞ2 f ðx0Þ$ hx2 x0; x�i; x�A@f ðx0Þ:
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Therefore,

sup
x�

fhp; x�i : x�A@f ðx0Þg5λ sup
x�

fhx2 x0; x
�i : x�A@f ðx0Þg# 0:

It follows that

coneðM2 x0ÞDfp : f 0ðx0; pÞ# 0g:

On the other hand, if f 0(x0, p), 0, then for small λ. 0,

f ðx0 1λpÞ5 f ðx0Þ1λf 0ðx0; pÞ1 oðλÞ5λf 0ðx0; pÞ1 oðλÞ, 0;

and so x01λpAM. The latter implies that pAcone(M2 x0). Now, it follows from

Eq. (1.50) that λp11 (12λ)pAcone(M2 x0) if pA{p:f 0(x0, p)# 0}. We obtain that

every point of cone{p:f 0(x0, p)# 0} is a limit point of cone(M2 x0) as λ tends to

zero.

Since the cone{p:(f 0(x0, p)# 0)} is closed, ( f 0(x0, p) is closed relative to p and

Theorem 1.19 is valid), and

coneðM2 x0Þ+fp : f 0ðx0; pÞ# 0g;

then

fp : f 0ðx0; pÞ# 0g5 coneðM2 x0Þ:

Because

fp : f 0ðx0; pÞ# 0g5 ½2 cone @f ðx0Þ��;

we have

½2cone @f ðx0Þ�� 5 coneðM2 x0Þ:

Since cone @f(x0) is closed by Lemmas 1.13 and 1.15, we obtain

2cone @f ðx0Þ5 ½2cone @f ðx0Þ��� 5 ½coneðM2 x0Þ�� 5 ½coneðM2 x0Þ��:’

Theorem 1.34. Let f be a convex function, continuous at x0AM, M5 {x: f(x)# 0},

and suppose that there is a point x1 such that f(x1), 0. Then

½coneðM2 x0Þ�� 5 f0g; f ðx0Þ, 0;
2cone @f ðx0Þ; f ðx0Þ5 0:

�
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& If f(x0), 0, then by virtue of the continuity of f at x0, we derive that x01λpAM

for every P and sufficiently small λ. 0. Thus, cone(M2 x0)5X5ℝn. Hence the

dual cone of cone (M2 x0) consists of a single point, which is the first assertion of

the theorem. The second assertion is a consequence of the previous theorem and

Theorem 1.26.’
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2 Multivalued Locally Adjoint
Mappings

2.1 Introduction

In this chapter, we first introduce the basic definitions and properties of multiva-

lued (set-valued) mappings (functions) F : X-P(Y), where X and Y are finite

dimensional Euclidean spaces. The reader can find more details and discussions on

major achievements in this direction in Refs. [9,14,18,22,38�40,85,87,93,141,191,

231,238,243,265]. In this simple case, although X5X�, Y5 Y�, Z5 Z�, in general,

we denote the elements of the adjoint spaces by x�, y�, z�, respectively. We prove

some of their basic topological properties such as their boundedness and the

Lipschitz conditions they satisfy (in the Hausdorff metric). In particular, for quasi-

superlinear mappings, we formulate a boundedness condition.

Local properties of differentiable functions are well described by the concept of

the derivative and the gradient function. For convex functions, instead of the gradi-

ent, we use subdifferentials. In the case of multivalued functions, a similar role is

played by an important concept of this book: the locally adjoint mappings.

For a convex multivalued mapping F, the multivalued mapping F� from Y� to

X� defined by F�ðy�; zÞ5 fx� : ðx�;2y�ÞAK�
gph Fðx; yÞg is called the locally adjoint

mapping (LAM) to F at the point (x, y)Agph F, where K�
gph Fðx; yÞ is the dual to the

cone Kgph F(z)5 cone(gph F2 z). The adjoint mapping (AM) F� defined by the

recession cone 01 gph F is bounded if and only if dom F5X.

By Theorem 2.1, all sets F�(y�;(x, y)) for every yAF(x; y�) are the same and

equal to @xH(x, y
�), where Hðx; y�Þ5 supyfhy; y�i : yAFðxÞg is the Hamiltonian

function, which is concave in x and convex in y�, and F(x; y�) is an Argmaximum

set. The LAM, F�(y�; z), for a closed bounded convex multivalued mapping F is

upper semicontinuous and uniformly bounded (Theorems 2.2 and 2.3). By Lemma

2.6, x� is an element of the LAM F� if and only if M(x�, y�)5 hx, x�i2H(x, y�),
where

Mðx�; y�Þ5 inf
ðx;yÞ

fhx; x�i2 hy; y�i : ðx; yÞAgph Fg:

By Theorem 2.5, for a closed convex multivalued mapping F, its AM is the clo-

sure of union of locally adjoint mappings over zAgph F.
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If F is a convex multivalued mapping and α 6¼ 0 is any real number, then

G�½y�; ðx;αyÞ�5 jαjF�½y�sgn α; ðx; yÞ�;

where G(x)5αF(x) (Lemma 2.7).

In Section 2.3, we prepare the calculus of LAM on different multivalued func-

tions that arise in optimization problems. Note that in Refs. [193,194,198], general

calculus rules for normal cones to nonconvex sets and coderivatives of nonsmooth

multivalued mappings under natural and verifiable assumptions are obtained. We

refer the reader to Refs. [52,54,60,65,77,132,194,209,230] for various constructions

of this type. For the inverse mapping, F21, we have

ðF21Þ�½x�; ðy; xÞ�52ðF�Þ21½2x�; ðx; yÞ� ðTheorem 2:6Þ

Then, we compute the LAM for the sum F(x)�F1(x)1?1FN(x), intersection

FðxÞ5 \N
i51Fi

� �ðxÞ � \N
i51FiðxÞ; Cartesian product F5F13F23?3FN, as well

as composition FN3FN213?3F1, of given convex mappings Fi : X-P(Y), i5 1, . . . ,
N. Now, let F : X1-P(X2) be a convex multivalued function, and let A and B be

linear transformations from X0 to X1 and from X2 to X3, respectively. Construct a

new mapping G : X0-P(X3) defined by G(x)5BF(Ax). In Section 2.2, using the

LAM to the composition mapping F 3 A; we compute the LAM to G.

In Section 2.4, we compute the LAM of different concrete maps, usually ones

given by inequality constraints. First, calculus results in the related LAM setting

were obtained by Pshenichnyi [226]. If F : X-P(Y) is a bounded closed convex

multivalued mapping, and ϕ is a proper convex function such that dom ϕ5 Z, then

@f(x0)5 {x� 2F�(2y�; z0):(x�, y�)A@zϕ(z0)}, where f ðxÞ5 minyfϕðx; yÞ : yAFðxÞg
(Theorem 2.11). For a map defined by F(x)5 {y:ϕ(x, y)# 0}, then under the exis-

tence of an interior point,

F�ðy�; z0Þ5 f2λx�0 : y
� 5λy�0; ðx�0; y�0ÞA@zϕðz0Þ; λ$ 0g:

From the applied point of view, the polyhedral mapping plays an important role.

The latter notion was explicitly introduced by Mahmudov and Pshenichnyi

[140,141] and Mahmudov [143]. Let X5 Y5ℝn, A, B be m3 n matrices, and d be

an m-dimensional column vector. A polyhedral mapping is defined, the graph of

which is the following polyhedral set in ℝn3ℝn:

gph F5 fðx; yÞ : Ax2By# dg; FðxÞ5 fy : Ax2By# dg:

By Theorem 2.16, the Hamiltonian function H( � ,y�) for a polyhedral mapping is

closed and its LAM is the step function in the argument z0:

F�ðy�; z0Þ5 f2A�λ : y� 52B�λ;λ$ 0; hAx0 2By0 2 d; λi5 0g:
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A polyhedral mapping F is bounded if and only if B�ℝm
1 5ℝn; where ℝm

1 is a

positive orthant of ℝm. In addition, xAdom F if and only if hu, d2Axi$ 0,

’uAN5 {uAℝm: B�u5 0, u$ 0} (Theorem 2.17).

Moreover, a polyhedral mapping F is bounded and dom F5ℝn if and only if

F(x)5C1x1F(0) for some matrix C1 (Theorem 2.18).

In Section 2.5, we will prove a result, which can be considered as the duality

theorem for a convex multivalued mapping. As will be seen in the next chapters,

this result implies a lot of other theorems of convex analysis and theories of extre-

mal problems.

By Theorem 2.19, if F is a convex mapping and its Hamiltonian function H,

regarded as a function of x, is closed, and further, if there is a point x1 for which

H(x1, y
�) is finite, then

inf
x�
fhx; x�i2Mðx�; y�Þg5Hðx; y�Þ:

Note that the following result is important for duality relations: for a convex

mapping F,

dom M5 fðx�; y�Þ : Mðx�; y�Þ.2NgDð01 gph FÞ�:

If, in addition, F is quasisuperlinear, then we have equality. Furthermore, if

H( � ,y�) is a closed proper convex function, then the duality relation

inf
x�AF�ðy�Þ

fhx; x�i2Mðx�; y�Þg5 sup
yAFðxÞ

hy; y�i

holds (Theorem 2.20). In particular, if gph F is a cone, then infx�AF�ðy�Þhx; x�i5
supyAFðxÞhy; y�i: Let M be a closed convex subset in X and N be a convex subset in Y.

Further, let f(x, y) be convex in x and concave in y. Then, by computing the

Hamiltonian and support function of an auxiliary multivalued mapping, a minimax

relation can be established:

inf
xAM

sup
yAN

f ðx; yÞ5 sup
yAN

inf
xAM

f ðx; yÞ:

2.2 Locally Adjoint Mappings to Convex Multivalued
Mappings

In this chapter, we first introduce the basic definitions and properties of multiva-

lued (set-valued) mappings (functions) F : X-P(Y), where X and Y are finite

dimensional Euclidean space and P(Y) denotes the family of all subsets of Y.

Let us denote the Cartesian product X3 Y by Z, so that if xAX, yAY, then a pair

(x, y) denotes some point z of the space Z. As in Chapter 1, hx, yi is the scalar
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(inner) product of the elements x, y. Even in this finite dimensional case, to which

we confine ourselves at first for simplicity, although X5X�, Y5 Y�, Z5 Z�, in
general we denote elements of the adjoint spaces by x�, y�, z�, respectively.

Let M be an arbitrary subset of Z5X3 Y. This defines the multivalued mapping

F by the formula

FðxÞ5 fy : ðx; yÞAMg:

The set M is called the graph of multivalued function F and is denoted by

gph F:

gph F5 fðx; yÞ : yAFðxÞg

Later on, we set

dom F5 fx : FðxÞ 6¼ [g; kFðxÞk5 sup
y
fkyk : yAFðxÞg:

By definition, k[k5 0.

Definition 2.1. A multivalued mapping F is convex if its graph is convex.

Definition 2.2. A multivalued mapping F is convex valued if F(x) is convex in Y.

Definition 2.3. A multivalued mapping F is closed if its graph is closed.

Definition 2.4. A multivalued mapping F is bounded if there exists a constant

C. 0, such that

kFðxÞk#Cð11 kxkÞ:

Definition 2.5. A multivalued mapping F is said to be upper semicontinuous at x0
if for any neighborhood U of zero in Y there exists a neighborhood V of zero in X

such that

FðxÞDFðx0Þ1U ’xAx0 1V :

Definition 2.6. A multivalued mapping F is said to be lower semicontinuous at a

point x0 if for any neighborhood U of zero in Y there exists a neighborhood V of

zero in X such that

Fðx0ÞDFðxÞ1U ’xAx0 1V :
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Definition 2.7. A multivalued mapping F is said to be continuous at a point x0, if it

is both upper and lower semicontinuous at a point x0. It is said to be continuous if

it is continuous at every xAX.

Definition 2.8. We say that a multivalued mapping F is Lipschitzian in the set Ω if

ρðaðx1Þ; aðx2ÞÞ# Lkx1 2 x2k;

where ρ is the Hausdorff metric; i.e.,

ρðA;BÞ5max sup
y1AA

inf
y2AB

ky1 2 y2k; sup
y2AB

inf
y1AA

ky1 2 y2k
( )

and L is called its Lipschitz constant.

Lemma 2.1. Let F be a closed convex multivalued mapping and suppose that at

some x0Adom F the set F(x0) is bounded. Then F is bounded.

& Assuming that F is not bounded, there is a sequence zk5 (xk, yk), ykAF(xk) such

that kykk=ð11 kxkkÞ-1N: Let kxkk# r. Setting λk 5 kxkk=ð11 kykkÞ; we see

that λk-0. Take y0AF(x0) and consider the points

xk 5λkxk 1 ð12λkÞx0; yk 5λkyk 1 ð12λkÞy0:

Since 0,λk, 1 for large k and F is convex, ykAFðxkÞ for large k. Observes

that xk-x0: Moreover,

yk 5 ð11 kxkkÞ
yk

kykk
1 ð12λkÞy0:

There is no loss of generality if we assume that yk=kykk-w; kwk5 1: Also, by
virtue of the boundedness of kxkk, we obtain kxkk-α. Thus, yk-ð11αÞw1 y0:
Since F is closed, (11α)w1 y0AF(x0). On the other hand, since y0 is an arbitrary

point of F(x0), we have

ð11αÞw1Fðx0ÞDFðx0Þ

which contradicts the fact that the set F(x0) is bounded. Let now kxkk-1N. In

this case, we put λk 5 ð11 kxkkÞ=ðkxkkkykkÞ: Then taking into account

yk 5
11 kxkk
kxkk

yk

kykk
1 ð12λkÞy0

and that ð11 kxkkÞ=kxkk-1; repeating the previous argument we again derive a

contradiction. ’
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Lemma 2.2. Let graph F5K and K be a closed convex cone. Then, F is bounded

if and only if F(0)5 {0}.

& If F(0)5 {0}, then F is bounded, by the previous lemma. On the contrary, if F

is bounded, then y0 6¼ 0, y0AF(0) does not exist, because λ(0, y0)5 (0, λy0)AK for

all λ. 0; i.e., λy0AF(0), λ. 0, and we obtain that F(0) is not bounded, which is a

contradiction.’

Remark 2.1. If a multivalued mapping F is quasisuperlinear—i.e., its graph is

represented as gph F5Ω1K, where Ω is a convex compactum and K is a closed

convex cone—then in a similar way it can be shown that for the boundedness of

such mappings, the hypothesis of the lemma consists of K \ (03 Y)5 {0}.

Definition 2.9. Let 01 gph F be the recession cone (see Definition 1.16) of a con-

vex mapping F; i.e.,

01 gph F5 fðx; yÞ : ðx1λx; y1λxÞAgph F; λ$ 0 ’ðx; yÞA gph Fg:

Then, we call the multivalued mapping F� defined by

F�ðy�Þ5 fx� : ðx�; 2y�ÞAð01 gph FÞ�g

the adjoint (AM) to the convex F.

Lemma 2.3. The AM F� is bounded if and only if dom F5X.

& Observe that (01gph F)� is always closed, so F� is a closed convex mapping.

According to the previous lemma it is enough to show that F�(0)5 {0} if and only

if dom F5X. Let x�AF�(0); i.e.,

hx; x�i2 hy; 0i$ 0; ðx; yÞA01 gph F:

Then

hx; x�i$ 0; xAdom F: ð2:1Þ

If dom F5X, then Eq. (2.1) implies that x� 5 0, i.e., F�(0)5 {0}. Conversely, if

x� 6¼ 0, then dom F lies in the half-space defined by Eq. (2.1). Thus, F�(0) contains
a nonzero element, that is not bounded, if dom F 6¼X.’

Lemma 2.4. Let F be a closed convex mapping, bounded at x0Aint(dom F). Then,

in some neighborhood of x0, the mapping F is Lipschitzean.

& Since x0Aint(dom F), there is r. 0 such that x01 rBDdom F, where B is the

unit ball centered at the origin. Set

x0 5 x0 1 r
x2 x0

kx2 x0k
5 12

r

kx2 x0k

� �
x0 1

r

kx2 x0k
x
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xv5 x0 2 r
x2 x0

kx2 x0k
5 11

r

kx2 x0k

� �
x0 2

r

kx2 x0k
x:

Then

x5
kx2 x0k

r
x0 1 12

kx2 x0k
r

� �
x0; x0 5

kx2 x0k
kx2 x0k1 r

xv1
r

kx2 x0k1 r
x:

Since xAx01 rB, then kx2 x0k# r, and it follows from the preceding formulas

that x and x0 are convex combinations of x0, x0 and xv, x, respectively.
By virtue of the convexity of F,

FðxÞ+ kx2 x0k
r

Fðx0Þ1 12
kx2 x0k

r

� �
Fðx0Þ

and

Fðx0Þ+
kx2 x0k

kx2 x0k1 r
FðxvÞ1 r

kx2 x0k1 r
FðxÞ: ð2:2Þ

Let y0AF(x0), yvAF(xv), y0AF(x0), yAF(x) be points from the corresponding

sets. Then from the first inclusion of Eq. (2.2), we obtain

FðxÞ+ kx2 x0k
r

ðy0 2 y0Þ1 y0

or

y0AFðxÞ2 kx2 x0k
r

ðy0 2 y0Þ: ð2:3Þ

Note that by Lemma 2.1 the set F(x) is bounded. Hence,

ky0k#Cð11 kx0kÞ; ky0k#Cð11 kx0kÞ;
ky0 2 y0k#Cð11 kx0kÞ1Cð11 kx0kÞ:

Since kx0k# kx0k1 r, finally we have

ky0 2 y0k#Cð21 2kx0k1 rÞ:

Now, it follows from Eq. (2.3) that

y0AFðxÞ1 Cð21 2kx0k1 rÞ
r

kx2 x0kB
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or, since y0 is an arbitrary point of F(x0),

Fðx0ÞDFðxÞ1 Cð21 2kx0k1 rÞ
r

kx2 x0kB:

Taking into account the second inclusion of Eq. (2.2), by analogy it can be

shown that

FðxÞDFðx0Þ1
2Cð11 kx0k1 rÞ

r
kx2 x0kB:

In turn, from these inclusions, we have

ρðFðxÞ;Fðx0ÞÞ#
2Cð11 kx0k1 rÞ

r
kx2 x0k:’

Corollary 2.1. Let ΩDint(dom F) be a compactum, Then, a closed convex map-

ping F bounded at a point x satisfies a Lipschitz condition on Ω.
& By virtue of the compactness of Ω, there is r. 0 such that Ω1 rBDint(dom F).

Therefore, x0 can be taken arbitrarily from Ω and r then chosen suitably, as in the

proof of the previous lemma.’

Local properties of differentiable functions are well described by the concept of

the derivative and the gradient function. For convex functions, instead of the gradi-

ent, we use subdifferentials. In the case of multivalued functions, a similar role is

played by an important concept of this book: the locally adjoint mappings (LAMs).

Let us introduce some important notations. The function defined as

Hðx; y�Þ5 sup
y
fhy; y�i : yAFðxÞg; y�AY� 5ℝn ð2:4Þ

is said to be the Hamiltonian function. Moreover, let us denote

Mðx�; y�Þ5 inf
ðx;yÞ

fhx; x�i2 hy; y�i : ðx; yÞAgph Fg: ð2:5Þ

We put H(x, y�)52N if F(x)5[.

It is clear that

Mðx�; y�Þ5 inf
x
fhx; x�i2Hðx; y�Þg; ð2:6Þ

i.e.,

Mðx�; y�Þ# hx; x�i2Hðx; y�Þ ’x:
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Furthermore, it follows from Eq. (2.6) that

Mðx�; y�Þ52 ð2HðU; y�ÞÞ�ðx�Þ:

Lemma 2.5. Let F be a convex multivalued mapping. Then

Fðλ1x1 1λ2x2Þ+λ1Fðx1Þ1λ2Fðx2Þ;λ1 $ 0;λ2 $ 0;λ1 1λ2 5 1 ð2:7Þ

and H ( � ,y�) is a concave function.
& If (x1, y1)Agph F, (x2, y2)Agph F, then since gph F is convex,

ðλ1x1 1λ2x2;λ1y1 1λ2y2ÞAgph F:

Thus, λ1y11λ2y2AF(λ1x11λ2x2). Observe that y1 and y2 are arbitrary points of

the sets F(x1) and F(x2), respectively, and so the first assertion is proved.

Moreover, by virtue of Eq. (2.7),

Hðλ1x1 1λ2x2; y�Þ5 supy fhy; y�i : yAFðλ1x1 1λ2x2Þg
$ sup

y1;y2
fhλ1y1 1λ2y2; y

�i : y1AFðx1Þ; y2AFðx2Þg

5λ1Hðx1; y�Þ1λ2Hðx2; y�Þ:’

Take a point zAgph F and denote

Kgph FðzÞ5 coneðgph F2 zÞ; ð2:8Þ

i.e.,

Kgph FðzÞ5 fz : z5λðz1 2 zÞ; λ. 0; z1Agph Fg:

It is not hard to see that

Kgph FðzÞ5 fz : z1λzAgph F for sufficiently small λ. 0g:

The Argmaximum set is defined as

Fðx; y�Þ5 fyAFðxÞ : hy; y�i5Hðx; y�Þg: ð2:9Þ

The multivalued mapping

FzðxÞ5 fy : ðx; yÞAKgph FðzÞg

is defined completely by the cone Kgph F(z) and gph Fz5Kgph F(z).
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Definition 2.10. For a convex multivalued mapping F, a multivalued mapping F�

from Y� into X� defined by

F�ðy�; zÞ5 fx� : ðx�; 2y�ÞAK�
gph Fðx; yÞg

is called the LAM to F at the point (x, y)Agph F, where K�
gph Fðx; yÞ is the dual to

the cone Kgph F(x, y).

Theorem 2.1. Let F : X-P(Y) be a convex multivalued mapping. Then

F�ðy�; ðx; yÞÞ5 @xHðx; y�Þ; yAFðx; y�Þ;
[; y =2Fðx; y�Þ;

�

where

@xHðx; y�Þ52@x½2Hðx; y�Þ�:

& Obviously, @xH(x, y
�) is the set of x� such that

Hðx1; y�Þ2Hðx; y�Þ# hx1 2 x; x�i ’x1AX ð2:10Þ

Let x�AF�(y�; z), z5 (x, y). By the definition of the dual cone K�
gph FðzÞ this

means that

hx; x�i2 hy; y�i$ 0; ðx; yÞAKgph FðzÞ

or

hx1 2 x; x�i2 hy1 2 y; y�i$ 0; ðx1; y1ÞAgph F: ð2:11Þ

If x15 x, y1AF(x), this inequality implies that

hy; y�i$ hy1; y�i; y1AFðxÞ;

i.e., yAF(x, y�) and

hy; y�i5Hhx; y�i:

Then, it follows from Eq. (2.11) that

hy1; y�i2Hðx; y�Þ# hx1 2 x; x�i:

Taking the supremum over y1AF(x1) gives us the inequality

Hðx1; y�Þ2Hðx; y�Þ# hx1 2 x; x�i;
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or x�A@xH(x, y
�). Now let x�A@xH(x, y

�), yAF(x; y�). Then, by going in the reverse

direction, it is not hard to see that x�AF�(y�;(x, y)).’

Remark 2.2. At the same time it was shown that all sets F�(y�;(x, y)) for every

yAF(x; y�) are the same and are equal to @xH(x, y
�).

Theorem 2.2. Let F be closed bounded convex and P be a compact set in Z such

that its projection on X lies entirely in int(dom F). Then, F�(y�; z) is uniformly

bounded with respect to zAP; i.e., there exists a constant C such that

kF�ðy�; zÞk#Cky�k

for every zAP.

& Since P is a compact set and its projection on X lies entirely in int(dom F), there

is a number r. 0 such that for all z5 (x, y)AP, a ball with radius r and center at x

belongs to int(dom F).

We proceed by a contradiction argument. Then, there is a sequence ðx�k ; 2 y�k ÞA
K�
gph FðzkÞ; zkAP such that :x�k::x

�
k:=:y

�
k:-N: Suppose that zk-z0Aint(dom F)

and y�k=:y
�
k:-y�0: By Definition 2.10, ðx�k ; 2 y�k ÞAK�

gph FðzkÞ is equivalent to
hx2 xk; x

�
ki2 hy2 yk; y

�
ki$ 0; ðx; yÞAgph F;

or

x2 xk;
x�k

:y�k:

* +
2 y2 yk;

y�k
:y�k:

* +
$ 0:

Set ~xk 5 xk 2 r x�k=:x
�
k: and take an arbitrary point ~ykAFð ~xkÞ: By virtue of the

boundedness of F, all ~yk are bounded. Then by substituting ð ~xk; ~ykÞ into the latter

inequality, we deduce

2 r
:x�k:
:y�k:

2 ~y2 yk;
y�k

:y�k:

* +
$ 0;

which is impossible for large k because :x�k:=:y
�
k:-N:’

Theorem 2.3. Let F be a closed bounded convex multivalued mapping. Then, its

LAM F�(y�; z) is upper semicontinuous for all y�AY� and z5 (x, y) such that xAint

(dom F).

& As in the previous theorem, we proceed by contradiction; suppose that for some

y�0 and z05 (x0, y0), where x0Aint(dom F), the LAM F�(y�, z) is not upper semicon-

tinuous. Then, for ε. 0, there exist sequences y�k-y�0; zk-z0; x�kAF�ðy�k ; zkÞ
such that

x�k =2F�ðy�0; z0Þ1 εB; ð2:12Þ
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where B is the unit ball with center zero. By the previous theorem, all the mappings

F�(y�; zk) are uniformly bounded, so we assume that all x�k are bounded. Thus, there
is no loss of generality if we suppose that x�k-x�0: By definition of LAM, we

can write

hx2 xk; x
�
ki2 hy2 yk; y

�
ki$ 0; ðx; yÞAgph F;

where, by passing to the limit, we derive

hx2 x0; x
�
0i2 hy2 y0; y

�
0i$ 0;

i.e., x�0AF�ðy�0; z0Þ; which contradicts Eq. (2.12).’

Lemma 2.6. The x� is an element of the LAM F� if and only if

Mðx�; y�Þ5 hx; x�i2Hðx; y�Þ:

& By Theorem 2.1, x�AF�(y�; z), z5 (x, y) is equivalent to

x�A@xHðx; y�Þ; yAðx; y�Þ;

i.e.,

Hðx1; y�Þ2Hðx; y�Þ# hx1 2 x; x�i ’x1AX:

Rewriting the latter inequality as

hx; x�i2Hðx; y�Þ# hx1; x�i2Hðx1; y�Þ

and taking the infimum over x1, we have

Mðx�; y�Þ$ hx; x�i2Hðx; y�Þ:

Now compare this inequality with the reverse inequality following from

Eq. (2.6).’

2.3 The Calculus of Locally Adjoint Mappings

We investigate the connection between adjoint mappings and LAM. For a convex

set QDZ5X3 Y at a point zAQ, let

KQðzÞ5 coneðQ2 zÞ5 fz : z5λðz1 2 zÞ; λ. 0 ’z1AQg: ð2:13Þ
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First, we establish the following supplementary result.

Theorem 2.4. Let 01Q be the recession cone of the closed convex set Q. Then,

\
zAQ

KQðzÞ5 01Q:

& We first show that

Q5 \
zAQ

ðz1KQðzÞÞ: ð2:14Þ

Indeed, take an arbitrary z0AQ. Clearly, all vectors of the form z5 z0 2 z belong

to the cone in Eq. (2.13) (with λ5 1); i.e., z0Az1KQ(z), zAQ, which implies that

z0A\zAQðz1KQðzÞÞ: Conversely, if we have the latter inclusion, then z0Az1KQ(z),

zAQ and there is z1AQ and γ. 0 such that z02 z5 γ(z12 z)AKQ(z). Thus,

z05 γz11 (12 γ)zAQ. This yields Eq. (2.14).

On the other hand, it is easy to see that

01 \
zAQ

z1KQðzÞ
� �� �

5 \
zAQ

01 ðz1KQðzÞÞ
	 


:

In fact, if z is an arbitrary point of Q5\zAQðz1KQðzÞÞ; then by Definition 1.16

of a recession cone, the half-line z1λz; λ$ 0 is contained in every cone

z1KQ(z), zAQ. This means that

zA \
zAQ

01 z1KQðzÞ
� �	 


:

Therefore,

01Q5 01 \
zAQ

z1KQðzÞ
� �� �

5 \
zAQ

01 z1KQðzÞ
� �	 


5 \
zAQ

KQðzÞ:’

Remark 2.3. In the formulation of the theorem, the closure condition is essential.

For example, let Q5 {(x, y):x. 0, y. 0}[{(0,0)}Cℝ2. Obviously, 01Q5Q. The

set Q has all the points of the form (x0, y0)1λ(0, y0), where x0. 0, y0. 0 are

fixed. But (0,y0) =2 01Q.

Theorem 2.4. Let Q be a closed convex set and K�
QðzÞ be the dual cone to the cone

KQ(z), zAQ. Then

[
zAQ

K�
QðzÞ5 ð01QÞ�:

& It is sufficient to show that

[
zAQ

K�
QðzÞ5 [

zAQ
KQðzÞ

� ��
: ð2:15Þ
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For an arbitrary fixed z�0A[zAQK
�
QðzÞ; there exists a sequence z�nA[zAQK

�
QðzÞ

that converges to z�0: Then z�nAK�
QðznÞ for some sequence znAQ.

On the other hand, since KQðznÞ+\zAQKQðzÞ; it follows that K�
QðznÞD

\zAQKQðzÞ
� ��

: Thus, z�nD \zAQKQðzÞ
� ��

and so z�0D \zAQKQðzÞ
� ��

: Consequently,
we have [zAQK

�
QðzÞD \zAQKQðzÞ

� ��
: Now we prove the reverse inclusion. Take an

arbitrary z�1A \zAQKQðzÞ
� ��

: On the contrary, suppose that z�1 =2[zAQK
�
QðzÞ: This

implies that z�1AK�
QðzÞ for every zAQ. In other words, there is a vector z1 6¼ 0

such that

z�1; z1
� �

, 0; ’z1AKQðzÞ ’zAQ

or

hz�1; z1i, 0; z1A \
zAQ

KQðzÞ;

i.e., z�1 =2 \zAQ KQðzÞ
� ��

: This is a contradiction.’

The next theorem shows that the AM F� is the closure of a union of LAMs over

zAgph F.

Theorem 2.5. Let F be a closed convex multivalued mapping. Then

F�ðy�Þ5 [
zAgph F

F�ðy�; zÞ; yAFðx; y�Þ:

& Taking into account the definition of adjoint mapping and LAM, the only for-

mula of the theorem is obtained immediately from the preceding theorem if we set

Q5 gph F:

F�ðy�Þ5 [
zAgph F

F�ðy�; zÞ:

It only remains to observe that, by Theorem 2.1, F�(y�; z)5[ for z5 (x, y),

y =2F (x; y�).’

It is elementary to verify that if F is a convex multivalued mapping, then αF is

a convex multivalued mapping for any real α 6¼ 0. Let G(x)5αF(x).

Lemma 2.7. G�(y�;(x, αy))5 kαkF�(y�sgn α;(x, y)).
& Let HF, HG be the Hamiltonian functions for F and G, respectively. Clearly,

HGðx; y�Þ5 sup
y
fhy; y�i : yAGðxÞg5 sup

y
fαhy; y�i : yAFðxÞg

5 jαj sup
y
fhy; sgn αy�i : yAFðxÞg5 jαjHFðx; sgn αy�Þ:

Now use Theorem 2.1.’
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For any multivalued mapping F : X-P(Y), its inverse is denoted by F21 and is

defined to be the multivalued mapping

F21ðyÞ5 fx : yAFðxÞg:

Obviously, F21:Y-P(X). It is easy to see that (F21)215F and F21(F(dom F))5
dom F. Furthermore,

gph F21 5 fðy; xÞ : xAF21ðyÞg5 fðy; xÞ : yAFðxÞg5 fðy; xÞ : ðx; yÞAgph Fg:

Theorem 2.6. Let F : X-P(Y) be a convex mapping and F21:Y-P(Y) be its

inverse mapping. Then we have

ðF21Þ�ðx�; ðy; xÞÞ52ðF�Þ21ð2x�; ðx; yÞÞ; ðx; yÞAgph F:

& Remember that, by definition, Kgph F(z)5 cone(gph F2 z). Clearly,

Kgph F21 ðy; xÞ5 fðy; xÞ : ðx; yÞAKgph Fðx; yÞg

Then,

K�
gph F21 ðy; xÞ5 fðy�; x�Þ : hy�; yi1 hx�; xi$ 0; ðx; yÞAKgph Fðx; yÞg

5 fðy�; x�Þ : ðx�; y�ÞAK�
gph Fðx; yÞg:

Thus, by definition of LAM, we can write

ðF21Þ�ðx�; ðy; xÞÞ5 fy� : ðy�; 2 x�ÞAK�
gph F21g5 fy� : ð2x�; y�ÞAK�

gph Fg
5 fy� : 2 x�AF�ð2y�; ðx; yÞÞg52 f2 y� : 2 x�AF�ð2y�; ðx; yÞÞg
52ðF�Þ21ð2x�; ðx; yÞÞ’

Given multivalued mappings Fi : X-P(Y), i5 1, . . . , N, their sum is defined to

be the multivalued mapping

FðxÞ5 ðF1 1?1FNÞðxÞ � F1ðxÞ1?1FNðxÞ; xA \N
i51

dom Fi: ð2:16Þ

Denote by Hi(x, y
�) and Fi(x, y

�) the Hamiltonian function and Argmaximum set

corresponding to Fi(x), i5 1, . . . , N for a given y�AY�.

Theorem 2.7. Let Fi: X-P(Y), i5 1, . . . , N be convex and suppose that all the

Hamiltonian functions Hi( � , y�), i5 1, . . . , N except possibly one are continuous

at a point xA \N
i51 domFi: Then

F�ðy�; ðx; yÞÞ5F�
1 ðy�; ðx; y1ÞÞ1?1F�

Nðy�; ðx; yNÞÞ;
y5 y1 1?1 yN ; yiAFiðxÞ; i5 1; . . . ;N:
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& In the standard way, it can be shown that the sum of multivalued mappings

defined by Eq. (2.16) is convex if Fi, i5 1, . . . , N are convex. Furthermore,

Hðx; y�Þ5
XN
i51

Hiðx; y�Þ; xA \N
i51

dom Fi ð2:17Þ

and so

Fðx; y�Þ5
XN
i51

Fiðx; y�Þ: ð2:18Þ

Moreover, by Theorem 2.1

F�ðy�; ðx; yÞÞ5 @xHðx; y�Þ; yAFðx; y�Þ;
[; y =2Fðx; y�Þ:

�
ð2:19Þ

Now, by hypothesis and Theorem 1.29, we obtain

@xHðx; y�Þ5
XN
i51

@xHiðx; y�Þ: ð2:20Þ

Now by substituting Eqs. (2.17), (2.18), and (2.20) into Eq. (2.19), we have the

needed result.’

Now, consider the intersection of Fi : X-P(Y), i5 1, . . . , N:

FðxÞ5 \N
i51

Fi

� �
ðxÞ � \N

i51
FiðxÞ; gph F5 \N

i51
ðgph FiÞ: ð2:21Þ

Theorem 2.8. Suppose Fi : X-P(Y), i5 1, . . . , N are convex multivalued map-

pings and either

1. gph F1 \ int gph F2 \ ?\int gph FN 6¼[
or

2. ri gph F1 \ ri gph F2 \?\ ri gph FN 6¼[ is satisfied. Then we have

F�ðy�; zÞ5
XN
i51

F�
i ðy�i ; zÞ; y� 5

XN
i51

y�i ;

where F� (y�; z) is the LAM to the intersection map in Eq. (2.21).

& Obviously, Kgph FðzÞ5 \N
i51 Kgph Fi

ðxÞ; zAgph F and now the hypothesis implies

that either Kgph F1
\ intKgph F2

\ . . . \ intKgph FN
6¼ [ or ri Kgph F1

\ ri Kgph F2
\ . . .

\ri Kgph FN
6¼ [:
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Then, by applying Theorems 1.11 and 1.30, we have

K�
gph FðzÞ5K�

gph F1
ðzÞ1?1K�

gph FN
ðzÞ;

Let us rewrite the latter formula in the form

ðx�;y�Þ5ðx�1;y�1Þ1?1ðx�N ;y�NÞ; ðx�;y�ÞAK�
gphFðzÞ; ðx�i ;y�i ÞAK�

gphFi
ðzÞ; i51; . . . ;N;

where x�5
PN

i51 x
�
i ;y

�5
PN

i51 y
�
i ; i.e., F

�ðy�; zÞ5PN
i51F

�
i ðy�i ; zÞ; y�5

PN
i51 y

�
i :’

Lemma 2.8. Suppose that Fi : X-P(Y), i5 1, . . . , N are convex multivalued map-

pings and the hypotheses of Theorem 2.8 are satisfied. Then, we have

Fðx; y�Þ5 \N
i51

Fiðx; y�i Þ; y� 5
XN
i51

y�i

where F(x; y�) is the Argmaximum set corresponding to the intersection map in

Eq. (2.21).

& Let x�AF�(y�; z) and x�i AF�
i ðy�i ; zÞ; i5 1; . . . ;N. By Theorem 2.8,

y� 5
PN

i51 y
�
i : By the definition of LAM, we can write

hx1 2 x; x�i2 hy1 2 y; y�i$ 0; ðx1; y1ÞAgph F5 \N
i51

ðgph FiÞ;
hxi 2 x; x�i i2 hyi 2 y; y�i i$ 0; ðxi; yiÞAgph Fi; i5 1; . . . ;N:

If x15 x, y1AF(x), then the first relation implies that

hy; y�i$ hy1; y�i; y1AFðxÞ;

i.e., yAF(x; y�) and hy, y�i5H(x, y�), where H is the Hamiltonian function for F.

Similarly, if xi5 x, yiAFi(x), the second inequality yields yAFiðx; y�i Þ;
ði5 1; . . . ;NÞ:’

Corollary 2.2. With the assumptions of Theorem 2.8, we have

F�ðy�; zÞ5
XN
i51

@xHiðx; y�i Þ; yA\N
i51

Fiðx; y�i Þ;

[; y =2 \N
i51

Fiðx; y�i Þ;

8>><
>>:

where y� 5
PN

i51 y
�
i and Hi is the Hamiltonian function for Fi.

Now, consider the Cartesian product F5F13F23?3FN of the multivalued

mappings Fi : X-P(Y), i5 1, . . . , N.
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Lemma 2.9. Let Fi : X-P(Y), i5 1, . . . , N be convex-valued mappings.

Moreover, let Hi and H be the Hamiltonian functions for Fi and the Cartesian prod-

uct F5F13F23?3FN, respectively. Then we have

Hðx; y�Þ5
XN
i51

Hiðx; y�i Þ; y� 5 ðy�1; . . . ; y�NÞ:

& We shall confine ourselves to the case N5 2; the case of a greater number of

Cartesian product follows from this case by induction.

Hðx; y�Þ5 sup
y
fhy; y�i : yAðF1 3F2ÞðxÞg

5 sup
y1;y2

fhy1; y�1i1 hy2; y�2i : y1AF1ðxÞ; y2AF2ðxÞg
5 sup

y1

fhy1; y�1i : y1AF1ðxÞg1 sup
y2

fhy2; y�2i : y2AF2ðxÞg
5H1ðx; y�1Þ1H2ðx; y�2Þ; y� 5 ðy�1; y�2Þ:’

Theorem 2.9. Let Fi : X-P(Y), i5 1, . . . , N be convex mappings and suppose

that all the Hamiltonian functions Hi( � , y�), i5 1, . . . , N except possibly one are

continuous at a point common to every dom Fi. Then, for F, the Cartesian product

map, we have

F�ðy�; zÞ5
XN
i51

F�
i ðy�i ; ðx; yiÞÞ; y5 ðy1; . . . ; yNÞAFðx; y�Þ

& It is easily checked that Fðx; y�Þ�F1ðx; y�1Þ3?3FNðx; y�NÞ; y�5ðy�1; . . . ;y�NÞ:
Now use Lemma 2.9 and Theorems 1.29 and 2.1.’

Let us now consider the composition FT 5FT 213FT223?3F0 of the convex

multivalued functions Ft : X
t-P(Xt1 1), t5 0,1, . . . , T21, where FT : X0-P(XT)

and Xt are finite-dimensional Euclidean spaces. For two such mappings, define as

follows

ðFt 3 Ft21Þðxt21Þ5 [xtAFt21ðxt21Þ FtðxtÞ;
Ft 3 Ft21 : Xt21-PðXt21Þ; t5 1; . . . ;T 21:

Since

gph ðFt 3 Ft21Þ5 fðxt21; xt1 1Þ : ðxt21; xtÞAgph Ft21; ðxt; xt1 1ÞAgph Ftg;

it is easy to see that Ft 3 Ft21 is a convex mapping and so the composition FT is

also a convex map.

Theorem 2.10. Let Ft : X
t-P(Xt1 1), t5 0, 1, . . . , T21 be convex mappings. Let

x0tAXt be a point such that either

1. ðx0t ; x0t1 1ÞAint gph Ft; t5 0; . . . ; T 22; ðx0T 21; x
0
T ÞAgph FT21

or

2. ðx0t ; x0t1 1ÞAri gph Ft ; t5 0; . . . ;T 2 1:

70 Approximation and Optimization of Discrete and Differential Inclusions



Then, for a point ð ~x0; ~xT Þ; we have
ðFT Þ�ðx�T ; ð ~x0; ~xT ÞÞ
5 fx�0 : x�0AF�

0 ðx�1; ð ~x0; ~x1ÞÞ; x�1AF�
1 ðx�2; ð ~x1; ~x2ÞÞ; . . . ;x�T21AF�

T21ðx�T ; ð ~xT21; ~xT ÞÞg

or, briefly,

ðFT Þ�ðU; ð ~x0; ~xT ÞÞ5F�
0 ðU; ð ~x0; ~x1ÞÞ 3 F�

1 ðU; ð ~x1; ~x2ÞÞ3?3F�
T 21ðU; ð ~xT 21; ~xT ÞÞ;

where ~xt; t5 1; . . . ;T 21 are arbitrary points satisfying ~xt1 1AFtð ~xtÞ;
t5 0; . . . ;T 21:
& We shall confine ourselves to the case T5 2; the case of a greater number of

compositions follows by induction. By the definition of LAM,

x�0AðF1 3 F0Þ�ðx�2; ð ~x1; ~x2ÞÞ

if and only if

hx0 2 ~x0; x
�
0i2 hx2 2 ~x2; x

�
2i$ 0 ð2:22Þ

for all (x0, x2)Agph ðF1 3 F0Þ: Taking into account the expression for gph ðF1 3 F0Þ
and the fact that ð ~x0; ~x2ÞAgphðFt 3 Ft21Þ; we determine that there is a point ~x1
such that

ð ~x0; ~x1ÞAgph F0; ð ~x1; ~x2ÞAgph F1:

Rewrite Eq. (2.22) in the equivalent form

hx0 2 ~x0; x�0i2 hx1 2 ~x1; 0i2 hx2 2 ~x2; x�2i$ 0

ðx0; x1ÞAgph F0; ðx1; x2ÞAgph F1:
ð2:23Þ

Consider the space X03X13X2 with elements consisting of triplets (x0, x1,x2),

x0AX0, x1AX1, x2AX2. Put

Q1 5 fðx0; x1; x2Þ : ðx0; x1ÞAgph F1g; Q2 5 fðx0; x1; x2Þ : ðx1; x2ÞAgph F2g

It is not hard to see that

coneðQ1 \ Q2 2 ð ~x0; ~x1; ~x2ÞÞ5 coneðQ1 2 ð ~x0; ~x1; ~x2ÞÞ1 coneðQ2 2 ð ~x0; ~x1; ~x2ÞÞ

On the other hand,

coneðQ1 2 ð ~x0; ~x1; ~x2ÞÞ5Kgph F1
ð ~x0; ~x1Þ3X2;

coneðQ2 2 ð ~x0; ~x1; ~x2ÞÞ5X0 3Kgph F2
ð ~x1; ~x2Þ:
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Thus,

coneðQ1 2 ð ~x0; ~x1; ~x2ÞÞ½ �� 5K�
gphF1

ð ~x0; ~x1Þ3 f0g;
coneðQ2 2 ð ~x0; ~x1; ~x2ÞÞ½ �� 5 f0g3K�

gphF2
ð ~x1; ~x2Þ: ð2:24Þ

Then, by using the Theorems 1.11 and 1.30, we have

coneðQ1 \ Q2 2 ð ~x0; ~x1; ~x2ÞÞ½ ��
5 coneðQ1 2 ð ~x0; ~x1; ~x2ÞÞ½ �� 1 coneðQ2 2 ð ~x0; ~x1; ~x2ÞÞ½ ��:

Now, it is easy to see that the inequality in Eq. (2.23) means that ðx�0; 0; 2 x�2Þ
belongs to the latter dual cone. Taking into account Eq. (2.24), we claim that

ðx�0; 0; 2 x�2Þ has the representation

x�0 5 x1�0 ; 052x1�1 1 x2�1 ; 2x�2 52x2�2 ;

ðx1�0 ; 2x1�1 ÞAK�
gph F1

ð ~x0; ~x1Þ; ðx2�1 ; 2x2�2 ÞAK�
gph F2

ð ~x1; ~x2Þ;

which clearly, by the definition of LAM, is equivalent to the relations

x�0 5 x1�0 ; x1�0 AF�
0 ðx1�1 ; ð ~x0; ~x1ÞÞ; x1�1 AF�

1 ðx�2; ð ~x1; ~x2ÞÞ:’

Let now F : X1-P(X2) be a convex multivalued function. Moreover, let A and

B be linear transformations from X0 to X1 and from X2 to X3, respectively.

Construct a new mapping G : X0-P(X3) defined by G(x)5BF(Ax). We now com-

pute the LAM to G. For the composition mapping F 3 A; we calculate its

Hamiltonian function HF3A: We can write

HGðx; x�3Þ5 supx3 hx3; x�3i : x3ABðF 3 AÞðxÞ
 �
5 sup

x2

hBx2; x�3i : x2AðF 3 AÞðxÞ
 �
sup
x2

hx2;B�x�3i : x2AðF 3 AÞðxÞ
 �
5HF3Aðx;B�x�3Þ:

Thus, G�ðx�3; ðx; x3ÞÞ5 ðF 3 AÞ�ðB�x�3; ðx; x2ÞÞ: Assume that there exists a pair of

points, Ax2 and x2; such that ðAx; x2ÞAri ðgph FÞ: Then, by Theorem 2.10,

ðF 3 AÞ�ðB�x�3; ðx; x2ÞÞ5A�F�ðB�x�3; ðAx; x2ÞÞ and G�ðx�3; ðx; x3ÞÞ
5A�F�ðB�x�3; ðAx; x2ÞÞ

2.4 Locally Adjoint Mappings in Concrete Cases

First, we show that with the use of the LAM we can calculate the subdifferential of

even some complicated functions.
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Let F : X-P(Y) be a bounded closed convex multivalued mapping and ϕ be a

proper convex function such that dom ϕ5 Z. By Theorem 1.18, it is continuous on

z and at any point has the subdifferential @zϕ(z). Let us define a function

f ðxÞ5 min
y
fϕðx; yÞ : yAFðxÞg: ð2:25Þ

Since F is bounded and closed and ϕ is continuous, f is finite for all xAdom F

and is continuous on ri dom F. Denote ~Y 5 Y 3ℝ; ~Z5X3 ~Y so that

~y5 ðy; y0Þ; ~z5 ðx; y; y0Þ:

Suppose ~F is a multivalued mapping, the graph of which is given by

gph ~F5 fðx; y; y0Þ : ðx; yÞAgph F; y0 $ϕðx; yÞg: ð2:26Þ

Since gph F is closed, so is gph ~F: Furthermore, ϕ is a continuous convex func-

tion. Thus,

~FðxÞ5 fðy; y0Þ : yAFðxÞ; y0 $ϕðx; yÞg ð2:27Þ

is a closed convex multivalued mapping. Clearly, dom F5 dom ~F and the

Hamiltonian function HF of F is 2N, if x =2 dom F. We calculate the Hamiltonian

function H ~F of ~F :

H ~Fðx; y�; y0�Þ5 sup
ðy0;yÞ

fhy; y�i1 y0y0� : yAFðxÞ; y0 $ϕðx; yÞg;

where xAdom F. We have

H ~Fðx; y�; y0�Þ5
1N; if y0� . 0;

HFðx; y�Þ; if y0� 5 0;
maxy hy; y�i1 y0�ϕðx; yÞ : yAFðxÞ
 �

; if y0� , 0:

8<
:

As is obvious, H ~Fðx; 0;21Þ52f ðxÞ and hence, by Lemma 2.5, 2 f is concave

and f is convex. In fact, by Theorem 2.1, the calculation of the subdifferential @f(x)
is reduced to the calculation of the LAM to ~F: Taking y00 5ϕðx0; y0Þ; we calculate

Kgph ~Fðx0; y0; y00Þ : by Definition 2.8 of Kgph Fð~zÞ; ~z5 ðx; y; y0ÞAKgph ~Fð~z0Þ; ~z0 5
ðx0; y0; y00Þ if and only if ~z0 1λ~z A gph ~F: For sufficiently small λ. 0, i.e., accord-

ing to Eq. (2.26),

ðx0 1λx; y0 1λyÞAgph F; ð2:28Þ

y00 1λy0 $ϕðx0 1λx; y0 1λyÞ: ð2:29Þ
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The cone defined by Eq. (2.28) clearly is Ka(z0)3ℝ, z05 (x0, y0) because here

y0 can be chosen arbitrarily. Hence,

ðKgph Fðz0Þ3ℝÞ� 5K�
gph Fðz0Þ3 f0g: ð2:30Þ

On the other hand, the cone defined by Eq. (2.29) is coneð ~M2 ~z0Þ; where
~M5 fðx; y; y0Þ : ϕðx; yÞ2 y0 # 0g; ~MD ~Z:

Choosing a sufficiently large number y0, we can always arrange that ϕ(x, y)2
y0, 0. Note that ϕ is continuous and its subdifferential is convex and compact. By

Theorem 1.33, for the function ϕ(x, y)2 y0 at a point (x0, y0, ϕ(x0, y0)), we have

coneð ~M2 ~z0Þ5 fð2λx�0; 2λy�0;λÞ : ðx�0; y�0ÞA@zϕðz0Þ; λ$ 0g; ð2:31Þ

where

z0 5 ðx0; y0Þ; @~zðϕðz0Þ2 y0Þ5 ð@zϕðz0Þ; 21Þ:

Now let ðx0 ; y0ÞAKgph Fðz0Þ: Choose y00 so that

y00 .ϕ0ðz0; z0Þ; z0 5 ðx0 ; y0Þ;

where ϕ0ðz0; z0Þ is the directional derivative of ϕ at z0 with respect to z0 : Then, for
sufficiently small λ. 0,

y00 .
ϕðx0 1λx0 ; y0 1λy0Þ2ϕðx0; y0Þ

λ
: ð2:32Þ

On the other hand, since y05ϕ(x0, y0), the inequality in Eq. (2.29) implies that

y0 $
ϕðx0 1λx; y0 1λyÞ2ϕðx0; y0Þ

λ
:

Moreover, ϕ is continuous and, by virtue of Eq. (2.32), the inequality in Eq. (2.29)

is satisfied for all ðx; y; y0Þ around ðx0 ; y0 ; y00Þ: This means that the point ðx0 ; y0 ; y00Þ is
an interior point of the cone defined by Eq. (2.29). Furthermore, note that

Kgph ~Fðx0; y0; y00Þ5 ½Kaðz0Þ3ℝ� \ cone ð ~M2 ~z0Þ:

Then, by Theorem 1.11, it follows from Eqs. (2.30) and (2.31) that

ðx�; y�; y0�ÞAK�
gph ~F

ð~z0Þ if and only if

x� 5 x�1 2λx�0; y� 5 y�1 2λy�0; y0� 5λ;
ðx�1; y�1ÞAK�

gph Fðz0Þ; ðx�0; y�0ÞA@zϕðz0Þ; λ$ 0:

In particular, x�A ~F
�ðy�; y0�; ~z0Þ; i.e., ðx�; 2 y�; 2 y0�ÞAK�

gph ~F
ð~z0Þ; if and only if
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x� 5 x�1 2λx�0; 2 y� 5 y�1 2λy�0; 2 y0� 5λ;
x�1AF�ð2y�1; z0Þ; ðx�0; y�0ÞA@zϕðz0Þ; λ$ 0:

ð2:33Þ

Now let x0Adom F, y� 5 0, y0� 521. Suppose that the minimum of ϕ(x0,y) on
yAF(x0) is attained at y0. Then, from the expression of the above calculated

H ~Fðx; y�; y0�Þ; we obtain

ðy0;ϕðx0; y0ÞÞA ~Fðx; 0; 21Þ

because hy; y�i1 y0�y0; where y� 5 0, y0� 521, attains its maximum on yAF(x0),

y0$ϕ(x0, y) just at (y0,ϕ(x0, y0)). Since f ðxÞ52H ~Fðx; 0;21Þ; then @f ðx0Þ5
@xð2H ~Fðx0; 0;21ÞÞ: Thus, by Theorem 2.1, we have

@f ðx0Þ52 ~F
�ð0; 21; ~z0Þ; ~z0 5 ðx0; y0;ϕðx0; y0ÞÞ:

Therefore, by using Eq. (2.33), we have that x�A ~F � ð0;21; ~z0Þ if and only if

x� 5 x�1 2 x�0; y�1 5 y�0;
x�1AF�ð2y�1; z0Þ; ðx�0; y�0ÞA@zϕðz0Þ: ð2:34Þ

Theorem 2.11. Let F : X-P(Y) be bounded, closed, and convex, and suppose that

ϕ is a proper convex function such that dom ϕ5 Z. Furthermore, suppose that

f ðxÞ5 min
y
fϕðx; yÞ : yAFðxÞg: ð2:35Þ

Then f is a convex function and for any x0Adom F,

@f ðx0Þ5 fx� 2F�ð2y�; z0Þ : ðx�; y�ÞA@zϕðz0Þg; ð2:36Þ

where z05 (x0, y0) and y0AF(x0) is any point that minimizes ϕ in Eq. (2.35). In par-

ticular, if ϕ is differentiable, then

@f ðx0Þ5ϕ0
xðz0Þ2F�ð2ϕ0

yðz0Þ; z0Þ;

where ϕ0
xðz0Þ and ϕ0

yðz0Þ are the vectors of partial derivatives with respect to x and

y, correspondingly.

& Indeed, we can rewrite Eq. (2.34) as follows:

2 x� 5 x�0 2 x�1; x�1AF�ð2y�0; z0Þ; ðx�0; y�0ÞA@zϕðz0Þ;

which means that 2 x�Ax�0 2F�ð2y�0; z0Þ; ðx�0; y�0ÞA@xϕðz0Þ: Consequently, taking
into account @f ðx0Þ52 ~F

�ð0; 21; ~z0Þ and denoting x�0 and y�0 again by x� and y�,
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we obtain Eq. (2.36). Furthermore, if ϕ is differentiable, then @zϕ(z0) consists of

the unique vector-gradient and x� 5ϕ0
xðz0Þ; y� 5ϕ0

yðz0Þ:’
Let us consider the multivalued mapping defined by

FðxÞ5 fA : xAXg;

where A is a closed convex set in Y. Observe that gph F5X3A, so

Kgph Fðz0Þ5X3 coneðA2 y0Þ:

Therefore, K�
gph Fðz0Þ has the form

K�
a ðz0Þ5 f0g3 ½coneðA2 y0Þ��:

It follows that

F�ðy�; z0Þ5 0; if2 y�A½coneðA2 y0Þ��;
[; if2 y�A½coneðA2 y0Þ��:

�
ð2:37Þ

Theorem 2.12. Let ϕ:Z-ℝ be a convex function continuous in x on some neigh-

borhood of x0, and yAA. Furthermore, let

f ðxÞ5 min
y
fϕðx; yÞ : yAAg ð2:38Þ

and suppose that the minimum is attained at y0AA, where x5 x0. Then

@f ðx0Þ5 fx� : ðx�0; y�0ÞA@zϕðz0Þ; y�A½coneðA2 y0Þ��g:

& Note that in the proof of Theorem 2.11, the boundedness of F was used for the

existence of a point y0AF(x0), where ϕ(x0, y) has a minimum. Therefore, in the for-

mulation of the theorem, instead of the boundedness of F, we may assume that the

minimum is attained at y0AA, where x5 x0. Observe also that, in place of the con-

dition dom ϕ5 Z, it is enough to assume the continuity of ϕ in x in some neighbor-

hood of x0, and yAA. Now use Eq. (2.37) and the previous theorem.’

Example 2.1. Let A be a convex set in Y and let gph F5X3A; i.e., F(x)5A for

all xAX.

Then,

Hðx; y�Þ5 sup
y
fhy; y�i : yAAg5HAðy�Þ;

where HA is the support function of A. On the other hand,
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Mðx�; y�Þ5 inf
ðx;yÞ

fhx; x�i2 hy; y�i : xAX; yAAg5 2N; if x� 6¼ 0;
2HMðy�Þ; if x� 5 0:

�

Above, we have seen that the LAM to F has the form shown in Eq. (2.37).

Example 2.2. Let F(x)5Ax1U, where U is a convex subset of Y and A is an oper-

ator from X to Y. Then

Hðx; y�Þ5 supyfhy; y�i : yAFðxÞg
5 hAx; y�i1 sup

y
fhu; y�i : uAUg5 hAx; y�i1HUðy�Þ;

and by Eq. (2.6), we have

Mðx�; y�Þ5 inf
x
fhx; x�i2Hðx; y�Þg5 inf

x
fhx; x� 2A�y�i2HUðy�Þg:

Thus,

Mðx�; y�Þ5 2N if A�y� 6¼ x�;
HUðy�Þ; if A�y� 5 x�:

�

If y05Ax01 u0, u0AU, then it is easy to see that

Fðx0; y�Þ5 fy0AAx0 1U : hy0; y�i5Hðx0; y�Þg5 fu0AU : hu0; y�i5HUðy�Þg
5 fu0AU : 2 y�AK�

Uðu0Þg;

where K�
Uðu0Þ5 fu : u5λðu2 u0Þ ’λ. 0; uAUg:

Therefore, by Theorem 2.1, we conclude that

F�ðy�; z0Þ5 A�y�; if 2 y�A½coneðU2 u0Þ��;
[; if 2 y� =2 ½coneðU2 u0Þ��:

�

Example 2.3. Let Y5ℝ and let f be any proper convex function. Let us define F by

gph F5 epi f ; FðxÞ5 fy : y$ f ðxÞg:

Then, y�Aℝ and

Hðx; y�Þ5 sup
y
fyy� : y$ f ðxÞg5

NUsgn y�; if y� 6¼ 0; x =2 dom f ;
1N; if y� . 0; xAdom f ;
y�f ðxÞ; if y� # 0; xAdom f :

8<
:
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On the other hand,

Mðx�; y�Þ5 inf
ðx;yÞ

fhx; x�i2 yy� : y$ f ðxÞg5 2N if y� . 0;
2Hdom f ð2x�Þ; if y� 5 0:

�

In the case where y� , 0, we can write

Mðx�; y�Þ5 inf
x

hx; x�i2 y�f ðxÞ
 �
5 y� sup

x
x;
x�

y�

� �
2 f ðxÞ

� �
5 y�f �

x�

y�

� �
:

Now, let x0Adom f, y05 f(x0) and y� # 0. Then, since y$ f(x0), the maximum of

yy� attains if y5 y05 f(x0) or y0AF(x; y�). Then, by virtue of Theorem 2.1 and the

above expression for H(x, y�), we obtain that

F�ðy�; z0Þ5 y�@f ðx0Þ; if y� , 0;
@δdom f ðx0Þ; if y� 5 0:

�
z0 5 ðx0; f ðx0ÞÞ; x0Adom f :

Example 2.4. Let ϕ : Z-ℝ, Z5X3 Y be a convex function. Set

gph F5 fz : ϕðzÞ# 0g; FðxÞ5 fy : ϕðx; yÞ# 0g:

Let ϕ(z0)5 0 and ϕ be continuous at z0. Furthermore, let z1 be such that ϕ(z1), 0.

Then, by Theorem 1.34,

K�
gph Fðz0Þ5 ½cone ðgph F2 z0Þ�� 52 cone @zϕðz0Þ;

so

F�ðy�; z0Þ5 f2λx�0 : y
� 5λy�0; ðx�0; y�0ÞA@zϕðz0Þ; λ$ 0g: ð2:39Þ

Thus, we can formulate the next result.

Lemma 2.10. Let ϕ : Z-ℝ, Z5X3 Y be a convex function and suppose that ϕ is

continuous at z0, ϕ(z0)5 0. Furthermore, let z1 be a point such that ϕ(z1), 0. Then,

Eq. (2.39) holds.’

Example 2.5. Let ϕðzÞ5 max1# i#m ϕiðzÞ and suppose that ϕi is continuous at z0.

Then, according to Theorem 1.32,

@ϕðzÞ5 conv [
iAIðzÞ

@zϕiðzÞ
� �

; IðzÞ5 fi : ϕiðzÞ5ϕðzÞg: ð2:40Þ
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By Lemma 1.34 and Remark 1.2, both @zϕi(z), iAI(z) are closed and bounded.

Then their union is closed and bounded too. Now by Lemma 1.8 and Theorem 1.3,

Eq. (2.40) takes the form

@ϕðzÞ5 conv [
iAIðzÞ

@zϕiðzÞ
� �

: ð2:41Þ

Observe that by Lemma 1.5,

z�Aconv [
iAIðzÞ

@zϕiðzÞ
� �

ð2:42Þ

if and only if

z� 5λ1z
�
1 1?1λkz

�
k ;
Xk
i51

λ1 5 1; λi $ 0;

where each z�j belongs to one of the sets @zϕi(z). Let us write

Ji 5 f j : z�j A@zϕiðzÞg; γi 5
X
jAJi

λj; iAIðzÞ:

Then

z� 5
Xk
i51

γi
X
jAJi

λj

γj
z�j

 !
: ð2:43Þ

Since @zϕI(z) is convex and
P

jAJi
λj=γi 5 1;

X
jAJi

λj

γi
z�j A@zϕiðzÞ: ð2:44Þ

By virtue of Eqs. (2.43) and (2.44), it follows that Eq. (2.42) is fulfilled if and

only if

z� 5
Xk
iAIðzÞ

γiz
�
i ; z�i A@zϕiðzÞ; γi $ 0;

X
iAIðzÞ

γi 5 1:

Now Eq. (2.41) gives us

@2ϕðzÞ5
X
iAIðzÞ

γiz
�
i : z

�
i A@zϕiðzÞ; γi $ 0; iAIðzÞ;

X
iAIðzÞ

γi 5 1

( )
: ð2:45Þ
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Finally, substituting @zϕ(z0), given by Eq. (2.45), into Eq. (2.39), writing

λi5λγi, and taking into account that ϕ(z0)5 0 implies I(z0)5 I0, we have estab-

lished the result given in Theorem 2.13.

Theorem 2.13. Suppose that ϕi, i5 1, . . . , m are convex functions, continuous at

z0, where ϕ(z0)5 0. Moreover, assume that there is a point z1 such that ϕi(z1), 0,

i5 1, . . . , m. Then the LAM to the multivalued mapping given by

FðxÞ5 fy : ϕiðx; yÞ# 0; i5 1; . . . ;mg

has the form

F�ðy�; z0Þ5 2
X
iAI0

λix
�
i : y

� 5
X
iAI0

λiy
�
i ; ðx�i ; y�i ÞA@zϕiðzÞ; λi $ 0; iAI0

( )
;

ð2:46Þ

where I05 {i : ϕi (x0, y0)5 0}.’

Example 2.6. Let fi : ℝ
m-ℝ, i5 1, . . . , m be convex functions and

gph F5 fðx; yÞ : fiðyÞ# xi; i5 1; . . . ;mg

or

gph F5 fðx; yÞ : f ðyÞ# xg;

where f(y)5 (f1(y), . . . , fm(y)), x5 (x1, . . . , xm) so that

FðxÞ5 fy : f ðyÞ# xg:

From here it should be

Hðx; y�Þ5 sup
y
fhy; y�i : f ðyÞ# xg;

and

Mðx�; y�Þ5 inf
ðx; yÞ

fhx; x�i2 hy; y�i : f ðyÞ# xg52N

if at least one of the components of x� is less than zero. If x� $ 0, then

Mðx�; y�Þ5 inf
y
fhf ðyÞ; x�i2 hy; y�ig:
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Now, in the previous theorem, let ϕi(z)5 fi(y)2 xi. Then, if we choose z15 (x1, y1),

where y1 is arbitrary and xi1 . fiðy1Þ; then ϕI(z1), 0, i5 1, . . . , m. On the other hand, it
is easy to see that

@zϕiðzÞ5 ð2ei; @yfiðyÞÞ; ð2:47Þ

where ei5 (0, 0, . . . , 1, 0, . . . , 0) (the ith component of ei is 1). Therefore,

ðx�i ; y�i ÞA@zϕiðz0Þ if and only if x�i 52 ei; y�i A@yfiðyÞ: Here, note that in Eq. (2.46),

ϕi(z0)5ϕ(z0)5 0 implies that λi 6¼ 0. Also note that fiðy0Þ, xi0; i5 1; . . . ;m; then
Kgph Fðz0Þ5 Z;K�

gph Fðz0Þ5 f0g; and x�AF�(y�; z0) if and only if x� 5 0, y� 5 0.

Furthermore,
Pm

i51 λiei 5λ: Consequently, taking into account Eq. (2.47) in the

formula in Eq. (2.46), we have proved the following theorem.

Theorem 2.14. Let fi: ℝ
m-ℝ, i5 1, . . . , m be convex functions and

gph F5 fðx; yÞ : fiðyÞ# xi; i5 1; . . . ;mg:

Then

F�ðy�; z0Þ5
(
λAℝm : λi $ 0;λiðfiðy0Þ2 xi0Þ5 0; i5 1; . . . ;m;

y� 1
Xm
i51

λiy
�
i 5 0

)
’

Now, suppose that we have a convex set MDX and

gph ~F5 gph F \ ðM3 YÞ5 fðx; yÞ : ϕðx; yÞ# 0; xAMg:

Then

Kgph ~Fðz0Þ5Kgph Fðz0Þ \ cone ððM2 x0Þ3 ðY 2 y0ÞÞ; z0 5 ðx0; y0ÞAgph F:

Observe that if there is a point (x1, y1), such that x1AM, ϕ(x1, y1), 0, then int

gph F\(M3 Y) 6¼[, and so

int Kgph Fðz0Þ \ cone ððM2 x0Þ3 ðY 2 y0ÞÞ 6¼ [:

Therefore, by Theorem 1.11

K�
gph ~Fðz0Þ5K�

gph Fðz0Þ1 ½coneððM2 x0Þ3 ðY 2 y0ÞÞ��

5K�
gph Fðz0Þ1 ½coneðM2 x0Þ�� 3 f0g:
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Now, if ϕ(z0)5 0

K�
gph ~Fðz0Þ52 cone @zϕðz0Þ1 ½coneðM2 x0Þ�� 3 f0g

and ðx�1; 2 y�1ÞAK�
gph ~F

ðz0Þ; i.e., x�A ~F
�ðy�; z0Þ if and only if

x�52λx�01x�1; y�5λy�0; ðx�0;y�0ÞA@zϕðz0Þ; x�1A½coneðM2 x0Þ��; λ$0:

What we have thus obtained may be formulated as shown in Theorem 2.15.

Theorem 2.15. Let ϕ : Z-ℝ, Z5X3 Y be a convex function and ϕ be continuous

at a point z0, ϕ(z0)5 0. Furthermore, let z15 (x1, y1) be a point such that ϕ(z1), 0,

x1AM, where M is a convex set. Then

~F � ðy�; z0Þ5 f2λx�01x�1 : y
�5λy�0; ðx�0;y�0ÞA@zϕðz0Þ; x�1A½coneðM2x0Þ��; λ$0g:’

Example 2.7. Let K be a closed convex cone in Z5X3 Y and gph F5K. Then,

Mðx�; y�Þ5 sup
ðx;yÞ

fhx; x�i2 hy; y�i : ðx; yÞAKg5 0; if ðx�; 2y�ÞAK�;
2N; if ðx�; 2y�Þ =2K�:

�

Further, for λ. 0,

Hðλx; y�Þ5 sup
y

hy; y�i : ðλx; yÞAK

 �

5λ sup
y

y

λ
; y�

� �
: x;

y

λ

� �
A

1

λ
K

� �
:

Observe that since K is the cone, so λ21K5K. Thus, denoting y15λ21y, we

have

Hðλx; y�Þ5 λsup
y1

fhy1; y�i : ðx; y1ÞAKg5λHðx; y�Þ;

i.e., the Hamiltonian function H(x, y�) is the positively homogeneous in x.

Take a point (x0, y0)AK. Since Kgph F(z0)5 cone(K2 z0), Lemma 1.20 implies

that ðx�; 2 y�ÞAK�
gph Fðz0Þ if and only if

hx2 x0; x
�i2 hy2 y0; y

�i$ 0 ’ðx; yÞAK:

Rewriting this inequality in the form

hx; x�i2 hy; y�i$ hx0; x�i2 hy0; y�i
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and applying Lemma 1.18, we derive that (x�,2y�)AK� and the infimum of the

left-hand side over (x, y)AK is zero. Therefore,

0$ hx0; x�i2 hy0; y�i:

On the other hand, (x0, y0)AK and (x�,2y�)AK�. Thus,

0# hx0; x�i2 hy0; y�i;

i.e., hx0; x�i2 hy0; y�i: Consequently,

F�ðy�; z0Þ5 fx� : ðx�; 2 y�ÞAK�; hx0; x�i5 hy0; y�ig:

Example 2.8. (Polyhedral mapping) Let X5 Y5ℝn, and let A, B be m3 n matri-

ces. Moreover, let Ai, Bi be the ith row of A and B, and let di be the ith component

of the m-dimensional column vector d. Define a polyhedral mapping, the graph of

which is polyhedral set in ℝn3ℝn:

gph F5 fðx; yÞ : Ax2By# dg: ð2:48Þ

Observe that

FðxÞ5 fy : Ax2By# dg:

Take z05 (x0, y0)Agph F and denote the set of active indices by

I0 5 fi : Aix0 2Biy0 5 di; i5 1; . . . ;mg:

At first, let us calculate the cone

Kgph FðzÞ5 fz : z1λzAgph F for sufficiently small λ. 0g:

Let iAI0. Then, the inequality

Aiðx0 1λxÞ2Biðy0 1λyÞ5 di 1λðAix2BiyÞ# di

holds if

Aix2Biy# 0; iAI0: ð2:49Þ

If iAI0, then

Aiðx0 1λxÞ2Biðy0 1λyÞ5 ðAix0 2Biy0Þ1λðAix2BiyÞ, di
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holds for small λ and arbitrarily z: It follows that the cone Kgph F(z0) is defined

completely by Eq. (2.49). Rewriting Eq. (2.49) as

hx2Aii1 hy2Bii$ 0; iAI0

and then applying Theorem 1.13, we deduce that ðx�; y�ÞAK�
gph Fðz0Þ if and only if

x� 52
X
iAI0

A�
i λi; y� 5

X
iAI0

B�
i λi; λi $ 0; ð2:50Þ

where A�
i ;B

�
i are the transposed vectors (i.e., column vectors) of Ai and Bi, respec-

tively. Taking λi5 0, i =2 I0 and denoting the column vector by λ, with components

λi, we can rewrite Eq. (2.50) in the form

K�
gph Fðz0Þ5fðx�;y�Þ : x�52A�λ; y�5B�λ; λ$0; hAx02By02d; λi50g:

From this we have the following formula for the LAM to F�(y�; z0):

F�ðy�; z0Þ5 f2A�λ : y� 52B�λ; λ$ 0; hAx0 2By0 2 d;λi5 0g: ð2:51Þ

Since the number of sets I(z0)5 {i : Aix02Biy05 di} is finite, it follows that the

number of different LAM F�(y�; z0) is finite too.
Furthermore, by Eqs. (1.27) and (1.28), it is not hard to see that the supremum

of hy, y�i, yAF(x) is either 1N or a finite number that is attained. Therefore,

(x, x0)Aepi [2H( � ,2y�)], x0Aℝ if and only if hy,2y�i# x0, yAF(x), for some y;

i.e., (x, x0, y) is a solution of the system of linear inequalities

Ax2By# d; hy; 2 y�i# x0: ð2:52Þ

According to Theorem 1.14, there exist vectors ðxj; x0j ; yjÞ; j5 1; . . . ; k and an

index set J0D{1, 2, . . . , k} such that every solution of Eq. (2.52) can be repre-

sented in the form

x5
Xk
j51

γjxj; x0 5
Xk
j51

γjx
0
j ; γj $ 0;

X
jAJ0

γj 5 1

y5
Xk
j51

γjyj:

ð2:53Þ

Clearly, epi [2H( � ,2y�)] is a set of points satisfying Eq. (2.53). Hence, by

Theorem 1.14, epi [2H( � ,2y�)] is a polyhedral set, which can be described by a

system of linear inequalities and so is closed. Thus, we have proved Theorem 2.16.
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Theorem 2.16. For a polyhedral mapping, Eq. (2.48), the Hamiltonian function

H( � ,y�) is closed and LAM (Eq. (2.51)) is a step function in the argument z0.

Theorem 2.17. A polyhedral mapping F is bounded if and only if B�ℝm
1 5ℝn: In

addition, xAdom F if and only if hu, d2Axi$ 0 ’uAN5 {uAℝm : B�u5 0, u $ 0}.

Here, ℝm
1 is a positive orthant of ℝm.

& Obviously, F(x) is both nonempty and bounded if and only if Hðx; y�Þ5
maxyfhy; y�i : yAFðxÞg is bounded for all y�. Then, the calculation of H(x, y�) is

reduced to the following primary linear programming problem:

maximize hy; y�i subject to Ax2By# d:

Its duality problem is

maximize hu; d2Axi subject to B�u52 y�; uAℝm
1 :

According to standard duality theorems (see, for example, Refs. [111,224,226])

the solvability of one of these problem implies the solvability of the other problem.

Thus, it follows that B�u5 y� must be solvable for every y�Aℝn; i.e., B�ℝm
1 5ℝn:

This condition is necessary and sufficient for the boundedness of F(x), if F(x) 6¼[.

Consider now the problem when F(x) 6¼[. Since by the duality theorem of linear

programming,

Hðx; y�Þ5 min
u
fhu; d2Axi; B�u52 y�; u$ 0g;

then the minimum in the duality problem is attained and finite for all y� if

F(x) 6¼[. We now show that here the minimum value is finite if and only if

hu; d2Axi$ 0 ’ uAN5 fuAℝm : B�u5 0; u$ 0g:

Indeed, since by Theorem 1.14, the set of solutions of B�u52y�; u$ 0 is repre-

sented as a sum of a closed bounded polytope M and a cone N, we can write

Hðx; y�Þ5 minu fhu; d2Axi; B�u52 y�; u$ 0g5 min
u
fhu; d2Axi; uAMg

1 min
u
fhu; d2Axi; uANg:

But H(x, y�) is finite and so hu, d2Axi$ 0 ’uAN. The converse assertion is

obvious.

Indeed, Hðx; y�Þ5 minufhu; d2Axi; uANg5 0 if hu, d2Axi$ 0, ’uAN, so

Hðx; y�Þ5 minufhu; d2Axi; uAMg:’

Corollary 2.3. dom F5 {x:huj, d2Axi$ 0, j5 1, 2, . . . , l}, where uj, j5 1, 2, . . . , l
are directions that generate the cone N5 {uAℝm : B�u5 0, u$ 0}.
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Theorem 2.18. A polyhedral mapping F is bounded and dom F5ℝn if and only if

FðxÞ5C1 x1Fð0Þ

for some matrix C1 .

& By Theorem 2.17, dom F5ℝn if and only if

hu; di$ 0; A�u5 0 ’uAN:

Applying repeatedly Theorem 1.13 (Farkas), we obtain

d5Bc1 e; e$ 0; cAℝn; eAℝn;
A5BC1 1Φ1 ;Φ1 $ 0;
2A5BC2 1Φ2 ;Φ2 $ 0;

where C1 , C2 are n3 n matrices and Φ1 , Φ2 are m3 n matrices. Then, 05BC1Φ,
where C5C1 1C2 ; Φ5Φ1 1Φ2 , Φ$ 0.

Remember that for every y�Aℝn there is a u$ 0 such that B�u5 y�. Thus, trans-
posing 05BC1Φ and multiplying it by u, we have

05C�y� 1Φ�u:

Since Φ� $ 0, u$ 0, then C
�
y� # 0 ’y�. But this implies C5 0. Hence, Φ5 0; i.

e., Φ152Φ2 . On the other hand, Φ2 $ 0 and so Φ1# 0. Therefore, Φ1# 0 and

Φ1$ 0, which implies that Φ15 0. Thus, A5BC1 . Then

FðxÞ5 fy : BðC1 x2 yÞ# dg5 fy : 2C1 x1 yAFð0Þg5C1 x1Fð0Þ:’

2.5 Duality Theorems for Convex Multivalued Mappings

In this section we will prove a result that can be considered as a duality theorem

for a convex multivalued mapping. As we will see, this result implies a lot of other

theorems of convex analysis and the theory of extremal problems.

Theorem 2.19. Let F be a convex mapping and suppose that its Hamiltonian func-

tion H, regarded as a function of x, is closed. Moreover, let x1 be a point such that

H(x1, y
�) is finite. Then,

inf
x�
fhx; x�i2Mðx�; y�Þg5Hðx; y�Þ:

& Let H(x0, y
�) 6¼2N, and denote γ05H(x0, y

�). Then for an arbitrary ε. 0,

there is a convex neighborhood U of x0 such that Γε \ graph F5[, where

Γε 5 fðx; yÞ : xAU; hy; y�i$ γ0 1 εg
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This is a direct consequence of the closedness of H( � ,y�). Furthermore, Γε is

clearly convex. Thus, by the separating theorems of convex sets, there exist vectors

x�0; y
�
0 simultaneously not zero, such that

hx; x�0i2 hy; y�0i$ hξ; x�0i2 hη; y�0i;
ðx; yÞAgph F; ðξ; ηÞAΓε:

ð2:54Þ

Setting x5 ξ5 x0, we have

2hy; y�0i#2hη; y�0i ð2:55Þ

for yAF(x0), hη, y
�i# γ01 ε.

We show that y0
� 5λy� and λ. 0. Indeed, it follows from Eq. (2.55) that

hη; y�i$ 0 implies hη; y�0i$ 0: By Theorem 1.12, we have y�0 5λy�: We now

prove that λ. 0.

If λ. 0, then y�0 5λy� 5 0; and at x5 x0 the inequality in Eq. (2.54) has the

form

hx; x�0i# hξ; x�0i; ξAU; ð2:56Þ

or

hξ2 x0; x
�
0i$ 0; ξAU:

Therefore, x�0 � 0: This contradicts the fact that x�0 and y�0 are nonzero vectors.

Consequently, λ. 0, and we may take λ5 1, y0
� 5 y�. Then Eq. (2.54) takes

the form

hx; x�0i2 hy; y�i$ hξ; x�0i2 hη; y�i;

or

Mðx�0; y�Þ$ hx0; x�i2 γ0 2 ε:

Therefore, for a given ε. 0 there is a vector x�0 such that for ξ5 x0,

Hðx0; y�0Þ1 ε$ hx0; x�i2Mðx�0; y�Þ;

or, by virtue of the arbitrariness of ε. 0,

Hðx0; y�0Þ5 inf
x�
fhx0; x�i2Mðx�; y�Þg:

On the other hand, it follows from Definition 2.5 that

Hðx0; y�0Þ# hx0; x�i2Mðx�0; y�Þ:
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Comparing the last two inequalities we have the required result.

Similarly, if H(x0,y
�)52N (i.e., F(x0)5[), repeating the aforementioned

techniques, it can be shown that

inf
x�
fhx; x�i2Mðx�; y�Þg52N:’

Corollary 2.4. If the Hamiltonian H regarded as a function of x is finite and upper

semicontinuous at x0, then

inf
x�
fhx0; x�i2Mðx�; y�Þg5Hðx0; y�Þ:

& Indeed, in order to have Γε \ graph F5[ for a small ε, it suffices to have the

semicontinuity of H( � ,y�) at x0.’
Recall that (Remark 2.1) a multivalued mapping F is quasisuperlinear if its

graph is represented as gph F5Ω1K, where Ω is a convex compactum and K is a

closed convex cone.

The following result is important for further duality relations.

Proposition 2.1. For a convex mapping F, we have

dom M5 fðx�; y�Þ : Mðx�; y�Þ.2NgDð01 gph FÞ�:

In addition, if F is quasisuperlinear, then dom M5K�.
& Assume the contrary; suppose ðx�0; y�0ÞAdom M; but ðx�0; y�0Þ =2 ðgph FÞ�: This

means that there exists a pair ðx0; y0ÞAgph F for which hx0; x�0i2 hy0; y�0i, 0:
By the definition of recession cone we can write ðx1λx0; y1λy0ÞAgph F for all

(x, y)Agph F and λ. 0. Then

hx; 1λx0; x�0i2 hy1λy0; y
�
0i

5 hx; x�0i2 hy; y�0i1λ½hx0; x�0i2 hy0; y�0i�-2N; as λ-1N;

and this contradiction proves the first statement of the lemma. Furthermore, when

F is quasisuperlinear, we get

dom M5 dom ðMΩ 1MKÞ5 dom MΩ \ dom MK 5 dom MK 5K�;

where

MAðx�; y�Þ5 inf
ðx;yÞAA

fhx; x�i2 hy; y�ig:’

Theorem 2.20. Let F be a quasisuperlinear mapping and H( � ,y�) be a closed

proper convex function. Then, we have the duality relation

inf
x�AF�ðy�Þ

fhx; x�i2Mðx�; y�Þg5 sup
yAFðxÞ

hy; y�i:
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& By the preceding proposition, dom M5K�. Therefore, by Theorem 2.19, it is

not hard to see that

infx� fhx; x�i2Mðx�; y�Þg5 inf
x�
fhx; x�i2MΩðx�; y�Þ : x�AF�ðy�Þg

5 sup
yAFðxÞ

hy; y�i:’

Corollary 2.5. If gph F5K is a convex cone and H( � ,y�) is a closed proper con-

vex function, then M(x�, y�)5 0 for all x�AF�(y�), so

inf
x�AF�ðy�Þ

hx; x�i5 sup
yAFðxÞ

hy; y�i:

Corollary 2.6. If gph F5K is a polyhedral cone, then

inf
x�AF�ðy�Þ

hx; x�i5 sup
yAFðxÞ

hy; y�i:

& It remains only to observe that by Theorem 2.16, for a polyhedral mapping, the

Hamiltonian function H( � ,y�) is a closed function.’

Remark 2.4. We have seen from Theorem 1.21 that if f is a closed proper convex

function, then f(x)5 f ��(x). Now by using the duality, Theorem 2.19, we give an

alternative way to prove this important formula. By Example 2.3, we have

gph F5 epi f ; FðxÞ5 fy : y$ f ðxÞg

and

Hðx; 21Þ52 f ðxÞ; Mðx�; 21Þ52 f �ð2x�Þ:

Then by Theorem 2.19, we obtain

inf
x�
fhx; x�i1 f �ð2x�Þg52 f ðxÞ;

or, finally,

sup
x�

fhx; x�i2 f �ðx�Þg5 f ðxÞ:’

Let M be a closed convex subset of X and let N be a convex subset of Y.

Furthermore, suppose that f : Z-ℝ is a function such that f( � ,y) is convex and f

(x, � ) is concave.
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Theorem 2.21. Suppose that f : Z-ℝ, regarded as a function of x, is closed,

proper, and dom f( � ,y) \ M 6¼[, yAN. Moreover, suppose that the function

gðx�Þ5 inf
yAN

sup
xAM

ðhx; x�i2 f ðx; yÞÞ ð2:57Þ

is finite and lower semicontinuous at x� 5 0. Then

inf
xAM

sup
yAN

f ðx; yÞ5 sup
yAN

inf
xAM

f ðx; yÞ: ð2:58Þ

& Let us define

f0ðx; yÞ5 f ðx; yÞ; if xAM;
1N; if x =2M:

�

Since M is closed and f ( � ,y) is closed for fixed y, then

epi f0ðU; yÞ5 epi f ðU; yÞ \ fðx; x0Þ : xAMg;

which is the intersection of closed convex sets, and so f0( � ,y) is a closed convex

function. Note that the concavity property of f0(x, � ) is preserved.
By virtue of dom f0( � ,y) \ M 6¼[, yAN, the function f0( � ,y), yAN is proper.

Observe that Eq. (2.58) is equivalent to

inf
xAX

sup
yAN

f0ðx; yÞ5 sup
yAN

inf
xAX

f0ðx; yÞ: ð2:59Þ

Let

f �0 ðx�; yÞ5 sup
x
fhx; x�i2 f0ðx; yÞg:

This function, as the supremum of the convex functions hx, x�i2 f0(x, y), is con-

vex in x�. It is convex in y, too, because f0(x, � ) is concave and so 2 f0(x, � ) is

convex.

Consider the convex multivalued mapping

Fðx�Þ5 fðy; y0Þ : y0 $ f �0 ðx�; yÞ; yANg:

Observe that for this function,

Hðx�; y�; y0�Þ5 sup
ðy;y0Þ

fhy; y�i1 y0�y0 : y0 $ f �0 ðx�; yÞ; yANg:

In particular, if y� 5 0, y0� 521,

Hðx�; 0; 21Þ5 sup
y
f2f �0 ðx�; yÞ; yANg52 gðx�Þ:
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By analogy,

Mðx; 0; 21Þ5 infðx� ;y;y0Þ fhx; x�i1 y0 : y0 $ f �0 ðx�; yÞ; yANg
5 inf

ðx� ;yÞ
fhx; x�i1 f �0 ðx�; yÞ : yANg

5 inf
yAN

inf
x�
fhx; x�i2 ð2f �0 ðx�; yÞÞg5 inf

yAN
ð2f0ð2x; yÞÞ:

Since f0( � ,y) is closed, here we have used the fact that by Theorem 1.22 (see

also Remark 2.4),

inf
x�
fhx; x�i2 ð2f �0 ðx�; yÞÞg52 sup

x�
fh2 x; x�i2 f �0 ðx�; yÞg52 f0ð2x; yÞ:

Furthermore, g is semicontinuous at x� 5 0 and so, according to Corollary 2.4,

inf
x
fhx; 0i2Mðx; 0; 21Þg5Hð0; 0; 21Þ;

or

inf
x
f2 inf

yAN
ð2f0ð2x; yÞÞg52 gð0Þ:

Clearly, this relation can be converted as follows:

sup
x

inf
yAN

ð2f0ðx; yÞÞ
� �

5 gð0Þ: ð2:60Þ

On the other hand, by Eq. (2.57), we observe that

gð0Þ5 inf
yAN

sup
xAX

ð2f0ðx; yÞÞ: ð2:61Þ

Thus, by comparison of Eqs. (2.60) and (2.61), we prove Eq. (2.59), and so

Eq. (2.58).’

Theorem 2.22. Let N be a convex compact set in Y and suppose given a function

f( � , y), yAN which is closed, proper, and convex. Moreover, suppose that f(x, � ) is
closed and concave for all fixed x and g(0) 6¼ 6N. Then

inf
x
sup
yAN

f ðx; yÞ5 sup
yAN

inf
x
f ðx; yÞ:

& In the case under consideration, M5X, and it is necessary only to verify the

semicontinuity of the function

gðx�Þ5 inf
yAN

f �0 ðx�; yÞ
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at x� 5 0, where

f �0 ðx�; yÞ5 sup
x
fhx; x�i2 f ðx; yÞg:

Since f(x, y) is closed on y, then f �0 ðx�; yÞ is closed (lower semicontinuous) on

both x� and y. Therefore, the infimum of f �0 ðx�; yÞ over yAN is attained.

Now, let x�i -0; gðx�i Þ-μ: Denote the value of yAN by yi, for which

f �ðx�i ; yiÞ5 gðx�i Þ:

Since yiAN and N is compact, without loss of generality we may assume that

yi-y0AN. On the other hand, f �0 is closed, and so

f �ð0; y0Þ$ inf ff �ð0; y0Þ : yANg5 gð0Þ:
Thus, we have

μ5 lim
i-N

gðx�i Þ5 lim
i-N

f �ðx�i ; yiÞ$ f �ð0; y0Þ$ gð0Þ;

and hence the semicontinuity of the function g at x� 5 0 is proved.’
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3 Mathematical Programming and
Multivalued Mappings

3.1 Introduction

This chapter is devoted to the applications of the basic tools of multivalued map-

pings [14,51,109,124,196,226] to the study of mathematical programming with pos-

sibly nonsmooth data. Starting with problems of mathematical programming under

functional and geometric constraints, we then consider various problems of con-

strained optimization: minimax problems and equilibrium constraints, the infimal

convolution of convex functions, Lagrangians (see, for example, Refs. [74,226,

228]), and duality relations in convex programming problems. The key tools of our

analysis are based on the extremal principle and its modifications together with the

LAM calculus (see, for example, Mordukhovich [214] for more developments and

discussions). In many areas of variational theory and its applications, geometric

constraints are usually given as the intersections of sets. Based on the results for

minimization of f0 over a set A and calculus rules for the cone of tangent directions

to set intersections, you can derive necessary optimality conditions for optimization

problems with many geometric constraints. To furnish this in the nonconvex case,

we will use convex upper approximations (CUAs) and the subdifferential calculus

connected with them (see, for example, Pshenichnyi [226]).

It should be noted that in order for x0 to be a point minimizing f over X, it is

necessary and sufficient that 0A @f(x0) (Theorem 3.1). In any case, the minimum

set of f is a convex subset of X, closed if f is closed. It follows immediately from

Corollary 1.2 that the minimum set of f is @f �(0). Thus, the minimum of f is

attained if and only if f � is subdifferentiable at x� 5 0. Certainly it cannot contain

more than one point if f is strictly convex on dom f. At first we consider minimiza-

tion problems with the so-called geometric constraints. Suppose that x0 is a point

minimizing a function f0 defined on a set A. It is well known that the conditions

that just characterize (somehow) the point x0 are called the necessary conditions for

an extremum. As a rule, if the minimized function and the set A are convex, then

the above conditions are sufficient for an extremum. Later on, we will see that

detailed information about A gives us different necessary conditions for various

problems. Thus (Theorem 3.2), if x1AA is a point at which f is continuous, then in

order for x0 to be such a point it is necessary and sufficient that @f ðx0Þ \ K�
Aðx0Þ 6¼ [;

where KA(x0) is a cone of tangent directions at a point x0AA (the cone KA(x) is

called the cone of tangent directions of the set A at the point xAA if from xAKAðxÞ
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it follows that x is the tangent vector at xAA). Moreover, this result will be extended

to the case where A is the intersection of finitely many sets.

Throughout this book we will use the infimal convolution [137,228] of convex

functions for the construction of the dual problems for various optimal control pro-

blems with a convex structure. You can find more discussions on these construc-

tions in Refs. [144�147,149,151,159]. For the primary problem, which consists of

the minimization of f over A, the dual problem is to find supf2f �ðx�Þ2 δ�Að2x�Þg;
where δA is the indicator function of A. Let v and v� be values for the primary and

the dual problems, respectively. If v5 v� and is finite, and the set of solutions of

the dual problem is nonempty, then x is an optimal solution to the primary problem

if and only if there exists a point x� such that x�A@f ðxÞ \ K�
AðxÞ: This point is a

solution to the dual problem (Theorem 3.17).

In a convex program (P), one is interested in minimizing a certain convex func-

tion on ℝn:

infimum f0ðxÞ subject to xAA; A5 fx : fiðxÞ# 0; i5 1; . . . ;m; xADg;

where fi(x), i5 0, . . . , m are convex functions, D is a convex set, and dom fi*D.

By introducing a special convex multivalued mapping and calculating the

Hamiltonian H and M functions under the hypothesis of the existence of an interior

point, we will prove that x0 is an optimal solution in the convex problem (P) if

and only if there exists a vector y�0Aℝm
1 such that Lðx0; y�0Þ# Lðx; y�0Þ; xAD;

yi�0 fiðx0Þ5 0; i5 1; 2; . . . ;m; where L(x, y�) is the Lagrangian of (P) (Theorem 3.6).

Moreover, the vector y�0 $ 0 is said to be a Kuhn�Tucker vector for (P) if

infxff0ðxÞ : xAAg5 infxfLðx; y�0Þ : xADg:
Then the vector y�0 $ 0 is a Kuhn�Tucker vector for the convex programming

problem (P) if and only if 2y�0A@Vð0Þ (Theorem 3.8). It should be noted that V(0)

is the optimal value in the convex programming problem, and in general

VðyÞ5 infx:x0fx0 : f0ðxÞ# x0; fiðxÞ# yi; i5 1; . . .m; xADg is the optimal value in

the convex programming problem (Py) obtained by replacing fi by fi2 yi for

i5 1, . . . , m. Thinking of the vector y as representing “perturbations” of (Py), we

call y the perturbation function for (P).

In Section 3.1, we will investigate the Lagrangian and duality in convex pro-

gramming problems. The results of this section are mostly based on the book by

Pshenichnyi [226]. Let V(0) 6¼6N and suppose the function V is lower semi-

continuous at y5 0. Then infxff0ðxÞ : xAA5 supy� fϕðy�Þ : y� $ 0g; ϕðy�Þ5
infxfLðx; y�Þ : xADg; where fi are closed proper convex functions (Theorem 3.11).

The Kuhn�Tucker vectors corresponding to mathematical programming (P) can

be characterized in terms of a certain class of perturbations of the objective func-

tion for (P). For more generalized convex programs and bifunctions, see

Ref. [226].

Observe that f0(x) can be interpreted as the “price” of x. Suppose that we are

allowed to change (P) to any (Py) that we please, except that we must pay for the

change, the price vector being yx0 per unit of perturbation vector y. Then for any y,

the minimum cost will be VðyÞ1 hy; y�0i: A perturbation will be “worth buying” if
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and only if VðyÞ1 hy; y�0i,Vð0Þ; where V(0) is the optimal value in the unper-

turbed problem. We will prove that when V(0) is finite, y� is a Kuhn�Tucker

vector for (P) if and only if, at the price vector y� 5 y�0; no perturbation whatsoever

would be worth buying.

By Definition 3.2, a vector xAX is called a tangent direction of the set A at the

point xAA if there exists a function ϕ(λ) such that x1λx1ϕðλÞAA for suffi-

ciently small λ$ 0 and λ21ϕ(λ)-0 as λk0. We have already seen that the cone of

tangent directions involve directions for each of which there exists its own function

ϕ(λ). But in order to characterize the properties of the set A, this is not sufficient.

However, the following notion of a local tent allows us to predetermine mapping in

A for nearest tangent directions among themselves. For example, let A5 {x : fi(x)5
0, iA I}, where I5 {1, . . . , m} is a finite index set and the fi are continuously dif-

ferentiable functions. In Section 3.4, it will be shown that if the gradient vectors

f
0
i ðx0Þ; iA I, x0AA are linearly independent, then the cone of tangent directions

KAðx0Þ5 fx : hx; f 0i ðx0Þi5 0; iAIg; is locally tent.

In the theory of extremal problems, in some neighborhood of a point minimizing

our objective function, we deal with more simply and comparatively easily

computable functions. Remember that a smooth function admits a linear approxi-

mation. As will be shown in Section 3.6, a convex function can be approached by

positively homogeneous functions—i.e., directional derivatives. However, a non-

smooth and nonconvex function cannot be approximated in a neighborhood of

some point with positively homogeneous functions. Just for such a class of func-

tions, we will introduce the concept of CUAs [226]. Note that a CUA hðx; xÞ is

defined nonuniquely and for obtaining the appropriate necessary conditions, as a

rule, it is necessary to have a sufficiently wider family of CUAs. In Section 3.5, it

will be proved that if h1ðx; xÞ and h2ðx; xÞ are CUAs of f at a point x, then

λ1h11λ2h2, λ11λ25 1, λ1, λ2$ 0 and max(h1, h2) also are CUAs (Proposition

3.8). Moreover, let h1, h2, respectively, be a CUA at the point x, for the function f1,

f2, and suppose that f5 f11 f2. Then hðx; xÞ5 h1ðx; xÞ1 h2ðx; xÞ is a CUA of f

at x. In addition, if int dom h1( � , x)\ dom h2( � , x) 6¼[, then @f(x)5 @f1(x)1 @f2(x)
(Theorem 3.20). In particular, if f is a continuously differentiable function at x,

then hðx; xÞ5 hx; f 0ðxÞi is a CUA at x and @f(x)5 {f 0(x)}. Furthermore, if f is con-

vex and continuous at x, then hðx; xÞ5 f 0ðx; xÞ is a CUA and the subdifferential @f(x)
defined by Definitions 1.28 and 3.6 are the same.

In Section 3.6, we will extend the apparatus of LAM to the nonconvex case. In

the next chapters, we will see how decisive a role the LAM plays for the construc-

tion of optimality conditions for different optimal control problems. In Chapter 2,

we introduced the basic definitions of multivalued mappings and the main proper-

ties of convex mappings. One of the principal notions was LAM.

If F is a closed continuous convex-valued bounded multivalued mapping, then

the Hamiltonian H is continuous and the Argmaximum set F(x; y�) is upper semi-

continuous of x and y� (Lemma 3.2). Moreover, if the conditions of Lemma 3.2 are

satisfied and F is a Lipschitzian mapping, then the Hamiltonian function is also

Lipschitzian (Lemma 3.3).
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Now, suppose that at every point zA gph F, there exists a convex cone of tan-

gent directions Kgph F (z). Recall that Kgph F (z) is a cone of tangent directions, if it

is convex and for all zAKgph FðzÞ there is a function r:[0,1]-Z such that

z1λz1 rðλÞAgph F for small λ$ 0. Then the multivalued mapping F�:Y�-P(X�)
defined by

F�ðy�; zÞ5 fx� : ðx�; 2y�ÞAK�
gph FðzÞg

is called the LAM to F at point zA gph F.

For the convex mapping, we take Kgph F(z)5 cone(gph F2 z) and then the defi-

nition of LAM, which will be given in Eq. (3.55), coincides with the LAM in the

sense of Definition 2.10. Note that for convex-valued mappings, by the convexity

of F(x), the directions γ(0, y12 y), y1AF(x), z5 (x, y), γ. 0 are tangent because

for sufficiently small λ. 0 we have (x, y1λγ(y12 y))A gph F. Therefore, later

on, we will assume that Kgph F(z)+{0,cone(F(x)2 y)}, z5 (x, y)A gph F. If the lat-

ter condition is satisfied, then F�(y�, z) 6¼[ if yAF(x; y�). The closure of the con-

vex hull of the union of F�(y�;(x, y)) over the yAF(x; y�) is called the AM to F at

xA dom F and is denoted by F�(y�; x). Note that the adjoint differential inclusion

(DFI) associated with nonconvex DFI is expressed in terms of the AM at xA dom F.

For convex mappings, F�(y�; x)5F�(y�;(x, y))5 @xH(x, y
�), where y is an arbitrary

point of the Argmaximum set F(x; y�). If the multivalued mapping FzðxÞ is

defined by

FzðxÞ5 fy : ðx; yÞAKgph FðzÞg

then, by Definition 2.9, F�
z ðx�Þ is the AM, so F�ðy�; zÞ5F�

z ðx�Þ: Suppose that map-

ping F is convex-valued, closed, bounded, continuous, and Lipschitzian. In addi-

tion, assume that HFz
ð�; y�Þ is a closed proper function, where F2ðxÞ5 fy :

ðx; yÞAKgph FðzÞg: Then for every yAF(x; y�), the function 2HFz
ðx; 2y�Þ5

supx�fhx; 2x�i : x�AF�ð2y�; zÞg is the CUA for 2H( � ,2y�) and F�(y�; z)5 @xH
(x, y�) (Theorem 3.21). This result will be further extended to the case of the mini-

mization of a function of two variables. There are different investigations in Refs.

[225,226] establishing an important connection between the LAM and subdifferen-

tials of functions admitting CUAs. In the field of different convex and nonconvex

approximations of functions and sets, you can also consult Clarke [52,54,60],

Demyanov [65,66], Frankowska [18,85,87], Mordukhovich [192,200,212],

Mahmudov [148,160,171], Rockafellar [228�232], and Rubinov [236�238] for

related and additional material. In this direction, you can find more information in

Refs. [41,43,60,66,108,121,133,198,229,218,232,234,236].

In Section 3.7, our attention will be focused on the nonconvex optimality pro-

blems with geometric and functional constraints. Let x0 be a point that minimizes

the function f over the set A and let hðx; x0Þ be a CUA of f at x0. In addition, if int

dom h( � , x0) \ KA(x0) 6¼[, then @f ðx0Þ \ K�
Aðx0Þ 6¼ [ (Theorem 3.23). This theo-

rem will be extended to the intersection of finitely many sets. In particular, for a
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minimization problem with the equality and inequality constraints inf f0(x) subject

to fi# 0, iA I1, fi5 0, iA I2, we will formulate a necessary condition for

optimality.

At the end of this section in terms of local tents, we will consider different

mathematical programs with equilibrium constraints; consider, for example, a prob-

lem with a constraint given by the multivalued mapping F : inf g(x, y) subject to

yAF(x) \ N, xAM, where g : X3 Y-ℝ[{6N} and M is some subset of X.

A variety of such problems will be considered.

3.2 Necessary Conditions for an Extremum in Convex
Programming Problems

At first we consider minimization problem of f over X and then minimization prob-

lem with the so-called geometric constraint xAACX. Later on, we will see that

specifying A will give us different necessary conditions for various problems.

Thus, let f: X-ℝ be a proper convex function and x0 a point minimizing f over

X. Clearly, this means that

f ðxÞ$ f ðx0Þ ’xAX:

In all the statements below, we consider that if x0 is a point minimizing f then

f(x0).2N.

Let us rewrite this inequality in the following useful form:

f ðxÞ2 f ðx0Þ$ hx2 x0; 0i; 0AX�:

Finally, by definition of the subgradient, we obtain that x� 5 0 is a subgradient

of f at x0; i.e., 0A @f(x0). We can formulate this result as shown in Theorem 3.1.

Theorem 3.1. Suppose that f is a proper convex function on X. In order for x0 to

be a point minimizing f over X, it is necessary and sufficient that 0A @f(x0).
In any case, the minimum set of f is a convex subset of X, and it is closed if f is

closed. It follows immediately from Corollary 1.2 that the minimum set of f is

@f �(0). Thus, the infimum of f is attained if and only if f � is subdifferentiable at

x� 5 0. Certainly, it cannot contain more than one point if f is strictly convex on

dom f.

Corollary 3.1. Let F be a convex multivalued mapping and H be its Hamiltonian

function. Then, x0 is the solution to the minimization problem:

inf
x
fhx; x�i2Hðx; y�Þg; x�AX�; y�AY�

if and only if

x�AF�ðy�; z0Þ; y0AFðx0; y�Þ; z5 ðx; yÞ:
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& Since h � , x�i2H( � , y�) is a convex function, according to Theorem 3.1, in

order for x0 to be a solution to our minimization problem, it is necessary and suffi-

cient that

0A@x½hx; x�i2Hðx; y�Þ�;

i.e., x�A @xH(x, y
�), and then by the definition of M(x�, y�), it follows that y0 is an

element of the Argmaximum set F(x0, y
�). ’

Theorem 3.2. Let f be a proper convex function, and let A be a nonempty convex

set over which f is to be minimized. Further, let x1AA be a point at which f is con-

tinuous. In order for x0 to be a point minimizing f over A, it is necessary and suffi-

cient that

@f ðx0Þ \ K�
Aðx0Þ 6¼ [; ð3:1Þ

where

KAðx0Þ5 coneðA2 x0Þ5 fx : x0 1λxAA; for sufficiently small λ. 0g:

& Recall that by definition of the indicator function,

δAðxÞ5 0; xAA;
1N; x =2A:

�

Then, it is easy to see that the minimum of f over A is the same as the minimum

of f1 δA over X. By Theorem 1.29, the subdifferential of f1 δA is the sum of the

subdifferentials of f and δA. Thus, by Eq. (1.45),

@δAðx0Þ52ðconeðA2x0ÞÞ� � 2K�
Aðx0Þ:

Therefore,

@½f ðx0Þ1 δAðx0Þ�5 @f ðx0Þ1 @δAðx0Þ5 @f ðx0Þ2K�
Aðx0Þ:

Now, by the preceding theorem, in order for x0 to be a point minimizing f over

X, it is necessary and sufficient that

0A@f ðx0Þ2K�
Aðx0Þ;

which is equivalent to Eq. (3.1). ’

Theorem 3.3. Let the conditions of the previous theorem be satisfied and suppose

that

A5A1 \ A2 \ . . . \ Ak;
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where Ai, i5 1, . . . , k are convex and

int A1 \ int A2 \? \ int Ak21 \ Ak 6¼ [:

Then, in order for x0 to be a point minimizing f over A, it is necessary and suffi-

cient that there exist points x�i AK�
Aiðx0Þ; i5 1; 2; . . . ; k; x�A@f ðx0Þ; such that

x� 5 x�1 1?1 x�k

& It is not hard to see that

KAðx0Þ5 \k
i51

KAi
ðx0Þ; ð3:2Þ

and if x2A int Ai, i5 1, . . . , k21, x2AAk, then

x2 5 x2 2x0Aint KAi
ðx0Þ; i5 1; . . . ; k21; x2AKAk

ðx0Þ:

Hence,

int KA1
ðx0Þ \ int KA2

ðx0Þ \? \ int KAk21
ðx0Þ \ KAk

6¼ [: ð3:3Þ

Then it follows from Eqs. (3.2) and (3.3), and Theorem 1.11 that

K�
Aðx0Þ5K�

A1
ðx0Þ1?1K�

Ak
ðx0Þ: ð3:4Þ

Thus, the point x�A@f ðx0Þ \ K�
Aðx0Þ; which exists by Theorem 3.2, can be written

as

x� 5 x�1 1?1 x�k ; x�i AKAi
ðx0Þ; i5 1; . . . ; k:’ ð3:5Þ

Theorem 3.4. Let f be a proper convex function and suppose that

A5 \k
i51

Ai;

where Ai are convex sets. Moreover, let x1AA be a point of continuity of f. Then,

in order for x0 to be a point minimizing f over A, it is necessary that there exist

points x�i AK�
Ai
ðx0Þ; i5 1, 2, . . . , k; x�A @f(x0) and a number λA {0,1} such that

λx� 5 x�1 1?1 x�k : ð3:6Þ

Here, if λ5 0, then at least one of the points x�1; . . . ; x
�
k is nonzero. If λ5 1, then

these conditions are sufficient for the minimization of f.
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& According to Theorem 3.2, there is a vector x�A @f(x0) such that x�AK�
Aðx0Þ:

Taking into account Eq. (3.2), by Theorem 1.12, there are two possibilities: (1) the

formula (3.4) is correct, then in Eq. (3.6), λ5 1, and by Theorem 3.3 the condition

(3.6) is sufficient for optimality of our minimization problem; or (2) there exist

vectors x�i AK�
Ai
ðx0Þ; not all zero, such that x�1 1?1 x�k 5 0: Then Eq. (3.6) corre-

sponds to λ5 0. ’

By an ordinary convex programming problem (P), we shall mean a problem of

the following form:

inf f0ðxÞ subject to xAA; A5 fx : fiðxÞ#0; i51; . . . ; m; xADg; ð3:7Þ

where fi(x), i5 0, . . . , m are convex functions, D is a convex set and dom fi*D,

i5 0, . . . , m. A vector x will be called a feasible solution to (P) if xAA. The mini-

mum of f0 will be called the optimal value in (P).

Consider a multivalued mapping F : Y-P(X), defined as

FðyÞ5 fðx; x0Þ : fiðxÞ# yi; i5 1; . . . ;m; f0ðxÞ# x0; xADg; ð3:8Þ

where Y5ℝm, X5ℝm11. Since the functions fi and the set D are convex, F is a

convex mapping.

Let us calculate the Hamiltonian function H(y, x�, x0
�
):

Hðy; x�; x0� Þ5 sup
x;x0

fhx; x�i1 x0x0
�
: ðx; x0ÞAFðyÞg:

Taking x� 5 0, x0
�
521 and denoting H(y,0,21) by 2V(y), we can write

Hðy; 0; 21Þ5 sup
x;x0

f2x0 : ðx; x0ÞAFðyÞg52 inf
x;x0

fx0 : ðx; x0ÞAFðyÞg;

and so

VðyÞ5 inf
x;x0

fx0 : f0ðxÞ# x0; fiðxÞ# yi; i5 1; . . . ;m; xADg

5 inf
x
ff0ðxÞ : fiðxÞ# yi; i5 1; . . . ;m; xADg: ð3:9Þ

Obviously, if y5 0, then V(0) is the minimum value of f0 over A, defined by

Eq. (3.7). Now let us compute the function M(y�, x�, x0
�
) at the point x� 5 0,

x0
�
521:

Mðy�; 0;21Þ5 inf
y;x;x0

fhy; y�i1 x0 : ðx; x0ÞAFðyÞg

5
inf
x

f0ðxÞ1
Xm
i51

yi�fiðxÞ : xAD

( )
if y� $ 0;

2N; if yi� , 0 for some i5 1; . . . ;m:

8>>>><
>>>>:
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Let us denote

Lðx; y�Þ5 f0ðxÞ1
Xm
i51

yi
�
fiðxÞ: ð3:10Þ

The function L is called the Lagrangian of (P). The variable yi
�
is known as the

Lagrange multiplier associated with the ith constraint in (P). Denote

ϕðy�Þ5 inf
x
fLðx; y�Þ : xADg: ð3:11Þ

Then we have

Mðy�; 0;21Þ5
ϕðy�Þ; if y� $ 0;

2N; if y� , 0 for some i:

(
ð3:12Þ

Suppose that fi(x1), 0, i5 1, . . . , m for some x1AD and that V(0) is finite.

This means that the value of the problem (P) is finite. By Lemma 2.5, 2V(y)5H

(y,0,21) is concave and so V is convex.

Since for a point y lying in some neighborhood of zero, we have fi(x1), yi,

i5 1, . . . , m, x1AD, it follows that V(y) 6¼ 1N and so 0A int dom V. Because

V(0) is finite and 0A int dom V, it follows that V(y) 6¼2N, so V(y) is finite around

y5 0. Therefore, by Theorem 1.17, the function V is continuous around y5 0.

Then, by the duality theorems of multivalued mappings, it is easy to see that

2Vð0Þ5Hð0; 0;21Þ5 h0; y�0i2Mðy�0; 0;21Þ# h0; y�i2Mðy�; 0;21Þ:

Thus, there is a vector y�0 such that

Vð0Þ5Hðy�0; 0;21Þ$Hðy�; 0;21Þ:

Taking into account Eqs. (3.9)�(3.12), we obtain

Vð0Þ5ϕðy�0Þ5 inf
x
fLðx; y�0Þ : xADg$ϕðy�Þ; y� $ 0; ð3:13Þ

Moreover, since Vð0Þ5ϕðy�0Þ is finite, it follows that y�0 $ 0:

Theorem 3.5. If there exists a point x1AD such that fi(x1), 0, i5 1, . . . , m, and

Vð0Þ5 inf
x
f f0ðxÞ : xAAg

is finite, then there is a vector y�0 $ 0 satisfying

Vð0Þ5ϕðy�0Þ5 inf
x
fLðx; y�0Þ : xADg ð3:14Þ
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In particular, if x0 is a point minimizing f0 over A, then

f0ðx0Þ# Lðx; y�0Þ; xAD ð3:15Þ

& It remains to prove only the latter assertion. Indeed, by the definition of V(y)

(see Eq. (3.9)) and x0, we obtain f0(x0)5V(0).’

Theorem 3.6. Let x1AD be a point satisfying fi(x1), 0, i5 1, . . . , m. Then, in
order for x0 to be a point minimizing f0 over A given by Eq. (3.7), it is necessary

and sufficient that there exists a vector y�0Aℝm
1 such that

Lðx0; y�0Þ# Lðx; y�0Þ; xAD;

yi
�
0 fiðx0Þ5 0; i5 1; 2; . . . ;m: ð3:16Þ

& Necessity. According to the preceding theorem, there is a vector y�0Aℝm
1 satisfy-

ing Eq. (3.15). Since x0AA, then x0AD and fi(x0)# 0. Thus,

Lðx0; y�0Þ5 f0ðx0Þ1
Xm
i51

yi
�
0 fiðx0Þ# f ðx0Þ# Lðx0; y�0Þ:

It follows that

f ðx0Þ5 Lðx0; y�0Þ ð3:17Þ

and

Xm
i51

yi
�
0 fiðx0Þ5 0:

On the other hand, since yi
�
0 $ 0; fi(x0)# 0, the latter equality implies that

yi
�
0 fiðx0Þ5 0; i5 1; 2; . . . ;m: ð3:18Þ

Therefore, from Eqs. (3.15)�(3.18), we have the desired conditions for

Eq. (3.16).

Sufficiency. Let xAA and suppose that Eq. (3.16) holds. Then

f0ðxÞ$ f0ðxÞ1
Xm
i51

yi
�
0 fiðxÞ5 Lðx; y�0Þ$ Lðx0; y�0Þ5 f0ðx0Þ;

i.e., f0(x)$ f0(x0) for all xAA, so x0 is the optimal solution. ’
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Suppose now that fi, i5 1, . . . , m are convex and continuous functions. Now,

the first of conditions of Eq. (3.16) means that x0 is the optimal solution to the

Lagrangian Lð� ; y�0Þ over the convex set D. Since y�0 $ 0; the Lagrangian Lð�; y�0Þ is
convex and continuous. According to Theorem 3.2, the infimum of Lð�; y�0Þ over D
is attained at a point x0 if and only if

@xLðx0; y�0Þ \ K�
Dðx0Þ 6¼ [:

Then, by Theorem 1.29, we can write

@xLðx0; y�0Þ5 @f0ðx0Þ1
Xm
i51

yi
�
0 @fiðx0Þ:

Hence, there is a vector x�AK�
Dðx0Þ such that

x�A@f0ðx0Þ1
Xm
i51

yi
�
0 @fiðx0Þ: ð3:19Þ

Obviously, the inclusion in Eq. (3.19) is necessary and sufficient that x0 mini-

mize Lð�; y�0Þ over D. Thus, we have proved Theorem 3.7.

Theorem 3.7. Let the conditions of the preceding theorem be satisfied and let fi,

i5 0, 1, . . . , m be continuous convex functions. Then, x0 is an optimal solution to

the convex programming problem (P) if and only if there exist vectors y�0Aℝm
1 and

x�AK�
Dðx0Þ such that

yi
�
0 fiðx0Þ5 0; i5 1; 2; . . . ;m:

Definition 3.1. The vector y�0 $ 0 is said to be a Kuhn�Tucker vector for (P) if

inf
x
f f0ðxÞ : xAAg5 inf

x
fLðx; y�0Þ : xADg:

Theorem 3.8. The vector y�0 $ 0 is a Kuhn�Tucker vector for the convex

programming problem (P) if and only if 2y�0A@Vð0Þ:
& By definition, 2y�0A@Vð0Þ if and only if

VðyÞ$Vð0Þ1 hy;2y�0i;

i.e., if

inf
y
fVðyÞ1 hy; y�0ig5Vð0Þ:
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Taking into account Eq. (3.9) for V(y), we have

inf
y
inf
x
f f0ðxÞ1 hy; y�0i : fiðxÞ# yi; i5 1; 2; . . . ;m; xADg5Vð0Þ: ð3:20Þ

It is easy to see that if yi
�
, 0 for some i5 1, . . . , m, then the infimum in the

left-hand side of Eq. (3.20) is 2N. Since V(0) is finite, the latter is excluded, and

y�0 . 0: Then Eq. (3.20) implies that

inf
x
f f0ðxÞ1

Xm
i51

fiðxÞyi�0 : xADg5 inf
x
fLðx; y�0Þ : xADg:

Consequently, 2 y0
� A @V(0) if and only if

inf
x
fLðx; y�0Þ : xADg5Vð0Þ;

i.e., y�0 is a vector of Kuhn�Tucker for the convex programming problem (P). ’

Note that in the previous statements, we have assumed that there exists a point

x1AD such that fi(x1), 0, i5 1, 2, . . . , m. Now, instead of this, we assume that

the functions fi are continuous. We define the following sets:

Ai5 fx : fiðxÞ# 0g; i5 0; 1; . . . ;m:

Let x0AAi. By Theorem 1.34, there are two possible cases:

1. No such point x, for which fi(x), 0, exists. Then, according to Theorem 3.1, 0A @fi(x0)
and 05 fi(x0)# fi(x); i.e., x0 is a point belonging to the set of minima of fi.

2. There exists a point x for which fi(x), 0. Then

K�
Ai
ðx0Þ5 0; if fiðx0Þ, 0;

2cone @fiðx0Þ; if fiðx0Þ5 0:

�
ð3:21Þ

Let x0 be a point minimizing f0 over A defined by Eq. (3.7). Since

A5 \m
i51

Ai

� �
\ D;

then, by Theorem 3.4, there are simultaneously the points, not all zero,

x�i AK�
Ai
ðx0Þ; i5 1; 2; . . . :;m; x�AK�

Dðx0Þ; x�0A@f0ðx0Þ

and λ0$ 0 such that

λ0x0 5
Xm
i51

x�i 1 x�: ð3:22Þ
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If fi(x), 0 for some x and every i, then Eq. (3.21) is valid. Take

x�i 52λix
�
i0; λi $ 0; x�i0A@fiðx0Þ; x�00 5 x�0; ð3:23Þ

where λi. 0, if fi(x0)5 0 and λi5 0 if fi(x0), 0; i.e.,

λifiðx0Þ5 0; i5 1; 2; . . . ;m:

By substituting Eq. (3.23) into Eq. (3.22), we have

λ0x
�
00 1λ1x

�
10 1?1λmx

�
m0 5 x�;

λi . 0; λifiðx0Þ5 0; x�i0A@fiðx0Þ; i5 0; 1; . . . ;m; x�AK�
Dðx0Þ: ð3:24Þ

where among the λi there are nonzero numbers because not all λ; x�i ; x� are zero.
If for some i0 there is no point satisfying fi0ðxÞ, 0; then according to the discus-

sion above, 0A @fi(x0). Setting x�i00 5 0; λi0 5 1; λi5 0, i 6¼ i0; x
� 5 0, we deduce

that the relations in Eq. (3.24) are valid.

Hence, we have proved Theorem 3.9.

Theorem 3.9. Let the functions fi(x), i5 0, . . . , m be convex and continuous.

Then, in order for x0 to be an optimal solution to the convex programming problem

(P), it is necessary that there exist numbers λi, i5 1, . . . , m not all zero such that

for some x�i A@fiðx0Þ;
Xm
i51

λix
�
i AK�

Dðx0Þ;

where λi$ 0, λifi(xi)5 0, i5 1, 2, . . . , m.

Theorem 3.10. Let fi, i5 0, . . . , m be convex proper functions, where

fiðxÞ5 hx; x�i i2αi; i5 k1 1; . . . ;m:

Moreover, let D be a convex set, ri dom fi+D, i5 1, . . . , m, and x1A ri D be a

point such that fi(x1), 0, i5 1, . . . , k. Then, in order that x0 be an optimal solution

to the convex programming problem (P), it is necessary and sufficient that there

exists a vector y�0Aℝm
1 such that

Lðx0; y�0Þ# Lðx; y�0Þ; xAD;

yi
�
0 fiðx0Þ5 0; i5 1; 2; . . . ;m:
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& Let us denote

~y�ARk; ~y� 5 ðy�1; . . . ; y�k Þ

~Lðx; ~y�Þ5 f0ðxÞ1
Xm
i51

y�i fiðxÞ;

D0 5 fx : fiðxÞ# 0; i5 k1 1; . . . ;m; xADg

Then by Theorem 3.6, there is a vector ~y�0Aℝm
1 such that

~Lðx0; ~y�0Þ# ~Lðx; ~y�0Þ; xAD;

yi
�
0 fiðx0Þ5 0; i5 1; . . . ; k:

Since

DD \m
i50

ri dom fi;

the function ~Lð�; ~y�0Þ is continuous on D relative shifted subspace containing

\m
i50ri dom fi: Then, for this subspace, on the basis of Theorem 3.2, we conclude

that there exists a vector x�A@x ~Lðx0; ~y�0Þ so that x�AK�
D0
ðx0Þ: On the other hand, it is

obvious that

KD0
ðx0Þ5KDðx0Þ \ KD1

ðx0Þ;

where

D1 5 fx : fiðxÞ5 hx; x�i i2αi # 0; i5 k1 1; . . . ;mg:

and KD1
ðx0Þ is a polyhedral cone. It is easy to compute that

K�
D1
ðx0Þ5 x� : x� 52

Xm
i5k11

λix
�
i ; λi $ 0; λifiðx0Þ5 0

( )
:

Since x1 is feasible, x1AD1, and so ri KDðx0Þ \ KD1
ðx0Þ 6¼ [: Hence,

K�
D0
ðx0Þ5K�

Dðx0Þ1K�
D1
ðx0Þ:

Thus, a vector x�A@x ~Lðx0; ~y�0Þ can be represented:

x� 5 x�1 2
Xm
i5k11

λ1x
�
i ; λi $ 0; λifiðx0Þ5 0; i5 1; . . . ;m; x�1AKDðx0Þ:
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Setting yi
�
0 5λi; i5 k1 1, . . . , m, we have

Lðx; y�0Þ5 ~Lðx0; ~y�0Þ1
Xm
i5k11

λifiðxÞ;

and x�1 5 x� 1
Pm

i5k11 λix
�
i A@xLðx0; y�0Þ: Therefore, @xLðx0; y�0Þ \ K�

Dðx0Þ 6¼ [; and

by Theorem 3.2 it can be concluded that x0 belongs to the minimum set of Lð�; y�0Þ;
on a set D. Taking into account the relations λi$ 0, λi fi(x0)5 0, i5 k1 1, . . . , m,
this ends the proof of theorem.’

3.3 Lagrangian and Duality in Convex Programming
Problems

In this section, we consider a convex programming problem ðPÞ; consisting of the

minimizing of f0 over A:

A5 fx : fiðxÞ# 0; i5 1; 2; . . . ;m; xADg;

dom fi+D; i5 1; . . . ;m;

where fi are closed proper convex functions and D is a convex set. As before, let us

denote

Lðx; y�Þ5 f0ðxÞ1
Xm
i51

yi
�
fiðxÞ;

ϕðy�Þ5 inf
x
fLðx; y�Þ : xADg; y� $ 0;

VðyÞ5 inf
x
f f0ðxÞ : fiðxÞ# yi; i5 1; . . . ;m; xADg:

Let us introduce

FðyÞ5 fðx; x0ÞAℝn11 : fiðxÞ# yi; i5 1; . . . ;m; f0ðxÞ# x0; xADg:

As was shown in the previous section

Hðy; 0;21Þ52VðyÞ ð3:25Þ

Mðy�; 0;21Þ ϕðy�Þ; if y� $ 0;
2N; if yi

�
# 0 for some i:

�
ð3:26Þ
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Maximizing ϕ over ℝm
1 is called the dual problem to the aforementioned formu-

lated primary problem ðPÞ:

Theorem 3.11. Let V(0) 6¼ 6N and the function V be lower semicontinuous at

y5 0. Then

inf
x
f f0ðxÞ : xAAg5 sup

y�
fϕðy�Þ : y� $ 0g; ð3:27Þ

i.e., the value of the primary problem (P) is equal to the supremum of ϕ over ℝm
1 :

& By the duality results for multivalued mappings (Corollary 2.4), it is easy to see

that

inf
y�
fh0; y�i2Mðy�; 0;21Þg5Hð0; 0;21Þ: ð3:28Þ

By hypothesis, H(y,0,21)52V(y) is upper semicontinuous at y5 0, so the con-

ditions of Corollary 2.4 are fulfilled. Hence, by using Eqs. (3.25) and (3.26), from

Eq. (3.28), we obtain

inf
y�
f2Mðy�; 0;21Þg52Vð0Þ

or

inf
y�
fϕðy�Þ : y�g52Vð0Þ:

Thus,

sup
y�

fϕðy�Þ : y� $ 0g5Vð0Þ5 inf
x
f f0ðxÞ : xAAg:’

Note that if xAA, y� $ 0, then

ϕðy�Þ# Lðx; y�Þ5 f0ðxÞ1
Xm
i51

yi
�
fiðxÞ# f0ðxÞ:

Thus, for all feasible solutions of the primary and dual problems, xAA, y� $ 0,

ϕðy�Þ# f0ðxÞ:

On the other hand, it is easy to see that

ψðxÞ5 sup
y�

fLðx; y�Þ : y� $ 0g5 f0ðxÞ if fiðxÞ# 0; i5 1; . . . ;m;
1N if fiðxÞ. 0 for some i:

�
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Thus, Eq. (3.27) is equivalent to

inf
xAD

sup
y� $ 0

Lðx; y�Þ5 sup
y� $ 0

inf
xAD

Lðx; y�Þ; ð3:29Þ

i.e., the duality relation in Eq. (3.27) is valid if and only if the inequality in

Eq. (3.29) is fulfilled.

Theorem 3.12. Let D be a closed convex set and suppose the minimum set D� of

f0 over A is bounded. Then, the duality relation in Eq. (3.27), or equivalently,

Eq. (3.29), is valid.

& Define the multivalued mapping

Fðy; y0Þ5 fx : fiðxÞ# yi; i5 0; . . . ;m; xADg:

By virtue of the closure of fi and D, the mapping F is closed, convex, and

D� 5Fð0;Vð0ÞÞ: Then by hypothesis, Fð0;Vð0ÞÞ is bounded. Therefore, it follows

that by Lemma 2.1, the mapping F is bounded and so Fðy; y0Þ is a closed bounded

set, and hence compact.

Now, let yj-0; limj-NVðyjÞ5μ: Since the case μ51N is trivial, we may

assume that μ,1N. Hence,

VðyjÞ5 inf
x
f f0ðxÞ : xAFðyj;μ1 εÞ ð3:30Þ

for large j and arbitrary ε. 0. Since Fðyj;μ1 εÞ is compact and f0 is closed proper,

it follows that the infimum in Eq. (3.30) is attained at some point xjAFðyj;μ1 εÞ:
Besides, F is bounded, so the sequence xj is bounded. Thus, we can choose a con-

vergent subsequence. Without loss of generality, assume that xj-x0. Since F is

closed, x0AFð0;μ1 εÞ: Therefore, by definition of F; it follows that x0AA and

f0(x0)#μ1 ε. But in this case, V(0)#μ1 ε, and since ε. 0 is arbitrary,

μ5 limj-N VðyjÞ$Vð0Þ; i.e., V is lower semicontinuous at y5 0. Thus, applying

Theorem 3.11, we have the desired result. ’

Theorem 3.13. Let y�0 be a Kuhn�Tucker vector for the convex programming

problem ðPÞ: Then the duality relations in Eqs. (3.27) and (3.29) are valid and

ϕðy�0Þ5 sup
y�

fϕðy�Þ : y� $ 0g:

& If y�0 is a Kuhn�Tucker vector for the problem ðPÞ; then by Theorem 3.7,

2y�A @V(0). Therefore,

VðyÞ$Vð0Þ2hy; y�0i
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for all y. In particular, if y-0, then lim V(y)$V(0); i.e., the function V is lower

semicontinuous at y5 0. By Theorem 3.11, Eqs. (3.27) and (3.29) then follow that

the relations in Eqs. (3.27) and (3.29) are valid. Furthermore, by Definition 3.1,

ϕðy�0Þ5Vð0Þ5 inf
x
f f0ðxÞ : xAAg:

On the other hand, as was shown above, ϕ(y�)# f0(x) for every y� $ 0 and

xAA. Hence,

ϕðy�0Þ5 inf
x
f f0ðxÞ : xAAg$ϕðy�Þ; y� $ 0:’

Note that if in the convex programming problem fiðxÞ5 hx; x�i i2αi; i5 0, . . . ,
m, D5X, then we have a linear programming problem. Obviously, for this prob-

lem, F is polyhedral, so by Theorem 2.16, the function H(y,0,21)52V(y) is

closed.

Thus, we have proved the following theorem.

Theorem 3.14. If in the convex programming problem fiðxÞ5 hx; x�i i2αi;
i5 0, . . . , m, D5X, then for the obtained linear programming problem, the dual-

ity relations in Eqs. (3.27) and (3.29) are true.

Remember that V(0) is the optimal value in the convex programming problem,

and in general V(y) is the optimal value in the convex programming (Py) obtained

by replacing fi by fi2 yi for i5 1, . . . , m (see Eq. (3.9)). Thinking of the vectors y

as representing “perturbations” of (P), we call y the perturbation function for (P).

Let us assume that f0(x) can be interpreted as the “price” of x. Then for any y, the

minimum cost will be VðyÞ1 hy; y�0i: A perturbation will be “worth buying” if and

only if

VðyÞ5 hy; y�0i,Vð0Þ;

where V(0) is the optimal value in the unperturbed problem. We prove that when

V(0) is finite, y� is a Kuhn�Tucker vector for (P) if and only if, at the price vector

y� 5 y�0; no perturbation whatsoever would be worth buying. In fact

inf
y
fVðyÞ1 hy�0; yig5 inf

y
inf
x
f f0ðxÞ1 hy; y�0i; fiðxÞ# yi;

i5 1; 2; . . . ;m; xADg:

But the right-hand side of this equality is

inf
x
f f0ðxÞ1

Xm
i51

fiðxÞyi�0 : xADg; y�0 $ 0:

Thus, if V(0) is finite and y� 5 y�0; the inequality

VðyÞ1 hy; y�i$Vð0Þ
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holds for all y if and only if y� $ 0 and

inf
x
f f0ðxÞ1

Xm
i51

fiðxÞyi� : xADg5Vð0Þ:

The latter condition means that y� is a Kuhn�Tucker vector for (P).

Let us return to the problem stated at the beginning of Section 3.2:

inf
xAA

f ðxÞ: ðGÞ

Suppose that f is a closed and proper convex function and that A is a closed con-

vex set. In order to investigate this problem, to construct its dual problem, and to

establish the duality relations, we need the following supplementary results. First,

we use the theorem of duality of operations of addition and infimal convolution of

convex functions.

Theorem 3.15. Let fi : ℝ
n-ℝ, i5 1, . . . , m be functions not identically equal to

1N. Then

ð f1"f2"?"fmÞ� 5 f �1 1 f �2 1?1 f �m;

ð f1 1 f2 1?1 fmÞ� # f �1 "f �2"?"f �m:

In addition, if all functions are closed proper, and convex, and if all functions

except possibly one are continuous at x0 and these functions are finite at x0, then

ð f1 1 f2 1?1 fmÞ� 5 f �1 "f �2"?"f �m;

where for each x� 5 x�1 1?1 x�m the inf is attained; i.e.,

ð f1 1 f2 1?fmÞ�ðx�Þ5 f �1 ðx�1Þ1 f �2 ðx�2Þ1?1 f �mðx�mÞ:

& We shall confine ourselves to the case m5 2; the case of a greater number of

summands is proved by induction. By definition of infimal convolution and conju-

gate of functions, we establish at once the first equality of the theorem:

ð f1"f2Þ�ðx�Þ5 supx fhx; x�i2 inf
x11x2 5 x

ð f1ðx1Þ1 f2ðx2ÞÞg
5 sup

x1;x2

fhx1; x�i1 hx2; x�i5 f1ðx1Þ2f2ðx2Þg5 f �1 ðx�1Þ1 f �2 ðx�2Þ:

Furthermore, by Young�Fenchel inequality, for all x�1; x�2; and x we can write

f �1 ðx�1Þ1 f �2 ðx�2Þ$ hx�1 1 x�2; xi2f1ðxÞ2f2ðxÞ;
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and hence,

f �1 ðx�1Þ1 f �2 ðx�2Þ$ ð f1 1 f2Þ�ðx�1 1 x�2Þ:

In particular, this inequality holds for all x�1; x�2 such that x�1 1 x�2 5 x�: Thus,

f �1 "f �2 $ ð f1 1 f2Þ�;

and the first part of the theorem is proved.

By Theorem 6.5.7 of Ref. [138], f �1 "f �2 is a closed and proper convex function

and for all x� the inf is attained. Applying the already proved first formula of the

theorem for f �1 ; f �2 ; and Theorem 1.21, we have

ðf �1 "f �2 Þ� 5 f ��1 1 f ��2 5 f1 1 f2:

Since f �1 "f �2 is a closed and proper convex function, then again by Theorem

1.21, it follows from the latter formula that

f �1 "f �2 5 ðf �1 "f �2 Þ�� 5 ð f1 1 f2Þ�: ’

Proposition 3.1. Let fi : ℝ
n-ℝ, i5 1, 2 be functions not identically equal to 1N.

Then

@f1ðx1Þ \ @f2ðx2ÞC@ð f1"f2Þðx1 1 x2Þ:

Moreover, if @f1(x1)\@f2(x2) 6¼[, then for all x5 x11 x2, the infimum in the

definition of f1"f2 is attained.

& Let us denote f5 f1"f2. By the preceding theorem, f � 5 f �1 1 f �2 : Let

x�A@f1ðx1Þ \ @f2ðx2Þ: Then, by Theorem 1.27, we obtain

f1ðx1Þ1 f �1 ðx�Þ5 hx1; x�i;

f2ðx2Þ1 f �2 ðx�Þ5 hx2; x�i:

By summing these inequalities, we have

f1ðx1Þ1 f �1 ðx�Þ1 f2ðx2Þ1 f �2 ðx�Þ5 hx; x�i;

where x5 x11 x2. Since by definition,

f ðxÞ# f1ðx1Þ1 f2ðx2Þ;
f �ðx�Þ5 f �1 ðx�Þ1 f �2 ðx�Þ

ð3:31Þ
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it follows that

f ðxÞ1 f �ðx�Þ# hx; x�i; ð3:32Þ

whence x�A @f(x). Actually, the inequality in Eq. (3.32) and so the first inequality

of Eq. (3.31) are satisfied as equalities. Thus, we have seen that if @f1(x1) \
@f2(x2) 6¼[, then for any x5 x11 x2, the infimum in the definition of f1"f2 is

attained. ’

Proposition 3.2. If fi : ℝ
n-ℝ, i5 1, 2 are functions not identically equal to 1N

and if for all x5 x11 x2 the infimum in the definition of f1"f2 is attained, then

@ð f1"f2ÞðxÞ5 @f1ðx1Þ \ @f2ðx2Þ:

& According to Proposition 3.1, it is sufficient to show that

@ð f1"f2ÞðxÞ5 @f1ðx1Þ \ @f2ðx2Þ:

Let us denote f5 f1"f2. Let x
� A @f(x), i.e., f(x)1 f �(x�)5 hx, x�i. By Theorem

3.15, f � 5 f �1 1 f �2 : On the other hand, by hypothesis, f(x)5 f1(x)1 f2(x), whence

f1ðx1Þ1 f �1 ðx�Þ1 f2ðx2Þ1 f �2 ðx�Þ5 hx1; x�i1 hx2; x�i:

Since always

f1ðx1Þ1 f �1 ðx�Þ$ hx1; x�i;

f2ðx2Þ1 f �2 ðx�Þ$ hx2; x�i;

we can deduce that simultaneously

f1ðx1Þ1 f �1 ðx�Þ5 hx1; x�i;

f2ðx2Þ1 f �2 ðx�Þ5 hx2; x�i;

or x�A @f1(x1), x
�A @f2(x2) are true. ’

Proposition 3.3. If fi : ℝ
n-ℝ, i5 1, 2 are functions not identically equal to 1N,

and if @f1(x1)\@f2(x2) 6¼[, then

1. @f(x)5 @f1(x1)\@f2(x2), where f5 f1"f2, x5 x11 x2;

2. the set @f1ð ~x1Þ \ @f2ð ~x2Þ; ~x1 1 ~x2 5 x is either empty or coincides with @f(x);
3. the set @f1ð ~x1Þ \ @f2ð ~x2Þ is nonempty if and only if for every x5 ~x1 1 ~x2 the infimum in

the definition of f1"f2 is attained.
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1. & Since @f1(x1)\@f2(x2) 6¼[, by virtue of Proposition 3.1 for any x5 x11 x2, the infimum

in the definition of f1"f2 is attained. From this, Proposition 3.2 implies the validity of (1).

2. This assertion follows immediately from (1).

3. The necessity condition was already proved in Proposition 3.1. Furthermore, if for every

x5 ~x1 1 ~x2 the infimum in the definition of f1"f2 is attained, then by Proposition 3.2,

@f ðxÞ5 @f1ð ~x1Þ \ @f2ð ~x2Þ: But since @f ðxÞ5 @f1ðx1Þ \ @f2ðx2Þ 6¼ [; we conclude that

@f1ð ~x1Þ \ @f2ð ~x2Þ 6¼ [: ’

Now recall that the problem (G) can be transformed as follows:

inf
xAA

f ðxÞ5 inff f ðxÞ1 δAðxÞg52supf2f ðxÞ2δAðxÞg
52supfhx; 0i2½ f ðxÞ1 δAðxÞ�g52ð f 1 δAÞ�ð0Þ$ 2ð f �"δ�AÞð0Þ
52inff f �ðx�Þ1 δ�Að2x�Þg5 supf2f �ðx�Þ2δ�Að2x�Þg ð3:33Þ

Here, setting f15 f, f25 δA, we have used Theorem 3.15.

The problem

supf2f �ðx�Þ2δ�Að2x�Þg ðG�Þ

labeled (G�), we call the dual problem to the primary problem (G).

Let us denote ~δAðxÞ5 δAð2xÞ: Clearly, ~δ
�
Aðx�Þ5 δ�Að2x�Þ for all x�. Also, the

values of the problems (G) and (G�) are denoted by v and v�, respectively.

Proposition 3.4. For all feasible solutions x and x� of problems (G) and (G�), the
inequality v$ v� holds. Furthermore, the following assertions are equivalent:

1. v5 v�.
2. ð f �"δ�AÞ��ð0Þ5 ð f �"δ�AÞð0Þ:
3. ð f"~δAÞ��ð0Þ5 ðf"~δAÞð0Þ:
& The inequality v$ v� follows directly from Eq. (3.33). Moreover, by Theorem

3.15,

f �� 1 δ��A 5 ð f �"δ�AÞ�;

so

f 1 δA 5 ð f �"δ�AÞ�:

Thus, ð f 1 δAÞ� 5 ð f �"δ�AÞ��: Then taking into account that v52( f1 δA)�(0)
(see Eq. (3.33)) we can write

v5 inf½f ðxÞ1 δAðxÞ�5 inf½f ðxÞ1 ~δAð2xÞ�
5 ð f"~δAÞð0Þ52ð f 1 δAÞ�ð0Þ52ð f �"δ�AÞ��ð0Þ:
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Similarly,

v� 5 ð f"~δAÞ��ð0Þ52ð f �"δ�AÞð0Þ:

Then comparing these two equalities, we have the desired result. ’

The set of solutions of problems (G) and (G�) are denoted by P and Q,

respectively:

P5 fx : f ðxÞ1 δAðxÞ5 vg
Q5 fx : 2f �ðx�Þ2δ�Að2x�Þ5 v�g:

Note that if v and v� are finite, then by Theorems 3.15,

P5 @ð f 1 δAÞ�ð0Þ5 @ð f �"δ�AÞ��ð0Þ;
Q5 @ð f � 1 ~δ

�
AÞ�ð0Þ5 δð f"~δAÞ��ð0Þ:

On the other hand, the set of solutions P of (G) consists of the points x for which

the infimum in f"~δA is attained at 05 x1 (2x). Similarly, the set of solutions

Q of (G�) consists of the points x� for which the infimum in f �" δ�A is attained at

05 x� 1 (2x�).

Theorem 3.16. If a pair (x, x�) of points x and x� is such that x�A@f ðxÞ \ K�
AðxÞ;

then x and x� are solutions of the problems (G) and (G�), respectively.
& It is clear that

0A@f ðxÞ2K�
AðxÞ5 @f ðxÞ5 @δAðxÞC@ð f 1 δAÞðxÞ;

i.e.,

0A@ð f 1 δAÞðxÞ:

According to Theorem 3.1, the latter inclusion means that x is a solution to the

problem (G). By hypothesis, x�A @f(x) and x�AK�
AðxÞ52@δAðxÞ: Since f and δM

are closed convex proper functions, then by Corollary 1.2, xA @f �(x�) and

xAδ�Að2x�Þ5 ~δ
�
Aðx�Þ: Therefore,

0A@f �ðx�Þ1 @~δ
�
Aðx�ÞC@ð f � 1 ~δ

�
AÞðx�Þ;

0A@ð f � 1 ~δ
�
AÞðx�Þ;

and hence x� is a solution to the problem (G�). ’

Proposition 3.5. If v5 v� and is finite and the set Q is nonempty, then

P5 @ð f �"δ�AÞð0Þ; Q5 @ð f"~δAÞð0Þ:
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& By Proposition 3.4, if v5 v�, then ð f �" δ�AÞ��ð0Þ5 ð f �" δ�AÞð0Þ: Therefore,
@ð f �" δ�AÞ��ð0Þ5 @ð f �" δ�AÞð0Þ; and by virtue of the finiteness of v, we obtain

that P5 @ð f �"δ�AÞð0Þ: The assertion for Q is proved by analogy. ’

Proposition 3.6. If v5 v� and both are finite and the set Q is nonempty, then

P5 @f �ðx�Þ \ @δ�Að2x�Þ;

where x� is an arbitrary element of Q.

& The nonempty set Q is the set of points x� for which the infimum at 05 x� 1
(2x�) is attained. Applying Proposition 3.2 to the case f � and δ�A; we have

@ð f �" δ�AÞð0Þ5 @f �ðx�Þ \ @δ�Að2x�Þ:

Since v5 v� is finite, by Proposition 3.5, P5 @ð f �" δ�AÞð0Þ: If

@f �ð ~x�Þ \ @δ�Að2 ~x�Þ is nonempty, then by Proposition 3.3

@ð f �" δ�AÞð0Þ5 @f �ð ~x�Þ \ @δ�Að2 ~x�Þ 6¼ [;

where the infimum is attained at 01 ~x� 1 ð2 ~x�Þ: Consequently, ~xAQ: ’

Theorem 3.17. If v5 v� and both are finite and the set Q is nonempty, then a

point x is the solution to the primary problem (G) if and only if there exists a point

x� such that x�A@f ðxÞ \ K�
AðxÞ: This point is then a solution to the dual problem

(G�).
& According to the previous proposition, xAP if and only if

xA@f �ðx�Þ \ @δ�Að2x�Þ for a point x�—i.e., if and only if there is a point x� such

that x�A @f(x) and x�AK�
AðxÞ52@δAðxÞ: This point then belongs to the set of solu-

tions of Q. ’

In the next theorem, a sufficient condition ensuring the equality v5 v� and the

existence of a solution to the dual problem (G�) is formulated.

Theorem 3.18. If v is finite and there exists a point x1AA at which f is continu-

ous, then v5 v� and the set of solutions Q of dual problem (G�) is nonempty.

& According to Theorem 6.5.7 of Ref. [138], the function f �"δ�A is closed,

proper, and convex, so

ð f �"δ�AÞ��ð0Þ5 ð f �"δ�AÞð0Þ:

By Proposition 3.4, this implies that v5 v�. Moreover, for each x�, the infimum

in the infimal convolution is attained; i.e., there are points x�1 and x�2 such that

x� 5 x�1 1 x�2 and

ð f �" δ�AÞðx�Þ5 f �ðx�1Þ1 δ�Aðx�2Þ:
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Since Q is the set of points x�1 for which the infimal convolution is attained at

05 x�1 1 ð2x�1Þ; then Q is nonempty. ’

Theorem 3.19. If there exists either (1) a point x� such that

@f �ðx�Þ \ @δ�Að2x�Þ 6¼ [ or (2) a point x such that @f ðxÞ \ K�
AðxÞ 6¼ [; then both the

sets of solutions P and Q are nonempty. Moreover, v5 v�, where v is finite, and

P5 @f �ðx�Þ \ @δ�Að2x�Þ; x�AQ;

Q5 @f ðxÞ \ K�
AðxÞ; xAP:

& For simplicity, consider case (1). By Proposition 3.3, it is easy to see that

@ð f �" δ�AÞð0Þ5 @f �ðx�Þ \ @δ�Að2x�Þ 6¼ [;

and the set Q consisting of those x� such that

ð f �"δ�AÞð0Þ5 f �ðx�Þ1 δ�Að2x�Þ is nonempty. Since f(x�) and δ�Að2x�Þ are finite,

2v� is finite. Furthermore, ð f �" δ�AÞ��ð0Þ5 ð f �" δ�AÞð0Þ; so v5 v�. Furthermore,

@ð f �" δ�AÞ��ð0Þ5 @ð f � " δ�AÞð0Þ5P

and P 6¼[. ’

3.4 Cone of Tangent Directions and Locally Tents

Definition 3.2. Let A be an arbitrary subset of X. A vector xAX is called a tangent

direction of the set A at a point xAA, if there exists a function ϕ(λ) such that

x1λx1ϕðλÞAA

for sufficiently small λ$ 0 and λ21ϕ(λ)-0 as λk0. Since αx;α$ 0 is a vector of

tangent direction, if x is the same, then it is clear that such vectors form a cone.

Definition 3.3. The cone KA(x) is called a cone of tangent directions of the set A

at a point xAA if from xAKAðxÞ it follows that x is the tangent vector at xAA.

It should be pointed out that the cone KA(x) is not uniquely defined. In any case

we shall see that the wider a cone of tangent directions we have the essentially nec-

essary condition for a minimum. If A is convex, then

KAðxÞ5 coneðA2xÞ5 fx : x5λðx1 2xÞ; x1AA; λ. 0g ð3:34Þ
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is the cone of tangent directions to A. Therefore in Definition 3.2, it is sufficient to

take ϕ(λ)� 0. By convention, for a convex set A, we define the cone of tangent

directions to A by Eq. (3.34). The following examples were considered by

Pshenichnyi [226].

Example 3.1. Let A be defined as follows:

A5 fx : fiðxÞ5 0; iAIg; ð3:35Þ

where I5 {1, . . . , m} is a finite index set and fi are continuously differentiable

functions.

Proposition 3.7. Let x0AA; i.e., for x0, suppose that the system in Eq. (3.35) is

satisfied and the gradient vectors f
0
i ðx0Þ; iAI are linearly independent. Then

KAðx0Þ5 fx : hx; f 0i ðx0Þi5 0; iAIg ð3:36Þ

is a cone of tangent directions.

& Let f 0(x0) be a matrix with rows f
0
i ðx0Þ; iA I. Clearly, f 0(x0) is an m3 n (X5ℝn)

matrix. Then the condition xAKMðx0Þ can be written as f 0ðx0Þx5 0: Let ( f 0(x0))� be

the matrix transpose of f 0(x0) and B5 f 0(x0)( f 0(x0))�. It is easy to show that a

square matrix B of the size m3m is nonsingular. Indeed, suppose that B is singu-

lar. Then there is a nonzero vector yAℝm such that By5 0. Thus,

hy;Byi5 kf 0ðx0Þ�yk2 5 :
X
jAI

f
0
j ðx0Þyj:

2
5 0;

i.e.,
P

jAI f
0
j ðx0Þyj 5 0 under the hypothesis that not all yj are equal to zero. The lat-

ter equality implies that the set of vectors f
0
i ðx0Þ; iA I, is linearly dependent. This

contradiction proves that B is a nonsingular matrix.

Consider the system of equations

giðλ; yÞ � fiðx0 1λx1 ð f 0ðx0ÞÞ�yÞ5 0; iAI ð3:37Þ

where y is an unknown and λ is a parameter. It is not hard to compute that

@gið0; 0Þ
@λ

5 hx; f 0i ðx0Þi5 0; iAI:

On the other hand, the matrix with the elements @gi(0,0)/(@y
j), i, j5 1, . . . , m, is

equal to B, so is nonsingular. By the familiar implicit function theorem, the system

in Eq. (3.37) for a sufficiently small λ. 0 has a solution y(λ) such that λ21y(λ)-
0 as λ-0. If we set ϕ(λ)5 [f 0(x0)�y(λ)], then λ21ϕ(λ)-0 as λ-0, and according

to Eq. (3.37), x0 1λx1ϕðλÞAA for sufficiently small λ. 0; i.e., x is a tangent

vector.
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We compute the dual cone of the cone given by Eq. (3.36). Since the system of

equations hx; f 0i ðx0Þi5 0; iAI is equivalent to the system of inequalities,

hx; f 0i ðx0Þi$ 0; iAI;

hx; 2f
0
i ðx0Þi$ 0; iAI;

then by Theorem 1.13, K�
Aðx0Þ consists of the elements of the form

x� 5
X
iAI

αif
0
i ðx0Þ2

X
iAI

βif
0
i ðx0Þ; αi $ 0; βi $ 0:

Denoting λi5αi2βi, we have

K�
Aðx0Þ5 x� : x� 5

X
iAI

λif
0
i ðx0Þ; λiAℝ; iAI

( )
:

Example 3.2. Let the set A be defined as follows:

A5 fx : fiðxÞ# 0; iAI1; fiðxÞ5 0; iAI2g

where I1 and I2 are finite index sets and fi are continuously differentiable functions.

Let x0AA and

I1ðx0Þ5 fiAI1 : fiðx0Þ5 0g:

We show that if the vectors f
0
i ðx0Þ; iA I2 are linearly independent, then a direc-

tion x satisfying the relations

hx; f 0i ðx0Þi, 0; iAI1ðx0Þ;

hx; f 0i ðx0Þi5 0; iAI2 ð3:38Þ

is a tangent vector. Indeed, according to the previous example, there is a function

ϕ(λ), λ21ϕ(λ)-0 as λ-0 such that

fiðx0 1λx1ϕðλÞÞ5 0; iAI2:

On the other hand, for iA I1, we can write

fiðx0 1λx1ϕðλÞÞ5 fiðx0Þ1λhx1λ21ϕðλÞ; f 0i ðξiÞi; ð3:39Þ
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where ξi is some point of the segment with end points x0 and fiðx0 1λx1ϕðλÞÞ, 0

for sufficiently small λ. 0. On the other hand if iA I1(x0), then Eq. (3.39) implies

that

fiðx0 1λx1ϕðλÞÞ5λhx; f 0i ðx0Þi1λhx; f 0i ðξiÞ2f
0
i ðx0Þi1 hϕðλÞ; f 0i ðξiÞi:

Here, since ξi-x0 as λ-0, then the latter two terms are higher-order infinite

small with respect to λ. Hence, by virtue of Eq. (3.38),

fiðx0 1λx1ϕðλÞÞ, 0; iAI1ðx0Þ

for small λ. 0. Therefore, for a small λ. 0, the relations

fiðx0 1λx1ϕðλÞÞ, 0; iAI1;
fiðx0 1λx1ϕðλÞÞ5 0; iAI2

are satisfied. Consequently, x0 1λx1ϕðλÞAA: The obtained inclusion means that

x is a tangent direction of the set A at the point x0AA. Hence,

KAðx0Þ5 fx : hx; f 0i ðx0Þi, 0; iAI1ðx0Þ; hx; f 01ðx0Þi 5 0; iAI2g:

Thus, applying Theorem 1.13, it is easy to see that

K�
Aðx0Þ5 x� : x� 52

X
iAI1ðx0Þ

λif
0
i ðx0Þ2

X
iAI2

λif
0
i ðx0Þ; λi $ 0; iAI1ðx0Þ

( )
:

By Definition 3.2, we have already seen that the cone of tangent directions

involve directions for each of which there exists a function ϕ(λ). But in order to

predetermine properties of the set A, this is not sufficient. Nevertheless, the follow-

ing notion of a local tent allows us to predetermine mapping in A for the nearest

tangent directions among themselves.

Definition 3.4. The cone KA(x0) of tangent directions of the set A at a point x0AA

is called a local tent, if for each x0Ari KAðx0Þ; there exists a convex cone

KDKA(x0) and a continuous mapping ψ defined in a neighborhood of the origin

such that

1. x0Ari K; Lin K5Lin KAðx0Þ;
2. ψðxÞ5 x1 rðxÞ; kxk21rðxÞ-0 as x-0;
3. x0 1ψðxÞAA; xAK \ ðεBÞ for some ε. 0, where B is the unit Euclidean ball.

If ψ is a continuously differentiable function, then a local tent is said to be a

smooth local tent.
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Example 3.3. Let the set A be defined as in Example 3.1 and assume that at x0 the

conditions of Proposition 3.7 are satisfied. We show that the cone KA(x0) defined

by Eq. (3.36) is a local tent.

Let us form the system of equations

giðx; yÞ � fiðx0 1 x1 ð f 0ðx0ÞÞ�yÞ2hx; 2f
0
i ðx0Þi5 0; iAI ð3:40Þ

where y is unknown and x is a parameter. It is not hard to see that

gið0; 0Þ5 0; iAI; g
0
ixð0; 0Þ5 0; iAI

and the matrix @gi(0,0)/(@y
j), i, jA I, coincides with the matrix B5 f 0(x0)[f 0(x0)]�

and so is nonsingular. Then by Theorem 1.1 of Chapter 5 of Ref. [225], for suffi-

ciently small x; there is a smooth solution yðxÞ such that

yðxÞ
kxk-0 ð3:41Þ

Denote K5KA(x0) and set

ψðxÞ5 x1 ð f 0ðx0ÞÞ�yðxÞ ð3:42Þ

Take xAK \ ðεBÞ; ε. 0 such that yðxÞ is defined in the ball εB. By Eq. (3.36),

Eq. (3.40) can be rewritten as:

fiðx0 1ψðxÞÞ5 0; iAI;

i.e., x0 1ψðxÞAA: From this and the formulas in Eqs. (3.41) and (3.42), we obtain

that KA(x0) is a local tent.

Example 3.4. Now, let A be defined as in Example 3.2. We show that the cone

KA(x0) defined in this example is a local tent.

Obviously, ri KA(x0)5KA(x0). Let x0AKAðx0Þ: Denote

δ5
1

kx0k
max

i
hx0; f 0i ðx0Þi : iAI1ðx0Þ

� �
, 0

and

K5 fx : hx0; f 0i ðx0Þi# δkxk; iAI1ðx0Þ; hx0; f 0i ðx0Þi5 0; iAI2g: ð3:43Þ

Then x0Ari K and KDKA(x0). Choose ψðxÞ as in Example 3.3. By the mean

value theorem, it is not hard to see that

fiðx0 1ψðxÞÞ5 fiðx0Þ1 hx0; f 0i ðx0Þi1 0ðkxkÞ; iAI1: ð3:44Þ
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Here, if iA I1\I1(x0), then fi(x0), 0. Hence, it follows from (3.44) that for

small x;

fiðx0 1ψðxÞÞ, 0; iAI1\I1ðx0Þ ð3:45Þ

and if iA I1(x0), then for small xAK;

fiðx0 1ψðxÞÞ# δkxk1 0ðkxkÞ, 0; iAI1ðx0Þ: ð3:46Þ

On the other hand, by construction of ψðxÞ;

fiðx0 1ψðxÞÞ5 0; iAI2 ð3:47Þ

Thus, the formulas in Eqs. (3.45) and (3.47) imply that x0 1ψðxÞAA for small

xAK; i.e., KA(x0) is a local tent.

It can be shown that if A is a convex set, then KA(x0)5 cone(A2 x0), x0AA, is

a local tent. Furthermore, an important property of a local tent is that under more

general assumptions, the intersection of local tents is a local tent. We will not

consider such investigations here; for a detailed consideration, refer to Pshenichnyi

[226].

3.5 CUA of Functions

Remember that a smooth function admits a linear approximation. As will be shown

in Section 3.6, a convex function can be approached by positively homogeneous

functions—i.e., directional derivatives. However, a nonsmooth and nonconvex

function cannot be approximated in a neighborhood of some point with positively

homogeneous functions. Just for such a class of functions, we will introduce the

concept of CUAs. Such a CUA approach was strongly developed and applied to

new classes of extremal problems by Pshenichnyi [226]. Note that a CUA hðx; xÞ is
defined nonuniquely, and for obtaining the appropriate necessary conditions, as a

rule, it is necessary to have a sufficiently wider family of CUA. In Section 3.5, it

will be proved that if h1ðx; xÞ and h2ðx; xÞ are CUAs of f at a point x, then

λ1h11λ2h2, λ11λ25 1, λ1, λ2$ 0 and max(h1, h2) also are CUAs (Proposition

3.8). Moreover, let h1, h2, respectively, be a CUA at the point x, for the function f1,

f2, and suppose f5 f11 f2. Then hðx; xÞ5 h1ðx; xÞ1 h2ðx; xÞ is a CUA of f at x. In

addition, if int dom h1( � , x)\dom h2( � , x) 6¼[, then @f(x)5 @f1(x)1 @f2(x)
(Theorem 3.20). In particular, if f is a continuously differentiable function at x,

then hðx; xÞ5 hx; f 0ðxÞi is a CUA at x and @f(x)5 {f 0(x)}. Furthermore, if f is convex

and continuous at x, then hðx; xÞ5 f 0ðx; xÞ is a CUA and the subdifferential @f(x)
defined by Definitions 1.29 and 3.6 are the same.
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Let f : X-ℝ[{6N} be an arbitrary function. Let us denote dom f5
{x:jf(x)j,1N}.

Take a point xA dom f, xAX; x 6¼ 0; and define

Ωðx; xÞ5 sup
rðUÞ

lim sup
λk0

f ðx1λx1 rðλÞÞ2f ðxÞ
λ

where the exterior supremum is taken on all r( � ), such that λ21r(λ)-0 as λk0.
Obviously, Ωðx; xÞ; finite or not, always exists. Also, it is easy to see that Ω( � , x) is
a positively homogeneous function; i.e., for any λ. 0,

Ωðλx; xÞ5λΩðx; xÞ:

If f is Lipschitzian in some neighborhood of x, then

jf ðx1λx1 rðλÞÞ2f ðx1λxÞj# LkrðλÞk:

Therefore,

f ðx1λx1 rðλÞÞ2f ðx1λxÞ
λ

-0 as λk0:

Moreover,

Ωðx;xÞ5sup
rðUÞ

limsup
λk0

f ðx1λx1rðλÞÞ2f ðxÞ
λ

1
f ðx1λx1rðλÞÞ2f ðx1λxÞ

λ

2
4

3
5

5 limsup
λk0

f ðx1λxÞ2f ðxÞ
λ

i.e., for Lipschitzian functions, we have

Ωðx; xÞ5 lim sup
λk0

f ðx1λxÞ2f ðxÞ
λ

:

Definition 3.5. The function h( � , x) is called a CUA of a function f : X-ℝ[
{6N} at every fixed point xA dom f5 {x:jf(x)j,1N}, if

1. hðx; xÞ$Ωðx; xÞ for all x 6¼ 0;
2. h( � , x) is a closed (lower semicontinuous) positively homogeneous convex function.

It is clear that CUA is not unique; there are a lot of CUAs.
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Proposition 3.8. If h1ðx; xÞ and h2ðx; xÞ are CUAs of f at a point x, then

λ1h11λ2h2, λ11λ25 1, λ1, λ2$ 0 and max(h1, h2) is also a CUA. ’

Definition 3.6. If hðx; xÞ is a CUA of f at a point x, then the set

@hð0; xÞ5 fx�AX� : hðx; xÞ$ hx; x�i; xAXg

is called a subdifferential of f at a point x and is denoted by @f(x).
Obviously, @(λf)5λ@f, λ$ 0.

According to Definition 3.5 and Theorems 1.24 and 1.31, a subdifferential

@h(0, x) of a closed positively homogeneous convex function h( � , x) always exists
and

@hð0; xÞ5 dom h�ðU; xÞ ð3:48Þ

where

h�ðx�; xÞ5 sup
x

fhx; x�i2hðx; xÞg:

On the other hand, by Theorem 1.25, it follows from Eq. (3.48) that

hðx; xÞ5 sup
x�

fhx; x�i : x�A@hð0; xÞg5 sup
x�

fhx; x�i : x�A@f ðxÞg ð3:49Þ

In addition, the subdifferential @f(x) in Eq. (3.49) is defined using the function

hðx; xÞ: It is also clear that hðx; xÞ is the support function of @f(x). Thus, hðx; xÞ and
@f(x) determine each other one to one. The function h( � , x) defined by Eq. (3.49)

must be a CUA of f at x. The convexity and closedness of the subdifferential imme-

diately follows from Definition 3.6 and Lemma 1.34. As with the CUA, the subdif-

ferential of f is not unique.

Proposition 3.9. If h1 and h2 are CUAs for the function f at a point x and h1$ h2,

then @1 f(x)+@2 f(x), where @1 f(x) and @2 f(x) are the subdifferentials defined by h1
and h2, respectively.

& Indeed, according to Definition 3.6, x�A @2 f(x) if and only if hx; x�i# h2ðx; xÞ:
Then, since h1$ h2, it follows that hx; x�i# h2ðx; xÞ# h1ðx; xÞ; i.e., x�A @1 f(x). ’

Theorem 3.20. Let h1 and h2 be CUAs for the functions f1 and f2 at x, respec-

tively, and f5 f11 f2. Then hðx; xÞ5 h1ðx; xÞ1 h2ðx; xÞ is a CUA for f at x. In addi-

tion, if int dom h1( � , x) \ dom h2( � , x) 6¼[, then

@f ðxÞ5 @f1ðxÞ1 @f2ðxÞ:
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& By definition,

Ωðx;xÞ5sup
rðUÞ

limsup
λk0

f1ðx1λx1rðλÞÞ
λ

1
f2ðx1λx1rðλÞÞ2f1ðxÞ2f2ðxÞ

λ

2
4

3
5

# sup
rðUÞ

limsup
λk0

f1ðx1λx1r1ðλÞÞ2f1ðxÞ
λ

1 sup
rðUÞ

limsup
λk0

f2ðx1λx1r2ðλÞÞ2f2ðxÞ
λ

5Ω1ðx;xÞ1Ω2ðx;xÞ:

Since h1$Ω1, h2$Ω2, h$Ω. Besides, as a sum of closed positively homoge-

neous convex functions, h is the same. It follows that h is a CUA for f at x.

Furthermore, by virtue of Theorems 1.18 and 1.29, we have,

@hð0; xÞ5 @h1ð0; xÞ1 @h2ð0; xÞ;

i.e., @f(x)5 @f1(x)1 @f2(x). ’

Example 3.5. Consider the function f : ℝ-ℝ defined by

f ðxÞ5 0; if x, 0;
k; if x$ 0;

�

where k is a constant. It is easy to see that

Ωðx; 0Þ5 2N; if x, 0;
0; if x. 0:

�

Hence any function of the form hðx; 0Þ5λx; λ$ 0 is a CUA for f at x5 0.

Then @f(0)5 {λ}, λ$ 0. Thus, if k. 0, then f has a set of subdifferentials, each of

which consists of a unique point λ$ 0. If k, 0, then

Ωðx; 0Þ5 1N; if x, 0;
0; if x. 0:

�

Let

h0ðx; 0Þ5 1N; if x, 0;
0; if x$ 0:

�

Since h0ðx; 0Þ is a closed positively homogeneous convex function, h0 is a CUA

for f(k, 0) at x5 0. It can easily be calculated that

@f ð0Þ5 @h0ð0; 0Þ5 ð2N; 0�:
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Since h0ðx; 0Þ5Ωðx; 0Þ; x 6¼ 0; for every other CUA, the inequality h$ h0 will

be satisfied. By Proposition 3.9, it follows that @f(0)+(2N, 0] for an arbitrary sub-

differential @f(0). This example is instructive in that there exists a subdifferential of

a discontinuous function.

Theorem 3.21. Suppose that for a given function f, the function Ω( � , x) is convex
and closed, i.e., Ω(0, x)5 0. Then @F(0, x) is a subdifferential of f at x and for any

other subdifferential @f(x) satisfied the inclusion @f(x)+@Ω(0, x).
& By hypothesis, Ωðx; xÞ is a CUA, and for any other CUA the inequality h$Ω
holds. ’

Corollary 3.2. If f is a continuously differentiable function at a point x, then

hðx; xÞ5 hx; f 0ðxÞi is a CUA at x and @f(x)5 {f 0(x)}.
& In fact, for a continuously differentiable function, Ωðx; xÞ5 hx; f 0ðxÞi: ’

Corollary 3.3. If f is convex and continuous at x, then

hðx; xÞ5 f 0ðx; xÞ5 lim
λk0

f ðx1λxÞ2f ðxÞ
λ

is a CUA and the subdifferential @f(x) defined by Definitions 1.29 and 3.6 is the

same.

& Since by Theorem 1.17 a continuous convex function satisfies a Lipschitzian

condition, then it is easy to verify that Ωðx; xÞ5 f 0ðx; xÞ: Moreover, by Lemma 1.34

and Remark 1.2, @f(x0) is a convex compact set and

f 0ðx; xÞ5 max
x�

fhx; x�i : x�A@f ðxÞg:

Clearly, this formula implies that f 0(x, � ) is a closed function. Now, applying

Theorem 1.31 shows that

@Ωð0; xÞ5 @f 0ðx; 0Þ5 @f ðxÞ:

Thus, Ω( � , x) is a closed positively homogeneous convex function satisfying the

conditions of Theorem 3.21, and its subdifferential coincides with the usual subdif-

ferential of the convex function f. ’

In order to calculate CUA and the corresponding subdifferentials for some of

the operations, such as pointwise operations, pointwise supremum, and the

Euclidean distance function, refer to Ref. [225].

We emphasize again that for a given function at a point x, there exist a lot of

CUAs. However, if h1 and h2 are two CUAs at x and h1$ h2, then h1 is a worse

approximation than h2 in some neighborhood of x.
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Definition 3.7. Let h be a CUA of f at a point x. Then h is called the principal

CUA, if there is no another h1 such that

hðx; xÞ$ h1ðx; xÞ; ’x:

The subdifferential corresponding to h is called the principal subdifferential.

Lemma 3.1. If Ωðx; xÞ defined at x5 0 as Ω(0, x)5 0 is a closed convex function,

then there is the unique principal subdifferential. In particular, if f is a continuous

convex function, then its usual subdifferential is the single principal subdifferential.

& This is obvious from the preceding definition. ’

3.6 LAM in the Nonconvex Case

In Chapter 2, the basic definitions of multivalued mappings and the main properties

of convex mappings were introduced. One of the principal notions was that of a

LAM. In this section, we will extend the apparatus of LAM to the nonconvex case.

Of course, in the next chapters, we will see how decisive a role the LAM plays for

the construction of optimality conditions for different optimal control problems.

Suppose now that a multivalued mapping F is convex valued; i.e., F(x) is con-

vex in Y. For such a definition to be meaningful, we introduce the Hamiltonian

function and Argmaximum set defined as in the convex case:

Hðx; y�Þ5 sup
y
fhy; y�i : yAFðxÞg; y�AY� 5ℝn

Fðx; y�Þ5 fyAFðxÞ : hy; y�i5Hðx; y�Þg:

Lemma 3.2. Let F be a closed, continuous, convex-valued, and bounded multiva-

lued mapping. Then its Hamiltonian function H is continuous and the

Argmaximum set F(x; y�) is upper semicontinuous in x and y�.
& Let x0A dom F. Since F is continuous at x0, then for every open ball εBDY

with centered origin and radius ε. 0 there is a neighborhood V of x0 such that

FðXÞDFðx0Þ1 εB; Fðx0ÞDFðxÞ1 εB ð3:50Þ

for all xA εB. Let y�0 be fixed. Then it follows from the first inclusions of

Eq. (3.50) that

kFðxÞk5 sup
y
fkyk : yAFðx0Þg# sup

y;u
fky1 uk : yAFðx0Þ; uAεBg# kFðx0Þk1 ε:
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Then we have

Hðx; y�Þ$ supy;u fhy1 u; y�i : yAFðx0Þ; kuk , εg
5 sup

y;u
fhy; y�0i1 hu; y�i1 hy; y� 2y�0i : yAFðx0Þ; kuk , εg

#Hðx0; y�0Þ1 sup
u
fhu; y�i : kuk, εg1 sup

y
fhy; y� 2y�0i : yAFðx0Þg

#Hðx0; y�0Þ1 εky�k1 kFðx0Þkky� 2y�0k:

Similarly, from the second inclusion of Eq. (3.50), we derive that

Hðx0; y�0Þ#Hðx; y�Þ1 εky�0k1 kFðxÞkky� 2y�0k

Thus,

jHðx; y�Þ2Hðx0; y�0Þj# ε max ðky�k; ky�kÞ1 ðkFðx0Þk1 εÞky� 2y�0k ð3:51Þ

and so H(x, y�) is continuous.
To prove the second assertion of the lemma, we must show that for any neigh-

borhood U of zero in Y, there exists an ε. 0 such that

Fðx; y�ÞDFðx0; y�0Þ1U; ð3:52Þ

as soon as kx2x0k, ε; ky� 2y�0k, ε: Suppose that the inclusion in Eq. (3.52)

does not hold. Observe that since F is closed and bounded, F(x, y�) is also closed

and bounded. Now, let xi-x0, yi-y0, but that for every i there is a point

yiAFðxi; y�i Þ such that

yi =2Fðx0; y�0Þ1U ð3:53Þ

Since F is continuous, then for x sufficiently close to x0, all F(x) are bounded.

On the other hand, since F(x; y�)DF(x), all the Fðxi; y�i Þ are bounded sets and yi is

a bounded sequence. There is no loss of generality if we assume yi-y0. By the def-

inition of the Argmaximum set F(x; y�), we have

hyi; y�i i5Hðxi; y�i Þ:

By passing to the limit and using the continuity of H, we obtain

hy0; y�0i5Hðx0; y�0Þ ð3:54Þ

By virtue of the closure of F, the inclusion yiAF(xi) implies that y0AF(x0).

Taking into account Eq. (3.54), this means that y0AFðx0; y�0Þ: But this contradicts

Eq. (3.53). ’
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Lemma 3.3. Let the conditions of Lemma 3.2 be satisfied. Moreover, let F be a

Lipschitzian mapping. Then the Hamiltonian function is also Lipschitzian.

& Since F is Lipschitzian, it follows from Eq. (3.50) that the radius ε of the ball

εB satisfies the inequality ε# Lkx2x0k: Therefore, Eq. (3.51) implies that

jHðx;y�Þ2Hðx0;y�0Þj#Lkx2x0kmax ðky�k;ky�kÞ1ðkFðx0Þk1Lkx2x0kÞky�2y�0k

which in turn means that the Hamiltonian function is Lipschitzian. ’

Suppose now that at every point zA gph F, there exists a convex cone of tangent

directions Kgph F(z). Recall that Kgph F(z) is a cone of tangent directions if it is con-

vex, and for all zAKgph FðzÞ there is a function r:[0,1]-Z such that

z1λz1 rðλÞAgph F for small λ$ 0.

Definition 3.8. The multivalued mapping F�:Y�-P(X�) defined by

F�ðy�; zÞ5 fx� : ðx�;2y�ÞAK�
gph FðzÞg ð3:55Þ

is called the LAM to F at the point zA gph F.

If for the convex mapping we take Kgph F(z)5 cone(gph F2 z) and by definition

the LAM in Eq. (3.55) coincides with the LAM of Definition 2.10. Note that for

convex-valued mappings, by the convexity of F(x), the directions γ(0, y12 y),

y1AF(x), z5 (x, y), γ. 0 are tangent directions, because for sufficiently small

λ. 0 we have

ðx; y1λγðy1 2yÞÞAgph F:

Therefore, later we assume that

Kgph FðzÞ+ð0; coneðFðxÞ2yÞÞ; z5 ðx; yÞAgph F: ð3:56Þ

Lemma 3.4. If the conditions in Eq. (3.56) are satisfied, then F�(y�, z) 6¼[ if

yAF(x; y�).
& If x�AF�(y�; z), then by definition

hx; x�i2hy; y�i$ 0; ðx; yÞAkgph FðzÞ

In particular, if Eq. (3.56) is satisfied, then

hy1 2y; 2y�i$ 0; y1AFðxÞ or hy1 2y; y�i# 0; y1AFðxÞ

i.e.,

Hðx; y�Þ# hy; y�i:

129Mathematical Programming and Multivalued Mappings



But yAF(x), so

Hðx; y�Þ$ hy; y�i:

From the last two inequalities we conclude that H(x, y�)5 hy, y�i; i.e.,

yAF(x; y�). ’

Definition 3.9. The mapping

F�ðy�; xÞ5 conv [
yAFðx; y�Þ

F�ðy�; ðx; yÞÞ
� �

is called the AM to F at xA dom F.

Lemma 3.5. If F is a convex mapping, then

F�ðy�; xÞ5F�ðy�; ðx; yÞÞ5 @xHðx; y�Þ

where y is an arbitrary point of the Argmaximum set F(x; y�).
& The proof of this lemma follows immediately from Theorem 2.1. ’

If a multivalued mapping FzðxÞ is defined by

FzðxÞ5 fy : ðx; yÞAKgph FðzÞg

then by Definition 2.9, F�
z ðx�Þ is the AM at xA dom F, so

F�ðy�; zÞ5F�
z ðx�Þ

In Theorem 3.21, HF( � , y�) denotes the Hamiltonian functions of Fz.

Theorem 3.22. Suppose that F is a convex-valued, closed, bounded, continuous,

and Lipschitzian mapping. In addition, suppose that HFz
ðU; y�Þ is a closed proper

function, where FzðxÞ5 fy : ðx; yÞAKgph FðzÞg: Then for every yAF(x, y�), zA gph F,

the function

2HFz
ðx;2y�Þ5 sup

x�
fhx;2x�i : x�AF�ð2y�; zÞ

is a CUA for 2H( � , y�) and

F�ðy�; zÞ5 @xHðx; y�Þ:

& If z5 ðx; yÞAKgph FðzÞ; z5 (x, y), yAF(x), then by definition of a cone of tan-

gent directions there is a function r(λ), λ21r(λ)-0, λk0 (r(λ)AZ) such that

z1λz1 rðλÞAgph F for small λ$ 0. This means that

y1λy1 ryðλÞAFðx1λx1 rxðλÞÞ; r5 ðrx; ryÞ; rxðλÞAX; ryðλÞAY :
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Then by Lemma 3.3, 2H is a Lipschitzian function. As was shown earlier for

such functions, we can write

Ωðx; xÞ5 lim sup
λk0

1

λ
2HFðx1λx; 2y�Þ1HFðx; 2y�Þ½ �

Similarly, it can be shown that regardless of the choice of r(λ), λ21r(λ)-0,

λk0

Ωðx; xÞ5 lim sup
λk0

1

λ
2Hðx1λx1 rxðλÞ; 2y�Þ1Hðx; 2y�Þ½ �:

Moreover, by the definition of HF and the condition yAF(x; y�), it follows that

1

λ
2HFðx1λx1rxðλÞ;2y�Þ1HFðx;2y�Þ½ �# 1

λ
2hy1λy1rxðλÞ;2y�i1hy;2y�i½ �

5hy;y�i1hλ21rðλÞ;y�i:

Then

Ωðx; xÞ5 lim sup
λk0

1

λ
2HFðx1λx1 rxðλÞ; 2y�Þ1HFðx; 2y�Þ½ �

# lim sup
λk0

½hy; y�i1 hλ21rðλÞ; y�i�5 hy; y�i:

Thus,

Ωðx; xÞ# inf
y
fhy; y�i : yAFzðxÞg:

The right-hand side of this inequality is 2HFz
ðx;2y�Þ: Here, if x =2 dom Fz; then

by convention HFz
ðx;2y�Þ52N and this equality holds for every x: Now, since

Fz is quasisuperlinear, by Corollary 2.5, we can write

2HFz
ðx;2y�Þ5 sup

x�
fhx;2x�i : x�AF�

z ð2y�Þg:

On the other hand, F�ðy�; zÞ5F�
z ðx�Þ and 2HFz

ðx;2y�Þ5 supx�fhx;2x�i :
x�AF�ð2y�; zÞg is closed, positively homogeneous, and convex in x: Conse-

quently, 2HFz
is a CUA for 2H( � ,2y�). Thus, using Theorem 1.31, we obtain

@½2Hðx;2y�Þ�5 @½2HFz
ð0;2y�Þ�52F�ð2y�; zÞ

or

@xHðx; y�Þ5F�ðy�; zÞ: ’
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This theorem can be extended to the case of the minimization of a function of

two variables:

WðxÞ5 inf
y
fϕðx; yÞ : yAFðxÞg; Fðx;ϕÞ5 fyAFðxÞ : ϕðx; yÞ5WðxÞg ð3:57Þ

Theorem 3.23. Let ϕ be continuously differentiable and suppose that HFz
ðU; y�Þ is

closed. Moreover, let W be Lipschitzian. Then for all yAF(x, ϕ), z5 (x, y), the

function h defined by

hðx; xÞ5 hx;ϕ0
xðzÞi2 inf

x�
fhx; x�i : x�AF�ð2ϕ0

yðzÞ; zÞg

is a CUA of W at x and

@WðxÞ5ϕ0
xðzÞ2F�ð2ϕ0

yðzÞ; zÞ:

& In the same way as in the proof of Theorem 3.22, it can be shown that

Ωðx; xÞ5 lim sup
λk0

Wðx1λx1 rxðλÞÞ2WðxÞ
λ

regardless of the choice of r(λ)5 (rx(λ), ry(λ)), λ
21r(λ)-0, λk0. By Eq. (3.57),

obviously

Wðx1λx1 rxðλÞÞ2WðxÞ
λ

#
ϕðx1λx1 rðλÞÞ2ϕðxÞ

λ
:

Thus,

Ωðx; xÞ# lim sup
yk0

ϕðx1λx1 rðλÞÞ2ϕðxÞ
λ

5 hx;ϕ0
xðzÞi1 hy;ϕ0

yðzÞi:

Since for a fixed x the point y can be chosen arbitrarily from the set

FzðxÞ5 fy : ðx; yÞAKgph FðzÞg

then

Ωðx; xÞ# hx;ϕ0
xðzÞi1 inf

y
fhy;ϕ0

yðzÞi : yAFzðxÞg;

or

Ωðx; xÞ# hx;ϕ0
xðzÞi2HFz

ðx;2ϕ0
yðzÞÞ:
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If FzðxÞ5[; then by convention HFz
ðx;2y�Þ52N and this equality holds triv-

ially for every x: Observe that Fz is quasisuperlinear and F�ðy�; zÞ5F�
z ðx�Þ: Then

by Corollary 2.5, we have

sup
y

fhy;2ϕ0
yðzÞi : yAFzðxÞg5 inf

x�
fhx; x�i : x�AF�ð2ϕ0

yðzÞ; zÞg:

Thus, if we denote

hðx; xÞ5 hx;ϕ0
xðzÞi2 inf

x�
fhx; x�i : x�AF�ð2ϕ0

yðzÞ; zÞg

then Ωðx; xÞ# hðx; xÞ; where h is a closed positively homogeneous function. This

means that hðx; xÞ is a CUA of W at x. Then, by Theorem 1.30, we have

@WðxÞ5 @hð0; xÞ5ϕ0
xðzÞ2F�ð2ϕ0

yðzÞ; zÞ: ’

Remark 3.1. It is clear that the result of this theorem coincides with the result of

Theorem 2.11 given for the convex case.

3.7 Necessary Conditions for an Extremum in Nonconvex
Problems

Next our attention will be focused on nonconvex optimality problems with geometric

and functional constraints.

Theorem 3.24. Let x0 be a point that minimizes the function f over the set A and

let hðx; x0Þ be a CUA of f at x0. If, in addition, int dom h( � , x0) \ KA(x0) 6¼[, then

@f ðx0Þ \ K�
Aðx0Þ 6¼ [:

& It is easy to see that since x0 is a point that minimizes the function f, then

hðx; x0Þ$ 0 for all xAKAðx0Þ: Indeed, suppose this is not so, i.e., xAKAðx0Þ implies

that hðx; x0Þ, 0: By definition, there is a function r(λ), λ21r(λ)-0, as λk0, such
that x0 1λx1 rðλÞAA: Thus,

lim sup
λk0

f ðx0 1λxrðλÞÞ2f ðx0Þ
λ

#Ωðx; x0Þ# hðx; x0Þ, 0;

i.e., for sufficiently small λ. 0 we obtain f ðx0 1λxrðλÞÞ, f ðx0Þ: This contradic-

tion proves that hðx; x0Þ$ 0: Therefore, a convex function h( � , x0) over the convex

set KA(x0) is minimized at x5 0: Because of Theorem 3.2, it follows that

@f ðx0Þ \ K�
Aðx0Þ 6¼ [: ’
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Corollary 3.4. Let the function f admit a CUA h( � , x0) at x0. Then, in order for

x0 to be a point that minimizes the function f over all of X, it is necessary that

0A @f(x0).
& Clearly, if A5X, then KA(x0)5X and K�

Aðx0Þ5 f0g: ’
For illustration, consider the following example.

Example 3.6. Consider the function f : ℝ-ℝ defined by

f ðxÞ5 0; if x, 0;
k; if x$ 0:

�

We emphasize that the condition of Corollary 3.4 must be satisfied for an arbi-

trary subdifferential. In Example 3.5, we have seen that any nonnegative number is

a subdifferential, if k. 0. Then the condition 0A @f(0) does not hold. On the other

hand, for any subdifferential @f(0)+(2N,0], if k, 0. Consequently, 0A @f(0). This
example shows that the obtained necessary condition is useful even if the mini-

mized objective function is discontinuous.

Theorem 3.25. Let x0 be a point minimizing a function f over the set A5 \m
i51 Ai

and suppose that the cones KAi
ðx0Þ are local tents. If, in addition, f admits a CUA

hðx; x0Þ at x0 and

int dom hðU; x0Þ \ \m
i51

KAi
ðx0Þ

� �
6¼ [;

then there exists a number λ$ 0 and vectors x�i AK�
Ai
ðx0Þ; not all equal to zero, such

that

λx�0 5
Xm
i51

x�i ; x�0A@f ðx0Þ:

& If the cones Ki � KAi
ðx0Þ are separable, then there exist vectors x�i ; i5 1, . . . , m

such that
Pm

i51 x
�
i 5 0; x�i AK�

i and the required result of theorem is true in the

case λ5 0. Assume that these cones Ki, i5 1, . . . , m are nonseparable. Then for

every vector x0Ari K; K5 \m
i51 Ki there exists a cone Q and a function ψ such

that

x0Ari Q; Lin Q5Lin K; QDK;

ψðxÞ5 x1 rðxÞ; kxk21rðxÞ-0; whenever x-0

and besides x0 1ψðxÞAA for all xAQ \ ðεBÞ; ε. 0. Hence, for sufficiently small

λ. 0

x0 1ψðλx0Þ5 x0 1λx0 1 rðλx0ÞAA; λ21rðλx0Þ-0 as λk0:
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It follows that x0 is a tangent direction. Thus, ri K is a cone of tangent directions

to M at x0. By hypothesis, int dom h( � , x0) \ K 6¼[, so we suppose that

x1Aint dom hðU; x0Þ and x1AK: Since x1 is an interior point of the convex set dom

h( � , x0), there can be found a vector x2Ari K belonging to int dom h( � , x0).
Therefore, ri K, x0AA, is the cone of tangent directions for which the hypothesis

of Theorem 3.24 is satisfied. Thus, @f ðx0Þ \ ðri KÞ� 6¼ [: According to Lemma 1.7

K5 ðri KÞ and so (ri K)� 5K�. Consequently, @f(x0) \ K� 6¼[. By assumption, the

cones Ki, i5 1, . . . , m are nonseparable. Hence, by Theorem 1.11, we can write

K� 5
Pm

i51 K
�
i : This means that there exist vectors x�0A@f ðx0Þ and x�i AK�

i such that

x�0 5
Pm

i51 x
�
i : ’

Corollary 3.5. Let x0 be a solution to the minimization problem with the equality

constraints

inf f0ðxÞ subject to fiðxÞ5 0; i5 1; . . . ;m

where fi(x), i5 0, . . . , m are continuously differentiable functions. Then, there exist

numbers yi
�
, i5 0, . . . , m not all equal to zero, such that

Xm
i51

yi
�
f
0
i ðx0Þ5 0; y0

�
$ 0

& Let us denote A5 {x : fi(x)5 0, i5 1, . . . , m. There are two possibilities: the

gradients f
0
i ðx0Þ; i5 1; . . . ;m are either linearly independent or linearly dependent.

In the first case, we put y0
�
5 0 and take yi

�
i5 1, . . . , m, satisfying

Xm
i51

yi
�
f
0
i ðx0Þ5 0:

In the second case, by Example 3.1,

KAðx0Þ5 fx : hx; f 0i ðx0Þi5 0; iAIg;

K�
Aðx0Þ5 x� : x� 5

X
iAI

λif
0
i ðx0Þ; λiAℝ; iAI

( )
:

Since f0 is a smooth function, @f ðx0Þ5 ff 00ðx0Þg: Then, by Theorem 3.24,

f
0
0ðx0Þ5

Xm
i51

λif
0
i ðx0Þ;

whence setting y0
�
5 1, yi

�
52λi, i5 1, . . . , m, we have the required result. ’
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Corollary 3.6. Let x0 be a solution to the minimization problem with equality and

inequality constraints

inf f0ðxÞ subject to fi # 0; iAI1; fi 5 0; iAI2

where fi(x), iA {0} [ I1 [ I2 are continuously differentiable functions. Then there

exist numbers yi
�
$ 0, iA {0} [ I1 [ I2, not all equal to zero, such that

X
iAf0g[I1[I2

yi
�
f
0
i ðx0Þ5 0; yi

�
$ 0; iAf0g [ I1 [ I2;

yi
�
fiðx0Þ5 0; iAI1

& Let us denote

Ai 5
fx : fiðxÞ# 0g; iAI1; fiðx0Þ5 0;
X; iAI1; fiðx0Þ, 0;
fx : fiðxÞ5 0g; iAI2:

8<
:

According to Examples 3.3 and 3.4, the cones

Ki 5
fx : hx; f 0i ðx0Þi, 0g; iAI1; fiðx0Þ5 0;
X; iAI1; fiðx0Þ, 0;
fx : hx; f 0i ðx0Þi5 0g; iAI2

8<
:

are local tents to Ai at x0 if f
0
i ðx0Þ 6¼ 0; iA I1, fi(x0)5 0 or iA I2. Then, using the

dual cones

K�
i 5

f2λif
0
i ðx0Þ : λi $ 0g; iAI1; fiðx0Þ5 0;

f0g; iAI1; fiðx0Þ, 0;
f2λif

0
i ðx0Þ : λiAℝg; iAI2;

8<
:

the conditions of Theorem 3.25 can be rewritten

λx�0 52
X

iAð0Þ[I1[I2
λif

0
i ðx0Þ5 0; λi $ 0; iAI1; λifiðx0Þ5 0; iAI1

Setting y0
�
5λ, yi

�
5λi, we have the desired result. ’

Corollary 3.7. Let x0 be a solution to the minimization problem with equality and

inequality constraints

inf f0ðxÞ subject to fi # 0; iAI1; fi 5 0; iAI2; xAA;
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where fi(x), iA {0} [ I1 [ I2 are continuously differentiable functions and A is a

convex set. Then, there exist numbers yi
�
$ 0, iA {0} [ I1 [ I2, not all equal to

zero, such that

X
iAð0Þ[I1[I2

yi
�
f
0
i ðx0ÞAðconeðM2x0ÞÞ�; yi

�
$ 0; iAf0g [ I1 [ I2;

yi
�
fiðx0Þ5 0; iAI1

& Taking into account that in the present case cone(A2 x0) is a local tent, the

proof is similar to the proof of Corollary 3.6. Indeed, there exist numbers λi$ 0,

iA I1, such that

λf
0
0ðx0Þ5

X
iAI1[I2

λif
0
i ðx0Þ1 x�; x�AðconeðM2x0ÞÞ�

and λi5 0, if fi(x0), 0. Now, setting y0
�
5λ, yi

�
5λi, from here we deduce the

needed result. ’

At the end of this section, we consider different mathematical programs with

equilibrium constraints; consider a problem with the constraint given by the multi-

valued mapping F : X-P(Y):

inf f0ðyÞ subject to yAFðxÞ \ N; xAM: ð3:58Þ

Theorem 3.26. Let y0 be an optimal solution to problem (3.58). Assume that f0
admits a CUA hðy; y0Þ continuous in y; and suppose that Kgph F(x0, y0), KN(y0),

KM(x0), y0AF(x0) \ N are local tents to gph F, N, and M, respectively. Then, there

exist a number λ$ 0 and vectors x�AK�
Mðx0Þ; y�AK�

Nðy0Þ; not all equal to zero,

such that

2x�AF�ðy� 2λy�0; z0Þ; y�0A@f0ðy0Þ; z0 5 ðx0; y0Þ:

& It is easy to see that the problem in Eq. (3.58) is equivalent to the following

minimization problem in the space Z5X3 Y:

infimum ϕðzÞ subject to zAgph F \ ðX3NÞ \ ðM3 YÞ ð3:59Þ

where ϕ(z)5 f0(y), z5 (x, y). Obviously,

lim sup
λk0

ϕðz0 1λz1 rðλÞÞ2ϕðz0Þ
λ

#Ωðy; y0Þ
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so that hðy; y0Þ is a CUA for ϕ at z05 (x0, y0). Since hðy; y0Þ does not depend on x;
the subdifferential @ϕ(z0) corresponding to this CUA has the form

@ϕðz0Þ5 f0g3 @f0ðy0Þ; ð3:60Þ

i.e., @ϕ(z0)5 {(x�, y�):x� 5 0, y�A @f0(y0)}. By hypothesis, the cones Kgph F(z0),

X3KN(y0), KM(x0)3 Y are local tents to gph F, X3N, M3 Y at z0, respectively.

Observe that

ðX3KNðy0ÞÞ� 5 f0g3K�
Nðy0Þ;

ðKMðx0Þ3 YÞ� 5K�
Mðx0Þ3 f0g: ð3:61Þ

Now, taking into account Eqs. (3.60) and (3.61), by Theorem 3.25, we can claim

that there exist a number λ$ 0 and vectors x�, y�, ðx�1; y�1Þ not all equal to zero,

such that

λð0; y�0Þ5 ðx�1; y�1Þ1 ð0; y�Þ1 ðx�; 0Þ;
x�AK�

Mðx0Þ; y�AK�
Nðy0Þ;

y�0A@f0ðy0Þ; ðx�1; y�1ÞAK�
gph Fðz0Þ:

ð3:62Þ

We can rewrite Eq. (3.62) as λy�0 5 y�1 1 y�; x�1 1 x� 5 0: Then x�1 52x� and

ð2x�; 2ðy� 2λy�0ÞÞAK�
gph Fðz0Þ: By definition of LAM, it follows that

2x�AF�ðy� 2λy�0; z0Þ: ’

Consider now the problem with constraint given by a multivalued mapping F:

inf f ðxÞ subject to yAFðxÞ \ N 6¼ [; xAM; ð3:63Þ

where f : X-ℝ[{6N}, MDX.

Corollary 3.8. Let x0 be a solution to the problem in Eq. (3.63). Assume that the

inverse mapping F�1 exists and that f admits a CUA hðx; x0Þ continuous in x; and
that Kgph F(x0, y0), KN(y0), KM(x0), y0AF(x0) \ N are local tents to gph F, N, and

M, respectively. Then, there exist a number λ$ 0 and vectors x�AK�
Mðx0Þ;

y�AK�
W ðy0Þ; not all equal to zero, such that

x� 2λx�0AF�ð2y�; z0Þ; x�0A@f ðx0Þ; z0 5 ðx0; y0Þ:

& Obviously, the problem in Eq. (3.63) can be converted to a problem of the form

shown in Eq. (3.58), as follows:

inf f ðxÞ subject to xAF21ðyÞ \M; yAN: ð3:64Þ
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Then, applying Theorem 3.26 to the problem in Eq. (3.64), we claim that there

exist a number λ$ 0 and vectors x�AK�
Mðx0Þ; y�AK�

Nðy0Þ not all equal to zero,

such that

2y�AðF21Þ�ðx� 2λx�0; ðy0; x0ÞÞ; x�0A@f ðx0Þ:

Thus, applying Theorem 2.6 to the latter inclusion, we can express it by the

LAM (F�)21

2y�A2ðF�Þ21ðλx�0 2x�; ðx0; y0ÞÞ;

which by the definition of inverse LAM means that λx�0 2x�AF�ðy�; z0Þ; z05 (x0,

y0). ’

Set up a minimization problem

inf gðx; yÞ subject to yAFðxÞ \ N; xAM; ð3:65Þ

where g : X3 Y-ℝ[{6N} and M is some subset of X.

Corollary 3.9. Let z05 (x0, y0) be the solution to problem in Eq. (3.65). Assume

that g admits a CUA hðz; z0Þ continuous in z5 ðx; yÞ and assume that Kgph F(x0, y0),

KN(y0), KM(x0), y0AF(x0) \ N are local tents to gph F, N, and M, respectively.

Then, there exist a number λ$ 0 and vectors x�AK�
Mðx0Þ; y�AK�

Nðy0Þ not all equal
to zero, such that

λx�0 2x�AF�ðy� 2λy�0; z0Þ; ðx�0; y�0ÞA@gðx0; y0Þ; z0 5 ðx0; y0Þ:

& In this case, it is not hard to see that as in the proof of Theorem 3.26, we have

λðx�0; y�0Þ5 ðx�1; y�1Þ1 ð0; y�Þ1 ðx�; 0Þ; ð3:66Þ

where x�AK�
Mðx0Þ; y�AK�

Nðy0Þ; ðx�0; y�0ÞA@gðx0; y0Þ; ðx�1; y�1ÞAK�
gph Fðz0Þ: Rewriting

Eq. (3.66) as y�15λy�02y�; x�15λx�02x�; we derive ðλx�02x�; 2ðy�2λy�0ÞÞA
K�
gph Fðz0Þ: Now, by definition of LAM, it follows that λx�02x

�AF�ðy�2λy�0;z0Þ: ’

Corollary 3.10. Suppose that z05 (x0, y0) is a solution to the problem in

Eq. (3.65), where g(x, y)5 g1(x)1 g2(y), and that g1, g2 admit continuous CUAs

h1ðx; x0Þ; h2ðy; y0Þ satisfying int dom h1ðU; x0Þ3 dom h2ðU; y0Þ 6¼ [: Then there exist

a number λ$ 0 and vectors x�AK�
Mðx0Þ; ~y�AK�

Nðy0Þ; not all equal to zero, such that

2x�AF�ðy�; z0Þ2λ@g1ðx0Þ;

~y�2y�Aλ@g2ðy0Þ; z0 5 ðx0; y0Þ
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& Let us denote ϕ1(z)5 g1(x), ϕ2(z)5 g2(y) and let h1ðz; z0Þ; h2ðz; z0Þ be CUAs of

ϕ1 and ϕ2 at z05 (x0, y0), respectively. Then by Theorem 3.20, hðz; z0Þ5
h1ðz; z0Þ1 h2ðz; z0Þ; z5 ðx; yÞ is a CUA for a function g at z0, and if int dom h1( � ,
z0) \ dom h2( � , z0) 6¼[, then @g(z0)5 @ϕ1(z0)1 @ϕ2(z0). On the other hand, since

dom h1( � , z0)5 dom h1ðU; x0Þ3 Y and dom h2( � , z0)5X3 dom h2ðU; y0Þ; it

follows that

int dom h1ðU; z0Þ \ dom h2ðU; z0Þ5 ½int dom h1ðU; x0Þ3 Y � \ ½X3 dom h2ðU; y0Þ�
5 ½int dom h1ðU; x0Þ \ X�3 ½Y \ dom h2ðU; y0Þ�
5 int dom h1ðU; x0Þ3 dom h2ðU; y0Þ

which by hypothesis is nonempty, so @g(z0)5 @ϕ1(z0)1 @ϕ2(z0). Here,

@ϕ1ðz0Þ5 @g1ðx0Þ3 f0g; @ϕ2ðz0Þ5 f0g3 @g1ðx0Þ;

which implies that @g(z0)5 @g1(x0)3 @g2(y0). Then, denoting ~y� 5 y� 2λy�0; we

have y� 2 ~y� 5λy�0: Moreover, from the condition of Corollary 3.9, we can derive

that 2x�AF�ð ~y�; z0Þ2λx�0: Thus, taking into account the formula obtained for @g
(z0), we have the desired result. ’

Corollary 3.11. Let ψ : X-Y be a single-valued smooth vector function and f0:

Y-ℝ be a proper convex function. Moreover, let y0 be a point minimizing f0 with

constraints

y5ψðxÞ; yAN; xAM

Then, there exist a number λ$ 0 and vectors x�AK�
Mðx0Þ; y�AK�

Nðy0Þ;
y05ψ(x0), and ~y�; not all equal to zero, such that

x� 52ψ0�ðx0Þ ~y�; y�2 ~y�Aλ@f0ðy0Þ

& By definition, ψ0 is a linear operator such that

lim
kxk-0

ψðx1 xÞ2ψðxÞ2ψ0ðxÞx
kxk ;

or, in other words,

ψðx1 xÞ5ψðxÞ1ψ0ðxÞx1 rðxÞ; kxk21rðxÞ-0 as x-0: ð3:67Þ

Since X and Y are finite-dimensional Euclidean spaces, say X5ℝn, Y5ℝm,

ψ0(x) is an m3 n matrix with the entries @ψi/@xj, i5 1, . . . , m, j5 1, . . . , n, where
ψi(x) is the ith component of the vector ψ(x). Obviously, if z05 (x0, y0)A gph ψ,
i.e., y05ψ(x0), then

Kgph Fðx0; y0Þ5 fðx; yÞ : xAX; y5ψ0ðx0Þxg ð3:68Þ
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is a local tent to gph ψ. Indeed, taking ϕðx; yÞ5 ðx;ψðx0 1 xÞ2ψðx0ÞÞ; it follows
from Eqs. (3.67) and (3.68) that

ðx0; y0Þ1ϕðx; yÞ5 ðx0 1 x;ψðx0 1 xÞÞAgph ψ

ϕðx; yÞ5 ðx;ψ0ðx0Þx1 rðxÞÞ5 ðx; yÞ1 ð0; rðxÞÞ:

Furthermore, using Eq. (3.68), we have

K�
gph Fðx0; y0Þ5 fðx�; y�Þ : hx; x�i1 hy; y�i$ 0; xAX; y5ψ0ðx0Þxg

5 fðx�; y�Þ : hx; x�i1 hψ0ðx0Þx; y�i$ 0; xAXg
5 fðx�; y�Þ : hx; x� 1 ðψ0ðx0ÞÞ � y�i$ 0; xAXg;

ð3:69Þ

where (ψ0(x0))� is the transpose matrix. It follows immediately from Eq. (3.69) that

x� 52[ψ0(x0)]�y�.Therefore,

K�
gph Fðx0; y0Þ5 fð2ðψ0ðx0ÞÞ�y�; y�Þ : y�AY�g

by the definition of LAM F�(2y�; z0)5 {2ψ0�(x0)y�} or, what is the same,

F�ðy�; z0Þ5 fψ0�ðx0Þy�g: ð3:70Þ

Thus, taking into account Eq. (3.70) and denoting y� 2λy�0 5 ~y�; we obtain from

Theorem 3.26 the desired result. ’
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4 Optimization of Ordinary Discrete
and Differential Inclusions and
t1-Transversality Conditions

4.1 Introduction

In this section, a model of economic dynamics described by discrete inclusions

with delay is considered; assume that all possible amount of resource (xt, xt2 h),

t5 0, . . . , T is connected by the relation xt1 1AFt(xt, xt2 h), t5 0, . . . , T, xtAΦt,

xTAM, where Ft is a convex multivalued mapping, xt5 ξt, t52h, 2h1 1, . . . , 0
are the vectors of initial resources, and T, h are positive integers. It is required to

find a solution that minimizes
PT

t51 gðxt; tÞ; where g( , t) are proper convex func-

tions. Usually this sum can be interpreted as the total expenditure. Thus, suppose

that functioning of some economic dynamics take place at the discrete times t5 0,

1, . . . , T, with the use of the apparatus of LAM necessary and sufficient conditions

for optimality formulated. The following problem with no delay effect:

(PT) infimum g(xT) subject to xt11AFt(xt), t5 0, . . . , T21; x0AN, xTAM, N,

MDℝn is equivalent to the following problem infimum g(xT) subject to

xT A FT(x0), x0AN, xTAM, where FT � FT21 3FT22 3? 3F0 is the composition of

mappings Ft, t5 0, . . . , T21. By calculation, the LAM to composition, it is shown

that if f ~xtgTt5 0 is the optimal trajectory to problem (PT), then there exist the number

λ$ 0 and vectors x�e ; x
�
t ; t5 0; . . . ;T ; not all equal to zero, such that

x�t A F�ðx�t1 1; ð ~x; ~xt1 1ÞÞ; t5 0; . . . ;T21; x�eAK�
Mð ~xT Þ;

2 x�0 AK�
Nð ~x0Þ; x�e 2 x�T Aλ@gð ~xT Þ; λ$ 0:

Section 4.1 is devoted to optimal control problems for polyhedral discrete and

differential inclusions generated by polyhedral set-valued mapping F(x)5 {y:

Ax2By# d}, where A, B are m3 n matrices and d2m is the dimensional vector

column. We will study in detail the main properties of polyhedral mappings and

derive necessary and sufficient conditions for such problems. Note that we shall

describe a switching point of discontinuity of the optimal trajectory. We assume

that the following condition for the generality of position is satisfied: let the set of

vectors wki;Ckwki; . . . ;Cn21
k wki be linearly independent for each vertex of number k
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and rib wki, iAJk. Here, Jk is an index set consisting of exactly n indexes for each k.

Thus, under the condition for the generality of position imposed on the coefficients

of polyhedral map and on the disposition of the given polyhedron with the use of

Theorem 4.10, we prove the main result, which can be called the theorem on the

finiteness of the number of switchings (Theorem 4.12).

Everywhere in the considered Bolza problems for differential (nonautonomous)

inclusion (DFI), _xðtÞAFðxðtÞ; tÞ a.e. tA[0, 1] a feasible solution to differential

inclusion (DFI) is understood as absolutely continuous on function [0, 1]. (Note

that a.e. denotes that this relation holds almost everywhere). Often the optimality

conditions are formulated in the Euler�Lagrange and Hamiltonian forms. Clearly,

DFI is a generalization of the usual differential equation, if F is single-valued map-

ping containing a unique element of control systems described by differential equa-

tions with control parameters, _x5 f ðx; u; tÞ; uAU, where F(x, t)5 f(x, U, t). In most

cases, the above DFI admits a parametric representation of such type and a solution

of the DFI is also a solution of the latter differential equation for a some control

function u(t)AU. Moreover, the majority of mathematical and physical motivations

and social and biological sciences should provide many instances of DFI. Besides,

differential equations with discontinuous right-hand side and differential variational

inequalities form a special class of DFI. Also the basic works of Aubin and Cellina

[15] and Tolstonogov [247] studied the existence (local or global) of solutions to a

DFI and the topological properties of the set of solutions, as well as the nature of

its dependence on the initial state. The different qualitative problems for differen-

tial inclusions are considered in Refs. [47,50,59,67�70,80,84,86,89,125,130,135,

155,158,161,181�184,187,192,193,195,201,206,215,219�222,224,239,240,247,

253,261�264,267].

Note that there are different approaches and results in studying optimization pro-

blems for different ordinary DFI using one or another tool in nonsmooth analysis

(consult Clarke [50�60], Frankowska [82�90], Mahmudov [142�173],

Mordukhovich [184�214], Pshenichnyi [224�226], Rockafellar [231,232], and

their reference lists). In order to construct a useful duality theory, we use the opti-

mality conditions for convex DFI and DSI. Although, under more general assump-

tions, such as the closedness of N0, M1, the existence of locally tents, the

Lipschitzian of objective functions, and the upper semicontinuity and uniform

boundedness of the LAM, it can be formulated necessary condition for nonconvex

DFI in terms of LAM to F at a point xAdom F.

Lastly, by applying the method described in Sections 4.3 and 4.4, we investigate

the Mayer problem for the optimization of linear optimal control ð _x5Ax1BuÞ on
the linear manifold L5 {x:Cx2 d5 0}, where rank C5 k; i.e., dim L5 n2 k, d is

column vector of corresponding dimension. We shall regard as permissible any

piecewise-continuous controls with values in the control domain U. If the corre-

sponding condition for generality of position is fulfilled, then the theorems on the

finiteness of the number of switchings are proved. In the case of L5ℝn (for more

detailed information, see Ref. [168]), this condition implies the well-known condi-

tion for generality for the classical linear theory of optimal control.
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For nonautonomous polyhedral DFI F(x, t)5 {yAℝn: A(t)x2B(t)y# d(t)} and

A(t), B(t) are (n21) order continuously differentiable m3 n matrices, d(t) is a con-

tinuous column vector. It should be pointed out that in this case the condition for

the generality of position has another specific form altogether.

In Section 4.5, a Bolza problem of optimal control theory, whose dynamic

constraint is given by some class of nonconvex differential inclusion, is consid-

ered. A jump condition connected with state constraints and t1-transversality con-

ditions are formulated. We say that for a feasible solution ~xðtÞ of the considered

problem, the t1-transversality condition on the terminal set M1 is satisfied if the

inequality 2hx�ðtÞ; ~xðtÞi.WM1\ΦðtÞð2x�ðtÞÞ; t0 # t # t1 holds strictly. In other

words, t1-transversality condition guarantees that the point ~xðtÞ belongs to the set

M1 only at the instant t5 t1. An adjoint trajectory x�(t), tA[t0, t1] has jumps,

which are typical for control systems with state constraints, and among sufficient

conditions there appears a condition of jumps (see also Ref. [221]), where the

number of jump points may be countable.

Then under the t1-transversality condition, jump conditions and monotone

increasing of J[x( � ), t] are proved to be sufficient conditions for optimality

(Theorem 4.16) and the result is demonstrated in one familiar time optimal control

problem,

_x1 5 x2;
_x2 5 u;

�

where u is the control parameter juj# 1 and jx2j# 1, t05 0, x(0)5 x0, x(t1)5 0,

and Φ(t)� {x5 (x1, x2):21# x2# 1}. Here, x0 is an arbitrary initial point.

In Section 4.6, we consider a Bolza problem of optimal control theory with a

varying time interval given by convex and nonconvex hereditary DFI. Our main

goal is to derive sufficient optimality conditions for neutral functional-differential

inclusions, which contain time delays in both state and velocity variables. Both dis-

crete and discrete-approximation inclusions are included in the same auxiliary

problem. LAM and especially proved equivalence theorems represent the basic

concept of obtaining optimality conditions.

Functional-differential inclusions are well known as DFI with memory expres-

sing the fact that the velocity of the system depends not only on the state of the

system at a given instant but also on the history of the trajectory until that instant.

The class of functional-differential inclusions contains a large variety of DFI and

control systems. It can be seen that such problems contain time delays not only in

state variables but also in velocity variables. This makes the neutral-type problems

essentially more complicated than delay-differential inclusions. In particular, it is

known that an analog of the Pontryagin maximum principle does not generally

hold for neutral systems without convexity assumptions [95], and such problems

require special approaches.

Thus, optimal control problems with ordinary discrete inclusions (DSI) and DFI

are one of the areas in mathematical theory of optimal processes being intensively
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developed (see Refs. [1,3,8,10,12,15,16,20,23,26,35,36,51,53,55,79,83,88,117,124,

133,135,140,142,143,153,154]). More specifically, we deal with similar problems

with both hereditary and state constraints of the Bolza type. Observe that such pro-

blems arise frequently not only in mechanics, aerospace engineering, management

science, and economies, but also in problems of automatic control, autovibration,

burning in rocket motors, and biophysics [55�57,94,106,111,178,188,223,226,

260]. Moreover, neutral systems have some similarities with the so-called hybrid

and differential-algebraic equations that are important in engineering control

application.

As mentioned above, the presence of state constraints on an optimal control tra-

jectory is sufficiently manifested by producing discontinuities in the corresponding

adjoint arc. Thus, we show that one of the adjoint variables has jumps. Most of the

appropriate results are obtained for the Mayer problem and fixed time interval (see

Refs. [129,133,143,192] and their reference lists). So our aim is to establish well-

verifiable sufficient conditions for optimality for functional and delay-differential

inclusions with state constraints and free time. These conditions are more precise

than any previously published ones because they involve useful forms of the

Weierstrass�Pontryagin condition and the Euler�Lagrange-type adjoint inclusions

[35,50�53,226,253,255]. As suggested by us previously [141,154,167,171,173], we

expect all of these improvements to serve for the future developments of optimal

control theory with hereditary differential inclusions.

Moreover, under the hypothesis (H1) involving more general assumptions, we

prove the necessary and sufficient conditions for defined neutral-type discrete and

discrete-approximation inclusions. Observe that these results are based on the new

apparatus of locally adjoint multifunction (LAM). Another definition of the LAM

was introduced by Pshenichnyi [224] and applied in articles by Mahmudov

[142,146�148,150�156]. Besides, the similar notion is given by Mordukhovich

[190] and is called the coderivative of multifunctions at a point. The use of LAM

and convex upper approximation (CUA) for nonconvex functions and locally tents

[38,224] are very suitable to get the optimality conditions for posed problems. For

problems with DSI and variable delay-differential inclusions, there are other adjoint

inclusions formulated in terms of LAM and therefore more subtle optimality condi-

tions. Note that transition to the corresponding discrete-approximation problem

requires special equivalence theorems. We emphasize that the key to our success is

the formulation of the equivalence theorems.

The proposed finite difference methods and the results obtained can be used for

numerical solutions of infinite-dimensional problems. But our main interest here is

to use finite difference approximations and construct sufficient optimality condi-

tions for neutral-type problems. In this way, for convex neutral-type problems with

fixed time intervals, the sufficient conditions are proved. So, the second part of this

work is devoted to the limiting procedure in discrete-approximation problems that

results in sufficient conditions for functional-differential inclusions.

Thus, for furthest investigations the basic idea is to pass to the formal limit in

the necessary conditions for approximate DSI problems to establish conditions suf-

ficient for optimality of the original nonconvex neutral-type continuous time
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problem. Therefore, as a result of the monotonicity of the Bolza cost functional on

t and t1-transversality conditions sufficient for optimality are derived.

In the reviewed results, the arising adjoint inclusions are stated in the

Euler�Lagrange form, culminating in Theorems 4.20 and 4.21. For problems

connected with neutral-type functional and delay-differential inclusions, see

Mahmudov [144,146,155,158], Mordukhovich [196,197,199,202,204,205,210],

Mordukhovich and Trubnik [210], Mordukhovich and Wang [207], Mordukhovich

and Shvartsman [211], and Medhin [178]. A great many developments on the opti-

mization of delay-differential inclusions exist (see, for example, Refs. [57,90,91,98,

99,112,115,116,118,185,208,213,216,257,258,356].

In particular, Mordukhovich [192] establishes the value convergence of discrete-

approximations as well as the strong convergences of optimal arcs in the classical

Sobolev space W1,2.

Finally, we consider the optimal control problem with the functional-differential

inclusions linear in velocities involving a neutral-type operator given in the Hale

form [99,201,204]: d=ðdtÞ½xðtÞ2Axðt2 hÞ�AFðxðtÞ; xðt2 hÞ; tÞ: Note that because

the trajectories x( � ) are continuous (except maybe the point t0), differential inclu-

sions of Hale form are generally discontinuous on [t02 h, t1], while their linear

combinations as a result of this Hale form behave nicely on [t0, t1]. In the nonde-

layed case with A 6¼ 0, a problem corresponding to implicit DFI is also of substan-

tial interest.

Thus, the investigated examples show that for the concrete problems, the condi-

tions of the proved theorems and well-known results of classical optimal control

theory coincide. For more detailed information, consult Mordukhovich [188] and

Gabasov and Kirillova [95].

In Section 4.7, under the t1-transversality condition for higher-order DFI with

sth-order differential expression:

Lsx5 p0
dsx

dts
1 p1

ds21x

dts21
1?1 ps21

dx

dt
1 psx;

where pi, i5 0, 1, . . . , s are some real constants, a sufficient condition is formu-

lated. Here a feasible solution x( � ) is understood to be an absolutely continuous

function on a time interval [t0, t1] together with the higher order derivatives until

s21, for which xðsÞð:ÞALn1: Observe that a class of functions Wn
1;sð½t0; t1�Þ is a

Banach space, endowed with the different equivalent norms. The adjoint differen-

tial inclusion is constructed in terms of the expression

L�s x
� 5 ð21Þs d

sðp0x�Þ
dts

1 ð21Þ21 d
s21ðp1x�Þ
dts21

1?1 psx
�:

In particular, the time optimal control problem is studied. LAMs are used for

both convex and nonconvex cases. Furthermore, the application of these results is

demonstrated by solving one example.
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Note that on the whole the literature investigates problems with second-order

DFI. Lupulescu [138] proved the existence of viable solutions for an autonomous

second-order functional-differential inclusions in the case when the multifunction

that defines the inclusion is upper semicontinuous, compact valued, and contained

in the subdifferential of a proper lower semicontinuous convex function. The first

viability result for second differential inclusions were given by Haddad and Yarou

[100] in the case in which the multifunction is upper semicontinuous and has con-

vex compact values. The nonconvex case has been studied by Lupulescu [138] and

Cernea [49] in the finite-dimensional case. The nonconvex case in Hilbert spaces

has been studied by Ibrahim and Alkulaibi [107].

Mahmudov [177] analyzed the existence of Lyapunov functions for second-

order differential inclusions by using the methods of the viability theory. A neces-

sary assumption on the initial states and sufficient conditions for the existence of

local and global Lyapunov functions are obtained. An application is also provided.

Haddad and Yarou [100] considered the Cauchy problem for the infinite-dimen-

sional case and second-order differential inclusions. Second-order differential inclu-

sions have been studied by many authors, mainly when the multifunction is convex

valued. Several existence results may be found in Ref. [253].

Coverstone-Carrol et al. [61] applies the new modeling technique of higher-

order differential inclusion (HODI) to the modeling and optimization of spacecraft

trajectories. The spacecraft equations of motion are mathematically manipulated

into differential constraints that remove explicit appearance of the control variables

from the problem statement. These constraints are transformed into a nonlinear pro-

gramming problem by using higher-order approximations of the derivatives of the

states. In this work, the new method is first applied to a simple example to illustrate

the technique and then to a three-dimensional propellant-minimizing, low-Earth-

orbit to geosynchronous-Earth-orbit spacecraft transfer problem. Comparisons are

made with results obtained using an established modeling technique. Agarwal and

O’Regan [1] presents new fixed-point theorems for weakly sequentially upper

semicontinuous maps. These results are then used to establish existence principles

for second-order differential equations and inclusions. Auslender and Mechler [23]

give necessary and sufficient conditions to ensure the existence of solutions to the

second-order differential inclusions with state constraints. Furthermore, second-

order interior tangent sets are introduced and studied to obtain such conditions.

Haddad and Yarou [100], Halkin [101], Ibrahim and Alkulaibi [107], Lupulescu

[137,138], Marco and Murillo [177] investigate the existence of solutions for initial

and boundary value problems for second-order impulsive functional-differential

inclusions in Banach spaces. Here, a fixed-point theorem for contraction multiva-

lued maps is used. The study of impulsive functional-differential equations and

inclusions are linked to their utility in simulating processes and phenomena subject

to short-time perturbations during their evolution. That is why the perturbations are

considered to take place “instantaneously,” in the form of impulses. The theory of

impulsive differential equations has seen considerable development (see the mono-

graph by Lakshmikantham et al. [125]).
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Furthermore, the application of the results obtained is demonstrated by solving

the following well-known time optimal control problem:

infimum t1 5

ðt1
0

1 dt subject to
d2x

dt2
5 u; uA 21; 1½ �;

xð0Þ5 x0; x
0ð0Þ5 x1; xðt1Þ5 x0ðt1Þ5 0:

4.2 Optimization of Ordinary Discrete Inclusions

In this section, a model of economic dynamics described by discrete inclusions

with delay is considered and, with the use of the LAM, necessary and sufficient

conditions for optimality are formulated. Suppose that the functioning of some eco-

nomic system takes place at the discrete times t5 0, 1, . . . , T and that at time t we

have a resource vector (x, x1)Aℝn3ℝn, which can be transformed at time t1 1

to one of the vectors yAFt(x, x1). Here, Ft is a convex multivalued mapping,

Ft(x, x1)Dℝn. At once, note that the convexity of F is assumed for the sake of sim-

plicity and that all results can be generalized to the nonconvex case. Moreover,

assume that all possible amounts of resources (xt, xt2h), t5 0, . . . , T are connected

by xt1 1AFt(xt, xt2 h), t5 0, . . . , T, xtAΦt, xTAM, where T, h are fixed natural

numbers and Φt, M are convex sets. Let xt5 ξt, t52 h, 2 h1 1, . . . , 0 be the vec-

tors of initial resources. Thus, we have the following problem:

infimum
XT
t51

gðxt; tÞ ð4:1Þ

subject to

xt1 1 AFtðxt; xt2 hÞ; t5 0; . . . ;T21;
xt 5 ξt; t52 h; 2 h1 1; . . . 0; xt AΦt; xT AM

ð4:2Þ

where g( , t) are proper convex functions. A set of points {x2 h, x2 h1 1, . . . , xT)
satisfying Eq. (4.2) is called a feasible solution of the problem in Eqs. (4.1) and

(4.2) and is denoted by fxtgTt52h: Usually the sum in Eq. (4.1) can be interpreted as

the total expenditure. In order to solve this problem, we reduce it to a convex mini-

mization problem and then apply Theorem 3.4. Let us introduce the following sets:

~Mt 5 fw:ðxt; xt2 h; xt1 1ÞA gph Ftg; t5 0; . . . ;T21;
N5 fw:xt 5 ξt; t52h;2h1 1; . . . ; 0g;
~Φt 5 fw:xt AΦt; t5 1; . . . ;Tg;
~MT 5 fw:xT AMg;

where w5 (x2 h, x2 h1 1, . . . , xT)Aℝn(h1 11T).
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Then the posed problem is equivalent to the minimization of the convex func-

tion ϕðwÞ5 PT
t51 gðxt; tÞ over the set

G5N \ \T
t50

~Mt

� �
\ \T

t51

~Φt

� �
:

It is not hard to see that

~K
�
~Mt
ðwÞ5 fw�5 ðx�t ;x�t2h;x

�
t11ÞAK�

gph Ft
ðxt;xt2h;xt11Þ;x�k 50;k 6¼ t; t2h; t11g;

ð4:3Þ

~K
�
~MT
5 fw� : x�t AK�

MðxT Þ; x�t 50; t,Tg;
K�

~Φt
5 fw� : x�t AK�

Φt
ðxT Þ; x�k 50;k 6¼ tg; t51; . . .T

K�
N 5 fw� : x�t 50; t 6¼ 2h;2h11; . . . ;0g;

w� 5 ðx�2h;x
�
2h11; . . . ;x�T ÞAℝnðh111TÞ

ð4:4Þ

Let fxtgTt52 h be a feasible trajectory such that g( , t) is continuous at xt, t5 1, . . . , T.
If f ~xtgTt52 h is the optimal trajectory of the problem in Eqs. (4.1) and (4.2), then by

Theorem 3.4, there are the vectors

w�ðtÞA ~K ~Mt
; ~wðtÞ5 0; 1; . . . ;T; ŵ�AKNð ~wÞ; ~w�ðtÞAK�

~Φt
ð ~wÞ

t5 1; . . . ;T ; ~w5 ð ~x2 h; ~x2 h1 1; . . . ; ~xT Þ; ~xt 5 ξt; t52 h; 2 h1 1; . . . ; 0

and number λA{0, 1}, not all equal to zero, such that

λw� 5 ŵ� 1
XT
t50

w�ðtÞ1
XT
t51

~w�ðtÞ; w�A @ϕð ~wÞ: ð4:5Þ

Taking into account Eqs. (4.3) and (4.4), the component-wise representation in

Eq. (4.5) has the form

x�t2 hðtÞ1 x̂�t2 h 5 0; t5 0; . . . h21; ð4:6Þ

x�0ð0Þ1 x�0ðhÞ1 x̂�0 5 0; ð4:7Þ

λx�t0 2 x�t ðt21Þ1 x�t ðtÞ1 x�t ðt1 hÞ1 ~x�t ðtÞ; t5 1; . . . ;T212 h; ð4:8Þ

λx�t0 5 x�t ðt21Þ1 x�t ðtÞ1 ~x�t ðtÞ; t5 T2 h; . . . ;T21; ð4:9Þ

λx�T0 5 x�T ðT21Þ1 x�T ðTÞ1 ~x�T ðTÞ; t5 T ; ð4:10Þ

x�t2 hðtÞ5 0; t5 T ; x�t0A @xgð ~xt; tÞ; t5 1; . . . ; T : ð4:11Þ
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Clearly, because of the arbitrariness of x̂�t2 h; the relation in Eq. (4.6) always

holds. Furthermore, if we take x�00 5 0; x�0ð21Þ5 x̂�0; ~x�0 5 0; then Eq. (4.8) can be

extended to the case t5 0. By virtue of Eqs. (4.3) and (4.7) to Eq. (4.9) and the def-

inition of LAM, we can write

ðλx�t02x�t ðt21Þ2x�t ðt1hÞ2 ~x�t ðtÞ; x�t2hðtÞÞAF�
t ð2x�t11ðtÞ; ð ~xt; ~xt2h; ~xt11ÞÞ;

t50;. . . ;T2h21;

ðλx�t02x�t ðt21Þ2 ~x�t ðtÞ; x�t2hðtÞÞAF�
t ð2x�t11ðtÞ; ð ~xt; ~xt2h; ~xt11ÞÞ;

t5T2h; . . . ;T21:

Thus if in the latter inclusions we introduce the notations

x�t � 2x�t ðt21Þ; x� � x�T ðTÞ; ~x�t � ~x�t ðtÞ; t5 0; . . . ; T21;
x�t ðt1 hÞ � η�t1 hðtÞ � η�t1 h; t5 0; . . . ; T 2 h21;
x�t2 hðtÞ � η�t ðt2 hÞ � η�t ; t5 T 2 h; . . . ; T21

then by virtue of Eqs. (4.10) and (4.11), we have proved Theorem 4.1.

Theorem 4.1. Let Ft and g( , t), t5 1, . . . , T be a convex multivalued mapping

and a convex function, respectively. Moreover, let fxtgTt52 h be a feasible solution

of the problem in Eqs. (4.1) and (4.2) and suppose that g( , t) is continuous at xt,

t5 1, . . . , T. Then in order for f ~xtgTt52h to be the optimal solution to the problem

in Eqs. (4.1) and (4.2) with the initial values ξt and target set M, it is necessary that

there exist a number λA{0, 1} and vectors x�; x�t ; η
�
t ; t5 0, . . . , T, not all equal to

zero, such that

i.

ðx�t 2 η�t1 h; η
�
t ÞAF�

t ðx�t1 1; ð ~xt ; ~xt2 h; ~xt1 1ÞÞ
1 fK�

Φt
ð ~xtÞ2λ@gð ~xt; tÞg3 f0g;

t5 0; . . . ;T212 h; λ@gð ~x0; 0Þ5 0; K�
Φ0
ð ~x0Þ;

ii.
ðx�t ; η�t ÞAF�

t ðx�t1 1; ð ~xt; ~xt2 h; ~xt1 1ÞÞ1 fK�
Φt
ð ~xtÞ2λ@xgð ~xt; tÞg3 f0g

t5T 2 h; . . . ; T21;
iii. x�T 2 x� AK�

ΦT
ð ~xT Þ2λ@gð ~xT ; TÞ; x� AK�

Mð ~xT Þ; η�T 5 0:

In addition, if λ5 1, then these conditions are sufficient for the optimality of the

trajectory f ~xtgTt52 h: The conditions of this theorem can be rewritten in a more sym-

metrical form.

Corollary 4.1. Let Eqs. (4.1) and (4.2) be an optimization problem for an ordinary

discrete inclusion satisfying the hypotheses of Theorem 4.1. In addition, suppose

that Ft is closed for all fixed (x, x1). Then in order for f ~xtgTt52 h to be the optimal

solution to problem in Eqs. (4.1) and (4.2), it is necessary that there exist a number

λA{0, 1} and vectors x�; x�t ; η
�
t ; t5 0, . . . , T, not all equal to zero, such that

1. ðx�t 2 η�t1 h; η
�
t ÞA @ðx;x1ÞHtð ~x; ~xt2 h; x�t1 1Þ1 fK�

Φt
ð ~xtÞ2λ@gð ~xt ; tÞg3 f0g;

t5 0; . . . ; T212 h; λ@gð ~x0; 0Þ5 0; K�
Φ0
ð ~x0Þ;

2.
ðx�t ; η�t ÞA @ðx;x1ÞHtð ~xt; ~xt2 h; x�t1 1Þ1 fK�

Φt
ð ~xtÞ2λ@xgð ~xt; tÞg3 f0g;

t5 T2 h; . . . ; T21;
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3. ~xt1 1 A @y�Htð ~xt; ~xt2 h; x�t1 1Þ; t5 0; . . . ; T21;
4. x�T 2 x�AK�

ΦT
ð ~xT Þ2λ@gð ~xT ;TÞ; x� AK�

Mð ~xT Þ; η�T 5 0:

In addition, if λ5 1, then these conditions are sufficient for optimality.

& By Theorem 2.1,

F�
t ðy�; x; x1; yÞ5 @ðx;x1ÞHtðx; x1; y�Þ

and this set is nonempty if the Argmaximum set Ft(x, x1;y
�) is nonempty. On the

other hand, since Ft(x, x1) is closed by hypothesis and Ht(x, x1) is convex, it follows

from Theorem 1.30 that

@y�Htðx; x1; y�Þ5Ftðx; x1; y�Þ:

Thus, taking into account the last two formulas in conditions (i) and (ii), we

obtain 1�3.’

Remark 4.1. Suppose that Ft, t5 0, . . . , T21 are upper semicontinuous multiva-

lued mappings and g( , t) is a lower semicontinuous function. Further assume that

Φt, M are closed sets and there exists at least one feasible trajectory of the problem

in Eqs. (4.1) and (4.2). Then there is an optimal solution of this problem. Indeed,

since semicontinuity implies compactness [235], the considered problem can be

converted to a minimization problem on a compact set.

Remark 4.2. Note that by analogy, the optimality conditions for nonconvex pro-

blems can be proved. We emphasize only that the basic conditions under which a

similar result to Theorem 4.1 is true for the nonconvex case are follows.

1. The mappings Ft, t5 0, . . . , T21 are such that the cones of tangent directions

KgphFt
ð ~xt; ~xt2 h; ~xt1 1Þ are local tents.

2. The cones of tangent directions KΦt
ð ~xtÞ; KMð ~xT Þ are local tents.

3. The functions g( , t), t5 1, . . . , T admit a CUA hðx; ~xt; tÞ at points ~xt that is continuous

with respect to x: This implies that the subdifferentials @xgð ~xt; tÞ5 @hð0; ~xt; tÞ are defined.

Remark 4.3. Because of the importance of the problem in Eqs. (4.1) and (4.2) in

various applications, it seems worthwhile to give a second alternative proof. For

simplicity, we consider the following problem without delay effect:

infimum gðxT Þ
subject to xt1 1AFtðxtÞ; t5 0; . . . ;T21; x0 AN; xT AM

ð4:12Þ

where Ft: ℝ
n-P(ℝn) are multivalued mappings and N, MDℝn are sets. Obviously,

the problem in Eq. (4.12) is equivalent to the following problem:

infimum gðxT Þ subject to xT AFT ðx0Þ; x0 AN; xT AM ð4:13Þ
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where FT � FT21 3FT22 3? 3F0 is the composition of the mappings Ft, t5 0, . . . ,
T21. If there exist local tents Kgph Ft

ð ~xt; ~xt1 1Þ; t5 0, . . . , T21 and either

1. ðx0t ;x0t11ÞA intKgph Ft
ð ~xt; ~xt11Þ; t50; . . . ;T22; ðx0T21;x0T ÞAKgph FT

ð ~xT ; ~xT11Þ or

2. ðx0t ; x0t1 1ÞA ri Kgph Ft
ð ~xt; ~xt1 1Þ; t5 0; . . . ;T21 ð4:14Þ

is satisfied, then it can be shown in a similar way to Theorem 2.10, that

ðFT Þ�ðU; ð ~x0; ~xT ÞÞ5F�
0 ðU; ð ~x0; ~x1ÞÞ 3F�

1 ðU; ð ~x1; ~x2ÞÞ 3? 3F�
T21ðU; ð ~xT21; ~xT ÞÞ:

ð4:15Þ
Now by Theorem 3.26, if ~xT is a solution of the problem in Eq. (4.13), then

x�0 AF�ðx�T ; ð ~x0; ~xT ÞÞ; x�e AK�
Mð ~xT Þ; 2 x�0 AK�

Nð ~x0Þ; x�e 2 x�T Aλ@gð ~xT Þ:

Therefore, applying Eq. (4.15) to this inclusion, we have a chain of inclusions

x�t AF�ðx�t1 1; ð ~xt; ~xt1 1ÞÞ; t5 0; . . . ;T21; x�e AK�
Mð ~xT Þ;

2 x�0 AK�
Nð ~x0Þ; x�e 2 x�T Aλ@gð ~xT Þ; λ$ 0

ð4:16Þ

which for the problem in Eq. (4.12) is the necessary condition for optimality.

Thus, we have proved Theorem 4.2.

Theorem 4.2. Let f ~xtgTt5 0 be the optimal trajectory to the problem in Eq. (4.12).

Assume that the cones of tangent directions Kgph Ft
ð ~xt; ~xt1 1Þ;KNð ~x0Þ; KMð ~xT Þ; are

local tents and the function g admits a CUA continuous at ~xT and the condition

in Eq. (4.14) is fulfilled. Then there exist a number λ$ 0 and vectors x�e ; x
�
t ;

t5 0, . . . , T, not all equal to zero, such that Eq. (4.16) is satisfied.

Remark 4.4. Note that for the problem in Eq. (4.12) with objective functionPT
t50 gðxt; tÞ in the alternative proof of Theorem 4.2, we should use Corollary 3.10,

which instead of the adjoint discrete inclusion x�t AF�ðx�t1 1; ð ~xt; ~xt1 1ÞÞ; implies that

x�t AF�ðx�t1 1; ð ~xt; ~xt1 1ÞÞ2λ@xgð ~x; tÞ:

Now let us consider the following problem:

infimum gðxT Þ subject to xt1 1 5ψðxtÞ; t5 0; . . . ;T21; x0 AN; xT AM;

ð4:17Þ

where ψ:ℝn-ℝn and g:ℝn-ℝ are differentiable functions and N, M are convex

sets.

Corollary 4.2. Let ψ and g be smooth functions and suppose N, M are convex

sets. Then in order for f ~xtgTt50 to be the optimal solution of the problem in
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Eq. (4.17), it is necessary that there exist a number λ$ 0 and vectors x�e ; x
�
t ;

t5 0, . . . , T, not all equal to zero, such that

x�t 5ψ0�ð ~xtÞx�t1 1; t5 0; . . . ; T21; x�e AK�
Mð ~xT Þ;

x�0 AK�
Nð ~x0Þ; x�e 2 x�T Aλ@gð ~xT Þ; λ$ 0

& It is enough to use Eq. (3.69) in the conditions of Eq. (4.16) of Theorem 4.2. ’

Example 4.1. Let F(x)5Ax1U, where U is a convex set in ℝn and A is an n3 n

matrix. It is required to choose control vectors utAU, t5 0, . . . , T21 that mini-

mize
PT

t51 gðxt; tÞ; where we assume that the g( , t) are smooth functions. Let

f ~xtgTt5 0 be an optimal trajectory corresponding to ~ut AU; t5 0; . . . ;T21; i.e.,

~xt1 1 5A ~xt 1 ~ut; t5 0; . . . ; T21:

According to Example 2.2, if y05Ax01 u0, u0AU, then the LAM is

F�ðy�; z0Þ5 A�y�; if 2 y�A ½coneðU2 u0Þ��;
[; if 2 y� =2 ½coneðU2 u0Þ��:

�

We assume that the LAM F� is nonempty. The condition 2 y�A[cone(U2 u0)]
�

is equivalent to hu2 u0,2 y�i$ 0, uAU or hu0; y�i5 supufhu; y�i : uAUg: Thus,
taking into account that K�

Mð ~xT Þ5 f0g; we can write

x�t 5A�x�t1 1 2λg
0
xð ~xt; tÞ; t5 0; . . . ;T21;

h ~ut; x�t1 1i5 supufhu; x�t1 1i : uAUg; x�T 52λg
0
xð ~xT ;TÞ:

ð4:18Þ

By Eq. (4.18), we have λ5 1. Indeed, if λ5 0, then x�T 52λg
0
xð ~xT ;TÞ5 0 and

x�t 5A�x�t1 1; which implies that x�t 5 0; t5 0, . . . , T21. Consequently, necessary

and sufficient conditions for optimality are the conditions in Eq. (4.18), where

λ5 1.

Example 4.2. (a) Consider an optimization problem

infimum
Xr
t51

gðx; tÞ ð4:19Þ

subject to
ϕðxt; xt2 h; xt1 1Þ # 0; t5 0; . . . ; T21;
xt 5 ξt; t52 h; . . . ; 0;

ð4:20Þ

where g( , t) is differentiable and ϕ(z), z5 (x, x1, y) is continuous and convex, and

there is a point z1 such that ϕ(z1), 0. The problem is to find a solution fxtgTt52 h

satisfying Eq. (4.20) that minimizes Eq. (4.19). In this case,

gph F5 fz : ϕðzÞ, 0g; FðxÞ5 fy : ϕðx; x1; yÞ, 0g:
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From Lemma 2.10, it is easy to see that

F�ðy�; zÞ5 fð2λx�0; 2λx0�1 Þ : y�5λy�0; ðx�0; x0�1 ; y�0ÞA@zϕðzÞ; λ$0;λϕðzÞ50g;

if ϕ(z)5 0. Note that in the considered case, M5Φt�ℝn, t5 1, . . . , T and so

K�
Mð ~xT Þ5 f0g; K�

Φð ~xtÞ5 f0g: Then by Theorem 4.1, we can write

ðx�t 2 η�t1 h; η
�
t ÞA ð2λtx

�
0t; 2λtx

0�
1t Þ1 ð2λgtxð ~xt; tÞÞ3 f0g;

x�t1 1 5λty
�
0t; ðx�0t; x0�1t ; y�0tÞA @zϕð ~x; ~xt2 h; ~xt1 1Þ;

λtϕð ~xt; ~xt2 h; ~xt1 1Þ5 0; λt $ 0; t5 0; . . . ;T212 h;

ðx�t ; η�t ÞA ð2λtx
�
0t; 2λtx

0�
1t Þ1 ð2λgtxð ~xt; tÞÞ3 f0g;

x�t1 1 5λty
�
0t; ðx�0t; x0�1t ; y�0tÞA @zϕð ~xt; ~xt2 h; ~xt1 1Þ;

λtϕð ~xt; ~xt2 h; ~xt1 1Þ5 0; λt $ 0; t5 T 2 h; . . . ;T21;

2 x�T A @xgð ~xT ; TÞ; η�T 5 0:

Thus, conditions (i) to (iii) of Theorem 4.1 take the form

1. ðx�t 2 η�t1 h 1λg
0
xð ~xt; tÞ; η�t ; x�t1 1ÞA @zϕð ~xt; ~xt2 h; ~xt1 1Þ; t5 0; . . . ; T 2 12 h;

2. ðx�t 1λg
0
xð ~xt; tÞ; η�t ; x�t1 1ÞA @zϕð ~xt; ~xt2 h; ~xt1 1Þ; t5T 2 h; . . . ; T 2 1;

3. λtϕð ~xt; ~xt2 h; ~xt1 1Þ5 0; λt $ 0; t5 0; . . . T21; 2 x�T A @xgð ~xT ; TÞ; η�T 5 0:

(b) In particular, let us now investigate the so-called von Neumann economic

dynamics model [172] with delay. Suppose we have m technological capacity

to manufacture output with unit commodity intensity leads manufacture of aj,

j5 1, . . . , m commodity, ajAℝn. Thus the number of different manufactured goods

is n and under the unit commodity intensity utilization of jth technological capacity

of manufacture of ith commodity is produced amount of aij; i5 1; . . . ; n goods.

Naturally, we let aij $ 0: Here under the unit commodity intensity employment is

emitted bjAℝn and cjAℝn commodities. Now, if at the given instant time and in the

past there are x and x1 outputs, correspondingly then intensity λj of each manufac-

ture capacity, obviously must satisfy the inequality x$
Pm

j5 1 bjλj, x1. cjλj,
x1. cjλj, λj. 0, where is emitted commodity vector y, satisfying the equation

y5
Pm

j5 1 ajλj. Finally, taking the matrices A, B, and C with columns aj, bj, and cj,

respectively we define a multivalued mapping, the graph of which is a polyhedral

cone:

K5 fðx; x1; yÞ : x$Bλ; x1 $Cλ; y5Aλ; λ$ 0; λAℝmg;

155Optimization of Ordinary Discrete and Differential Inclusions and t1-Transversality Conditions



where from our above-stated interpretation it follows that A, B, and C are n3m matri-

ces with nonnegative elements and λ is a vector with components λj, j5 1, . . . , m.
We formulate the following problem:

infimum gðxT ;TÞ subject to xt1 1AFðxt; xt2 hÞ; t5 0; 1; . . . ;T 2 1;

xt 5 ξt; t52 h; 2 h1 1; . . . ; 0;

where

gph F5K; gðxT ;TÞ52 hxT ; p�i; p� $ 0:

Obviously, g(xT, T) can be interpreted as the cost of the commodity vector xT. It

can be easily seen that

K� 5 fðx�; x�1; y�Þ : B�x� 1C�x�1 1A�y� $ 0; x� $ 0; x�1 $ 0g:

Then taking into account Example 2.7, we can conclude that

F�ðy; ðx; x1; yÞÞ5 fðx�; x�1Þ : B�x� 1C�x�1 2A�y� 5 0; x� $ 0; x�1 $ 0g:

Let g(xT, T)52 hxT, p�i, where p� $ 0 can be interpreted as a cost of the com-

modity vector xT. Thus, by Theorem 4.1, from the last form of the LAM, we have

B�ðx�t 2η�t1hÞ1C�η�t 2A�x�t1150; x�t 2η�t1h$0; η�t $0; t50;1; :::;T212h;

B�x�t 1C�η�t 2A�x�t1150; x�t $0; η�t $0; t5T2h; :::;T21; η�T 50;
x�T 5λp�; λA f0;1g:

At once observe that since F is polyhedral, λ5 1. Moreover, p�t 5 x�t and

q�t 5 η�t ðt5 0; :::; TÞ as above can be interpreted as the costs of the commodities at t

and t2 h, respectively. Consequently, in order that f ~xtgTt52 h be an optimal trajec-

tory of the von Neumann problem, maximizing the finite profit, it is necessary and

sufficient that there exist costs p�t and q�t such that

B�ðp�t 2q�t1hÞ1C�q�t 2A�p�t1150; p�t 2q�t1h$0; q�t $0; t50;1; :::;T212h;

B�q�t 1C�q�t 2A�p�t1150; p�t $0; q�t $0; t5T2h; :::;T21; q�T50; p�T5p�:

4.3 Polyhedral Optimization of Discrete and Differential
Inclusions

This section concerns optimal control problems for polyhedral discrete and differ-

ential inclusions. We derive necessary and sufficient conditions for such problems.
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Then we study in detail the main properties of polyhedral mappings. Moreover, in

all the theorems proved in this section, we assume satisfaction of the so-called con-

dition of generality of position, imposed on the coefficients of the polyhedral map

and on the disposition of the given polyhedron. The result obtained can be charac-

terized briefly as the theorem of the number of switchings. Note that we shall

describe as a switching point a discontinuity of the optimal trajectory. Consider a

multivalued (set-valued) mapping F :ℝn 3 ½0; 1�-PðℝnÞ and define the nonautono-

mous differential inclusion

_xðtÞAFðxðtÞ; tÞ a:e: tA ½0; 1� ð4:21Þ

generated by F, where _xðtÞ stands for the time derivative of x(t). This means that by

a solution to a differential inclusion we understand a function absolutely continuous

on [0, 1]. On the other hand, it has been widely recognized that the differential

inclusion in Eq. (4.21) provides a useful generalization of the control systems

described by differential equations with control parameters:

_x5 f ðx; u; tÞ; uAU; ð4:22Þ

where F(x, t)5 f(x, U, t). In some cases, the differential inclusion in Eq. (4.21)

admits a parametric representation of the type shown in Eq. (4.22), and a solution

of inclusion in Eq. (4.21) is also a solution of the differential equation in Eq. (4.22)

for some control function u(t)AU. Now, consider an optimization problem for a

convex differential inclusion:

infimum JðxðUÞÞ5
ð1
0

gðxðtÞ; tÞdt1ϕ0ðxð1ÞÞ; ð4:23Þ

subject to _xðtÞAFðxðtÞ; tÞ; a:e: tA ½0; 1�;
xð0ÞAN0; xð1ÞAM1;

ð4:24Þ

where g( , t) and ϕ0( � ) are convex continuous functions, F is a convex set-valued

mapping, and N0, M1Dℝn are convex sets. It is required to find a solution x(t), tA
[0, 1] to the differential inclusion in Eq. (4.24) with boundary conditions x(0)AN0,

x(1)AM1 minimizing Eq. (4.23).

Theorem 4.3. Let g( , t) and ϕ0( � ) be convex continuous functions. Moreover, let

F be a closed, convex, and bounded set-valued mapping, and let N0, M1 be convex

sets. Further assume that the mapping t-gph F( , t) is lower semicontinuous and

~xðtÞA int dom F is an optimal solution to the problem in Eqs. (4.23) and (4.24).

Then there exist a number λ0$ 0, a vector x�e ; and an adjoint trajectory (i.e., an

absolutely continuous function x�( � ) not identically equal to zero) such that

(i) 2 _x�ðtÞAF�ðx�ðtÞ; ð ~xðtÞ; _~xðtÞÞ; tÞ2λ0@gð ~xðtÞ; tÞ; a:e: tA ½0; 1�;
(ii) _~xðtÞAFðx�ðtÞ; x�ðtÞ; tÞ a:e: ½0; 1�;
(iii) x�e 2 x�ð1ÞAλ0@ϕ0ð ~xð1ÞÞ; x�e AK�

M1
ð ~xð1ÞÞ; 2 x�ð0ÞAK�

N0
ð ~xð0ÞÞ:
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In addition, if λ0. 0, then these conditions are sufficient for optimality.

& This proof is analogous to the proof of the autonomous problem in Ref. [226] in

the nonconvex case. To avoid long calculations we omit it. The difference is only

that in the process of the proof, the condition of the lower semicontinuity of the

mapping t-gph F( , t) provides the uniform boundedness of the LAM in the sense

of the terminology of Chapter 2, which for autonomous problems is unnecessary.

Our principal method is to formulate necessary conditions for the discrete-

approximation problem, where

xδðt1 δÞA xδðtÞ1 δFðxδðtÞ; tÞ; t5 0; 2δ; . . . ; ð2m 21Þδ

and to prove uniform convergence ~xδðtÞ- ~xðtÞ; x�δ ðtÞ-x�ðtÞ as δ-0.’

Corollary 4.3. If the assumptions of Theorem 4.3 are satisfied, then conditions

(i) and (ii) can be rewritten as

2 _x�ðtÞA @xHð ~xðtÞ; x�ðtÞ; tÞ2λ0@gð ~xðtÞ; tÞ a:e: tA ½0; 1�;

_~xðtÞA @y�Hð ~xðtÞ; x�ðtÞ; tÞ a:e: tA ½0; 1�

& The proof is analogous to the proof of Corollary 4.1. ’

Remark 4.5. On the whole, in Chapters 5 and 6, we use optimality conditions for

convex differential inclusions. Nevertheless, under more general assumptions, nec-

essary conditions can be formulated in terms of the LAM to F at a point xAdom F.

On the optimization of different nonconvex differential inclusions, also consult

Aubin and Frankowska [17,18,21], Aubin and Ekeland [19], Clarke [54�59],

Mordukhovich [187�190,193�195,197,198], and Rockafellar [230�232] for related

and additional material.

First, let us consider the optimization of polyhedral discrete inclusions

infimum
XT
t50

gðxt; tÞ

subject to
xt1 1AFtðxtÞ; t5 0; . . . ;T21

x0 AN0; xT AMT ;
ð4:25Þ

where

gðxt; tÞ5 max
iA It

��
xt; b

t
i

�
1βt

i

�
; t5 0; . . . ;T ;

FðxÞ5 fy : Ax2By # dg;
N0 5 fx0 : Nx0 # pg;
MT 5 fxT : MxT # qg: ð4:26Þ
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Here T is a natural number, It, t5 0, 1, . . . , T are finite index sets, βt
i are real

numbers, bti Aℝn; A;B are m3 n matrices, N, M are rectangular matrices with n

columns, and d, p, q are column vectors with corresponding dimensions. We must

find an optimal trajectory f ~xtgTt5 0 of Eq. (4.25) that minimizes
XT
t50

gðxt; tÞ: The

problem in Eqs. (4.25) and (4.26) is labeled (PD) and called the polyhedral optimi-

zation for discrete inclusions.

Theorem 4.4. In order for f ~xtgTt5 0 to be an optimal trajectory of problem (PD), it

is necessary and sufficient that there exist vectors x�; x�t t5 0; 1; . . . ; T satisfying

x�t 5A�λt 1 u�t ; u�t A @gð ~xt; tÞ; x�T 1 x�A @gð ~xT ;TÞ: ð4:27Þ

x�t1 1 5B�λt; λt $ 0;
�
λt;A ~xt 2B ~xx1 1 2 d5 0

�
; t5 0; . . . ;T21

x�0 52N�γ0; γ0 $ 0;
�
γ0;N ~x0 2 p5 0

�
;

x� 52M�γT ; γT $ 0;
�
γT ;M ~xT 2 q5 0

�
;

@gð ~xt; tÞ5 conv [
iA Itð ~xtÞ

bti

� 	
; Itð ~xtÞ5

�
iA It : gð ~xt; tÞ

5
�
~xt; b

t
i

�
1βt

i

�
; t5 0; . . . ;T :

ð4:28Þ

& Remember that by Eq. (2.51), the LAM for polyhedral mapping is

F�ðy�; zÞ5�2A�λ : y� 52B�λ; λ$ 0; hAx2By2 d;λi5 0
�
;

z5 ðx; yÞA gph F
ð4:29Þ

Moreover, by Theorem 1.13 (Farkas) it is easy to conclude that if

~x0 AN0; ~xT AMT ; then

K�
N0
ð ~x0Þ5 fx�0 52N�γ0; hγ0;N ~x0 2 pi5 0; γ0 $ 0g

K�
MT

ð ~xT Þ5 fx�T 52M�γT ; hγT ;M ~xT 2 qi5 0; γT $ 0g; ð4:30Þ

where K�
N0
ð ~x0Þ and KMT

ð ~xT Þ are the cones of tangent directions at ~x0 AN0; ~xT AMT ;
respectively. Then taking into account Eqs. (4.29) and (4.30), by Theorem 4.2 and

Remark 4.4, we have the relations in Eq. (4.27). It should be noted, however, that

in the mentioned theorem, λ5 1. This occurs because in the proof of Theorem 4.2,

we use Lemma 1.22 for the dual cone to the algebraic sum of polyhedral cones.

Note that for the validity of Eq. (4.28), it is enough to apply Theorem 1.32. ’
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Consider now the autonomous optimization problem in Eqs. (4.23) and (4.24):

infimum JðxðUÞÞ5
ð1
0

gðxðtÞ; tÞdt1ϕ0ðxð1ÞÞ;

subject to _xðtÞAFðxðtÞÞ; a:e: tA 0; 1½ �;
xð0ÞAN0; xð1ÞAM1;

ð4:31Þ

generated by the polyhedral set-valued mapping

FðxÞ5 fy : Ax2By # dg; ð4:32Þ

where A, B, and d are matrices and vector column with dimensions as indicated

above.

Theorem 4.5. Let F be a bounded set-valued polyhedral mapping and

~xðtÞA int dom F be an optimal solution to the problem in Eqs. (4.31) and (4.32).

Then there exist a number λ0$ 0, a vector x�e ; and an absolutely continuous func-

tion x�( � ), not all zero, such that

1. x�ð1Þ1 x�e Aλ0@ϕ0ð ~xð1ÞÞ; x�e 52M� γ1; γ1 $ 0; x�ð0Þ52N�γ0; γ0 $ 0;�
γ0;N ~xð0Þ2 p

�
5 0;

�
γ1;M ~xð1Þ2 q

�
5 0;

2. 2 _x�ðtÞ5A�λðtÞ1λ0u
�ðtÞ; u�ðtÞA @gð ~xðtÞ; tÞ;

x�ðtÞ5B�λðtÞ; λðtÞ$ 0;
�
λðtÞ;A ~xðtÞ2B ~xðtÞ2 d

�
5 0; a:e: tA ½0; 1�:

& It remains only to take into account Eqs. (4.29) and (4.30) in conditions (i) to

(iii) of Theorem 4.3. ’

Theorem 4.6. Let the hypotheses of Theorem 4.5 be fulfilled and λ0. 0. Then

conditions 1 and 2 of Theorem 4.5 are sufficient for optimality of the trajectory

~xðtÞ; tA ½0; 1�:
& Without loss of generality, we set λ05 1. It follows from condition (2) of

Theorem 4.5 that

gðxðtÞ; tÞ2 gð ~xðtÞ; tÞ$ �xðtÞ2 ~xðtÞ; 2B� _λðtÞ2A�λðtÞ�;
gðxðtÞ; tÞ2 gð ~xðtÞ; tÞ$ �2BxðtÞ; _λðtÞ�1 �2B ~xðtÞ; _λðtÞ�2 �AxðtÞ;λðtÞ�

1
�
A ~xðtÞ;λðtÞ� ð4:33Þ

Moreover, for all feasible solutions x(t), tA[0, 1], we have hλ(t), Ax(t)2Bx(t)2
di# 0. Hence, from condition (2), we obtain

2
�
AxðtÞ;λðtÞ�1 �A ~xðtÞ;λðtÞ�$ �2B _xðtÞ2 d;λðtÞ�1 �B_~xðtÞ1 d;λðtÞ�;
2
�
AxðtÞ;λðtÞ�1 �A ~xðtÞ;λðtÞ�$ �_~xðtÞ;B�λðtÞ�1 � _xðtÞ;B�λðtÞ�:
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Then it follows from Eq. (4.33) that

gðxðtÞ; tÞ2 gð ~xðtÞ; tÞ$ 2
�
BxðtÞ; _λðtÞ�1 �B ~xðtÞ; _λðtÞ�

1
�
_~x ðtÞ;B�λðtÞ�2 � _xðtÞ;B�λðtÞ�

or

d

dt

�
BxðtÞ;λðtÞ�$ gð ~xðtÞ; tÞ2 gðxðtÞ; tÞ1 d

dt

�
B ~xðtÞ;λðtÞ�:

Now, integrating this inequality over [0, 1], we obtain

�
xð1Þ2 ~xð1Þ;B�λð1Þ�$ �xð0Þ2 ~xð0Þ;B�λð0Þ�1 ð1

0

½gð ~xðtÞ; tÞ2 gðxðtÞ; tÞ�dt:

ð4:34Þ

On the other hand, taking into account condition (1) of Theorem 4.5, we estab-

lish that

ϕ0ðxð1ÞÞ2ϕ0ð ~xð1ÞÞ$
�
~xð1Þ2 xð1Þ;B�λð1Þ2M�γ1

�
;

�
xð1Þ2 ~xð1Þ; 2M�γ1

�
$ 0;

�
xð0Þ2 ~xð0Þ;B�λð0Þ�:

Thus, from these inequalities and Eq. (4.34), we conclude that for all feasible

solutions x(t), tA[0, 1], we haveð1
0

½gðxðtÞ; tÞ2 gð ~xðtÞ; tÞ�dt1ϕ0ðxð1ÞÞ2ϕ0ð ~xð1ÞÞ$ 0:

The proof is completed. ’

Remark 4.6. Theorem 4.6 is valid for the more general case where F and N0, M1

are arbitrary autonomous convex mapping and sets, respectively, satisfying the

hypotheses (i)�(iii) of Theorem 4.3 for autonomous adjoint DFI. In Theorem 4.7,

the existence of feasible solutions fxtgTt5 0 is proved.

Theorem 4.7. The sequence of points fxtgTt5 0 is a feasible solution of the problem

in Eq. (4.25) if and only if there are no vectors ui$ 0, γ0$ 0, γT$ 0 such that

XT21
i5 0

�
ui; d

�
1
�
γ0; p

�
1
�
γT ; q

�
521;N�γ0 1A�u0 5 0;

M�γT 2B�uT21 5 0; A�ui 2B�ui21 5 0; i5 1; . . . ;T21:
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& Let us denote

Q5

N 0 0 : : : 0 0

A 2B 0 : : : 0 0

0 A 2B : : : 0 0

: : : : : : : :
: : : : : : : :
0 0 0 : : : A 2B

0 0 0 : : : 0 M

0
BBBBBBBB@

1
CCCCCCCCA
; b5

p

d

:
:
:
d

q

0
BBBBBBBB@

1
CCCCCCCCA
;

where 0 is the zero matrix partitioned into submatrices Q and the number of

m-dimensional vector columns d contained in b is T. Let also denote

w5 ðx0; . . . ; xT ÞAℝnðT 1 1Þ: Then it is not hard to see that the inequalities

Axt 2Bxt1 1 # d; t5 0; . . . ;T21; Nx0 # p; MxT # q

can be rewritten as

Qw # b: ð4:35Þ

Thus, the existence problem of feasible solutions of Eq. (4.25) is reduced to the

existence of solutions of the inequality in Eq. (4.35). Therefore, applying the solv-

ability theorem for systems of linear inequalities, we obtain that Eq. (4.35) has a

solution if and only if there is no u$ 0 such that

Q�u5 0;
�
b; u
�
521: ð4:36Þ

Now, taking into account the form of the matrix Q and vector column b, rewrit-

ing Eq. (4.36), we obtain the required result. ’

Furthermore, we consider F, a bounded polyhedral map. Let J be some subset of

the index set I5 {1, . . . , m}. Then BJ is a matrix consisting of the rows Bi, iAJ.

Next, AJ is defined by analogy. Similarly, if d(x)5 d2Ax, then di(x) is the ith

component of the vector d(x) and dJ(x) is the vector with components di(x), iAJ. It

is known that a polytope F(x) is a convex hull of its vertices (which are finite in

number). Here a vertex yAF(x) is characterized by exactly n equalities

2Biy5 diðxÞ;

for which {Bi} is linearly independent. Now we take all possible collections J of n

indexes for which Bj is nonsingular and construct a point

yJðxÞ52B21
J dJðxÞ: ð4:37Þ

Each point yJ(x) is a vertex of F(x) if yJ(x)AF(x).
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Definition 4.1. A vertex yJ(x)AF(x) is said to be degenerate if

2BJy
JðxÞ, dJðxÞ; ð4:38Þ

where J5 I \ J: Thus, at a nondegenerate vertex, the set of equalities of the system of

inequalities Ax2By# d is linearly independent, the number of which is exactly n.

A set of points yJ(x) satisfying Eq. (4.38) and denoted by DJ obviously is an open set

and is called the nondegeneracy domain of the vertex yJ(x). There is a cone

KJ 5 fyAℝn : 2BJy # 0g ð4:39Þ

connected with each nondegenerate vertex yJ(x). It is clear that this is the cone of

directions y for which yJðxÞ1 tyAFðxÞ for sufficiently small t. 0. Indeed, let

yAKJ : Since y
J(x) is a vertex, then for a small t. 0 there exist the inequalities

2BJðyJðxÞ1 tyÞ # dJðxÞ;

2BJðyJðxÞ1 tyÞ # dJðxÞ

or what is the same

2BðyJðxÞ1 tyÞ # dðxÞ:

It follows from Eq. (4.38) that the cone KJ depends only on the index set J and

does not depend on the point x of the nondegeneracy domain. By Theorem 1.13,

the dual cone to Eq. (4.39) is

K�
J 5 fy� 5B�

JuJ : uJ $ 0g;

where, in the preceding notation, uJ is a vector with components ui, iAJ. We

shall call that vector column wJi, iAJ, the rib of the polytope F(x) at the vertex

yJ(x), if

BjwJi 5
0; if j 6¼ i; jA J;
1; if j5 i;

�

where BjwJi is understood to be the product of the row vector and the column vec-

tor. If WJ is a matrix with the columns wJi, iAJ, then

BJWJ 5E;

where E is the n3 n identity matrix. Obviously, WJ 5B21
J :

Lemma 4.1. KJ 5 fy5WJv; v$ 0g:
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& Indeed, if yAKJ ;BJy5 v$ 0; then y5WJv: Conversely, if y5WJv; v$ 0; then
BJy5 v$ 0; i.e., yAKJ :’

Let wJi, iAJ be a rib. Consider the ray y(t)5 yJ(x)1 twJi, t. 0. Then for jAJ,

we can write

2BjðyJðxÞ1 twJiÞ5 djðxÞ; if j 6¼ i;
djðxÞ2 t, diðxÞ; if j5 i:

�

Therefore, at y(t), t$ 0, the inequality 2BJy(t)# dJ(x) holds for arbitrary t. 0,

and exactly one of the inequalities holds strictly. By virtue of nondegeneracy

(Eq. (4.38)), for small t. 0 the remaining inequalities

2BjyðtÞ52Bjy
JðtÞ2 tBjwJi # djðxÞ; jA J

are satisfied. However, there exists an index jA J such that BjwJi, 0, because, on

the contrary a point y(t) belongs to F(x) for every t. 0, that contradicts the bound-

edness of the polytope F(x). Thus, there is a smallest number t5 t0. 0 such that

for some j0A J; BjwJi , 0;

2Bj0yðt0Þ5 dj0 ðxÞ:

Moreover, since BjwJi5 0, jAJ\{i} by construction and BjwJi, 0, then

fBj0 ;BjjA J\figg are linearly independent vectors. Thus, y(t0)AF(x) satisfies exactly

n linearly independent equalities

2Bjyðt0Þ5 djðxÞ; jA ðJ\figÞ [ fj0g:

So y(t0) is the vertex corresponding to the index set J15 (J\{i})[{j0}.
Therefore, if yJ(x) is a nondegenerate vertex and wJi is the rib connected with this

vertex, then there is a vertex y(t0) such that

yðt0Þ5 yJðxÞ1 t0wJi; t0 . 0; ð4:40Þ

where 2Biy(t0), di(x). This fact will be used in the next investigations.

Definition 4.2. A polytope F(x) is called nondegenerate at a point x, if every ver-

tex of F(x) is nondegenerate at this point.

Lemma 4.2. Let F(x) be a nondegenerate polytope on a connected set D. Then the

number of vertices on D is constant, which are defined by the same index sets.

& Suppose that yJ(x1), x1AD is a vertex of the polytope F(x1), but y
J(x2) =2F(x2),

x2AD. Then for some jA J

2Bjy
Jðx1Þ, djðx1Þ;
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2Bjy
Jðx2Þ. djðx2Þ:

Hence by continuity, at some point of the continuous curve x( � ) joining x1 and

x2, we have

2Bjy
JðxðtÞÞ5 djðxðtÞÞ;

i.e., the vertex yJ(x(t)) is degenerate at point x(t)AD, which contradicts that F(x) is

nondegenerate in D.’

Suppose that D is a fixed connected set, where the polytope F(x) is nondegener-

ate. According to what was mentioned above, its vertices in D are defined by fixed

collections in the index set J, which can be enumerated k5 1, . . ., q. Briefly,

we set

ykðxÞ � yJðxÞ52BJdJðxÞ:

Lemma 4.3. If y�Aℝn and the minimum hy, y�i is attained at the vertex yk(x)AF(x),

at some point xAD, then yk(x) has the same property at every point of the nonde-

generacy set D.

& Indeed it is not hard to see that if yk(x) is a solution of problem

infimum hy; y�i subject to yAFðxÞ;

then y�AK�
Jk
: In turn, the cone K�

Jk
depends only on Jk but not on x. This ends the

proof of the lemma. ’

As before, let D be a connected nondegeneracy domain of a polytope F(x) with

vertices yk(x), k5 1, . . . , q. Let I1(y
�) be the set of vertices where the minimum of

hy, y�i relative to F(x) is attained. By Lemma 4.3, this minimum does not depend

on xAD. Observe that I1( � ) is upper semicontinuous; i.e., I1ðy�ÞDI1ðy�0Þ when y�

belongs to some small neighborhood of y�0: Setting

J1ðy�Þ5 \
k A I1ðy�Þ

Jk;

consider a point of the form

y5
X

k A I1ðy�Þ
γky

kðxÞ; γk $ 0;
X

k A I1ðy�Þ
γk 5 1: ð4:41Þ

The minimum of hy, y�i relative to F(x) at this point also is attained. And, as

easily follows from the nondegeneracy condition, at the point y, the equalities

2Biy5 diðxÞ; iA J1ðy�Þ
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hold and the remaining inequalities

2Bjy # djðxÞ; jA J1ðy�Þ

are satisfied strictly. Applying the necessary and sufficient conditions for a mini-

mum at y and yk(x), we obtain that there exist vectors uJ1ðy�Þ and ukJ ; kA I1ðy�Þ such
that

y� 5B�
J1ðy�ÞuJ1ðy�Þ; uJ1ðy�Þ $ 0;

y� 5B�
Jk
ukJk ; ukJk $ 0:

ð4:42Þ

If now iAJ1(y
�), then by scalar multiplying these relations with wkiðwki � wJkiÞ;

we have

ui 5 hwki; y
�i; uki 5 hwki; y

�i;

where ui and uki are the ith components of the vectors uJ1ðy�Þ and ukJk ; kA I1ðy�Þ;
respectively. Thus,

ui 5 uki ; iA J1ðy�Þ; kA I1ðy�Þ:

Now subtracting the equalities in Eq. (4.42), we obtain that

B�
Jk\J1ðy�Þu

k
Jk\J1ðy�Þ 5 0:

By virtue of the linear independence of the set of vectors Bi, iAJk, it follows

that uki 5 0; i =2 J1ðy�Þ: Moreover, as we will show, ui. 0, iAJ1(y
�). Suppose that

this is not so and that ui1 5 hwki1 ; y
�i5 0 for some i1A J1(y

�). Then according to

what was stated above, there is a vertex

y0 5 ykðxÞ1 twki1 ; kA I1ðy�Þ; t. 0

such that 2Bi1y
0 , di1 ðxÞ; i.e., i1 is not contained in its index set. On the other

hand,

hy0; y�i5 hykðxÞ; y�i1 thwki1 ; y
�i5 hykðxÞ; y�i;

i.e., the minimum of hy, y�i is attained also at y0, too. Since i1 does not belongs to

the index set defining this vertex, then i1 =2 J1(y
�). This occurs because J1(y

�) is the
intersection of such sets. This contradicts the choice of i1. Thus, we have proved

the following result.

Lemma 4.4. All the vectors

ukJk 5B�21
Jk

y�; kA I1ðy�Þ
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are equal and

ui . 0; iA J1ðy�Þ; ui 5 0; i =2 J1ðy�Þ:

Corollary 4.4. All vectors of the form A�
Jk
B�21
Jk

y�; kA I1ðy�Þ are equal.
& Indeed, it follows from Lemma 4.4 that

A�
Jk
B�21
Jk

y� 5A�
Jk
ukJk 5

X
iA Jk

A�
i ui 5

X
iA J1ðy�Þ

A�
i ui;

where Ai is a row vector of A and so A�
i is a column vector. Moreover, it is taken

into account that uki does not depend on k and that ui5 0 for every i =2 J1(y
�). ’

Lemma 4.4 and its corollary implies that by the formula

f ðy�Þ52A�
Jk
B21�
Jk

y�; kA I1ðy�Þ ð4:43Þ

the vector f(y�) is defined uniquely by the vector y�.
Note that on the one hand, the set of points where hy, y�i attains its minimum

relative to F(x) coincides with a set of the form in Eq. (4.41), and on the other

hand this set is the set of points satisfying the following linear equalities and

inequalities:

2B�
J1ðy�Þy5 dJ1ðy�ÞðxÞ;

2Biy # diðxÞ; i =2 J1ðy�Þ: ð4:44Þ

Therefore, setting y�1 5 f ðy�Þ; we deduce that minimizing hy; y�1i over the set in

Eq. (4.41) is the same as over that in Eq. (4.44).

From Eq. (4.41), it follows that this minimum is attained at the set of vertices

I2ðy�ÞDI1ðy�Þ and that all points of the set of solutions are convex combinations of

these vertices. Now we set

J2ðy�Þ5 \
k A I2ðy�Þ

Jk:

Clearly, J2ðy�Þ+J1ðy�Þ: If on the basis of Eq. (4.44) we analyze the necessary

condition of an extremum as above, we can conclude that all the vectors

ukJk 5B21�
Jk

y�1; kA I2ðy�Þ

are independent of k in the sense that uki ; iA J2ðy�Þ are equal for every kA J2ðy�Þ
and uki 5 0; ’iA J2ðy�Þ: Furthermore,
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uki . 0; ’iAQ1ðy�Þ;

where

Q1ðy�Þ5 J2ðy�Þ\J1ðy�Þ:

Hence, the vectors

y�2 52A�
Jk
B21�
Jk

y�1; kA I2ðy�Þ ð4:45Þ

do not depend on k. With regard to I2ðy�ÞDI1ðy�Þ; comparing Eqs. (4.43) with

(4.45), we derive that

y�2 5 ð2A�
Jk
B21�
Jk

Þ2y�: ð4:46Þ

Now it is understood that the construction process of the vectors y�1; y
�
2 can be

continued. Namely, if a vector y�1 already is constructed, then Il1 1(y
�) is the set of

vertices kAIl(y
�) where hy; y�1i attains its minimum over the set of points of the

form

y5
X

k A Iðy�Þ
γky

kðxÞ; γk $ 0;
X

k A Iðy�Þ
γk 5 1;

Il1 1ðy�ÞDIlðy�Þ;

Jl1 1ðy�Þ5 \
k A Il1 1ðy�Þ

Jk+J1ðy�Þ:

In addition, minimization of hy; y�1i over this set is equivalent to its minimization

over the set of solutions of the linear equalities and inequalities

2B�
Jlðy�Þy5 dJlðy�ÞðxÞ;

2Biy # diðxÞ; i =2 Jlðy�Þ;

whence it follows that the vectors B21�
Jk

y�l do not depend on k, kAIl1 1(y
�); i.e.,

ðB21�
Jk

y�l Þi . 0; iAQlðy�Þ5 Jl1 1ðy�Þ\ Jlðy�Þ;

ðB21�
Jk

y�l Þi 5 0; iA Jl1 1ðy�Þ ð4:47Þ

and

y�l1 1 52A�
Jk
B21�
Jk

y�1 5 ð2A�
Jk
B21�
Jk

Þl1 1y�; kA Il1 1ðy�Þ:
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Since Il1 1ðy�ÞDIlðy�Þ; it is obvious that beginning with some number l, all the

sets coincide. We can formulate the obtained result as follows.

Lemma 4.5. Let a connected set D be the nondegeneracy domain of a polytope

F(x). Then there exists an index k such that

y�l 5 ð2A�
Jk
B21�
Jk

Þly�; kA Jlðy�Þ; l5 1; 2; . . .

Let Y0(x, y
�) be the set of points of hy, y�i over F(x) and, analogously, Yl(x, y�)

the set of points of hy; y�l i over Yl21(x, y
�),

ykðxÞAYlðx; y�Þ; l5 0; 1; . . .

Moreover, the components of the vectors B21�
Jk

y�l corresponding to iAQl(y
�) is

strictly positive.

Theorem 4.8 is an important case of Theorem 2.16 for a nondegeneracy domain.

Theorem 4.8. Let D be the nondegeneracy domain of a polytope F(x) and z5
(x, y)Agph F. Then for the LAM, we have

F�ðy�; ðx; yÞÞ5 2 f ðy�Þ; if yAFðx; y�Þ;
[; if y =2Fðx; y�Þ:

�

& Let x be a nondegeneracy point of F(x). Then the minimum of hy, y�i over F(x)
is attained at one of the vertices yk of F(x), defined by an index set Jk:

AJkx2BJky
k 5 dJk ;

AJk
x2BJk

yk , dJk ;

and in this case the matrix BJk is invertible. On the other hand, since

Kgph FðzÞ5 fðx; yÞ : AJðzÞx2BJðzÞy # 0g

(see Example 2.8), then

K�
gph FðzÞ5 fðx�; y�Þ : x� 52A�

JðzÞλJðzÞ; y� 5B�
JðzÞλJðzÞ;λJðzÞ $ 0g:

By applying the latter formula at the point (x, yk), we deduce that

y� 5B�
Jk
λJk ; λJk $ 0 and hence by Lemma 4.4 λJk

5 0: Therefore,

x� 52A�
JðzÞλJðzÞ 52A�

JðzÞB
�
JðzÞy

�;

i.e., x� is defined uniquely and the formula for it coincides with the formula in

Eq. (4.43). ’
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Remark 4.7. Theorem 4.8 says that in fact the LAM in the nondegeneracy domain

does not depend on x, by virtue of the importance of Theorem 4.8, it is interesting

that another useful alternative proof can also be deduced by applying Theorem 2.1.

Indeed, if the minimum hy, y�i over F(x) is attained at some vertex

yk 5B21
Jk

AJk x1B21
Jk

dJk ; yk AFðx; y�Þ; kA I1ðy�Þ;

then clearly

Hðx; y�Þ5 �yk; y��5 �x;A�
Jk
B�21
Jk

y�
�
1
�
B21
Jk

dJk ; y
��

and so

@xHðx; y�Þ5A�
Jk
B�21
Jk

y�; yk AFðx; y�Þ;

where the same formula is true for all kAI1(y
�).

Theorem 4.9. If an optimal trajectory ~xðtÞ; tA ½t1; t2� entirely lies in the nonde-

generacy domain D of a polytope F(x), then condition (2) of Theorem 4.5 can be

rewritten as follows:

_x�ðtÞ5 f ðx�ðtÞÞ1λ0u
�ðtÞ; u�ðtÞA@gð ~xðtÞ; tÞ;�

_~xðtÞ; x�ðtÞ�5min
y

��
y; x�ðtÞ� : yAFð ~xðtÞÞ�: ð4:48Þ

& Actually, condition (2) of Theorem 4.5 expresses the fact that

2 _x�ðtÞAF�ðx�ðtÞ; ð ~xðtÞ; _~xðtÞÞ; tÞ2λ0u
�ðtÞ; u�ðtÞA @gð ~xðtÞ; tÞ a:e tA ½0; 1�:

Hence, Eq. (4.48) is an immediate consequence of Theorem 4.8. ’

4.4 Polyhedral Adjoint Differential Inclusions and the
Finiteness of Switching Numbers

In this section, the basic results for polyhedral optimization in the nondegenerate

case will be given. The main result is Theorem 4.12, where we assume satisfaction

of the so-called condition for generality of position. The obtained result can be

called the theorem of the number of switchings. Note that we shall describe a point

of discontinuity of the optimal trajectory as a switching. The proof is based on the

lemmas of Section 4.3.
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Let D be the nondegeneracy domain of a polytope F(x). In Section 4.3 it was

proved that for all xAD, the formula

f ðy�Þ52A�
Jk
B21�
Jk

y�; kA I1ðy�Þ

uniquely defines the vector f(y�) for a given y�. It is not hard to conclude that f( � )
satisfies a Lipschitzian condition with a constant depending only on D. Here, intui-

tively, it is natural that the constant should be L5 max1 # k # q :A�
Jk
B�21
Jk

:: As a

preliminary for this intuitive conviction, we prove Lemma 4.6.

Lemma 4.6. Let K�
i � K�

Ji
be the dual cone to the cone Ki at a vertex yiðxÞ � yJiðxÞ

of a polytope F(x). Then

a. int K�
i \ int K�

j 5[; i 6¼ j; i; j5 1; 2; . . . ; q;
b. [i K

�
i 5ℝn:

& Let us prove a. Suppose that this is not so; i.e., int K�
i \ int K�

j 6¼ [; i 6¼ j:
Taking y�0 A int K�

i \ int K�
j ; by Lemma 1.18 we derive that�

y�0; y1
�
. 0; y1AKi; y1 6¼ 0;�

y�0; y2
�
. 0; y1AKi; y2 6¼ 0:

Then setting y1 5 yjðxÞ2 yiðxÞ and y2 5 yiðxÞ2 yjðxÞ;
�
y�0; y

jðxÞ2 yiðxÞ�. 0;�
y�0; y

iðxÞ2 yjðxÞ�. 0:

From these inequalities, it follows that hy�0; 0i. 0; i.e., 0. 0. This contradiction

gives us a. For b it is enough to show that if y�Aℝn, then y�A\iK
�
i ; i.e., y

�AK�
i

for some i. Actually, at a vertex yi(x), the minimum of hy, y�i is attained if and

only if y�AK�
i :’

Let now y�Aℝn; y
�Aℝn be arbitrary points. It is clear that if y�; y� belong to one

and only one cone K�
k � K�

Jk
; then f( � ) is Lipschitzian with a Lipschitz constant L.

Hence, assume that y�AK�
i0
; y

�AK�
j0 for some i0, j0 (i0 6¼ j0). We join the points

y�; y
�
with a line segment and the points of intersections with the boundaries of cones

having common faces (Lemma 4.6) and we denote by y�1; y
�
2; . . . ; y

�
s21 (s is some natu-

ral number) so that y0a 6¼ y�; y0a 6¼ y
�
; α5 1; . . . ; s21: Enumerating these cones we

can write

y� 5 y�0 AK�
1 � K�

i0
; y�1 AK�

2 ; . . . ; y
�
s21AK�

s ; y
�
5 y�s AK�

s � K�
j0
: ð4:49Þ

By Lemma 4.4, the vectors

f ðy�αÞ52C�
k y

�
α; kA I1ðy�αÞ; C�

k 5A�
Jk
B�21
Jk

; α5 0; 1; . . . ; s
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coincide. Then by Eq. (4.49), C�
k y

�
k 5C�

k1 1y
�
k1 1; k5 1; . . . ; s21: By using these

relations we observe that

f ðy�Þ2 f ðy�Þ5
Xs
α5 1

C�
αðy�α21 2 y�αÞ:

Now, since :y� 2 y
�:5

Ps
α5 1

:y�α21 2 y�α:; we have

:f ðy�Þ2 f ðy�Þ: #
Xs
α5 1

:C�
α::y

�
α21 2 y�α: # L:y� 2 y

�::

Let us return to the polyhedral Mayer problem (i.e., the optimization problem in

Eqs. (4.31) and (4.32), where g� 0 and N0, M1 are arbitrary convex sets:

minimize ϕ0ðxð1ÞÞ;
subject to _xðtÞAFðxðtÞÞ a:e: tA ½0; 1�;

xð0ÞAN0; xð1Þ A M1

ð4:50Þ

FðxÞ5 fy : Ax2By # dg:

Then, obviously, the adjoint differential inclusion in Eq. (4.48) of Theorem 4.9

has the form

d

dt
y�ðtÞ5 f ðy�ðtÞÞ: ð4:51Þ

We shall investigate this differential equation for small t$ 0. At once we note

that since f( � ) is Lipschitzian, then it has a unique solution for every initial condi-

tion y�(0)5 y�. By Lemma 4.5, we choose an index k, corresponding to y� and con-

sider the equation

d

dt
z�ðtÞ52C�

k z
�ðtÞ; z�ð0Þ5 y�; C�

k 5A�
Jk
B21�
Jk

:

As a linear equation, its solution has the form

z�ðtÞ5 e2C�
kt y� 5

XN
l5 0

ð2C�
k Þl

l!
tl

 !
y�: ð4:52Þ

By Cayley’s theorem [174] (αj are are real numbers),

ð2C�
k Þn 5

Xn21
j5 0

αjð2C�
k Þj:
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The formula in Eq. (4.52) can be rewritten in the form

z�ðtÞ5
Xn21
l5 0

1

l!
ðtl 1ϕl tð ÞÞð2C�

k Þly� 5
Xn21
l5 0

1

l!
ðtl 1ϕl tð ÞÞy�l ; ð4:53Þ

where ϕl( � ) are analytic functions and ϕl(t)t
21-0 whenever tk0 and y�0 5 y�:

Let us now set Q0(y
�)5 J1(y

�). If we remember from Eq. (4.47) that Ql(y
�)5

Jl1 1(y
�)\Jl(y�), then we get

Jl1 1ðy�Þ5Q0ðy�Þ [ Q1ðy�Þ [? [ Qlðy�Þ:

Moreover, according to Eq. (4.49), the vectors ulJk 5B21�
Jk

y�l have strictly posi-

tive components uli if iAQl(y
�) and uli 5 0; if i =2 Jl1 1ðy�Þ. By construction,

Jl1 1DJk. Furthermore,

y�l 5B�
Jk
ulJk 5B�

Qlðy�Þu
l
Qlðy�Þ 1B�

Jlðy�Þu
l
Jlðy�Þ

5B�
Qlðy�Þu

l
Qlðy�Þ 1

Xl21
i5 0

B�
Qiðy�Þu

l
Qiðy�Þ; ulQlðy�Þ . 0:

Thus,

z�ðtÞ5
Xn21
l5 0

1

l!
ðtl 1ϕl tð ÞÞ B�

Qlðy�Þu
l
Qlðy�Þ 1

Xl21
i5 0

B�
Qiðy�Þu

l
Qiðy�Þ

" #

5
Xn21
i5 0

B�
Qiðy�Þ

1

i!
ðti 1ϕi tð ÞÞuiQiðy�Þ 1

Xn21
l5 i1 1

1

l!
ðtl 1ϕl tð ÞÞulQiðy�Þ

" #
:

ð4:54Þ

Let uQi(y�)(t) denote the expression in braces in Eq. (4.54). Then we get

z�ðtÞ5
Xn21
i5 0

B�
Qiðy�ÞuQiðy�ÞðtÞ5B�

Jnðy�ÞuJnðy�ÞðtÞ: ð4:55Þ

Thus, according to Eq. (4.55), we conclude that uJnðy�ÞðtÞ. 0 for small t.

Therefore, since JnDJk, it follows from Eq. (4.55) that z�ðtÞAK�
Jk
for small t (see

Eq. (4.39), determining KJ and the dual cone K�
J in the previous section). Then by

virtue of the necessary and sufficient conditions, it can be concluded that yk(x)

minimizes hy, z�(t)i over F(x) for small t; i.e., kAI1[z
�(t)] for small t.

Now we can formulate an important property of the differential inclusion (equa-

tion) in Eq. (4.51).
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Lemma 4.7. There is a vertex defined by the index k, such that the solution of the

differential equation in Eq. (4.51) with the initial condition y�(0)5 y� and the solu-

tion of

d

dt
y�ðtÞ52C�

k z
�ðtÞ; y�ð0Þ5 y�; kA I1ðy�Þ ð4:56Þ

coincide for sufficiently small t.

& In fact, the solution of the differential equation in Eq. (4.56) as denoted above

by z�( � ) is such that kAI1[z
�(t)]. Therefore, by definition of Eq. (4.43) of f(y�),

f ðz�ðtÞÞ52C�
k z

�ðtÞ;

i.e.,

d

dt
z�ðtÞ5 f ðz�ðtÞÞ:

Thus, z�( � ) is the solution of the differential equation in Eq. (4.51). Since the solu-
tion of this equation is unique, it follows that y�(t)5 z�(t) as was to be proved.’

Now, with the help of Lemma 4.7, we prove the piecewise linearity of the dif-

ferential equation contained in Eq. (4.48), where u�(t)� 0 (remember that g� 0 by

hypothesis).

Theorem 4.10. Let ~xðtÞ; tA ½t1; t2� be an optimal trajectory lying entirely in the

nondegeneracy domain D of a polytope F(x). Then the differential inclusion in

Eq. (4.48) [u�(t)� 0] has a unique solution on the interval [t1, t2]. Furthermore, the

interval [t1, t2] can be divided into a finite number of half intervals of the form

½τj; τj1 1Þ; j5 0; 1; . . .M21; τ0 5 t1; τj , τj1 1; τM 5 t2 such that in each of

them, x�(t) is a solution of the differential equation

2 _x�ðtÞ5C�
kðjÞx

�ðtÞ; C�
kðjÞ 5A�

JkðjÞB
�21
JkðjÞ ; ð4:57Þ

where k(j) are vertices of the polytope Fð ~xðtÞÞ on which are attained the minimum

of hy, x�(t)i over yAFð ~xðtÞÞ:
& The uniqueness assertion was proved above. We prove the second assertion. By

Lemma 4.7, each τA[t1, t2] corresponds to some half interval [τ, τ1Δ), Δ. 0

such that the solutions of the equations

_x�ðtÞ5 f ðx�ðtÞÞ ð4:58Þ

and

_x�ðtÞ52C�
k x

�ðtÞ; kA I1ðx�ðτÞÞ ð4:59Þ
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coincide. By analogy it can be shown that there exists Δ1. 0 so that the differential

equations in Eqs. (4.58) and (4.59) (maybe for another k) on the half interval of the

form (τ�Δ1, τ] have the same solutions. Thus, every point τA[t1, t2] corresponds

to an interval (τ�Δ1, τ1Δ) and in each half interval of this interval, Eq. (4.58) is

equivalent to Eq. (4.59) for some k. Thus, taking all τA[t1, t2] from the collection

of corresponding intervals, we can choose a finite covering of [t1, t2]. Denoting now

the end points and midpoints of the intervals contained in this covering by τj and
enumerating them in ascending order, we find that in each interval (τj, τj1 1),

Eq. (4.58) is equivalent to Eq. (4.59) for some k. Since it is clear that Eq. (4.59) is

satisfied also at a point τ5 τj, the desired result is proved completely. ’

Let us return to the problem in Eq. (4.50), where N05ℝn and ϕ0 is a smooth

convex function.

Theorem 4.11. Let ϕ0 be a smooth convex function and N05ℝn. Then if

~xðtÞ; tA ½0; 1� is an optimal trajectory lying entirely in the nondegeneracy domain

D of a polytope F(x) and satisfying ~xðtÞA int M1; then the conditions

1: x�ð1Þ1 x�e 5λ0ϕ0
0ð ~xð1ÞÞ; x�e AK�

M1
ð ~xð1ÞÞ;

2: 2 _x�ðtÞ5A�λðtÞ; x�ðtÞ5B�λðtÞ; λðtÞ$ 0;
hλðtÞ;A ~xðtÞ2B ~xðtÞ2 di5 0; a:e: tA ½0; 1�

ð4:60Þ

x�ð0ÞAK�
N0
ð ~xð0ÞÞ

are sufficient for the optimality of ~xðtÞ: Here, the real number λ0$ 0, vector x�e , and
function x�( � ) are not all zero.
& It follows from the hypotheses that KM1

ð ~xð1ÞÞ5ℝn and so K�
M1
ð ~xð1ÞÞ5 f0g: Then

by hypothesis 1 in Eq. (4.60), x�e 5 0: Consequently, we find that λ0 6¼ 0. Actually, if

we suppose that this is not so (i.e., λ05 0), then from the first hypothesis in Eq. (4.60),

we derive that x�(1)5 0. Thus, the piecewise linearity of Eq. (4.58) (see also

Eq. (4.57)) implies that x�(t)� 0. This contradicts the fact that the real number λ0$ 0,

vector x�e ; and function x�( � ) are not all zero. Therefore, we have λ0. 0. Finally,

taking into account Theorem 4.6 and Remark 4.6, we get the desired result.’

Now, with the use of Theorem 4.10 we prove the main result, which can be

called the theorem on the finiteness of the number of switchings. First, we assume

satisfaction of the following condition for generality of position: let the set of

vectors

wki;Ckwki; . . . ;C
n21
k wki ð4:61Þ

be linearly independent for each vertex of number k and rib wki, iAJk.

Theorem 4.12. Let ~xðtÞ; tA ½0; 1� be an optimal trajectory lying entirely in the

nondegeneracy domain D of a polytope F(x). Furthermore, suppose that x�(t)c0
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and the condition for generality of position is satisfied. Then the interval [t1, t2] can

be divided into a finite number of half intervals ½τj; τj1 1Þ; j5 0; 1; . . . ;M21 such

that in each of them an optimal trajectory ~xðtÞ and an adjoint trajectory x�(t) are
solutions of the differential equations

_~x ðtÞ52Ck ~xðtÞ2B21
Jk

dJk ; Ck 5B21
Jk

AJk ; _x�ðtÞ52C�
k x

�ðtÞ;

respectively.

& According to Theorem 4.11, the adjoint equation for x�(t) on half interval

[τj, τj1 1) is described in Eq. (4.59). In turn, by Theorem 4.49, _~xðtÞ almost every-

where minimizes hy, x�(t)i over Fð ~xðtÞÞ: In particular, at the vertex yk(x), the mini-

mum of hy, x�(t)i relative to Fð ~xðtÞÞ is attained, where

ykðxÞ5B21
Jk

ðAjkx2 djk Þ5Ckx2B21
jk

djk :

We shall show that this minimum cannot be attained at another vertex by infi-

nitely many points t (see also Refs. [140,223]). On the contrary, if in addition to

ykð ~xðtÞÞ there is also a vertex yið ~xðtÞÞ at which the indicated minimum is attained on

infinitely many points t, then

�
wki; x

�ðtÞ�5 0 ð4:62Þ

on the infinitely many points t, too. Since the function x�( � ) is the solution of

Eq. (4.59) with constant coefficients, it is analytic; i.e., function hwki; x�ðtÞi5 0 is

also analytic. This analytic function of the variable t by Eq. (4.62) vanishes for an

infinite set of values t, so that we have throughout the interval [τj, τj1 1) the validity

of Eq. (4.62). On differentiating the relationship successively with respect to t, we get

�
Cl
kwki; x

�ðtÞ�5 0; l5 0; 1; . . . ; n21: ð4:63Þ

Since by the hypothesis of generality of position, the vectors in Eq. (4.61) form

a basis of the space ℝn, Eqs. (4.62) and (4.63) imply that given any t, tA[τj, τj1 1]

the vector x�(t) is orthogonal to all the vectors of a basis [i.e., x�(t)� 0], which con-

tradicts the assumption of the nontriviality of the solution x�(t), tA[τj, τj1 1]. This

completes the proof of the theorem. ’

Finally in this section, by applying the method described in Sections 4.3 and 4.4, we

can investigate a Mayer optimization problem of optimal control on a linear manifold:

infimum ϕ0ðxð1ÞÞ
_x5Ax1Bu; xð0Þ5 x0AL;
xðtÞALDℝn ’tA ½t0; t1�;
uðtÞAUCℝr ’tA ½0; 1�
L5 fx : Cx2 d5 0g; U5 fu : Wu # pg:

ð4:64Þ

176 Approximation and Optimization of Discrete and Differential Inclusions



Here A, B, C, W are n3 n, n3 r, k3 n, m3 n matrices, respectively; ϕ0, ϕ are

as before, continuous convex functions; and we shall regard as any permissible

piecewise-continuous controls with values in the control domain U. For definite-

ness, at each point of discontinuity u(τ)5 u(τ20). Moreover, d and p are column

vectors of corresponding dimensions. Assume that rank C5 k, i.e., the dimension

of the linear manifold L is dim L5 n2 k. Obviously, for the trajectory x(t), tA[0, 1]

associated with a permissible control u(t)AU to lie on a linear manifold L, we

require that C _xðtÞ5 0; tA ½0; 1�; i.e.,

CðAxðtÞ1BuðtÞÞ5 0; uðtÞAU; tA ½0; 1�:

Then it is easy to see that the problem in Eq. (4.64) is equivalent to the follow-

ing Mayer problem for polyhedral differential inclusion:

infimum ϕ0ðxð1ÞÞ
subject to ϕðxð1ÞÞ # 0;
_xðtÞAFðxðtÞÞ; tA ½0; 1�;
FðxÞ5 fy5Ax1Bu : uAF0ðxÞg;
F0ðxÞ5 fu : Wu # p; CðAx1BuÞ5 0g:

ð4:65Þ

Taking into account a concrete form of LAM, the next theorem is almost

a word-for-word repetition of Theorem 4.11. In what follows, we assume that

F(x)5Ax1BF0(x) is a polytope (or bounded polyhedron).

Theorem 4.13. Let ~xðtÞ; tA ½0; 1� be a feasible solution of the problem in

Eq. (4.65) and ~xðtÞA int dom F. The necessary condition for the trajectory ~xðUÞ to
be optimal is that there exist a control function ~uðUÞ; number λ0$ 0, vector

x�0 AK�
M1
ð ~xð1ÞÞ, and nontrivial adjoint trajectory x�( � ), not all zero, such that

1. x�ð1Þ1 x�e Aλ0@ϕ0ð ~xð1ÞÞ;

2.
2 _x�ðtÞ5A�x�ðtÞ2A�C�λðtÞ; B�x�ðtÞ5B�C�λðtÞ2W�γðtÞ;
hγðtÞ;W ~uðtÞ2 pi5 0; λðtÞ$ 0; γðtÞ$ 0;

where M15 {x:ϕ(x)# 0}.

Obviously, if L5ℝn and U is a bounded polyhedron, then hypothesis 2 of

Theorem 4.13, as in linear optimal control theory, consists of the following:

_x�ðtÞ52A�x�ðtÞ;
hB ~uðtÞ; x�ðtÞi5 max

uAU
hBu; x�ðtÞi

Let ul(x), l5 1,. . ., q be the set of vertices of a polytope F0(x) and

ŵli; iA Jl [ f1; :::; kg; l5 1; :::; q be the collection of ribs of F0(x). Then we can for-

mulate the condition for generality of position: the vectors

Bŵl i; ðA1HlÞBŵl i; ðA1HlÞ2Bŵl i; . . . ; ðA1HlÞn21Bŵl i ð4:66Þ
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are linearly independent in space ℝn for any fixed l and all iAJl[{1, . . . , k}. Note
that here by using the Frobenius formula [175] for determining the inverse of a

matrix that has been partitioned into submatrices, the matrix Hl has a concrete

form. It should be noted that Hl is the zero matrix if L5ℝn (for more detailed

information, see Ref. [143]) and then Eq. (4.66) implies the well-known condition

for generality of the classical linear theory of optimal control. We shall describe as

a switching point a point of discontinuity of ~uðtÞ; i.e., if τ is a point of discontinuity

of ~uðtÞ and ~uðτ20Þ5 uið ~xðτÞÞ; ~uðτ1 0Þ5 ujð ~xðτÞÞ; i 6¼ j; we shall say that a

switching of the optimal control ~uðtÞ occurs at t5 τ from the vertex uið ~xðτÞÞ to the

vertex u jð ~xðτÞÞ: We then formulate Theorem 4.14 on the finiteness of the number

of switchings.

Theorem 4.14. Let ~xðtÞ; tA ½t0; tv� be an optimal trajectory lying entirely in the

nondegeneracy domain D of a polytope F0(x). Moreover, let x�(t) be a nontrivial

adjoint trajectory and suppose that the hypothesis for generality of position in

Eq. (4.66) is satisfied. Then the interval [t0, tv] can be divided into a finite number

of subintervals ½ϑj;ϑj1 1Þ; j5 0; 1; . . . ;N21 (N is natural number) such that in

each of them

_~x ðtÞ5A ~xðtÞ1B ~uðtÞ; ~uðtÞ5 ulð ~xðtÞÞ; _x�ðtÞ52 ðA� 1H�
l Þx�ðtÞ:

Thus, the function ~uðtÞ is piecewise continuous and its only values are the verti-

ces of the polytope F0ð ~xðtÞÞ:
Now, let us consider the optimization of nonautonomous delay-differential

inclusions of the form

infimum JðxðUÞÞ5 Ð 1
0
gðxðtÞ; tÞdt1ϕ0ðxð1ÞÞ;

subject to _xðtÞAFðxðtÞ; xðt2 hÞ; tÞ; a:e tA ½0; 1�;
xðtÞ5 ξðtÞ; tA ½2 h; 0�; xð1ÞAM1:

ð4:67Þ

For simplicity we assume that F( � , � , t) is convex, g, ϕ0 are continuous and con-

vex on x, M1 is a convex set, and ξ(t), tA[2 h,0] is an absolutely continuous initial

function. It is required to find a trajectory x(t), tA[2 h, 1] satisfying almost every-

where the delay-differential inclusion in Eq. (4.67) and that minimizes the cost

functional J(x( � )).

Theorem 4.15. Let F( � , � , t) be a convex, closed, and bounded mapping, and

moreover let the mapping t-gph F( � , � , t) be lower semicontinuous. Then the nec-

essary condition for the trajectory ~xðtÞ; tA ½2 h; 1� of the problem in Eq. (4.67) to

satisfy ð ~xðtÞ; ~xðt2 hÞÞA int dom FðU ; U ; tÞ with the initial condition to be optimal is

that there exist a number λ0$ 0, vector x�e ; and a pair of Lipschitzian functions

x�( � )η�( � ), not all zero, such that

1. x�e 2 x�ð1ÞAλ0@ϕð ~xð1Þ; 1Þ; x�e AK�
M ; η�ð1Þ5 0;
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2. ð2 _x�ðtÞ; η�ðtÞÞAF�ðx�ðtÞ; ð ~xðtÞ; ~xðt2 hÞ; _~x ðtÞÞ; tÞ
1 fη�ðt1 hÞ2λ0@gð ~xðtÞ; tÞg3 f0g; a:e: tA ½0; 12 hÞ; @gð ~xð0Þ; 0Þ5 0;

3. ð2 _x�ðtÞ; η�ðtÞÞAF�ðx�ðtÞ; ð ~xðtÞ; ~xðt2 hÞ; _~x ðtÞÞ; tÞ
1 f2λ0@gð ~xðtÞ; tÞg3 f0g; a:e: tA ½12 h; 1�;

4. _~xðtÞAFð ~xðtÞ; ~xðt2 hÞ; x�ðtÞ; tÞ; a:e: tA ½0; 1�:
In addition, if λ0. 0, then these conditions are sufficient for optimality of ~xð�Þ:

& The proof of necessity is analogous to the nonautonomous problem (Theorem 4.3).

The only difference is that in the process of discretization of a continuous problem

(Eq. (4.67)), we use Theorem 4.1. To avoid long calculations, we omit it. Let us prove

sufficiency, if λ0. 0. Without loss of generality, we set λ05 1. By Theorem 2.1, we

have

F�ðy�; ðx; x1; y; tÞÞ5 @ðx;x1ÞHðx; x1; y�; tÞ; yAFðx; x1; y�; tÞ:

Using this formula, condition ð ~xðtÞ; ~xðt2 hÞÞA int dom FðU ; U ; tÞ; and Theorem

1.28, it is easy to see that conditions (b) and (c) are equivalent to the following

relations, respectively:

HðxðtÞ; xðt2 hÞ; x�ðtÞ; tÞ2Hð ~xðtÞ; ~xðt2 hÞ; x�ðtÞ; tÞ2 gðxðtÞ; tÞ1 gð ~xðtÞ; tÞ
# h2 _x�ðtÞ2 η�ðt1 hÞ; xðtÞ2 ~xðtÞi1 hη�ðtÞ; xðt2 hÞ2 ~xðt2 hÞi;
a:e: tA ½0; 12 hÞ:

ð4:68Þ
HðxðtÞ; xðt2 hÞ; x�ðtÞ; tÞ2Hð ~xðtÞ; ~xðt2 hÞ; x�ðtÞ; tÞ2 gðxðtÞ; tÞ1 gð ~xðtÞ; tÞ
# h2 _x�ðtÞ; xðtÞ2 ~xðtÞi1 hη�ðtÞ; xðt2 hÞ2 ~xðt2 hÞi; a:e: tA ½12 h; 1�:

ð4:69Þ

Then, since HðxðtÞ; xðt2 hÞ; x�ðtÞ; tÞ$ h _xðtÞ; x�ðtÞi; a:e: tA ½0; 1� for an arbi-

trary feasible solution x( � ), by condition (d) of theorem we obtain from Eq. (4.68)

h _xðtÞ; x�ðtÞi # h_~x ðtÞ; x�ðtÞi1 gðxðtÞ; tÞ2 gð ~xðtÞ; tÞ
1 h2 _x�ðtÞ2 η�ðt1 hÞ; xðtÞ2 ~xðtÞi1 hη�ðtÞ; xðt2 hÞ2 ~xðt2 hÞi;
a:e: tA ½0; 12 hÞ:

Therefore,

d

dt
hxðtÞ; x�ðtÞi # gðxðtÞ; tÞ2 gð ~xðtÞ; tÞ

1 h2 _x�ðtÞ2 η�ðt1 hÞ; xðtÞ2 ~xðtÞi1 hη�ðtÞ; xðt2 hÞ2 ~xðt2 hÞi;
a:e: tA ½0; 12 hÞ
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or

d

dt
hxðtÞ; x�ðtÞi # gðxðtÞ; tÞ2 gð ~xðtÞ; tÞ1 d

dt
h ~xðtÞ; x�ðtÞi

2 hη�ðt1 hÞ; xðtÞ2 ~xðtÞi1 hη�ðtÞ; xðt2 hÞ2 ~xðt2 hÞi; a:e: tA 0; 12 hÞ:½

Integrating this inequality over interval [0, 1,2 h], we obtain

hxð12 hÞ; x�ð12 hÞi2 hxð0Þ; x�ð0Þi #
Ð 12 h

0
½gðxðtÞ; tÞ2 gð ~xðtÞ; tÞ�dt

1 h ~xð12 hÞ; x�ð12 hÞi
2 h ~xð0Þ; x�ð0Þi2 Ð 12 h

0
hη�ðt1 hÞ; xðtÞ2 ~xðtÞidt1 Ð 12 h

0
hη�ðtÞ; xðt2 hÞ

2 ~xðt2 hÞidt

ð4:70Þ

Analogously, from Eq. (4.69), it follows that

hxð1Þ; x�ð1Þi2 hxð12 hÞ; x�ð12 hÞi #
Ð 1
12 h

½gðxðtÞ; tÞ2 gð ~xðtÞ; tÞ�dt
1 h ~xð1Þ; x�ð1Þi2 h ~xð12 hÞ; x�ð12 hÞi1 Ð 1

12 h
hη�ðtÞ; xðt2 hÞ2 ~xðt2 hÞidt

ð4:71Þ

On the other hand, because ~xðtÞ5 xðtÞ5 ξðtÞ; tA ½2 h; 0�; we get
ðh
0

hη�ðtÞ; xðt2 hÞ2 ~xðt2 hÞidt5
ð0
2 h

hη�ðt1 hÞ; xðtÞ2 ~xðtÞidt5 0:

Hence, summing the inequalities in Eqs. (4.70) and (4.71), we deduce that

hxð1Þ; x�ð1Þi #

ð1
0

gðxðtÞ; tÞ2 gð ~xðtÞ; tÞ½ �dt1 h ~xð1Þ; x�ð1Þi ð4:72Þ

Moreover, condition (a) implies that the inequalities

ϕ0ðxð1ÞÞ2ϕ0ð ~xð1ÞÞ$ hxð1Þ2 ~xð1Þ; x�e 2 x�ð1Þi;
hxð1Þ2 ~xð1Þ; x�ei$ 0

ð4:73Þ

hold. Thus, the inequalities in Eqs. (4.72) and (4.73) give us

Ð 1
12 h

gðxðtÞ; tÞ2 gð ~xðtÞ; tÞ½ �dt1ϕ0ðxð1ÞÞ2ϕ0ð ~xð1ÞÞ
$ hxð1Þ2 ~xð1Þ; x�ð1Þi1 hxð1Þ2 ~xð1Þ; x�e 2 x�ð1Þi5 hxð1Þ2 ~xð1Þ; x�ei$ 0;

which completes the proof of the theorem. ’

At the end of this section, note that for nonautonomous polyhedral differential inclu-

sions (4.67) without delay effect (h5 0), where F(x, t)5 {yAℝn:A(t)x2B(t)y# d(t)},
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A(t), B(t) are (n21) order continuously differentiable m3 n matrices, and d(t) is a con-

tinuous column vector, by analogy we can prove theorems like Theorems 4.12 and

4.14, which can be characterized as theorems on the finiteness of the number of switch-

ings. But it should be pointed out that in this case the condition for generality of posi-

tion is absolutely different. Indeed, let wki(t), iAJK be a rib connected with the each

vertex of number k. Indeed, take

G0
kiðtÞ5wkiðtÞ; G1

kiðtÞ5
dG0

kiðtÞ
dt

2CkðtÞG0
kiðtÞ; Gl

kiðtÞ
dGl21

ki ðtÞ
dt

2CkðtÞGl21
ki ðtÞ

l5 1;2; . . . ; n21; CkðtÞ5B21
Jk

ðtÞAJk ðtÞ:

Then we assume satisfaction of the following condition for generality of posi-

tion: let for all tA[t0, t1] the set of vectors

G0
kiðtÞ; G1

kiðtÞ; :::; Gn21
ki ðtÞ; iA Jk; k5 1; :::; q

be linearly independent for each vertex of number k and rib wki, iAJk. Here, q is

the number of vertices of the polyhedron. It can easily be seen that the generality

of position in Eq. (4.61) is obtained from linear independence of the above vectors,

if we take A(t)�A, B(t)�B, d(t)� d.

4.5 Bolza Problems for Differential Inclusions with State
Constraints

In this section, a Bolza problem of optimal control, whose dynamic constraint are

given by some class of nonconvex differential inclusions, is considered. Sufficient

conditions are proved in terms of the Euler�Lagrange inclusion, Hamiltonian

inclusion, and Weierstrass�Pontryagin maximum condition. Here, a new concept

of LAM, defined by means of the Hamiltonian function, is introduced. Of course, a

jump condition connected with state constraints and formulated t1-transversality

conditions are essential. Our problem with a varying time interval labeled by (P)

consists of the following:

infimum J½xðUÞ; t1�5
Ð t1
t0
gðxðtÞ; tÞdt1ϕ0ðxðt1Þ; t1Þ;

ðPÞ subject to _xðtÞAFðxðtÞ; tÞ; a:e tA ½t0; t1�;
xðt0Þ5 x0; xðt1ÞAM1;
xðtÞAΦðtÞ; tA ½t0; t1�;

where, as usual, F( � , t), tA[t0, t1] is a nonautonomous multivalued function, g, ϕ:
ℝn3 [t0, t1]-ℝ[{1N}; M1 is a set of target points x(t1); and the initial time

moment t0 is fixed, whereas the instant t1 is nonfixed. The integral in the cost func-

tional J is understood as that of Lebesgue. A feasible solution x(t) of problem (P)
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is absolutely continuous. The state constraint is satisfied everywhere; i.e., x(t)AΦ(t)
’tA[t0, t1]. Below we show that an adjoint trajectory has jumps, which are typical

for control systems with state constraints, and among sufficient conditions there

appears a condition of jumps (see also Ref. [221]), where the number of jump

points may be countable.

Definition 4.3. The multivalued function defined by the formula

F�ðv�; ðx0; v0Þ; tÞ5 fx� : Hðx; v�Þ2Hðx0; v�Þ # hx�; x2 x0i ’xAℝng;
v0AFðx0; v0Þ

is called the LAM to the nonconvex mapping F at the point (x0, y0)Agph F. Note

that for smooth functions H( � , y�), the inequality in this definition can be given by

the Weierstrass function [111], which plays an important role in classical varia-

tional calculus problems. Obviously, for a convex multivalued function F( � , t), this
formula can be expressed by the subdifferential of the Hamiltonian function con-

tained in Theorem 2.1. On the other hand, it can easily be checked that F� is a con-
vex closed set at a given point.

Proposition 4.1. For a nonconvex multivalued function F( � , t), the value of the

LAM at a point (x, v)Agph F( � , t) is a convex closed set.

& Indeed it follows from Definition 2.2 that if x�1; x
�
2 AF�ðv�ðx; vÞ; tÞ; then

λ1x
�
1 1λ2x

�
2 AF�ðv�; ðx; vÞ; tÞ; i.e., the LAM is convex valued. On the other hand,

for a sequence x�n AF�ðv�; ðx; vÞ; tÞ such that x�n-x�0 as n-N, by Definition 2.2

Mðx1; v�; tÞ2Mðx; v�; tÞ # hx�0; x1 2 xi; i:e:; x�0 AF�ðv�; ðx; vÞ; tÞ

and the value of the LAM is a closed set. The proof is completed. ’

Let ~xðtÞ; tA ½t0; t1� be any feasible solution of problem (P). We construct the

adjoint differential inclusion of the adjoint trajectory x�(t) as follows:

a. 2 _x�ðtÞAF�ðx�ðtÞ; ð ~xðtÞ; _~xðtÞÞ; tÞ;
b. ~xðtÞAFð ~xðtÞ; x�ðtÞ; tÞ; a:e: tA ½t0; t1�;
which would be fulfilled for all xAΦ(t). Assume that the solution x�(t), tA[t0, t1]

satisfies the adjoint differential inclusion a almost everywhere and may be repre-

sented as a sum of an absolutely continuous function and a function of jumps. Note

that an inclusion of the form (a) usually is called an Euler�Lagrange inclusion. By

the definition of the Argmaximum set, it is easy to see that (b) implies the

Weierstrass�Pontryagin maximum principle.

Let us denote the points of jumps and the values of jumps of x�(t) by

τi; ði5 1; 2; . . .Þ; t0 , τi , t1; x�i 5 x�ðτi 1 0Þ2 x�ðτi 20Þ; ði5 1; 2; . . .Þ;

respectively.
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Definition 4.4. Let WM1\ΦðtÞ be a support function to the set M1\Φ(t). Then we

say that for a feasible solution ~xðtÞ of problem (P), the t1-transversality condition is

satisfied on the set M1 if the inequality

2 hx�ðtÞ; ~xðtÞi.WM1\ΦðtÞð2 x�ðtÞÞ; t0 # t, t1

holds strictly. Clearly, ~xðtÞ =2M1 \ ΦðtÞ and so ~xðtÞ =2M1 for all tA[t0, t1). In other

words, the t1-transversality condition guarantees that the point ~xðtÞ belongs to the

set M1 only at the instant t5 t1.

Definition 4.5. If the inequality

J½xðUÞ; θ0�, J½xðUÞ; θv�

holds for all θ0, θvA[t0, t1], where θ0 , θv and for all feasible trajectories of the

problem (P), then the cost functional J[x( � ), t] is said to be monotonically increas-

ing with respect to t.

Remark 4.8. The monotonicity condition of J[x( � ), t] in t for all feasible solutions

x(t) is not very restrictive or nonverifiable. For example, it is fulfilled for time opti-

mal control problems, (ϕ� 0, g� 1) for problems with quadratic cost functional,

for Lagrange [ϕ(x, t)� 0] problems with nonnegative integrand g and so on.

Theorem 4.16. Let ~xðUÞ be any feasible arc of a nonconvex problem (P) and let

there exists an adjoint feasible function x�( � ) satisfying almost everywhere condi-

tions (a) and (b) and which may be represented as the sum of an absolutely contin-

uous function and a function of jumps. Moreover, assume that the Bolza cost

functional J[x( � ), t] is monotonically increasing with respect to t for any feasible

arc x( � ) of the problem (P) and that the following conditions are satisfied:

i. g ðx; tÞ2 g ð ~xðtÞ; tÞ$ h2 x�ðtÞ; x2 ~xðtÞi a:e: tA ½t0; t1� and ’xAΦðtÞ;
ii. ϕðx; t1Þ2ϕð ~xðt1Þ$ h2 x�ðt1Þ; x2 ~xðt1Þi ’xAΦðt1Þ \M1;

ϕðx; t1Þ2ϕð ~xðt1Þ$ h2 x�ðt1Þ; x2 ~xðt1Þi ’xAΦðt1Þ \M1;
iii. The jumps x�i satisfy the jump conditions h ~xðτiÞ; x�i i5WΦðτiÞðx�i Þ ðx�i Þ; i5 1; 2; . . . :
iv. For a feasible solution ~xðUÞ of problem (P), the t1-transversality condition on the set M1

is satisfied.

Then the arc ~xðUÞ is optimal.

& Let x( � ) be an arbitrary feasible solution of the problem (P), which transfers the

state from the fixed point x0 to the setM1 in the time interval [t0, θ]. We shall show that

J½xðUÞ; θ�$ J½ ~xðUÞ; t1�:

By Definition 4.3 for almost all tA[t0, t1], we can rewrite the inclusion (a) as

follows:

HðxðtÞ; x�ðtÞ; tÞ2Hð ~xðtÞ; x�ðtÞ; tÞ # h2 _x�ðtÞ; xðtÞ2 ~xðtÞi:
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or in view of condition (b),

HðxðtÞ; x�ðtÞ; tÞ2 h ~xðtÞ; x�ðtÞi # h2 _x�ðtÞ; xðtÞ2 ~xðtÞi: ð4:74Þ

Since by definition of Hamiltonian functions, H(x(t), x�(t), t)$ hx(t), x�(t)i for

all feasible trajectories, from Eq. (4.74), we have

dψðtÞ
dt

$ 0 for almost all tA t0; t1½ �; where ψðtÞ5 h2 x�ðtÞ; xðtÞ2 ~xðtÞi:

Then, integrating the last inequality over the interval [t0, t1] and taking into

account that xðtÞ5 ~xðtÞ5 x0; we find thatðt1
t0

_ψðtÞdt5 h2 x�ðt1Þ; xðt1Þ2 ~xðt1Þi$ 0 ð4:75Þ

Note that t1 is free and the last inequality is true for any t15 θ. Since xðUÞ; ~xðUÞ
are absolutely continuous, the function ψ( � ) can be represented as a sum of an

absolutely continuous function and a function of jumps (see, for instance, Ref.

[139])

ψðθÞ5ψðt0Þ1
ðθ
t0

_ψðtÞdt1
X
iA IðtÞ

½ψðτi 1 0Þ2ψðτi 20Þ�; IðtÞ5 fi : τi A ½t0; t�g

ð4:76Þ

Further, by condition (iii) we derive that the values of the jumps of ψ at points

τi, i5 1, 2, . . . are the following quantities

ψðτi 1 0Þ2ψðτi 20Þ5 hxðτiÞ2 ~xðτiÞ; 2 x�i i52 hxðτiÞ; x�i i1WΦðτiÞðx�i Þ:

Now, since x(τi)AΦ(τi), it is evident that

ψðτi 1 0Þ2ψðτi 20Þ$ 0 ’τiA ½t0; θ�

or X
iA IðθÞ

½ψðτi 1 0Þ2ψðτi 20Þ�$ 0:

Therefore, from Eq. (4.76), we find that ψ(θ)$ψ(t0), or

hxðθÞ2 ~xðθÞ; 2 x�ðθÞi$ hxðt0Þ2 ~xðt0Þ; 2 x�ðt0Þi:

Since xðtÞ5 ~xðtÞ5 x0; the right-hand side of the latter inequality is zero, so

hxðθÞ; 2 x�ðθÞi$ h ~xðθÞ; 2 x�ðθÞi ð4:77Þ
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Thus, from the t1-transversality condition on the set M1 of condition (iv) and

from Eq. (4.77), we observe that

hxðθÞ; 2 x�ðθÞi.WM1\ΦðtÞð2 x�ðθÞÞ ð4:78Þ

Let ΔJ5 J½xðUÞ; θ�2 J½ ~xðUÞ; t1� be an increment of the Bolza cost functional J,

obtained by the transition from arc ~xðUÞ to the arc x( � ). Then (see Refs. [155,157])

we have

ΔJ5ϕðxðθÞ; θÞ1 Ð θ
t0
gðxðtÞ; tÞdt2ϕð ~xðt1Þ; t1Þ2

Ð t1
t0
gð ~xðtÞ; tÞdt

5ϕðxðθÞ; θÞ1 Ð θ
t0
gðxðtÞ; tÞdt2ϕðxðt1Þ; t1Þ2

Ð t1
t0
gðxðtÞ; tÞdt1ϕðxðt1Þ; t1Þ

1
Ð t1
t0
gðxðtÞ; tÞdt2ϕð ~xðt1Þ; t1Þ2

Ð t1
t0
gð ~xðtÞ; tÞdt

ð4:79Þ

On the other hand, conditions (ii) and (iii) of the theorem imply that

ϕðxðt1Þ; t1Þ2ϕð ~xðt1Þ; t1Þ1
Ð t1
t0
½gðxðtÞ; tÞ2 gð ~xðtÞ; tÞ�dt

$ 2 hx�ðt1Þ; xðt1Þ2 ~xðt1Þi2
Ð t1
t0
hx�ðtÞ; xðtÞ2 ~xðtÞidt:

Then, since this inequality holds for any tA[t0, t1], the relation in Eq. (4.79)

gives us

ΔJ$ϕðxðθÞ; θÞ1
ðθ
t0

gðxðtÞ; tÞdt2ϕðxðt1Þ; t1Þ2
ðt1
t0

gðxðtÞ; tÞdt: ð4:80Þ

To prove the optimality of ~xðUÞ; let us assume the contrary; i.e., for all feasible

arc x(t),

tA[t0, θ], x(θ)AM1 the increment ΔJ, 0, i.e., J½xð:Þ; θ�, J½ ~xðUÞ; t1�:
Because of Eq. (4.80), J[x( � ), θ], J[x( � ), t1]. Therefore, from the monotonicity

of J we have θ, t1. Thus, by the t1-transversality condition, it follows from

Eq. (4.78) that x(θ) =2M1\Φ(θ) and so x(θ) =2M1; i.e., the arc x( � ) cannot realize the

transition from the interval [t0, θ] to the set M1. This is a contradiction. ’

Corollary 4.5. If in problem (P), F( � , t), tA[t0, t1] is a closed convex multivalued

function, then conditions (a) and (b) of Theorem 4.16 can be rewritten in

Hamiltonian form

2 _x�ðtÞA @xHð ~xðtÞ; x�ðtÞ; tÞ;
_~xðtÞA @y�Hð ~xðtÞ; x�ðtÞ; tÞ:

& The proof is elementary (see also Corollary 4.1). By Definition 4.2, for convex

multivalued functions F, the Hamiltonian function is concave in the first argument

and so F� is the subdifferential of a Hamiltonian function.’
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Remark 4.9. If θ5 t1 is fixed, then it follows from Eq. (4.80) that ΔJ$ 0; i.e.,

~xðUÞ is optimal. Therefore, the monotonicity of J[x( � ), t] on t is superfluous.

Example 4.3. Consider the following time optimal problem described by the

equation

_x1 5 x2;
_x2 5 u;

�
ð4:81Þ

where u is the control parameter juj# 1 and jx2j# 1, t05 0, x(0)5 x0, x(t1)5 0.

Here, x0 is an arbitrary initial point. We have the state constraints

ΦðtÞ � fx5 ðx1; x2Þ : 21 # x2 # 1g: ð4:82Þ

According to the classical theory of optimal control, if u(t)5 0, then the solution

runs along the line x25 k (k is constant). Moreover, if u(t)5 1 1, then the solution

x(t) runs along the parabola.

x121/2(x2)25 k. Similarly, x(t) runs along the parabola x11 1/2(x2)25 k, if

u(t)521. Take an arbitrary point x0, for example, in the third orthant of

ℝ2ðx0 5 ðx10; x20Þ # 0Þ (for all other points the description will be similar). Thus, the

control u(t) has a form

~uðtÞ5
1 1; if tA ½0; τ1Þ;
0; if tA ½τ1; τ2�;
21; if tA ðτ2; t1�:

8<
: ð4:83Þ

By applying Theorem 4.16, we shall show that the given control ~uðtÞ and the

corresponding solution ~xðtÞ are optimal. We have the multivalued function

Fðx; tÞ5 fy5 ðy1; yÞ2 Aℝ2 : y1 5 x2; jy2j # 1g:

The Hamiltonian function has the form

Hðx; y�Þ5 x2y1� 1 jy2�j ð4:84Þ

Then, by definition of the LAM, we get

F�ðx�ðtÞ; ð ~xðtÞ; _~xðtÞÞ; tÞ5 f2 _x�ðtÞ : Hðx; x�ðtÞ; tÞ2Hð ~xðtÞ; x�ðtÞ; tÞ
# h2 _x�ðtÞ; x2 ~xðtÞig

for all xAℝ2 and _~xðtÞAFð ~xðtÞ; x�ðtÞ; tÞ: In other words,

ðx1 2 ~x1ðtÞÞ _x1� 1 ðx2 2 ~x2ðtÞÞð _x2� 1 x1�Þ # 0 ð4:85Þ
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must hold for all xAℝ2. As we see from Eq. (4.85), F� depends on ~xðtÞ; whether it
is the boundary or interior point of Φ(t) (see Eq. (4.82)):

F�ðx�; ð ~xðtÞ; _~xðtÞÞ; tÞ5
½x�5 ðx1� ;x2� Þ : _x1� 50; _x2

�
1x1

�
# 0�; if ~x2ðtÞ521;

½x�5 ðx1� ;x2� Þ : _x1� 50; _x2
�
1x1

�
50�; if ~x2ðtÞj,1;

½x�5 ðx1� ;x2� Þ : _x1� 50; _x2
�
1x1

�
$0�; if ~x2ðtÞ5 11:

8<
:

ð4:86Þ

Using Eq. (4.84), the condition (b) has the form

~uðtÞx2�ðtÞ5 jx2�ðtÞj

and so for those instances tA[0, t1] where x2
�
(t) 6¼ 0, we get the formula

~uðtÞ5 sign x2
� ðtÞ and clearly j ~uðtÞj # 1; if x2

�
(t)5 0. Moreover, the t1-transversality

condition on the set M1 (condition (iv)) of Theorem 4.16 in our problem consists of

the following:

h ~xðtÞ; x�ðtÞi, 0 ’tA ½0; t1Þ ð4:87Þ

Now we shall construct the adjoint function x�(t), which is even absolutely con-

tinuous. Then the jump condition (iii) of Theorem 4.16 will hold for x�(t), automat-

ically. In this case we set for definiteness x1
�
(t)5 1. Furthermore, from the form of

~uðtÞ given by Eq. (4.83), we get

x2
� ðtÞ5

. 0; if tA ½0; τ1Þ;
5 0; if tA ½τ1; τ2�;
, 0; if tA ðτ2; t1�:

8<
:

The function x1
�
(t) must be a solution of the differential equations and inequal-

ities contained in Eq. (4.86) on the intervals [0, τ1), [τ1, τ2], (τ2, t1], respectively.
If we add to this condition the condition of absolute continuity, then we get a

unique function, x1
�
(t), having the form

x2
� ðtÞ5

τ1 2 t; if tA ½0; τ1Þ;
0; if tA ½τ1; τ2�;

τ2 2 t; if tA ðτ2; t1�:

8<
:

We need to check only the t1-transversality condition in Eq. (4.87) on the set

M1. At once we observe that since ~x1ðtÞ, 0; ~x2ðtÞ$ 0; tA ½τ1; t1Þ; Eq. (4.87) is

satisfied on [τ1, t1). It remains to check this condition on the interval [0, τ1).
Setting ~uðtÞ5 1 1 in Eq. (4.81), we find that

~x1ðtÞ5 1

2
t2 1 x20t1 x10; ~x2ðtÞ5 t1 x20; x0 5 ðx10; x20Þ:
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Using the condition ~x2ðτ1Þ5 1; we define τ1 5 12 x20: Inserting this into

Eq. (4.87), we reduce it to the form

2
1

2
ðτ1 2 tÞ2 1 x10 2

1

2
ðx20Þ2 1

1

2

� �
, 0; tA 0; τ1Þ:½

Therefore, ð ~xðtÞ; ~uðtÞÞ satisfies all the hypotheses of the theorem and so is optimal.

4.6 Optimal Control of Hereditary Functional-Differential
Inclusions with Varying Time Interval and State
Constraints

In this section, Bolza problems of optimal control theory with a varying time inter-

val given by convex and nonconvex hereditary differential inclusions (PN), (PV) are

considered. We derive sufficient optimality conditions for neutral functional-differ-

ential inclusions. The existence of constraint conditions implies jump conditions

for the conjugate variable. The sufficient conditions under the t1-transversality con-

dition are proved incorporating Euler�Lagrange and Hamiltonian-type inclusions.

The basic concept of obtaining optimality conditions is that of the LAM and some

specially proved equivalence theorems. Then the application of these results is

illustrated by solving some typical examples.

At first we consider a problem with neutral discrete inclusions:

ðPDÞ infimum
XT
t51

gðxt; tÞ;
subject to xt1 1 AFtðxt; xt2 h; xt2 h21Þ; t5 0; . . . ;T 2 1;

xt 5 ξt; t52 h; 2 h1 1; . . . ; 0;
xt AΦt; t5 1; . . . ;T ; xT AQ;

where g( � , t):ℝn-ℝ[{1N} is a function taking values on the extended line for

all t5 1, . . . , T, Ft:ℝ
3n-P(ℝn) is a multivalued function, ξt are fixed vectors

(t52 h, . . . , 0), Q and Φt are sets in ℝn, and T, h are fixed natural numbers. It is

required to find a feasible trajectory fxtgTt52 h minimizing
PT

t51 gðxt; tÞ: The term

“neutral discrete inclusions” will become clearer later on.

Our second problem is a Bolza problem with state constraints for neutral-type

functional-differential inclusions: choose an arc, which is an absolutely continuous

function on [t02 h, t0) and [t0, t1] (t5 t0 could be a point of discontinuity) and then

infimum J ½xðUÞ; t1Þ� : 5ϕðxðt1Þ; t1Þ1
ðt1
t0

gðxðtÞ; tÞdt;

ðPNÞ subject to _xðtÞAF ðxðtÞ; xðt2 hÞ; _xðt2 hÞ; tÞ a:e: tA ½t0; t1�;
xðtÞ5 ξðtÞ ’tA ½t0 2 h; t0Þ; h. 0;
xðtÞAΦðtÞ ’tA ½t0; t1�;
xðt1ÞAQ;
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where F( � , t):ℝ3n-P(ℝn) is a multivalued function for all fixed tA[t0, t1], the tar-

get set QCℝn is a set of points x(t1); Φ:[t0, t1]-P(ℝn) is a multivalued function; g,

ϕ:ℝn3 [t0, t1]-ℝ[f1Ng, ξ( � ) is an absolutely continuous function on [t02 h,

t0), t0 is fixed, t1 is generally free, and h. 0 is a constant delay. The integral in the

cost functional J is understood in the sense of Lebesgue.

It can be seen that such problems contain time delays not only in the state vari-

ables but also in the velocity variables. The next problem considered is an optimal

control problem (PN) with functional-differential inclusions that are linear in veloc-

ities and involve a neutral-type operator given in the Hale form [99,204,208]:

d

dt
xðtÞ2Axðt2 hÞ½ �AFðxðtÞ; xðt2 hÞ; tÞ:

The third problem is the same problem as (PN), but with a variable delay-differ-

ential inclusion:

infimum J½ðxð:Þ; t1� : 5ϕðxðt1Þ; t1Þ1
ðt1
t0

g ðxðtÞ; tÞdt;

ðPV Þ subject to _xðtÞAFðxðtÞ; xðt2 hðtÞÞ; tÞ a:e: tA ½t0; t1�;
xðtÞ5 ξðtÞ; t0 2 hðt0Þ # t # t0;

xðtÞAΦðtÞ ’tA ½t0; t1�;
xðt1ÞAQ;

where F( � , t):ℝ2n-P(ℝn), h( � ) is a differentiable function satisfying the inequal-

ities h(t). 0, h0(t), 1 and ξ() is absolutely continuous on t0�h(t0)# t# t0. We

minimize the cost functional J over an absolutely continuous functions x:[t02 h

(t0), t1]-ℝn satisfying the indicated delay-differential inclusion (PV) with initial

condition x(t)5 ξ(t), t02 h(t0)# t# t0 and state constraint on [t0, t1].

Section 4.5 deals with a complicated problem with differential inclusion (PV),

which involves a variable delay. For such nonconvex problems, a sufficient condi-

tion is formulated. The simple examples considered show that the results obtained

coincide with the results of classical optimal control theory [94,187,221].

Hypothesis (H1). Suppose that in problem (PD), the multivalued functions are such

that the cones of tangent directions Kgph Ft
ð ~xt; ~xt2 h; ~xt2 h1 1; ~xt1 1Þ; KΦt

ð ~xtÞ; KQð ~xT Þ
are local tents, where ~xt are the points of the optimal trajectory f ~xtgTt52 h of problem

(PD). Furthermore, the functions g( � , t) admit a CUA hðx; ~xtÞ of the points ~xt that is
continuous with respect to x and consequently @gð ~xt; tÞ : 5 @htð0; ~xtÞ is defined.

Hypothesis (H2). Let the problem (PD) be convex (i.e., it involves functions, mul-

tivalued functions, and sets that are convex), and fx0t g
T

t52 h is a feasible trajectory.

Then suppose either of the two following conditions:

a.
ðx0t ; x0t2 h; x

0
t2 h1 1; x

0
t1 1ÞA ri gph Ft; t5 0; . . . ; T21;

x0t A ri Φt \ dom gð: ; tÞ; t5 1; . . . ; T ; x0T A ri Q;

b. ðx0t ; x0t2 h; x
0
t2 h1 1; x

0
t1 1ÞAint gph Ft, t5 0, . . . , T21, x0t A int Φt ; t5 1, T, x0T AQ and g

( � , t) are continuous at a point x0t :
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Optimization of Neutral Discrete Inclusions (PD)

Theorem 4.17. Assume hypothesis H1 for a neutral-type nonconvex problem

(PD). Then, for the optimality of the trajectory f ~xtgTt52 h; it is necessary that there

exist a number λAf0, 1g and vectors x�; x�t ; η�t ; ϕ�
t ; t5 0; 1; . . . ;T ; not all equal

to zero, such that

i.

ðx�t 2 η�t1 h 2ϕ�
t1 h21; η�t ; ϕ�

t ÞAF�
t ðx�t1 1 : ð ~xt; ~xt2 h; ~xtt2 h1 1; ~xt1 1ÞÞ

2 fλ @xgð ~xt; tÞ2K�
Φt
ð ~xtÞg3 f0g3 f0g; t5 0; . . . ; T212 h;

λ@xð ~x0; 0Þ5 0; K�
Φ0
ð ~x0Þ5 0;

ii.
ðx�t ; η�t ; ϕ�

t ÞAF�
t ðx�t1 1 : ð ~xt; ~xt2 h; ~xtt2 h1 1; ~xt1 1Þ

2 fλ @xgð ~xt; tÞ2K�
Φt
ð ~xtÞg3 f0g3 f0g; t5 T2 h; . . . ; T21;

iii. x� 2 x�T Aλ@xg ð ~xT ; TÞ2K�
ΦT
ð ~xT Þ; x�AK�

Qð ~xT Þ; η�T 5 0; ϕ�
T 5 0:

& Let us introduce the vector w5 (x2 h, x2 h1 1, . . . , x0, . . . , xT)Aℝn(h1 11T) and

define in the space ℝn(h1 11 T) the following sets:

Mt 5 fw : ðxt; xt2 h; xt2 h1 1; xt1 1ÞA gph Ftg; t5 0; . . . ; T21;
N5 fw : wt 5 ξt; t52 h; 2 h1 1; . . . ; 0g:

Pt 5 fw : xt AΦt; t5 1; . . . ;Tg; MT 5 fw : xT AQg:

Obviously, the problem (PD) is equivalent to the following minimization

problem:

infimum gðwÞ5
XT
t51

g ðxt; tÞ;

subject to wAN \ \T
t51

Mt

� �
\ \T

t51
Pt

� �
:

ð4:88Þ

In order to formulate a necessary condition (Theorem 3.4) for the minimization

problem in Eq. (4.88), we use the dual cones

K�
Mt
ðwÞ5 fw� : ðx�t ; x�t2 h; x

�
t2 h1 1; x

�
t1 1ÞAK�

gphFt
ðxt; xt2 h; xt2 h1 1;xt1 1Þ

x�k 5 0; k 6¼ t; t2 h; t2 h1 1; t1 1g; w� 5 ðx�2 h; . . . ; x
�
0; . . . ; x

�
T ÞAℝnðh1 11 TÞ;

K�
MT

ðwÞ5 fw� : x�T ; AK�
QðxT Þ; x�t 5 0; t, Tg;

K�
Pt
ðwÞ5 fw� : x�t AK�

Φt
ðxtÞ; x�k 5 0; k 6¼ tg; t5 1; . . . ;T ;

K�
NðwÞ5 fw� : x�t 5 0; t52 h; 2 h1 1; . . . ; 0g:

Then by the minimization theorems mentioned above, there are vectors

w�ðtÞAK�
Mt
ð ~wÞ; t5 0; . . . ; T ; w�

h AK�
Nð ~wÞ; w�ðtÞAK�

Pt
ð ~wÞ; t5 1; . . . ; T ;

~w5 ð ~x2 h; ~x2 h1 1; . . . ; ~xT Þ; ~xt 5 ξt; t52 h; . . . ; 0
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and a number λAf0, 1g, such that

λw�
0 5w�

b 1
XT
t50

w�ðtÞ1
XT
t51

w�ðtÞ; w�
b A @wgð ~wÞ ð4:89Þ

Now, by rewriting Eq. (4.89), component-wise we have

λx�t05 x�t ðtÞ1 x�t ðt21Þ1 x�t ðt1 hÞ1 x�t ðt1 h21Þ1 x�t ðtÞ; t5 0; . . . ; T212 h;

ð4:90Þ

λx�t05 x�t ðtÞ1 x�t ðt21Þ1 x�t ðtÞ; t5T2 h; . . . ; T21; ð4:91Þ

λx�t05 x�T ðT21Þ1 x�T ðTÞ1 x�T ðTÞ; ð4:92Þ

x�t2 hðtÞ5 0; x�t2 h1 1ðtÞ5 0; t5T ; x�t0A@xgð ~xt; tÞ; t5 1; . . . ;T : ð4:93Þ

Then by definition of LAM in the sense of Section 3.6, it follows from the rela-

tions in Eqs. (4.90) and (4.91) that

ðλx�t0 2 x�t ðt1 hÞ2 x�t ðt1 h21Þ2 x�t ðt21Þ2 x�t ðtÞ; x�t2 hðtÞ; x�t2 h1 1ðtÞÞ
AF�

t ð2 x�t1 1ðtÞ; ð ~xt; ~xt2 h; ~xt2 h1 1; ~xt1 1ÞÞ; t5 0; . . . ; T212 h;

ð4:94Þ

ðλx�t0 2 x�t ðt21Þ2 x�t ðtÞ; x�t2 hðtÞ; x�t2 h1 1ðtÞÞ
AF�

t ð2 x�t1 1ðtÞ; ð ~xt; ~xt2 h; ~xt2 h1 1; ~xt1 1ÞÞ; t5 T 2 h; . . . ; T21:
ð4:95Þ

Finally, denoting x�t � 2 x�t ðt21Þ; η�t � x�t2 h ðtÞ; ϕ�
t � x�t2 h1 1 ðtÞ; x� 5

x�T ðTÞ and taking into account Eqs. (4.92�4.95), we obtain conditions (i)�(iii).’

Remark 4.10. For a convex problem (PD) under hypothesis H2, the conditions

(i)�(iii) are also sufficient for the optimality of the trajectory f ~xtgTt52 h: This is

because the representation (4.5) holds with the parameter λ5 1.

Let L be any natural number, t1 a fixed number, and δ5 h/(L). Then we define

the points t01 kδ, k52 L, . . . , T, t01 (T1 1)δ5 t1, where the natural T satisfies

the inequality t01 T δ# t1, t01 (T1 1)δ with respect to the problem (PN), and we

associate the discrete-approximating problem:

infimum Jδ ðxðtÞÞ : 5ϕðxðt1Þ; t1Þ1
P

t5 t0;t0 1 δ;...;t1 2 δ δgðxðtÞ; tÞ
ðPDAÞ subject to ΔxðtÞAFðxðtÞ; xðt2 hÞ; Δxðt2 hÞ; tÞ; t5 t0;

t0 1 δ; . . . ; t1 2 δ;
xðtÞ5 ξðtÞ; t5 t0 2 h; t0 2 h1 δ; . . . ; t0 2 δ;

xðtÞAΦðtÞ; t5 t0; t0 1 δ; . . . ; t1;
xðt1ÞAQ;

ð4:96Þ

where Δx(t)5 x(t1 δ)2 x(t)/(δ).
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In order to formulate a sufficient condition for the continuous problem (PN), it is

required to define the form of the adjoint inclusion for it. With this aim we use the

discrete inclusion in Eq. (4.96) and Theorem 4.17. Let us write Eq. (4.97) in the

so-called neutral discrete form

xðt1 δÞAQðxðtÞ; xðt2 hÞ; xðt2 h1 δÞ; tÞ; ð4:97Þ

Qðx1; x2; x3; tÞ5 x1 1 δF x1; x2;
x3 2 x2

δ
; t


 �
: ð4:98Þ

Then it follows from Theorem 4.17 that the adjoint inclusion for the discrete-

approximating problem with discrete inclusion (Eq. (4.97)) must be expressed in

terms of LAM Q�. That is why the main problem is the connection between the

LAMs Q� and F�. This connection is of principal importance for the proposal

method in our problem.

Remark 4.11. Comparing the discrete-approximation inclusions in Eq. (4.97) with

the discrete inclusions in the problem (PD) we see that the name “neutral” is

justified.

Theorem 4.18. Let Q( � , t) be defined by Eq. (4.98) and Kgph Q( � , t)(x1, x2, x3, y),
(x1, x2, x3, y)Agph Q( � , t) be a local tent. Then

Kgph FðU; tÞ x1; x2;
x3 2 x2

δ
;
y2 x1

δ


 �

is a local tent to gph F( � , t) and the following inclusions are equivalent:

1. ðx1; x2; x3; yÞAKgph QðU; tÞðx1; x2; x3; yÞ;
2. x1; x2; ðx3 2 x2Þ=δ; ðy2 x1Þ=δ
� 


AKgph FðU; tÞ x1; x2; ðx3 2 x2Þ=δ; ðy2 x1Þ=δ
� 


:

& It follows from the definition of local tent that for functions riðzÞ, i5 0, 1, 2, 3.

z5 ðx1; x2; x3; yÞ possessing the property riðzÞ:z:21
-0; z-0; we have

y1 y1 r0ðzÞA x1 1 x1 1 r1ðzÞ

1 δF x1 1 x1 1 r1ðzÞ; x2 1 x2 1 r2ðzÞ;
x3 1 x3 1 r3ðzÞ2 x2 2 x2 2 r2ðzÞ

δ
; t

0
@

1
A

for small zAKDri Kgph QðU; tÞ: Transforming this inclusion, we have

y2 x1

δ
1

y2 x1

δ
1

r0ðzÞ2 r1ðzÞ
δ

AF

�
x1 1 x1 1 r1ðzÞ; x2 1 x2 1 r2ðzÞ; x3 1 x3

δ
1

x3 2 x2

δ
1

r3ðzÞ2 r2ðzÞ
δ

; t

�
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Then condition (2) is clear. By going in the reverse direction, we obtain

condition (1). ’

Theorem 4.19. Let Kgph Q( � , t) be a local tent for the multivalued function Q( � , t).
Then the following inclusions are equivalent:

1. ðx�1; x�2; x�3ÞAQ�ðy�; ðx1; x2; x3; yÞ; tÞ;
2. ððx�1 2 y�Þ=δ; ðx�2 1 x�3Þ=δ; x�3ÞAF�ðy�; ðx1; x2;ðx3 2 x2Þ=δ; ðy2 x1Þ=δ; tÞÞ:
& Let us prove (1).(2). By the definition of LAM, the relation (1) means that

hx1; x�1i1 hx2; x�2i1 hx3; x�3i2 hy; y�i$ 0;

ðx1; x2; x3; yÞAKgph QðU; tÞðx1; x2; x3; yÞ: ð4:99Þ

Because of Theorem 4.18, the inequality in Eq. (4.99) can be rewritten in the

form

hx1;ψ�
1i1 hx2;ψ�

2i1
x3 2 x2

δ
;ψ�

3

� �
2

y2 x1

δ
;ψ�

� �
$ 0 ð4:100Þ

where ψ�
1; ψ

�
2; ψ

� are to be determined. By comparing Eq. (4.99) with Eq. (4.100),

it is not hard to see that

ψ� 5 y�; ψ�
1 5

x�1 2 y�

δ
; ψ�

2 5
x�2 1 x�3

δ
:

By analogy, the inverse implication (2).(1) can be shown. Now, let us return

to the discrete-approximation problem (PDA) with inclusion (4.97). The hypotheses

(i)�(iii) of Theorem 4.17 take the following form:

ðx�ðtÞ2 η�ðt1 hÞ � ϕ�ðt1 h2 δÞ; η�ðtÞ; ϕ�ðtÞÞ
AQ�ðx�ðt1 δÞ; ð ~xðtÞ; ~xðt2 hÞ; ~xðt2 h1 δÞ; ~xðt1 δÞÞ; tÞ;

2 fλδ @xgð ~x ðtÞ; tÞ2K�
ΦðtÞð ~xðtÞÞg3 f0g3 f0g; λ5λδ A f0; 1g

ð4:101Þ

@xgð ~xðt0Þ; t0Þ5 0; K�
Φðt0Þð ~xðt0ÞÞ5 0; t5 t0; t0 1 δ; . . . ; t1 2 h2 δ;

ðx�ðtÞ; η�ðtÞ;ϕ�ðtÞÞAQ�ðx�ðt1 δÞ; ð ~xðtÞÞ ~xðt2 hÞ; ~xðt2 h1 δÞ; ~xðt1 δÞÞ; tÞ
2 fλδ @xgð ~xðtÞ; tÞ2K�

ΦðtÞð ~xðtÞÞg3 f0g3 f0g; t5 t1 2 h; . . . ; t1 2 δ;

ð4:102Þ

x� 2 x�ðt1ÞAλδ @xϕð ~xðt1Þ2K�
Φðt1Þð ~xðt1ÞÞ; x�AK�

Qð ~x ðt1ÞÞ;
η�ðt1Þ5 0; ϕ�ðt1Þ5 0

ð4:103Þ
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Then by using Theorem 4.19, it is easy to see that the conditions in Eqs. (4.101)

and (4.102) can be expressed as follows:

2Δx�ðtÞ2 η�ðt1 hÞ2ϕ�ðt1 hÞ
δ

1Δϕ�ðt1 h2 δÞ; η
�ðtÞ2ϕ�ðtÞ

δ
;ϕ�ðtÞ

0
@

1
A

AFðx�ðt1 δÞ; ~xðtÞ; ~xðt2 hÞ;Δ ~xðt2 hÞ;Δ ~xðtÞÞ; tÞ
2 fλδ@xgð ~xðtÞ; tÞ2K�

ΦðtÞð ~xðtÞÞg3 f0g3 f0g; t5 t0; t0 1 δ; . . . ; t1 2 δ2 h;

ð4:104Þ

2Δx�ðtÞ; η�ðtÞ1ϕ�ðtÞ
δ

; ϕ�ðtÞ
0
@

1
AAF�ðx�ðt1 δÞ; ð ~xðtÞ; ~x ðt2 hÞ;Δ ~x ðt2 hÞ;

Δ ~x ðtÞÞ; tÞ
2 fλδ@x g ð ~xðtÞ; tÞ2K�

ΦðtÞð ~x ðtÞg3 f0g3 f0g; t5 t1 2 h; . . . ; t1 2 δ:

ð4:105Þ

Let us summarize the obtained result.’

Corollary 4.5. Let assumptions (H1) for the difference neutral-type nonconvex

problem (PDA) be satisfied. Then for the optimality of the trajectory f ~xðtÞgt1t52 h; it
is necessary that there exist a number λδA{0, 1} and grid functions x�(t), η�(t),
ϕ�(t), t5 t0, t01 δ, . . . , t1, not all equal to zero, satisfying the conditions in

Eqs. (4.101)�(4.103). Moreover, let us assume that ϕ( � ) and g( � , t) are proper

convex functions and continuous at the points of some feasible grid trajectory

fx0ðtÞgt1t52 h: Then under hypothesis H2, the conditions in Eqs. (4.103)�4.105 are

also sufficient for optimality in the convex problem (PDA).

It should be noted that setting λδ5 1, denoting the expression η�(t)1ϕ�(t)/(δ)
by ζ�(t) and passing to the formal limit in Eqs. (4.104) and (4.105) when L-N
and consequently δ-0, we have

ð2 _x�ðtÞ2 ζ�ðt1 hÞ1 _ϕ�ðt1 hÞ; ζ�ðtÞ; ϕ�ðtÞÞ
A F�ðx�ðtÞ; ð ~xðtÞ; ~xðt2 hÞ; _~xðt2 hÞ; _~xðtÞÞ; tÞ ð4:106Þ

2 f@xg ð ~xðtÞ; tÞ2K�
ΦðtÞ ð ~xðtÞg3 f0g3 f0g; tA ½t0; t1 2 hÞ;

ð2 _x�ðtÞ; ζ�ðtÞ; ϕ�ðtÞÞAF�ðx�ðtÞ; ð ~xðtÞ; ~xðt2 hÞ; _~xðt2 hÞ; _~xðtÞÞ; tÞ
2 f@xgð ~xðtÞ; tÞ2K�

ΦðtÞð ~xðtÞg3 f0g3 f0g; tA ½t1 2 h; t1�:
ð4:107Þ

Below we will verify that the differential inclusions in Eqs. (4.106) and (4.107)

are just the needed adjoint inclusions for convex problem (PN) with fixed time

interval [t0, t1].
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Sufficient Condition for the Optimality of Neutral Differential Inclusions

Let ~xðtÞ; tA[t02 h, t1], ~xðtÞ5 ξðtÞ; tA ½t0 2 h; t0� be some feasible solution of the

nonconvex problem (PN). First, let us construct the adjoint differential inclusion for

the adjoint variables fx�( � ), ζ�( � ), ϕ�( � )g. Of course, for this we use the approxi-

mating method demonstrated above in Section 4.6. Thus, the adjoint inclusions

expressed in terms of the LAM consist of the following:

a. ð2 _x�ðtÞ2 ζ�ðt1 hÞ1 _ϕ�ðt1 hÞ;
ζ�ðtÞ; ϕ�ðtÞÞAF�ðx�ðtÞ; ð ~x ðtÞ; ~x ðt2 hÞ; _~xðt2 hÞ; _~xðtÞÞ; tÞ a:e: tA ½t0; t1 2 h�;

b. ð2 _x�ðtÞ; ζ�ðtÞ; ϕ�ðtÞÞ AF�ðx�ðtÞ; ð ~xðtÞ; ~xðt2 hÞ; _~xðt2 hÞ; _~xðtÞÞ; tÞ
a:e: tA ½t1 2 h; t1�; ϕ�ðt1Þ5 0;

c. _~xðtÞAF ð ~xðtÞ; ~xðt2 hÞ; _~xðt2 hÞ; x�ðtÞ; tÞ a:e: tA ½t0; t1�:
which should be fulfilled for all xAΦ(t).

Here, a feasible solution is understood to be a triplet fx�( � ),ζ�( � ), ϕ�( � )g satis-
fying conditions (a) and (b) almost everywhere, such that ζ�( � ), ϕ�( � ) are abso-

lutely continuous and x�( � ) may be represented as a sum of an absolutely

continuous function and a function of jumps. Let us denote the points of the jumps

and the values of the jumps of x�( � ) by τi, t0, τi, t1 and x�i 5
x�ðτi 1 0Þ2 x�ðτi 20Þ; i5 1; 2; . . . ; respectively.

Let the feasible solution ~xðtÞ be t1-transversal on the set Q; i.e., the condition

2 hx�ðtÞ; ~xðtÞi .WQ\ΦðtÞð2 x�ðtÞÞ; t0 # t, t1:

holds for every tA[t0, t1], where WQ\Φ(t) is a support function for Q\Φ(t).
Furthermore, assume that in problem (PN), the Bolza cost functional J[x( � ), t] is

monotonically increasing with respect to t (see Section 4.5).

Finally, we can formulate sufficient conditions for optimality in the form of

Theorem 4.20.

Theorem 4.20. Let ~xðUÞ be any feasible arc of the nonconvex problem (PN) and let

there exist a triplet of feasible solutions fx�( � ),ζ�( � ), ϕ�( � )g almost everywhere,

satisfying the adjoint inclusions (a) and (b) and the condition (c). Moreover,

assume that the Bolza cost functional J[x(t), t] is monotonically increasing with

respect to t for any feasible arc x( � ) of the problem (PN) and that the following

conditions are satisfied:

i. gðx; tÞ2 gð ~xðtÞ; tÞ$ h2 x�ðtÞ; x2 ~xðtÞi a:e: tA ½t0; t1� and ’xAΦðtÞ;
ii. ϕðx; t1Þ2ϕð ~xðt1Þ$ h2 x�ðt1Þ; x2 ~xðt1Þi ’xAΦðt1Þ \ Q;

iii. The jumps x�i satisfy the jump conditions h ~xðτiÞ; x�i i5WΦðτiÞðx�i Þ; i5 1; 2; . . .

iv. ~xðUÞ satisfies the t1-transversality condition on the set Q.

Then the arc ~xðUÞ is optimal.
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& Let x(t)AΦ(t), tA[t0, t1] be an arbitrary feasible arc realizing the transition from

the interval [t0, θ] to the set of target points Q. Let us prove that

J ½xðUÞ; θ�$ J½ ~xðUÞ; t1�: Using the definition of LAM, we can rewrite the inclusions

(a) and (b) as follows:

HðxðtÞ; xðt2 hÞ; _xðt2 hÞ; x�ðtÞ; tÞ2Hð ~xðtÞ; ~xðt2 hÞ; _~x ðt2 hÞ; x�ðtÞ; tÞ
# h2 _x�ðtÞ2 ζ�ðt1 hÞ1 _ϕ�ðt1 hÞ; xðtÞ2 ~xðtÞi1 hζ�ðtÞ; xðt2 hÞ
2 ~xðt2 hÞi1 hϕ�ðtÞ; _xðt2 hÞ2 _~xðt2 hÞi; tA ½t0; t1 2 hÞ;

ð4:108Þ
HðxðtÞ; xðt2 hÞ; _xðt2 hÞ; x�ðtÞ; tÞ2Hð ~xðtÞ; ~xðt2 hÞ; _~x ðt2 hÞ; x�ðtÞ; tÞ
# h2 _x�ðtÞ; xðtÞ2 ~xðtÞi1 hζ�ðtÞ; xðt2 hÞ2 ~xðt2 hÞi
1 hϕ�ðtÞ; _xðt2 hÞ2 _~xðt2 hÞi; tA ½t1 2 h; t1�;

ð4:109Þ
respectively.

On the other hand, by condition (c) and the definition of the Hamiltonian func-

tion H, we have

Hð ~xðtÞ; ~xðt2 hÞ; _~xðt2 hÞ; x�ðtÞ; tÞ5 h_~xðtÞ; x�ðtÞi; ð4:110Þ

HðxðtÞ; xðt2 hÞ; _xðt2 hÞ; x�ðtÞ; tÞ$ h _xðtÞ; x�ðtÞi; tA ½t0; t1�:

Let us denote ΨðtÞ5 hxðtÞ2 ~xðtÞ; 2 x�ðtÞi: Taking into account Eq. (4.108) to

(4.110), we obtain

dΨðtÞ
dt

$ hxðtÞ2 ~xðtÞ; ζ�ðt1 hÞi1 hxðtÞ2 ~xðtÞ; 2 _ϕ�ðt1 hÞi

1 hxðt2 hÞ2 ~xðt2 hÞ; 2 ζ�ðtÞi1 h _xðt2 hÞ2 _~xðt2 hÞ; 2ϕ�ðtÞi; tA ½t0; t12 hÞ;
ð4:111Þ

dΨðtÞ
dt

$hxðt2hÞ2 ~xðt2hÞ;2ζ�ðtÞi1h _xðt2hÞ2 _~xðt2hÞ;2ϕ�ðtÞi; tA t12h; t1½ �
ð4:112Þ

Now, integrating both sides of Eqs. (4.111) and (4.112) on the intervals [t0,

t12 h) and [t12 h, t1], respectively, and adding them we have

ðt1
t0

_ΨðtÞdt$
ðt1
t0

hxðt2 hÞ2 ~xðt2 hÞ; 2 ζ�ðtÞidt1
ðt1
t0

h _xðt2 hÞ2 _~xðt2 hÞ; 2ϕ�ðtÞ. dt

1

ðt1 2 h

t0

hxðtÞ2 ~xðtÞ; 2 _ϕ�ðt1 hÞidt1
ðt1 2 h

t0

hxðtÞ2 ~xðtÞ; ζ�ðt1 hÞidt:

ð4:113Þ
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Since

ðt1 2 h

t0

hxðtÞ2 ~xðtÞ; ζ�ðt1 hÞidt5
ðt1

t0 1 h

hxðt2 hÞ2 ~xðt2 hÞ; ζ�ðtÞidt

and

ðt0 1 h

t0

hxðt2 hÞ2 ~xðt2 hÞ; ζ�ðtÞidt5 0 ðxðtÞ5 ~xðtÞ5 ξðtÞ ’tA ½t0 2 h; t0Þ

it follows from Eq. (4.113) that

ðt1
t0

_ΨðtÞdt$
ðt1
t0

h _xðt2hÞ2 _~x ðt2hÞ; 2ϕ�ðtÞidt1
ðt1 2 h

t0

hxðtÞ2 ~xðtÞ; 2 _ϕ�ðt1 hÞidt

5

ðt1
t0

h _xðt2 hÞ2 _~xðt2 hÞ; 2ϕ�ðtÞidt1
ðt1
t0

hxðt2 hÞ2 ~xðt2 hÞ; 2 _ϕ�ðtÞidt

1

ðt1
t0

hxðt2 hÞ2 ~xðt2hÞ; _ϕ�ðtÞidt1
ðt1

t0 1 h

hxðt2 hÞ2 ~xðt2hÞ; 2 _ϕ�ðtÞidt

5

ðt1
t0

dhxðt2hÞ2 ~xðt2hÞ; 2ϕ�ðtÞi1
ðt0 1 h

t0

hxðt2 hÞ2 ~xðt2 hÞ; _ϕ�ðtÞidt

Note that the arcs x( � ), ~xðUÞ are feasible; i.e., xðtÞ5 ~xðtÞ; tA ½t0 2 h; t0Þ and

ϕ�(t1)5 0. Therefore,

ðt1
t0

_ΨðtÞdt$ hxðt1 2 hÞ2 ~xðt1 2 hÞ; 2ϕ�ðt1Þi1 hxðt0 2 hÞ2 ~xðt0 2 hÞ;ϕ�ðt0Þi

1

ðt0 1 h

t0

hxðt2 hÞ2 ~xðt2 hÞ; _ϕ�ðtÞidt5 0:

Consequently,ðt1
t0

_ψðtÞdt5 hxðt1Þ2 ~xðt1Þ; 2 x�ðt1Þi$ 0: ð4:114Þ
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Moreover, x( � ), ~xðUÞ are absolutely continuous functions, so Ψ( � ) can be repre-

sented as a sum of an absolutely continuous function and a jump function (see

Section 4.5):

ΨðθÞ5Ψðt0Þ1
ðθ
t0

_ΨðtÞdt1
X

iANðθÞ
½Ψðτi10Þ2Ψðτi20Þ�; NðtÞ5 fi : τiA ½t0; t�g:

ð4:115Þ

Using the jump condition (iii), we can calculate the values of the jumps of Ψ(t)
at the points τi, i5 1, 2, . . .

Ψðτi 1 0Þ2Ψðτi 20Þ5 hxðτiÞ2 ~xðτiÞ; 2 x�i i52 hxðτiÞ; x�i i1WΦðτiÞðx�i Þ:

Then from x(τi)AΦ(τi), it is obvious that hxðτiÞ; x�i i # WΦðτiÞðx�i Þ; so

Ψ(τi1 0)2Ψ(τi2 0)$ 0 for any τiA[t0, θ]. Hence, the sum of the jumps in

Eq. (4.115) is nonnegative. Then, since the inequality in Eq. (4.114) is correct for

any point t15 θ, we find that Ψ(θ)$Ψ(t0); i.e.,

hxðθÞ2 ~xðθÞ; 2 x�ðθÞi$ hxðt0Þ2 ~xðt0Þ; 2 x�ðt0Þi5 0:

Then the t1-transversality condition implies that

hxðθÞ; 2 x�ðθÞi$ h ~xðθÞ; 2 x�ðθÞi.WQ\ΦðθÞð2 x�ðθÞÞ: ð4:116Þ

On the other hand, in Section 4.5, we proved that

ΔJ$ϕðxðθÞ; θÞ1
ðθ
t0

gðxðtÞ; tÞdt2ϕðxðt1Þ; t1Þ2
ðt1
t0

gðxðtÞ; tÞdt; ð4:117Þ

where ΔJ5 J½xðUÞ; θ�2 J½ ~xðUÞ; t1� is the increment of the Bolza cost functional J,

obtained by the transition from arc ~xðUÞ to arc x( � )
To prove the optimality of ~xðUÞ; let us assume the contrary—i.e., for all feasible

arcs x(t), tA[t02 h, θ], x(t)5 ξ(t), tA[t02 h, t0), x(θ)AQ, the increment ΔJ, 0;

i.e., J ½xðUÞ; θ�, J ½ ~xðUÞ; t1�: Then because of the inequality in Eq. (4.117),

J[x( � ), θ], J[x( � ), t1].
Therefore, from the monotonicity of J, we have θ, t1. Thus, by the t1-transvers-

ality condition, it follows from Eq. (4.116) that x(θ) =2Q\Φ(θ), so x(θ) =2Q; i.e., the

arc x( � ) cannot realize the transition from the interval [t0, θ] to the set Q. This

means that ~xðUÞ is an optimal arc.
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Corollary 4.6. Let F( � , t) be convex for all fixed t, and suppose that F(x, t) is a

closed set. Then conditions (a) and (b) of Theorem 3.1 can be rewritten in

Hamiltonian form:

ðaHÞ ð2 _x�ðtÞ2 ζ�ðt1 hÞ1 _ϕ�ðt1 hÞ; ζ�ðtÞ;ϕ�ðtÞÞ
A @xHð ~xðtÞ; ~xðt2 hÞ; _~xðt2 hÞ; x�ðtÞ; tÞ a:e: tA ½t0; t1 2 hÞ;

ðbHÞ ð2 _x�ðtÞ; ζ�ðtÞ;ϕ�ðtÞÞA @xHð ~xðtÞ; ~xðt2 hÞ; _~xðt2 hÞ; x�ðtÞ; tÞ
a:e: tA ½t1 2 h; t1�; ϕ�ðt1Þ5 0;

_~xðtÞA @y�Hð ~xðtÞ; ~xðt2 hÞ; _~xðt2 hÞ; x�ðtÞ; tÞ a:e: tA ½t0; t1�:

& The proof is elementary (see the proof of Corollary 4.5). ’

The following theorem involves another sufficient condition for the optimality

of problem (PN) with a convex structure and a fixed time interval [t0, t1].

Theorem 4.21. Let ~xðtÞ; tA[t02 h, t1], ~xðtÞ5 ξðtÞ; tA ½t0 2 h; t0Þ be an admissible

arc for the convex problem (PN) with a fixed time interval. Furthermore, assume

that the triplet fx�( � ),ζ�( � ), ϕ�( � )g satisfies the adjoint differential inclusions in

Eqs. (4.106) and (4.107), where

x� 2 x�ðt1ÞA @ϕð ~xðt1ÞÞ2K�
Φðt1Þð ~xðt1ÞÞ; x�AK�

Qð ~xðt1ÞÞ; ϕ�ðt1Þ5 0:

Then the arc ~xðUÞ is optimal.

& Using the definition of LAM and Eq. (4.110), it is easy to see that

h _xðtÞ2 _~x ðtÞ; x�ðtÞi2 g ðxðtÞ; tÞ1 g ð ~xðtÞ; tÞ
# h2 _x�ðtÞ2 ζ�ðt1 hÞ1 _ϕ�ðt1 hÞ; xðtÞ2 ~xðtÞi1 hζ�ðtÞ; xðt2 hÞ2 ~xðt2 hÞi

2 hx�ðtÞ; xðtÞ2 ~xðtÞi1 hϕ�ðtÞ; _xðt2 hÞ2 _~xðt2 hÞi; tA ½t0; t1 2 hÞ;

h _xðtÞ2 _~x ðtÞ; x�ðtÞi2 g ðxðtÞ; tÞ1 gð ~xðtÞ; tÞ # h2 _x�ðtÞ; xðtÞ2 ~xðtÞi
1 hζ�ðtÞ; xðt2 hÞ2 ~xðt2 hÞi2 hx�ðtÞ; xðtÞ2 ~xðtÞi1 hϕ�ðtÞ; _xðt2 hÞ2 _~xðt2 hÞi;

tA ½t1 2 h; t1�;
x�ðtÞAK�

ΦðtÞðx�ðtÞÞ; tA ½t0; t1�:

Now as a result of simple calculations and the definition of the adjoint cone

from these inequalities, we have

d

dt
hxðtÞ2 ~xðtÞ; x�ðtÞi1 hζ�ðt1 hÞ2 _ϕ�ðt1 hÞ; xðtÞ2 ~xðtÞi

2 hζ�ðtÞ; xðt2 hÞ2 ~xðt2 hÞi2 hϕ�ðtÞ; _xðt2 hÞ2 _~xðt2 hÞi
# gðxðtÞ; tÞ2 gð ~xðtÞ; tÞ; tA ½t0; t1 2 hÞ;

ð4:118Þ
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d

dt
hxðtÞ2 ~xðtÞ; x�ðtÞi2 hζ�ðtÞ; xðt2 hÞ2 ~xðt2 hÞi

2 hϕ�ðtÞ; _xðt2 hÞ2 _~xðt2 hÞi # g ðxðtÞ; tÞ2 g ð ~x ðtÞ; tÞ; tA ½t1 2 h; t1�:

By integrating both sides of Eq. (4.118) on [t0, t12 h) and [t12 h, t1], respec-

tively, it can be shown as in the inequality in Eq. (4.113) that

hx�ðt1Þ; xðt1Þ2 ~xðt1Þi #

ðt1
t0

½gðxðtÞ; tÞ2 gð ~xðtÞ; tÞ�dt: ð4:119Þ

On the other hand, the hypothesis of the theorem at t5 t1 implies that

hx� 2 x�ðt1Þ1 x�ðt1Þ; xðt1Þ2 ~xðt1Þi # ϕðxðt1ÞÞ2ϕð ~xðt1ÞÞ: ð4:120Þ

Adding the inequalities in Eqs. (4.119) and (4.120), we see that JðxðUÞÞ$ Jð ~xðUÞÞ
for all feasible arcs x( � ). The proof is complete. ’

Remark 4.12. Let one of the variables, for example, the second variable of the

multivalued function F( � , � , � , t) be missing; i.e., F(x1, x2, x3, t)�F(x1, x3, t). Then

it can be shown from the definition of LAM that x�2 � 0: This means that in the

adjoint differential inclusions (a) and (b) of Theorem 4.20 and in Eqs. (4.106) and

(4.107), ζ�(t)� 0, tA[t0, t1] identically.

Now let us investigate the optimality conditions for an important type of differ-

ential inclusions in the Hale form

d

dt
xðtÞ2Axðt2 hÞ½ �AFðxðtÞ; xðt2 hÞ; tÞ: ð4:121Þ

First, we prove Lemma 4.8.

Lemma 4.8. Let P(x1, x2, x3, t)5F(x1, x2, t)1Ax3, where A is an n3 n matrix and

the cone of tangent directions Kgph P( � , t)(x1, x2, x3, y), (x1, x2, x3, y)Agph P( � , t) is
a local tent. Then

Kgph FðU; tÞðx1; x2; y2Ax3; tÞ

is a local tent to gph F( � , t) and the following inclusions are equivalent

1. ðx1; x2; x3; yÞAKgph PðU; tÞðx1; x2; x3; yÞ;
2. ðx1; x2; y2Ax3ÞAKgph FðU; tÞðx1; x2; y2Ax3; tÞ:
& Let us prove (1).(2). By the definition of a local tent, (1) means that there

exist functions

riðzÞ; i5 0; 1; 2; 3; z5 ðx1; x2; x3; yÞ such that riðzÞ:z:21
-0 as z-0;
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and

y1 y1 r0ðzÞAPðx1 1 x1 1 r1ðzÞ; x2 1 x2 1 r2ðzÞ; x3 1 x3 1 r3ðzÞ; tÞ

or

y1 y1 r0ðzÞAFðx1 1 x1 1 r1ðzÞ; x2 1 x2 1 r2ðzÞ; tÞ1Aðx3 1 x3 1 r3ðzÞÞ
ð4:122Þ

or sufficiently small zAKDri Kgph PðU; tÞðx1; x2; x3; yÞ: On the other hand,

y1 y1 r0ðzÞ2Aðx3 1 x3 1 r3ðzÞÞ5 y2Ax3 1 y2Ax3 1 r0ðzÞ2Ar3ðzÞ
ð4:123Þ

and

½r0ðzÞ2Ar3ðzÞ�:z:21
-0 whenever z-0:

Then because of Eq. (4.123), the validity of inclusion (2) is justified through

Eq. (4.122). In just the same way, the reverse direction can be proved; i.e., (2).
(1). This ends the proof of the lemma. ’

In Theorem 4.22, A� is the adjoint (transposed) matrix of A.

Theorem 4.22. Let Kgph P( � , t) be a local tent for the multivalued function P( � , t).
Then for the LAMs P� and F�, the following inclusions are equivalent:

1. ðx�1; x�2; x�3ÞAP� ðy�; ðx1; x2; x3; yÞ; tÞ;
2. ðx�1; x�2ÞAF�ðy�; ðx1; x2; y2Ax3Þ; tÞ;
where Ay� 5 x�3:

& Let (1) be given and let us prove that (1).(2). By the definition of LAM, (1)

implies the inequality in Eq. (4.99) for ðx1; x2; x3; yÞAKgph PðU; tÞ ðx1; x2; x3; yÞ:
Then using Lemma 4.8, we rewrite the equality in Eq. (4.99) in the form

hx1;α1i1 hx2;α2i2 hy2Ax3;αi$ 0;

ðx1; x2; y2Ax3ÞAKgph FðU; tÞðx1; x2; y2Ax3Þ ð4:124Þ

where α1, α2, α are to be determined. Finally from Eq. (4.99), represented for Kgph

P( � , t), and Eq. (4.124) it follows that x�i 5αiði5 1; 2Þ; y� 5α, and x�3 5A�y�:
By analogy it is easy to conclude that (2).(1). The proof is completed. ’

Suppose now that the differential inclusion in the problem (PN) has the Hale

form (Eq. (4.121)). Clearly, this inclusion is equivalent to the inclusion

_xðtÞAPðxðtÞ; xðt2 hÞ; _xðt2 hÞ; tÞ ð4:125Þ
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where P(x1, x2, x3, t) is defined as in Lemma 4.8.

Let us return to conditions (a) and (b) of Theorem 4.20. If conditions (a) and (b)

of Theorem 4.20 rewritten in terms of the LAM P� are satisfied, then the transition

to the LAM F� is required. In turn, we use Theorem 4.22, in which the condition

Ay� 5 x�3 means that A�x�(t)5ϕ�(t), tA[t0, t1]. Consequently, conditions (a) and (b)

of Theorem 4.20 are transformed as follows:

ða0Þ ð2 _x�ðtÞ2 ζ�ðt1 hÞ1A� _x�ðt1 hÞ; ζ�ðtÞÞ
AF�ðx�ðtÞ; ð ~xðtÞ; ~xðt2 hÞÞ; _~xðtÞ2A_~xðt2 hÞ; tÞ; a:e: tA ½t0; t1 2 hÞ;

ðb0Þ ð2 _x�ðtÞ; ζ�ðtÞÞAF�ðx�ðtÞ; ð ~xðtÞ; ~xðt2 hÞ; _~xðtÞ2A_~xðt2 hÞ; tÞ;
a:e: tA ½t1 2 h; t1�:

As for condition (c), we notice the following. Let us denote the Hamiltonian

function of multivalued functions F and P by HF and HP, respectively. It is easy to

see that

HPðx1; x2; x3; y�; tÞ5 hx3;A�y�i1HFðx1; x2; y�; tÞ

so the Argmaximum sets coincide:

Pðx1; x2; x3; y�; tÞ5 fyAPðx1; x2; x3; tÞ : hy; y�i5HPðx1; x2; x3; y�; tÞg
5 fy1 AFðx1; x2; tÞ : hy1; y�i5HFðx1; x2; y�; tÞg5Fðx1; x2; y�; tÞ; y1 5 y2Ax3:

ð4:126Þ

Using Eq. (4.126), we ensure that condition (c) of Theorem 4.20 is reduced to

ðc0Þ d

dt
~xðtÞ2A ~xðt2 hÞAFðxðtÞ; xðt2 hÞ; x�ðtÞ; tÞ; a:e: tA t0; t1½ �:½

Note that (a0)�(c0) should be fulfilled for all xAΦ(t).

Corollary 4.7. Let ~xðUÞ be any feasible trajectory of the problem (PN) with differ-

ential inclusion of the Hale form (Eq. (4.121)), and let there exist a pair of feasible

solutions {x�( � ),ζ�( � )} of the adjoint inclusion, satisfying the conditions (a0)�(c0).
Moreover, let the remaining conditions of Theorem 4.20 be fulfilled. Then ~xðUÞ is
optimal.

Sufficient Condition for Optimality in Problem (PV)

Let us return to the problem (PV) and formulate a theorem for the sufficiency of

the optimality of an arc ~xðUÞ: Moreover, let t5 r(τ) be a solution of the equation

τ5 t2 h(t) or the inverse function of τ.
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Theorem 4.23. Assume ~xðUÞ to be some feasible solution of the problem (PV) and

the pair of functions {x�( � ),ζ�( � )} that satisfy the following conditions almost

everywhere

a. ð2 _x�ðtÞ2 _rðtÞζ�ðrðtÞÞ; ζ�ðtÞÞ A F�ðx�ðtÞ; ð ~xðtÞ; ~xðt2hðtÞ; _~xðtÞÞ; tÞ a:e: tA ½t0; t12hðt1Þ�;
b. ð2 _x�ðtÞ; ζ�ðtÞÞAF�ðx�ðtÞ; ð ~xðtÞ; ~xðt2 hðtÞÞ; _~xðtÞ; tÞ a:e: tA ½t1 2 hðt1Þ; t1�;
c. _~xðtÞAFð ~xðtÞ; ~xðt2 hðtÞÞ; x�ðtÞ; tÞ a:e: tA ½t0; t1�

where ζ�( � ) is absolutely continuous and x�( � ) is a sum of an absolutely contin-

uous function and jump function. Then under conditions (i)�(iv) of Theorem 4.20,

the arc ~xðUÞ is optimal in problem (PV).

& We recall that one of the distinctive places in the proof of Theorem 4.20 is the

inequalities in Eqs. (4.111) and (4.112). As mentioned in Remark 4.12, in the pres-

ent case F(x1, x2, x3, t)�F(x1, x2, t), so x�3 � 0: Therefore, ϕ�(t)� 0, tA[t0, t1].

Thus, by analogy to Eqs. (4.111) and (4.112), the following inequalities hold:

dΨðtÞ
dt

$hxðtÞ2 ~xðtÞ; _rðtÞζ�ðrðtÞÞi2hxðt2hðtÞÞ2 ~xðt2hðtÞÞ;ζ�ðtÞi; tA t0;t12hðt1ÞÞ;½
ð4:127Þ

dΨðtÞ
dt

$2hxðt2hðtÞÞ2 ~xðt2hðtÞÞ;ζ�ðtÞi; tA t12hðt1Þ;t1½ �: ð4:128Þ

In addition to these, it is not hard to see that

ðt1
t0

hxðt2 hðtÞÞ2 ~xðt2 hðtÞÞ; ζ�ðtÞidt5
ðt1 2 hðt1Þ

t0

hxðtÞ2 ~xðtÞ; ζ�ðrðtÞÞi _rðtÞdt ð4:129Þ

Adding the integrated inequalities in Eqs. (4.127) and (4.128) and taking into

account Eq. (4.129), we have the same inequality (4.114). Moreover, based on the

inequality in Eq. (4.114) in a similar way, the validity of the theorem can be

shown. ’

Now, let us illustrate the suggested method in some simple examples.

Example 4.4. Let us consider the neutral-type problem (PN), where

_xðtÞ5AxðtÞ1A1xðt2 hÞ1A2 _xðt2 hÞ1BuðtÞ; uðtÞAU: ð4:130Þ

Here A, A1, A2 are n3 n matrices, B is an n3 r matrix, and UCℝr is a convex

set. Obviously, Eq. (4.130) can be reduced to problem (PN) with differential

inclusion:

_xðtÞAFðxðtÞ; xðt2 hÞ; _xðt2 hÞÞ; ð4:131Þ

203Optimization of Ordinary Discrete and Differential Inclusions and t1-Transversality Conditions



Fðx1; x2; x3Þ5Ax1 1Ax2 1Ax3 1BU:

It is easy to see that

Hðx1; x2; x3; y�Þ5 hx1;A�y�i1 hx2;A�
1y

�i1 hx3;A�
2y

�i1 sup
uAU

hBu; y�i

so

F�ðy�; ðx1; x2; x3; yÞÞ5 ðA�y�;A�
1y

�;A�
2y

�Þ; if 2B�y� AK�
Uð ~uÞ;

[; if 2B�y� =2K�
Uð ~uÞ;

�

where A� is the adjoint (transposed) matrix of A.

Then by the adjoint differential inclusions (a) and (b) of Theorem 4.20,

2 _x�ðtÞ2 ζ�ðt1 hÞ1 _ϕ�ðt1 hÞ5A�x�ðtÞ;
ζ�ðtÞ5A�

1x
�ðtÞ; ϕ�ðtÞ5A�

2x
�ðtÞ; tA ½t0; t1 2 hÞ;

2 _x�ðtÞ5A�x�ðtÞ; tA ½t1 2 h; t1�;

so

_x�ðtÞ52A�x�ðtÞ2A�
1x

�ðt1 hÞ1A�
2 _x

�ðt1 hÞ; tA ½t0; t1 2 hÞ;

_x�ðtÞ52A�x�ðtÞ; tA ½t1 2 h; t1�: ð4:132Þ

Besides, taking into account the conditions 2B�y�AK�
Uð ~uÞ and (c) of Theorem

4.20, we have

hx�ðtÞ;B ~uðtÞi5 sup
uAU

hx�ðtÞ;BuðtÞi ð4:133Þ

where ~uðUÞ is a controlling parameter corresponding to ~xðUÞ: Thus, the conditions

(a)�(c) of Theorem 4.20 for problem (PN) with Eqs. (4.130) and (4.131) consist of

the conditions in Eqs. (4.132) and (4.133). Obviously, Eq. (4.130) or (4.131) can be

rewritten in the form

d

dt
xðtÞ2A2xðt2 hÞ½ �AF1ðxðtÞ; xðt2 hÞÞ a:e: tA t0; t1½ � ð4:134Þ

where F1(x1, x2)5Ax11A1x21BU. Let us write out the conditions (a0)2 (c0) of

Corollary 4.7. First of all, it is perfectly clear that the problem (PN) with

Eqs. (4.131) and (4.134) has the same sufficient conditions. In fact, one can easily

check that

F�
1 ðy�; ðx1; x2; y2A2x3ÞÞ5 ðA�y�;A�

1y
�Þ; if 2B�y�AK�

Uð ~uÞ;
[; if 2B�y� =2K�

Uð ~uÞ:
�
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Then conditions (a0)2 (c0) of Corollary 4.7 have the form

2 _x�ðtÞ2 ζ�ðt1hÞ1A�
2 _x

�ðt1hÞ5A�x�ðtÞ; ζ�ðtÞ5A�
1x

�ðtÞ a:e: tA ½t0; t12hÞ;

_x�ðtÞ52A�x�ðtÞ; ζ�ðtÞ5A�
1x

�ðtÞ a:e: tA ½t12h; t1�

or

d

dt
x�ðtÞ2A�

2x
�ðt1 hÞ� �

52A�x�ðtÞ2A�
1x

�ðt1 hÞ a:e: tA t0; t1 2 hÞ½
_x�ðtÞ52A�x�ðtÞ a:e: tA ½t1 2 h; t1� ð4:135Þ

which is nothing but Eq. (4.132) and in the present case the condition (c0) simply

consists of Eq. (4.133). Note that the adjoint inclusion in Eq. (4.135) and the

adjoint inclusion of Theorem 6.1 of Ref. [205] coincide.

Example 4.5. Now let us consider a problem (PV) with a differential equation and

variable delay:

_xðtÞ5AxðtÞ1A1xðt2 hðtÞÞ1BuðtÞ; uðtÞAV : ð4:136Þ

A, A1 are n3 n matrices, B is an n3 r matrix, and VCℝr is a convex set. Let us

replace Eq. (4.10) with the differential inclusion:

_xðtÞAFðxðtÞ; xðt2 hðtÞÞ; ð4:137Þ

Fðx1; x2Þ5Ax1 1A1x2 1BV :

By a similar calculation to Example 4.4, we can conclude that the conditions (a)

and (b) of Theorem 4.23 are transformed in

2 _x�ðtÞ2 ζ�ðrðtÞÞ _rðtÞ5A�x�ðtÞ; tA ½t0; t1 2 hðt1ÞÞ;
ζ�ðtÞ5A�

1x
�ðtÞ;

2 _x�ðtÞ5A�x�ðtÞ; tA ½t1 2 hðt1Þ; t1�;
ð4:138Þ

respectively.

Finally, Eq. (4.138) can be rewritten as follows:

_x�ðtÞ52A�x�ðtÞ2A�
1x

�ðrðtÞÞ _r ðtÞ; tA ½t0; t1 2 hðt1Þ�; ð4:139Þ

_x�ðtÞ52A�x�ðtÞ; tA ½t1 2 hðt1Þ; t1�: ð4:140Þ

That is, conditions (a), (b), and (c) of Theorem 4.23 for this problem are the

conditions in Eqs. (4.139), (4.140), and (4.133), respectively. Thus, Examples 4.4

and 4.5 show that for concrete problems, the conditions of the proved theorems and
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well-known results of classical optimal control theory coincide. Similarly, consult

Mordukhovich [188] or Gabasov and Kirillova [94] for more detailed information.

4.7 Optimal Control of HODI of Bolza Type with Varying
Time Interval

In this section, a sufficient condition is formulated for problems with HODI, under

the t1-transversality condition. In particular, the time optimal control problem

is studied. LAMs are used for both the convex and the nonconvex cases.

Furthermore, the application of these results is demonstrated by solving one

example.

Agarwal and O’Regan [1] presented new fixed-point theorems for weakly

sequentially upper semicontinuous maps. These results were then used to establish

existence principles for second-order differential equations and inclusions.

Auslender and Mechler [23] give necessary and sufficient conditions for the

existence of a solution to second-order differential inclusions with state constraints.

Furthermore, they introduced and studied second-order interior tangent sets to

obtain such conditions.

Benchohra and Ntouyas [31,34], Benchohra et al. [32,33] investigated the exis-

tence of solutions for initial and boundary value problems for second-order impul-

sive functional-differential inclusions in Banach spaces.

In the next section, we consider the following optimization problem for HODI

on the nonfixed time interval [t0, t1]:

infimum J½xðUÞ; t1� :5
ðt1
t0

gðxðtÞ;x0ðtÞ; . . . ;xðs21ÞðtÞ; tÞdt1ϕðxðt1Þ;x0ðt1Þ; . . . ;xðs21Þðt1Þ; t1Þ

ð4:141Þ
ðPHÞ subject to LsxðtÞAFðxðtÞ; tÞ; tA ½t0; t1�; ð4:142Þ

and

xðt0Þ5 x0; x
0ðt0Þ5 x1; . . . ; x

ðs21Þðt0Þ5 xs21; ð4:143Þ

xðt1ÞAQ0; x
0ðt1ÞAQ1; . . . ; x

ðs21Þðt1ÞAQs21; ð4:144Þ

where F : ℝn3 [t0, t1]-P(Rn) is a multivalued function and Ls is an sth-order dif-

ferential expression:

Lsx5 p0
dsx

dts
1 p1

ds21x

dts21
1?1 ps21

dx

dt
1 psx
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with pi, i5 0, 1, . . . , s some real constants. The initial time moment t0 is fixed. We

label this problem as (PH). The problem is to find a solution ~xðUÞ satisfying almost

everywhere the HODI in Eq. (4.142) on the time interval [t0, t1] and with the initial

and final state conditions in Eqs. (4.143) and (4.144), which minimizes J[x( � ), t1].
Here, a feasible solution x( � ) is understood to be an absolutely continuous function

on a time interval [t0, t1] together with the higher order derivatives up until s21,

for which xðsÞðUÞALn1: Observe that such a class of functions Wn
1;sð½t0; t1�Þ is a

Banach space, endowed with different equivalent norms. For instance,

:xðUÞ:5
Xs21
k5 0

9xðkÞðt0Þ91 :xðsÞðUÞ:
1

or :xðUÞ:5
Xs
k5 0

:xðkÞðUÞ:
1

where :xðkÞðUÞ:
p
5

ðt1
t0

jxðkÞðtÞjp
0
@

1
A

1
p

;

1# p,N and jxj is a Euclidean norm in ℝn.

Note that there are clear relations

xðk21Þðt1Þ5
ðt1
t0

xðkÞðtÞdt1 xðk21Þðt0Þ; k5 1; 2; . . . ; s

and if ~xðUÞ is another feasible solution of problem (PH), then

Lk21ðxðt1Þ2 ~xðt1ÞÞ5
ðt1
t0

LkðxðtÞ2 ~xðtÞÞdt; k5 1; 2; . . . ; s:

We say that the solution x( � ) of the HODI in Eq. (4.142) transfers the state

from the initial point (x0, x1, . . . , xs21) to the final set Q5Q03?3Qs21 on the

time interval [t0, t1] if the boundary condition in Eqs. (4.143) and (4.144) holds.

Let WA( � ) be a support function for a set AAP(Rn) as before; i.e.,

WAðx�Þ5 supxA A hx�; xi:

Proposition 4.2. Let Q be the Cartesian product of the sets Q1AP(Rn), i5 0,

1, . . . , s21; i.e., Q5Q03Q13?3Qs21C(Rn)s.

Then the equality WQðx�Þ5
Ps21

i5 0 WQi
ðx�i Þ; x� 5 ðx�0; . . . ; x�s21ÞA ðRnÞs holds.

& Indeed we have

WQðx�Þ5 sup
xAQ

hx�; xi5 sup
xiAQi

Xs21
i5 0

hx�i ; xii
( )

5
Xs21
i50

WQi
ðx�i Þ:’
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Let ~xðUÞ be a feasible solution of the problem (PH). For a given adjoint trajectory

x�( � ) on [t0, t1], let us construct the following higher-order adjoint differential

inclusion (HOADI):

i. L�s x
�ðtÞAF�ðx�ðtÞ; ð ~xðtÞ;Ls ~xðtÞÞ; tÞ; tA ½t0; t1�;

ii. Ls ~xðtÞAFð ~xðtÞ; x�ðtÞ; tÞ; tA ½t0; t1�;
where L�s is the adjoint differential expression; i.e.,

L�s x
� 5 ð21Þs d

sðp0x�Þ
dts

1 ð21Þ21 d
s21ðp1x�Þ
dts21

1?1 psx
�: ð4:145Þ

Here, an adjoint trajectory x�( � ) satisfies the HOADI almost everywhere on [t0, t1].

Definition 4.6. Let ~xðUÞ be a feasible solution of the problem (PH) and suppose

that ~xðUÞ is an adjoint trajectory satisfying HOADI. We say that there is a t1-trans-

versality condition on the final state set Q5Q03Q13?3Qs21 if the inequality

2
Xs21
k50

hL�s2 k21x
�ðtÞ; ~xðkÞðtÞi.

Xs21
k50

WQk
ð2 L�s2 k21 x

�ðtÞÞ

holds for t0# t, t1.

Let us introduce the following s-dimensional vector-function and differential

expression:

zðtÞ5 ðxðtÞ; x0ðtÞ; . . . ; xðs21ÞðtÞÞ;

L�x�ðtÞ5 ðL�0x�ðtÞ;L�1x�ðtÞ; . . . ;L�s21x�ðtÞÞ; L�0x
�ðtÞ5 p0x

�ðtÞ;

respectively.

Then by Proposition 4.2, it follows from t1-transversality that the inequality

2 hL�x�ðtÞ; ~zðtÞi.WQð2 L�x�ðtÞÞ; t0 # t, t1

holds. In other words, the t1-transversality condition guarantees that the point ~zðt1Þ
belongs to the set Q only at the moment t5 t1 or there is at least one k such that

~xðkÞðtÞ =2Qk for all tA[t0, t1).

Furthermore, assume that the Bolza cost functional J[x( � ), t] is monotone with

respect to the argument t; that is to say, the inequality J[x( � ), θ1], J[x( � ), θ2] holds
for any θ1, θ2A[t0, t1] (θ1, θ2) and for all feasible arcs x( � ) of the problem (PH).

Theorem 4.24. Let ~xðUÞ be a feasible arc of the HODI, which transfers the state

from the point (x0, x1, . . . , xs21) to the set Q on the time interval [t0, t1]. Assume

that there exists an absolutely continuous adjoint function x�( � ) on the time interval

[t0, t1] of the HOADI (i) and (ii), together with its higher-order derivatives up until
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s21, for which x�ðsÞðUÞALn1: Furthermore, suppose that J[x( � ), t] is monotonic

increasing with respect to t for any feasible arc of the HODI in Eq. (4.142) and that

a. gðx; y1; . . . ; ys21; tÞ2 gð ~xðtÞ; ~x0ðtÞ; . . . ; ~xðs21Þ; tÞ
$ h2L�s21x

�ðtÞ; x2 ~xðtÞi1 h2L�s22x
�ðtÞ; y1 2 ~x0ðtÞi1?1 h2 p0x

�ðtÞ; ys21 2 ~xðs21ÞðtÞi
’x; yi ARn;?i5 1; . . . ; s21; a:e: tA ½t0; t1�;

b.
ϕðx; y1; . . . ; ys21; t1Þ2ϕð ~xðt1Þ; ~x0ðt1Þ; . . . ; ~xs21ðt1Þ; t1Þ
$ h2L�s21x

�ðt1Þ; x2 ~xðt1Þi1 h2 L�s22x
�ðt1Þ; y1 2 ~x0ðt1Þi1?1 h2 p0x

�ðt1Þ; ys21
2 ~xðs21Þðt1Þi; xAQ0; yi AQi; i5 1; . . . ; s21

c. t1-transversality condition on Q5Q03?3Qs21.

Then the arc ~xðUÞis optimal.

& Let x( � ) be a feasible arc realizing the transition from the interval [t0, t
�] to the

set Q5Q03?3Qs21. Let us show that J½xðUÞ; t��$ J½ ~xðUÞ; t1�: We can rewrite

condition (i) as follows:

HðxðtÞ; x�ðtÞ; tÞ2Hð ~xðtÞ; x�ðtÞ; tÞ # hL�s x�ðtÞ; xðtÞ2 ~xðtÞi ð4:146Þ

By condition (ii),

Hð ~xðtÞ; x�ðtÞ; tÞ5 hLs ~xðtÞ; x�ðtÞi ð4:147Þ

and by the definition of H,

HðxðtÞ; x�ðtÞ; tÞ$ hLsxðtÞ; x�ðtÞi ð4:148Þ

Taking into account Eqs. (4.147) and (4.148) in (4.146), we have

hLsðxðtÞ2 ~xðtÞÞ; x�ðtÞi # hL�s x�ðtÞ; xðtÞ2 ~xðtÞi: ð4:149Þ
Now it is easy to see that

dkðxðtÞ2 ~xðtÞÞ
dtk

; x�ðtÞ
* +

2 ð21Þk d
kx�ðtÞ
dtk

; xðtÞ2 ~xðtÞ
* +

5
d

dt

dk21ðxðtÞ2 ~xðtÞÞ
dtk21

; x�ðtÞ
* +

2
d

dt

dk22ðxðtÞ2 ~xðtÞÞ
dtk22

;
dx�ðtÞ
dt

* +

1?1 ð21Þk21 d
dt

xðtÞ2 ~xðtÞ; d
k21x�ðtÞ
dtk21

* +
; k5 1; 2; . . . ; s;

ð4:150Þ

hpsðxðtÞ2 ~xðtÞÞ; x�ðtÞi2 hxðtÞ2 ~xðtÞ; psx�ðtÞi5 0: ð4:151Þ
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Multiplying both sides of Eq. (4.150) by ps2 k and summing on k and taking

into account Eq. (4.151), we have

hLsðxðtÞ2 ~xðtÞÞ; x�ðtÞi2 hL�s x�ðtÞ; xðtÞ2 ~xðtÞi5 d

dt
hLs21ðxðtÞ2 ~xðtÞÞ; x�ðtÞi

2
d

dt
Ls22ðxðtÞ2 ~xðtÞÞ; dx

�ðtÞ
dt

� �
1?1 ð21Þs21 d

dt
L0ðxðtÞ2 ~xðtÞÞ; d

s21x�ðtÞ
dts21

� �
ð4:152Þ

where L0ðxðtÞ2 ~xðtÞÞ5 p0ðxðtÞ2 ~xðtÞÞ:
Recall that xðUÞ; ~xðUÞ are feasible arcs and xðt0Þ5 ~xðt0Þ: Therefore, integrating the

two sides of Eq. (4.152) on the time interval [t0, t1] we obtainðt1
t0

½hLsðxðtÞ2 ~xðtÞÞ; x�ðtÞi2 hL�s x�ðtÞ; xðtÞ2 ~xðtÞi�dt5 hLs21ðxðt1Þ2 ~xðt1ÞÞ; x�ðt1Þi

2 Ls22ðxðt1Þ2 ~xðt1ÞÞ;
dx�ðt1Þ
dt

� �
1?1 ð21Þs21 p0ðxðt1Þ ~xðt1ÞÞ;

ds21x�ðt1Þ
dts21

� �
ð4:153Þ

Direct verification shows that Eq. (4.153) can be rewritten as follows:

Xs21
k5 0

ð21ÞkhLs2 k21ðxðt1Þ2 ~xðt1ÞÞ; x�ðkÞðt1Þi5
Xs21
k5 0

hL�s2 k21x
�ðt1Þ; xðkÞðt1Þ2 ~xðkÞðt1Þi

ð4:154Þ

Consequently, it follows from Eqs. (4.149) and (4.154) thatðt1
t0

½hLsðxðtÞ2 ~xðtÞÞ; x�ðtÞi2 hL�s x�ðtÞ; xðtÞ2 ~xðtÞi�dt

5
Xs21
k50

hL�s2 k21x
�ðt1Þ; xðkÞðt1Þ2 ~xðkÞðt1Þi # 0

ð4:155Þ

Let ΔJ5 J[x( � ), t�]2 J[x( � ), t1] be the increment of the Bolza functional J

obtained by the transition from arc ~xðUÞ to the arc x( � ). Then we have

ΔJ5ϕðxðt�Þ; x0ðt�Þ; . . . ; xðs21Þðt�Þ; t�Þ1
ðt�
t0

gðxðtÞ; x0ðtÞ; . . . ; xðs21ÞðtÞ; tÞdt

2ϕð ~xðt1Þ; ~x0 ðt1Þ; . . . ; ~xðs21Þðt1Þ; t1Þ2
ðt1
t0

gð ~xðtÞ; ~x0 ðtÞ; . . . ; ~xðs21ÞðtÞ; tÞdt
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Then from hypotheses (a) and (b) and from Eq. (4.155), we obtain

ΔJ$ϕðxðt�Þ;x0ðt�Þ; . . . ;xðs21Þðt�Þ; t�Þ1
ðt�1
t0

gðxðtÞ;x0ðtÞ; . . . ;xðs21ÞðtÞ; tÞdt

2ϕðxðt1Þ;x0ðt1Þ; . . . ;xðs21Þðt1Þ; t1Þ2
ðt1
t0

gðxðtÞ;x0ðtÞ; . . . ;xðs21ÞðtÞ; tÞdt

2
Xs21
k50

hL�s2k21x
�ðt1Þ;x�ðt1Þ;xðkÞðt1Þ2 ~xðkÞðt1Þi2

Xs21
k50

ðt1
t0

hL�s2k21x
�ðtÞ;xðkÞðtÞ2 ~xðkÞðtÞidt

2
Xs21
k50

hL�s2k21x
�ðt1Þ;x�ðt1Þ;xðkÞðt1Þ2 ~xðkÞðt1Þi2

Xs21
k50

ðt1
t0

hL�s2k21x
�ðtÞ;xðkÞðtÞ2 ~xðkÞðtÞidt

ð4:156Þ

$ϕðxðt�Þ;x0ðt�Þ; . . . ;xðs21Þðt�Þ; t�Þ1
ðt�1
t0

gðxðtÞ;x0ðtÞ; . . . ;xðs21ÞðtÞ; tÞdt

2ϕðxðt1Þ;x0ðt1Þ; . . . ;xðs21Þðt1Þ; t1Þ2
ðt1
t0

gðxðtÞ;x0ðtÞ; . . . ;xðs21ÞðtÞ; tÞdt:

To prove the optimality of ~xðUÞ; let us assume the contrary—for any feasible arc

x( � ), tA[t0, t
�], x(t0)5 x0, x0(t0)5 x1, . . . , x(s21)(t0)5 xs21, x

k(t�)AQk, k5 0,

1, . . . , s21, let the increment be negative; i.e., ΔJ, 0 or J½xðUÞ; t��, J½ ~xðUÞ; t1�:
Then by Eq. (4.156), this means that J[x( � ), t�], J[x( � ), t1]. Since J[x( � ), t] is

monotone on t, we conclude that t� , t1.

On the other hand, by Eq. (4.155), it is clear that for t5 t�

Xs21
k5 0

hL�s2 k21x
�ðt�Þ; ~xðkÞðt�Þi$

Xs21
k5 0

hL�s2 k21x
�ðt�Þ; xðkÞðt�Þi:

Finally, by the t5 t� transversality property on Q, we get

2
Xs21
k5 0

hL�s2 k21x
�ðt�Þ; xðkÞðt�Þi.

Xs21
k5 0

WQK
ð2 L�s2 k21x

�ðt�ÞÞ5WQð2 L�x�ðt�ÞÞ:

ð4:157Þ
Thus, remembering that t� , t1, the inequality in Eq. (4.157) implies that there is

at least one k for which x(k)(t�) =2Qk; i.e., the arc x( � ) cannot realize the transition

from the interval [t0, t
�] to the set Q. This means that ~xðUÞ is the optimal arc. ’
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Remark 4.13. It is obvious that the Bolza-type problem (PH) with fixed time inter-

val t� 5 t1 and the inequality in Eq. (4.156) implies that ΔJ$ 0, and consequently

~xðUÞ; is optimal. So the t1-transversality condition in the considered case is superflu-

ous. Moreover, the monotonicity condition on J[x( � ), t] in t is unnecessary.

Remark 4.14. Suppose that at the moment t5 t1 there is only one restriction; e.g.,

x(t1)AQ0. This means that Qk5ℝn, k5 1, 2, . . . , s21. Then by Proposition 4.2,

WQk
ðx�k Þ5

0; x�k 5 0;
1N; x�k 6¼ 0;

�

and in the hypotheses (a) and (b) of Theorem 4.24, L�s2 kx
�ðtÞ � 0; k5 1; . . . ;

s21; tA ½t0; t1� and the t1-transversality condition consists of the following:

2 hL�s21x�ðtÞ; ~xðtÞi.WQ0
ð2 L�s21x

�ðtÞÞ; t0 # t, t1:

Remark 4.15. Note that in the theory of linear differential operators, a formula

similar to that in Eq. (4.153) is called Lagrange’s formula [139].

For the sake of simplicity, we now consider the time optimal control problems

in Eqs. (4.142)�(4.144). This problem is to find a feasible solution x( � ) of the dif-

ferential inclusion in Eq. (4.142), which transfers the state to the set

Q5Q03?3Qs21 in the least time.

Theorem 4.25. Let ~xðUÞ be a feasible arc of the differential inclusion in

Eq. (4.142), which transfers the state to the set Q on the interval [t0, t1]. Assume

that there exists an adjoint function x�( � ) of the HOADI (i) and (ii) of Theorem

4.24, which is an absolutely continuous function together with its higher-order deri-

vatives up until order s�1. Further assume that the t1-transversality condition on

the set Q5Q03?3Qs21 holds.

Then the solution ~xðUÞ is optimal.

& Suppose that the solution ~xðUÞ is not an optimal one. Then there exists a feasible

solution x( � ) of the HODI (i) that does a transfer from the initial state [x(t0), x
0

(t0), . . . , x
(s21)(t0)] to the final set Q on the time interval [t0, θ] and θ, t1. Then

considering the feasible functions x( � ), ~xðUÞ on the time interval [t0, θ] by analogy

to the proof of Theorem 4.24, we have the same inequality (Eq. (4.155)) rewritten

for point t15 θ:Xs21

k5 0
hL�s2 k21x

�ðθÞ; xðkÞðθÞ2 ~xðkÞðθÞi # 0

or

2
Xs21

k5 0
hL�s2 k21x

�ðθÞ; xðkÞðθÞi$ 2
Xs21
k5 0

hL�s2 k21x
�ðθÞ; ~xðkÞðθÞi ð4:158Þ
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Since for t0# θ, t1 the t1-transversality condition is assumed to hold, we have

from the inequality in Eq. (4.158)

2
Xs21

k5 0
hL�s2 k21x

�ðθÞ; xðkÞðθÞi.
Xs21
k5 0

WQk
ð2 L�s2 k21x

�ðθÞÞ; t0 # θ, t1:

ð4:159Þ

But Eq. (4.159) contradicts the inclusions x(θ)AQ0, x
0(θ)AQ1, . . . , x

(s21)(θ)A
Qs21.

This contradiction proves our theorem. ’

Now in the cost function in Eq. (4.141), let g(x, y1, . . . , ys21, t)� g(x, t), ϕ(x,
y1, . . . , ys21, t)�ϕ(x, t) and suppose that g( � , t) and ϕ( � , t1) are convex functions;

i.e.,

J½xðUÞ; t1�5
ðt1
t0

gðxðtÞ; tÞdt1ϕðxðt1Þ; t1Þ:

Theorem 4.26. Suppose that g( � , t) , ϕ( � , t1) and the multivalued function F( � , t)
are convex and that Qi, i5 0, 1, . . . , s21 are convex sets in Eq. (4.141)�(4.144).

Let ~xðUÞ be any feasible arc of this convex problem and assume that there exists

an absolutely continuous function x�( � ) on [t0, t1] together with its higher-order

derivatives up until s�1, which satisfies the HOADI

L�s x
�ðtÞAF�ðx�ðtÞ; ð ~xðtÞ; Ls ~xðtÞÞ; tÞ2 @gð ~xðtÞ; tÞ; tA ½t0; t1�:

Further assume that J[x( � ), t] is monotonically increasing with respect to t for

any feasible arc x( � ) of the HODI in Eq. (4.142) and that the following conditions

are satisfied:

1. L�s2 k21x
�ðt1ÞAK�

Qk
ð ~xðkÞðt1ÞÞ; k5 1; 2; . . . ; s21;

2. 2 L�s21x
�ðt1ÞA @ϕð ~xðt1Þ; t1Þ;

3. t1-transversality condition on Q13?3Qs21.

Then the arc ~xðUÞ is optimal.

& It is not hard to see that in the considered case, the inequality in Eq. (4.146)

from the proof of Theorem 4.24 has a form:

HðxðtÞ; x�ðtÞ; tÞ2Hð ~xðtÞ; x�ðtÞ; tÞ2 gðxðtÞ; tÞ1 gð ~xðtÞ; tÞ # hL�s x�ðtÞ; xðtÞ2 ~xðtÞi:

so (see Eq. (4.149))

hLsðxðtÞ2 ~xðtÞÞ; x�ðtÞi2 hL�s x�ðtÞ; xðtÞ2 ~xðtÞi # gðxðtÞ; tÞ2 gð ~xðtÞ; tÞ ð4:160Þ
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By hypothesis 2,

h2 L�s21x
�ðt1Þ; xðt1Þ2 ~xðt1Þi # ϕðxðt1Þ; t1Þ2ϕð ~xðt1Þ; t1Þ ð4:161Þ

Taking into account Eq. (4.155) and integrating the inequalities in Eqs. (4.160)

and (4.161) on the interval [t0, t1] and adding them, we have

J½xð:Þ; t1�2 J½ ~xð:Þ; t1�$
Xs21
k5 1

hL�s2 k21x
�ðt1Þ; xðkÞðt1Þ2 ~xðkÞðt1Þidt:

By hypothesis 1, the right-hand side of the last inequality is nonnegative; i.e.,

J½xðUÞ; t1�2 J½ ~xðUÞ; t1�$ 0: ð4:162Þ

Now using the inequality in Eq. (4.162) and the same method as in the proof of

Theorem 4.24, we can show that (see Eq. (4.156))

ΔJ$ϕðxðt�Þ; t�Þ1
ðt�
t0

gðxðtÞ; tÞdt2ϕðxðt1Þ; t1Þ2
ðt1
t0

gðxðtÞ; tÞdt

and t� , t1. Then by analogy with Theorem 4.24 using the t1-transversality condi-

tion, it can be shown that ~xðUÞ is optimal. ’

Remark 4.16. At once the inequality in Eq. (4.162) implies that if t1 is fixed, then

conditions (1) and (2) are sufficient for the optimality of ~xðUÞ:
Let us consider the following familiar time optimal control problem:

infimum t1 5

ðt1
t0

1Udt subject to
d2x

dt2
5 u; uA 21; 1½ �; ð4:163Þ

xð0Þ5 x0; x0ð0Þ5 x1; xðt1Þ5 x0ðt1Þ5 0:

It is required to find the optimal control ~uðUÞ such that the corresponding arc

~xðUÞ minimizes t1. In the present case [see (PH)]

Lsx5
d2x

dt2
; s5 2;Fðx; tÞ5 u : juj # 1f g;ϕ � 0; g � 1;Q0 5Q1 5 0f g:

So the time optimal control problem in Eq. (4.163) can be written as follows:

infimum t1 subject to L2xAFðx; tÞ; ð4:164Þ

xð0Þ5 x0; x0ð0Þ5 x1; xðt1Þ5 x0ðt1Þ5 0:
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Clearly,

Hðx; v�2; tÞ5 max
u

fuv�2 : juj # 1g5 jv�2j ð4:165Þ

so

F�ðv�2; ðx; v2Þ; tÞ5 @xHðx; v�2; tÞ � 0; v2AFðx; v�2; tÞ5 f21; 1g: ð4:166Þ

Then taking into account L�2x
� 5 d2x�=ðdt2Þ; we have (see Theorem 4.25)

d2x�

dt2
5 0; tA 0; t1½ �;

for which the solution is a linear function of the form x�(t)5 c1t1 c2, where c1, c2
are arbitrary constants.

Then Eq. (4.165) implies that ~uðtÞx�ðtÞ5 jx�ðtÞj; or

~uðtÞ5 sign x�ðtÞ; if x�ðtÞ 6¼ 0;
’u0 A ½21; 1�; if x�ðtÞ5 0:

�
ð4:167Þ

Furthermore, x�(t), tA[0, t1] as a linear function vanishes, which is not more

than one time on [0, t1]. Therefore, for optimal control ~uðUÞ by Eq. (4.167), there

are four possibilities:

~uðtÞ � 1; x�ðtÞ 6¼ 0; tA ½0; t1�; ð4:168Þ

~uðtÞ � 21; x�ðtÞ 6¼ 0; tA ½0; t1�; ð4:169Þ

~uðtÞ5 1; 0 # t, τ;
21; τ, t # t1;

�
ð4:170Þ

~uðtÞ5 21; 0 # t, τ;
1; τ, t # t1:

�
ð4:171Þ

Observe that x�(τ)5 0 and the values of the control functions u( � ) at a point of

discontinuity τ are unessential. Using Eqs. (4.168)�(4.171), by solving the Cauchy

problem,

d2xðtÞ
dt2

5 ~uðtÞ; xðt1Þ5 x0ðt1Þ5 0 ð4:172Þ
we have a unique solution with the initial point x(0)5 x0, x

0(0)5 x1.

Thus, substituting Eq. (4.168) into (4.172), we have

xðt1Þ5
t21
2
1 x1t1 x0
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and the conditions x(t1)5 0, x0(t1)5 t11 x1 give us

t1 52 x1 1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 22x0

q
; and x21 22x0 5 0 or x0 5

x21
2
; ðx1 , 0Þ:

Consequently, in the case ~uðtÞ511; the Cauchy problem in Eq. (4.172) corre-

sponds to the initial points x0, x1 for which x0 5 ðx21=2Þ; x1 , 0: By analogy, if

~uðtÞ521 we have from Eq. (4.172) initial points satisfying x0 5 ð2 x21=2Þ; x1 . 0:
The family of solution-arcs AB and CD of parabolas are illustrated in Figure 4.1.

In a similar way, in Figure 4.2, for every optimal control in Eqs. (4.170) and

(4.171), taking the values 6 1 and having not more than two intervals of constancy

which corresponds to the initial points satisfying x052 x1jx1j/2:

As is shown in Figure 4.2, the trajectories (A1B1D1 and A2B2D2) consist of two

pieces of parabolas and at points t5 τ (see Figure 4.2(a)) the value of u switches

its value and becomes equal to 1 1 and 21 (see Figure 4.2(b)), respectively.

Figure 4.1 Family of solutions consisting of one parabola.

Figure 4.2 Family of solutions consisting of two parabolas.
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5 On Duality of Ordinary Discrete and
Differential Inclusions with Convex
Structures

5.1 Introduction

In this chapter, we construct the dual problems to the primary convex problems for

ordinary discrete (DSI) and differential (DFI) inclusions. Duality theory, by virtue

of the importance of its applications, is one of the central directions in optimal con-

trol theory. For example, in mathematics and economics, duality theory is inter-

preted in the form of prices; in mechanics, potential energy and complementary

energy are in a dual relationship—the displacement field and the stress field are

solutions to the primary and dual problems, respectively. Besides these applications,

duality often makes it possible to simplify the computational procedure and to con-

struct a generalized solution to variational problems that do not have classical solu-

tions. The duality theorems allow you to conclude that a sufficient condition for an

extremum is an extremal relation for the primary and dual problems. The latter

means that if some pair (x, x�) satisfies this extremal relation, then x and x� are

solutions to a primary and a dual problem, respectively. We remark that a signifi-

cant part of the investigations of Ekeland and Temam [75,76] for simple variational

problems are connected with such problems and that there are similar results for

ordinary DFI in Mahmudov [142,144�149,155,157,158,161], Mahmudov and

Değer [172], Mordukhovich [185,186,199], Rockafellar and Wolenski [233,234],

and Richard and Yung [227].

In this chapter, the operations of addition and infimal convolution of convex

functions is the starting point for the construction of duality theory.

In Section 5.2, we consider an important class of optimization problems of

mathematical programs with equilibrium constraints yAF(x), where the multifunc-

tion F(x) appears in various aspects of equilibrium theory related to mechanical

and economic modeling. We shall investigate this problem in the abstract form

ðECÞ infimum gðx; yÞ subject to yAFðxÞ \ N; xAM:

Note that in Ref. [212], the main attention is paid to the case in which the equi-

librium multifunction F is given in the form F(x)5 {yAY : 0Af(x, y)1Q(x, y)}

with f : X3 Y-Z and Q : X3 Y-P(Z), where P(Z) is a set of all nonempty
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subsets of Z. The dual problem for mathematical programs with equilibrium con-

straints is the following maximization problem:

ðEC�Þ sup
x� ; x�

0
;y�;y�

0

f2g�ðx�0; y�0Þ1MFðx�0 2x�; y� 2y�0Þ2WNð2y�Þ2WMð2x�Þg:

In what follows, we prove that if v and v� are the values of optimization problem

of mathematical programs with equilibrium constraints (EC) and its dual problem

(EC�), respectively, then v$ v� for all feasible solutions of primary and dual pro-

blems. Moreover, if a certain “regularity condition” (see Definition 5.1) is satisfied,

then the existence of a solution to one of these problems implies the existence of a

solution to the dual problem, where v5 v�, and in the case where v. 2N the dual

problem has a solution.

In particular, under the quasisuperlinearity condition relative to F and sets N, M

are formulated necessary and sufficient conditions for the finiteness and attainabil-

ity of v�.
Next, in the case of g(z)� f0(x) in terms of the recession function f �0 0

1 is formu-

lated one sufficient condition (Theorem 5.5) for the equality of values of primary

and dual problems.

One of the main object of discussion of this chapter is an optimization of convex

DSI of the form

ðPdÞ inf
XT
t50

gðxt;tÞ; subject to xt11AFtðxtÞ; t50;...;T21; x0AN0; xTAMT ;

where g( � ,t) and Ft are a convex and a multivalued function, respectively, and N0

andMT are convex sets. For this goal, in Section 5.3, we first construct the dual prob-

lem for polyhedral DSI considered in Section 4.3; i.e., the problem where g( � ,t) is a
polyhedral function and Ft is a polyhedral multivalued function given by Ft(x)�
F(x)5 {y : Ax2By# d}; N0 and MT are polyhedral sets. As above, it should be

emphasized that we use the operations of addition and infimal convolution of convex

functions (Theorem 3.15).

The dual problem for (Pd) is reduced to a problem of the form

supf2ϕ�ðw�Þ2δ�Gð2w�Þg: Calculating polyhedral functions ϕ� and δ�G; which have

concrete forms connected with problem (Pd), we construct the dual problem. Then

by using the notion of infimal convolution, we investigate the duality relations for

classical linear programming theory. In Section 5.3, on the basis of polyhedral

duality results, we establish the dual problem for polyhedral DFI.

In Section 5.4, we construct the dual problem for problem (Pd), which consists

of the following:

ðPd�Þ sup
u�t ;x

�
t ;t50;:::;T

2
XT
t50

g�ðu�t ;tÞ1
XT21
t50

MFt
ðx�t 1u�t ;x

�
t11Þ2WN0

ðx�0Þ2WMT
ð2u�T2x�T Þ

( )

and prove duality theorems.

218 Approximation and Optimization of Discrete and Differential Inclusions



In Section 5.5, a Bolza problem of optimal control theory given by convex dif-

ferential inclusions is considered. For such a problem, the dual problem is con-

structed and under some conditions the duality relations are established. Then a

connection between solutions of dual problems and necessary and sufficient condi-

tions for optimality in primary problem is considered. The constructed dual prob-

lem for the discrete-approximation problem allows us to make a bridge between

the duality problems for DSI and DFI. Construction of the dual problem to (CP) is

realized by passing to the formal limit as the discrete step tends to zero. The results

obtained are extended to the delay DSI and delay DFI.

5.2 Duality in Mathematical Programs with Equilibrium
Constraints

We consider an important class of optimization problems with equilibrium con-

straints yAF(x), where the multivalued function F(x) appears in various aspects of

equilibrium theory related to mechanical and economic modeling:

inf gðx; yÞ subject to yAFðxÞ \ N; xAM; ð5:1Þ

where g : X3 Y-ℝ[{1N}, F, and MDX are closed proper convex function, con-

vex multivalued function, and subset, respectively. In the more general case dis-

cussed in Section 3.7, we established necessary conditions of optimality (Theorem

3.6 and Corollaries 3.8 and 3.9) for the nonconvex problem in Eq. (5.1). Here we

construct the dual problem to the primary problem in Eq. (5.1) and establish duality

relations for it. To do this we easily reduce the problem in Eq. (5.1) to the convex

programming problem with a geometric constraint of the form

ðGÞ inf gðzÞ subject to zAA

where A5 (gph F)\(X3N)\(M3 Y)DZ5X3 Y, z5 (x,y). With the use of the

infimal convolution of two functions, we have constructed the dual problem for the

convex problem considered in Section 3.3 as follows:

ðG�Þ supf2g�ðz�Þ2δ�Að2z�Þg;

where δA( � ) is the indicator function of A. Here, by Theorem 3.15 of the duality

between the operations of addition and infimal convolution of convex functions if

there exists a point z1AA, where g is continuous, then ðg1 δAÞ� 5 g�"δ�A; so the

values of the primary and dual problems (G) and (G�) are equal. In addition, if the

value of problem (G) is finite, then 0Adom(g1 δA)� and the supremum in problem

(G�) is attained. On the other hand, since

δA 5 δgph F 1 δX3N 1 δM3 Y ;

it is easy to see that
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δ�Að2z�Þ# inffδ�gph Fðz�1Þ1 δ�X3Nðz�2Þ1 δ�M3 Y ðz�3Þ : z�1 1 z�2 1 z�3 1 z� 5 0g;
z�i 5 ðx�i ; y�i Þ; i5 1; 2; 3:

ð5:2ÞBy Theorem 1.24, we can write

δ�gph Fðz�1Þ5 supfhz1; z�1i : z1Agph Fg;

δ�X3Nðz�2Þ5 supfhz2; z�2i : z2AX3Ng5 supfhy2; y�2i : y2ANg; x�2 5 0;

1N; x�2 6¼ 0

�
ð5:3Þ

δ�M3 Y ðz�3Þ5 supfhz3; z�3i : z3AM3 Yg5 supfhy3; y�3i : y3ANg; y�3 5 0;
1N; y�3 6¼ 0

�

Definition 5.1. We say that the regularity condition for problem (G) is satisfied, if

there is a point z05 (x0, y0)AZ such that either (1) (x0, y0)Ari dom g(x0, y0)Ari gph

F, x0Ari M, y0Ari N or (2) (x0, y0)Aint gph F, x0AM, y0Aint N and g is continuous

at z0.

Then under the regularity condition in Eq. (5.2), one has the equality sign, and

for all z�, such that δ�Að2z�Þ, 1N; the infimum is attained.

Remember that by notation of Eq. (2.5),

MFðx�1; y�1Þ5 inf
ðx;yÞ

fhx; x�1i2 hy; y�1i : ðx; yÞAgph Fg:

Then in view of the relations in Eqs. (5.2) and (5.3), and Theorem 1.24, we can

write

supf2g�ðz�Þ2δ�Að2z�Þg$ supf2g�ð2z�Þ1MFð2x�1; y
�
1Þ2WNðy�2Þ2WMðx�3Þg;

ð5:4Þ

where WC is a support function of C.

Now, by using

z� 5 ðx�; y�Þ; z�1 5 ðx�1; y�1Þ; z�2 5 ð0; y�2Þ; z�3 5 ðx�3; 0Þ

in the condition
P3

i5 1 z
�
i 1 z� 5 0 contained in Eq. (5.2), we find that

x�1 1 x�3 1 x� 5 0; y�1 1 y�2 1 y� 5 0: ð5:5Þ

In what follows, for convenience denoting x� 5 x�0; y
� 5 y�0 and then

x�3 52x�; y�2 52y� in the relation in Eq. (5.4), we observe that the right-hand side

of this relation has the form

supf2g�ðx�0; y�0Þ1MFðx�0 2x�; y� 2y�0Þ2WNð2y�Þ2WMð2x�Þg ð5:6Þ

Naturally, the constructed problem in Eq. (5.5) is called the dual problem for the

primary problem in Eq. (5.1). Thus, comparing all facts in accordance with
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Proposition 3.4 and Theorems 3.17 and 3.18, we have obtained the result shown in

Theorem 5.1.

Theorem 5.1. If v and v� are the values of the optimization problems of mathemat-

ical programs with equilibrium constraints (Eq. (5.1)) and its dual problem

(Eq. (5.5)), respectively, then v$ v� for all feasible solutions of primary and dual

problems. Moreover, if the regularity condition is satisfied, then the existence of a

solution to one of these problems implies the existence of a solution to the other

problem, and v5 v� and in the case where v. 2N, the dual problem has a

solution.

Assume that we have a problem (Eq. (5.1)), where g(z)� f0(x). We construct for

such a problem its dual problem. At first we calculate the conjugate function g�.

Proposition 5.1. If g(z)� f0(x), then we have

g�ðz�Þ5 f �0 ðx�Þ; if y� 5 0;
1N; if y� 6¼ 0:

�

& In fact, by definition of a conjugate function, we get

g�ðz�Þ5 supfhz; z�i2 gðzÞg5 supfhx; x�i1 hy; y�i2f0ðxÞg
5 supfhy; y�i1 f �0 ðx�Þg5

f �0 ðx�Þ; if y� 5 0;
1N; if y� 6¼ 0

;

�

where f �0 is a closed proper convex function (Theorem 1.21).’

Thus, by Proposition 5.1, the dual problem in Eq. (5.5) to the primary problem

below

infimum f0ðxÞ subject to yAFðxÞ \ N; xAM ð5:7Þ

consists of the following:

supf2f �0 ðx�0Þ1MFðx�0 2x�; y�Þ2WNð2y�Þ2WMð2x�Þg ð5:8Þ

Similarly, if now g(z)� f(y), then g�(z�)5 f�(y�), x� 5 0, so the dual problem is

supf2f �ðy�Þ1MFðx�0; y�0 2y�Þ2WNð2y�0Þ2WMðx�0Þg:

Theorem 5.2. Let the regularity condition for the problem in Eq. (5.7) be satisfied.

Then in order for ~x be a solution to problem in Eq. (5.7), it is necessary and suffi-

cient that there exist vectors x�AK�
Mð ~xÞ; y�AK�

Nð ~yÞ; and x�0A@f0ð ~xÞ not all equal to
zero, such that

x�0 2x�AF�ðy�; ~zÞ; ~z5 ð ~x; ~yÞ; ~yAFð ~xÞ \ N:
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& The proof is similar to the one for Corollary 3.8. The difference is that under the

regularity condition in the convex case, λ5 1 in Corollary 3.8. Indeed, taking

A0 5 dom f0 3 Y ; A1 5 gph F; A2 5X3N; A3 5M3 Y ;

we observe that either

ðint A0Þ \ ðint A1Þ \ ðint A2Þ \ A3 6¼ [ ð5:9Þ

or

ðri A0Þ \ ðri A1Þ \ ðri A2Þ \ ðri A3Þ5 ri \3
i5 0

Ai 6¼ [: ð5:10Þ

Therefore, taking into account these conditions, by Theorems 3.3 and 3.4, we

get λ5 1.’

Theorem 5.3. Let ~x be a solution to problem (5.7) and let the regularity condition

for problem (5.7) be satisfied. Then the triplet of vectors ðx�0; x�; y�Þ is a solution to

the dual problem (5.8) if and only if it satisfies the necessary and sufficient condi-

tion of Theorem 5.1.

& Let ðx�0; x�; y�Þ be a solution to the dual problem in Eq. (5.8). Since the problem

in Eq. (5.7) is equivalent to the problem in Eq. (5.1), where g(z)� f0(x), it follows

by Theorem 3.1 that 0A@ðgð~zÞ1 δAð~zÞÞ or by Corollary 1.2 ~zA@ðg1 δAÞ�ð0Þ: In

turn, by Theorem 3.15, the latter inclusion yields ~zA@ðg�"δ�AÞ�ð0Þ: Moreover, by

Proposition 3.2,

@ðg�"δ�AÞ�ð0Þ5 @g�ðz�Þ \ @δ�Að2z�Þ and

~zA@g�ðz�Þ \ @δ�Að2z�Þ; ð5:11Þ

where z� is a solution to the dual problem (G�). Furthermore, by hypothesis, remem-

ber that at points z� 5 ðx�0; 0Þ; z�1 5 ðx� 2x�0; y
�Þ; z�2 5 ð0; 2y�Þ; z�3 5 ð2x�; 0Þ;

where
P3

i5 1 z
�
i 1 z� 5 0; the infimum in Eq. (5.2) is attained; i.e.,

δ�Að2z�Þ5 δ�gph Fðz�1Þ1 δ�X3Nðz�2Þ1 δ�M3 Y ðz�3Þ:

Then from the formula in Eq. (5.11), we obtain

~zA@g�ðz�Þ \ @δ�gph Fðz�1Þ \ δ�X3Nðz�2Þ \ δ�M3 Y ðz�3Þ

which implies that

~zA@g�ðz�Þ; ~zA@δ�gph Fðz�1Þ; ~zA@δ�X3Nðz�2Þ; ~zA@δ�M3 Y ðz�3Þ: ð5:12Þ
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The first inclusion in Eq. (5.12) by Corollary 1.2 implies that z�A@gð~zÞ or

ðx�0; 0ÞA@f0ð ~xÞ3 f0g; i.e., x�0A@f0ð ~xÞ: Similarly, by virtue of the second inclusion in

Eq. (5.12), we get ~zA@δ�gph Fðz�1Þ or, equivalently, z�1A@δgph Fð~zÞ: Therefore.

ðx� 2x�0; y
�ÞA@δgph Fð~zÞ52K�

gph Fð~zÞ or by the definition of LAM x�0 2x�AF�ðy�; ~zÞ:
Finally, by analogy, the remaining inclusions ~zA@δ�X3Nðz�2Þ; ~zA@δ�M3 Y ðz�3Þ imply

that y�AK�
Nð ~yÞ and x�AK�

Mð ~xÞ; respectively. Conversely, we show now that if the

vectors x�0; x�; y� satisfy the necessary and sufficient condition of the theorem,

then the triplet ðx�0; x�; y�Þ is a solution to the dual problem in Eq. (5.8). By

Theorem 1.26, x�0A@f0ð ~xÞ if and only if

f �0 ðx�0Þ5 h ~x; x�0i2f0ð ~xÞ: ð5:13Þ

Moreover, by Lemma 2.6, the inclusion x�0 2x�AF�ðy�; ~zÞ is equivalent to

MFðx�0 2x�; y�Þ5 h ~x; x�0 2x�i2Hð ~x; y�Þ: ð5:14Þ

Also it is clear that the inclusions x�AK�
Mð ~xÞ; y�AK�

Nð ~yÞ imply that

WNð2y�Þ5 h ~x; 2y�i; WMð2x�Þ5 h ~x; 2x�i; ð5:15Þ

respectively. On the other hand, remember that by Theorem 2.1, ~yAFð ~x; y�Þ or,

equivalently, Hð ~x; y�Þ5 hy�; ~yi: Thus, from Eqs. (5.13)�Eq. (5.15), we have

2f �0 ðx�0Þ1MFðx�0 2x�; y�Þ2WNð2y�Þ2WMð2x�Þ
52 h ~x; x�0i1 f0ð ~xÞ2 h ~y; y�i1 hx�0 2x�; ~xi2 h ~y; 2y�i2 h ~x; 2x�i5 f0ð ~xÞ:

Consequently, we get v� $ v. But by Theorem 5.1, v$ v� holds for all feasible

solutions to the primary problem in Eq. (5.7) and the dual problem in Eq. (5.8).

Keeping these two inequalities in mind, we find that v5 v�.’
Thus, Theorem 5.3 allows us to conclude that a sufficient condition for an extre-

mum is an “extremal relation” between the primary and dual problems. The latter

means that if some pair of feasible solutions satisfies this relation, then each of

them is a solution to the corresponding (primary and dual) problem

[75,76,144�185].

Proposition 5.2. For effective domain of g�"δ�A; we have the inclusion dom

ðg�"δ�AÞ+fðx�1 1 x�3 1 x�; y�1 1 y�2Þ : MFð2x�1; y
�
1Þ. 2N;WNðy�2Þ, 1N;WMðx�3Þ

, 1N; x�Adom f �0 g:
In addition, under the regularity condition, there is an equality sign.

& It is known from Ref. [129] and Theorem 6.5.2, that domðg�"δ�AÞ
5 dom g� 1 dom δ�A: Moreover,

dom δ�A+dom δ�gph F 1 dom δ�X3N 1 dom δ�M3 Y
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and under the regularity condition there is an equality sign. Then, taking into

account the relations in Eq. (5.3) and dom g� 5 fðx�; 0Þ : x�Adom f �0 g; we have the

desired result.’

Theorem 5.4. Let a multivalued function F and sets N, M be closed convex, and

let the regularity condition be satisfied. Then in order for the value v� of dual prob-
lem in Eq. (5.8) to be finite and attainable, it is necessary that

x�0Adom f �0 ; x�0 2x�AF�ðy�Þ; 2y�Að01NÞ�; 2x�Að01MÞ�:

In addition, under the quasisuperlinearity condition relative to F and sets N, M,

these conditions are sufficient for the finiteness and attainability of v�.
& Let the value v� of the dual problem in Eq. (5.8) be finite and attainable. By the

same argument as conducted in the proof of Theorem 5.1, v5 v� and

0Adom ðg1 δAÞ� 5 dom ðg�"δ�AÞ: By Proposition 5.2, this implies that

x�1 1 x�3 1 x� 5 0; y�1 1 y�2 5 0; MFð2x�1; y
�
1Þ. 2N; WNðy�2Þ, 1N;

WMðx�3Þ, 1N; x�Adom f �0

or in previous notations ðx�0 2x�; y�ÞAdom MF ; 2 y�AWN, 2x�Adom WM, x�0A
dom f �0 : Then in view of Proposition 2.1, we obtain

ðx�0 2x�; y�ÞAð01 gph FÞ�; 2y�Að01NÞ�; 2x�Að01MÞ�

By Definition 2.9 of adjoint (not locally adjoint) multivalued function F�, the
first of these inclusions implies that x�0 2x�AF�ðy�Þ: This ends the proof of the

necessity condition. Now in the case of the quasisuperlinearity condition relative to

F and sets N, M, we prove sufficiency of these conditions for the finiteness and

attainability of v�. Actually, in view of quasisuperlinearity (Remark 2.1), by

Proposition 2.1, we get

dom MF 5 ð01 gph FÞ�; dom WN 5 ð01NÞ�; dom WM 5 ð01MÞ�:

Therefore, by going in the reverse direction, we have the desired result.’

In Theorem 5.5, in terms of the recession function f �0 0
1 ; we formulate one suf-

ficient condition for the equality of the values of the primary and dual problems.

Remember that by Definition 1.25, epi ðf �0 01 Þ5 01 ðepi f �0 Þ:

Theorem 5.5. Let v and v
�
be the values of the primary problem in Eq. (5.7) and

the dual problem in Eq. (5.8), respectively. Then in order for v5 v�, it is sufficient
that there do not exist vectors x�; y�; x�0 such that

ðf �0 01 Þðx�0Þ2MFðx�0 2x�; y�Þ1WNð2y�Þ1WMð2x�Þ# 0:
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& By Lemma 1.1, it may easily be seen that

01 ðepi g�Þ5 fz�; υÞ : fx�; υgA01 ðepi f �0 Þ; y� 5 0 ’υAℝg:

Obviously, the recession function g�01 has the form

ðg�01 Þðz�Þ5 ðf �0 01 Þðx�Þ; y� 5 0: ð5:16Þ

Moreover, from the positive homogeneity of conjugate functions of indicator

functions (Theorem 1.24), we get

ðδ�gph F0
1 Þðz�1Þ5 δ�gph Fðz�1Þ; ðδ�X3N0

1 Þðz�2Þ5 δ�Nðy�2Þ; x�2 5 0;

ðδ�M3 Y0
1 Þðz�3Þ5 δ�Mðx�3Þ; y�3 5 0

ð5:17Þ

From Eqs. (5.16) and (5.17) by virtue of Corollary 16.2.2 of Ref. [228:141], we

can assert that if there do not exist vectors x�; y�; x�0 such that

ðf �0 01 Þðx0�Þ1 δ�gph Fðz�1Þ1 δ�Nðy�2Þ1 δ�Mðx�3Þ# 0

x0
� 1 x�1 1 x�3 5 0; y�1 1 y�2 5 0

ð5:18Þ

then ri (dom g\dom δA) 6¼[. Obviously, taking A05 (dom f0)3 Y, A15 gph F,

A25X3 Y, A35M3 Y, we observe that the latter is equivalent to the relation in

Eq. (5.10). On the other hand, the existence of a point z05 (x0,y0)Aint gph F,

x0AM, y0Aint N such that g is continuous at z0 ensures that the condition in

Eq. (5.9) is true. In turn, according to Proposition 4 of Ref. [111:219], if there do

not exist vectors x�; y�; x�0 such that

δ�A0
ðz�Þ1 δ�A1

ðz�1Þ1 δ�A2
ðz�2Þ1 δ�A3

ðz�3Þ# 0

z�1 1 z�2 1 z�3 1 z� 5 0;
ð5:19Þ

then Eq. (5.9) holds. Furthermore, it is easy to derive (see Theorem 1.22) that

δ�A0
ðz�Þ5 δ�dom f0

ðx�Þ; if y� 5 0;
1N; if y� 6¼ 0:

�

Also, by Theorem 6.8.5 of Ref. [129:347] ðf �0 01 Þðx0�Þ5 δ�dom f0
ðx0�Þ: It follows

that the inequality in Eq. (5.18) is none other than the inequality in Eq. (5.19), and

the inconsistency of the inequality in Eq. (5.18) implies that the regularity condi-

tion takes place. Hence, in accordance with Theorem 5.1 and the preceding nota-

tions x0
� 5 x�0; x�3 52x�; y�2 52y�; we derive that v5 v�.’

Now, by virtue of Theorem 3.15, we will construct the dual problem to the lin-

ear programming problem

infimum hc; xi subject to Bx# d;
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where B is an m3 n matrix, cAℝn, dAℝm. In this case, f(x)5 hc, xi is linear and

A5 {x:Bx# d} is a polyhedral set. Hence, for all z�, such that δ�Að2z�Þ, 1N;
we have

inf
xAA

f ðxÞ5 supf2f �ðx�Þ2δ�Að2x�Þg: ð5:20Þ

Proposition 5.3. If A5 {x : Bx# d}, then the indicator function δA of A has the form

δAðxÞ5 sup
y� $ 0

hy�;Bx2 di:

& An elementary exercise.’

Now return to the problem in Eq. (5.20). Clearly,

f �ðx�Þ5 sup
x
hx� 2 c; xi5 0; if x� 5 c;

1N; if x� 6¼ c:

�

On the other hand, by Proposition 5.3, it is not hard to see that

δ�Að2x�Þ5 sup
x

fhx; 2x�i2δAðxÞg5 sup
x
fhx; x�i2 sup

y� $ 0

hy�;Bx2 dig

5 sup
x

inf
y� $ 0 fhx; 2x� 2B�y�i1 hy�; dig:

Therefore,

δ�Að2x�Þ5 inf
y� $ 0

hy�; di; if x� 1B�y� 5 0;

1N; if x� 1B�y� 6¼ 0:

(

Now, since domðf �"δ�AÞ5 dom f � 1 dom δ�A; it follows that if 0Adomðf �"δ�AÞ;
i.e., x� 1B�y� 5 0, then

supf2f �ðx�Þ2δ�Að2x�Þg52δ�Að2 cÞ5 sup
y� $ 0

fh2y�; di : c1B�y� 5 0g:

In conclusion, Eq. (5.16) can be rewritten as the following duality relation:

inffhc; xi : Bx# dg5 sup
y� $ 0

fh2y�; di : B�y� 1 c5 0g:

5.3 Duality in Problems Governed by Polyhedral Maps

In this section, we construct the dual problem for the polyhedral discrete and differ-

ential inclusions considered in Section 4.3. Then we will investigate the duality

relations and as a special case we will deduce the duality theorem for classical lin-

ear programming theory. It should be emphasized that, as above, we use the
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operations of addition and infimal convolution of convex functions which are dual

of each other. In this book, this is the most important case of dual operations as far

as applications to extremum problems are concerned. Note that if each function fi
in Theorem 3.15 is polyhedral, then it remains valid if ri (dom fi) is replaced by

dom fi [228:179]. First, we consider polyhedral optimization for the discrete inclu-

sions considered in Section 4.3 and labeled by (PD):

inf
XT
t5 0

gðxt; tÞ;
ðPDÞ subject to xt1 1AFðxtÞ; t5 0; 1; . . . ;T 2 1;

x0AN0; xTAMT ;

ð5:21Þ

where

gðxt; tÞ5max
iAIt

fhxt; btii1βt
ig; t5 0; . . . ;T ;

FðxÞ5 fy : Ax2By# dg; N0 5 fx0 : Nx0 # pg; MT 5 fxT : MxT # qg:
Here It, t5 0, . . ., T are finite index sets, btiAℝn; βt

i is a real number, btiAℝn; A,
B are m3 n matrices, N, M are rectangular matrices with n columns; and d, p, q

are column vectors with corresponding dimensions. It is required to find an optimal

trajectory f ~xtgTt5 0 of (Eq. (5.21)) that minimizes
PT

t5 0 gðxt; tÞ:
Replace the problem (PD) with the following equivalent problem in space

ℝn(T1 1):

inf ϕðwÞ subject to wAG5 ~N0 \ \T 21

t5 0
Gt

� �
\ ~MT ; ð5:22Þ

where

ϕðwÞ5
XT
t5 1

gðxt; tÞ; w5 ðx0; . . . ; xT ÞAℝðT1 1Þn;

Gt 5 fw : ðxt; xt1 1ÞAgph Fg; t5 0; . . . ;T 2 1
~N0 5 fw : x0AN0g; ~MT 5 fxT : xTAMTg:

ð5:23Þ

Now if (dom ϕ)\(dom δG) 6¼[, then on using the operations of addition and

infimal convolution of the polyhedral functions (Theorem 3.15 in this book and

Theorem 20.1 of Ref. [226]) ϕ and δG, we can write

ðϕ1 δGÞ� 5ϕ�"δ�G ð5:24Þ

Thus, by the relation in Eq. (3.33), we derive that

inffϕðwÞ : wAGg5 supf2ϕ�ðw�Þ2δ�Gð2w�Þg:

The problem

supf2ϕ�ðw�Þ2δ�Gð2w�Þg ð5:25Þ
is called the dual problem to the problem (Eq. (5.22)).
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Note that if the value v of problem (PD), i.e., the value of problem in Eq. (5.22),

is finite, then in the problem in Eq. (5.25), for every w� the infimum is attained.

Let us investigate the conjugate functions ϕ
�
and δ�G; which are polyhedral, too

(Theorem 19.2 of Ref. [226]). Put giðxt; tÞ5 hxt; btii1βt
i; t5 0; . . . ; T ; so that

gðxt; tÞ5 maxiAIt giðxt; tÞ; t5 0; . . . ;T : Remember that, by Definition 1.21, the

convex hull of a collection of functions {gi:iAIt} on ℝn denoted by conv{gi:iAIt} is

the convex hull of the pointwise infimum of the collection:

convfgi : iAItgðxÞ5 inf x0Aℝ : ðx0; xÞAconv [
iAIt

epi gi

� �� �
:

Theorem 5.6. Let conv{gi : iAIt} be the convex hull of a collection of functions

{gi : iAIt} on ℝn. Then we have

ϕ�ðw�Þ5
XT
t5 0

convfg�i ðU; tÞ : iAItgðx�t Þ:

Moreover, for all w� 5 ðx�0; . . . ; x�T ÞAdom ϕ�; there are vectors xi�t Adom g�i ; iAIt
and numbers αt

i $ 0;
P

iAIt
αt
i 5 1:

ϕ�ðw�Þ52
Xt

t5 0

X
iAI

αt
iβ

t
i; x�t 5

X
iAI

αt
ib

t
i:

& It is not hard to see that, on the one hand,

ϕ�ðw�Þ5
XT
t5 0

g�ðx�t ; tÞ; ð5:26Þ

and on the other hand, for any iAIt, t5 0, . . ., T, we have

g�i ðx�t ; tÞ5
2βt

i; if x�t 5 bti;
1N; if x�t 6¼ bti:

�
ð5:27Þ

By using the duality operations between the pointwise maximum of the convex

hull of a collection of convex functions (Theorem 2, Section 3.4 of Ref.

[111:189]), we can derive that

g�ðx�t ; tÞ5 convfg�i ðU; tÞ : iAItgðx�t Þ; ð5:28Þ

where for every w�Adom ϕ� and so every xi�t Adom g�i ; there are vectors

xi�t Adom g�i ðU; tÞ and numbers αt
i $ 0;

P
iAIt

αt
i 5 1 such that

g�ðx�t ; tÞ5
X
iAI

αt
ig

�
i ðxi�t ; tÞ; x�t 5

X
iAIt

αt
ix

i�
t ; t5 0; . . . ;T : ð5:29Þ
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But in view of Eq. (5.27), xi�t 5 bti is the only point belonging to dom g�i ðU; tÞ; so
the latter relations give us

g�ðx�t ; tÞ52
Xt

t5 0

X
iAI

αt
iβ

t
i; x�t 5

X
iAI

αt
ib

t
i; t5 0; . . . ; T :

Thus, taking into account Eqs. (5.26), (5.28), and (5.29), we obtain the required

result.’

Let C be given by

C5 fw : ~Aw# ~dg; ð5:30Þ

where ~A; ~d are a rectangular matrix and a column vector, respectively. The most

important result about the δ�C representation is the following.

Lemma 5.1. Let δC be an indicator function of a polyhedral set (Eq. 5.30). Then

one has

δ�Cðw�Þ5 inf
λ$ 0

hλ; ~di; if w� 5 ~A
�
λ; λ$ 0;

1N; if w� 6¼ ~A
�
λ; λ$ 0:

(

& By Proposition 5.3, we have δCðwÞ5 sup
λ$ 0

hλ; ~Aw2 ~di: Then we can write

δ�Cðw�Þ5 supw fhw;w�i2 sup
λ$0

hλ; ~Aw2 ~dig5 sup
w
fhw;w�i1 inf

λ$0
hλ; ~d2 ~Awig

5 sup
w

inf
λ$0

fhw;w�2 ~A
�
λi1 inf

λ$0
hλ; ~dig;

whence immediately the desired result.’

Now we conclude that δ�Gð2w�Þ: Obviously, in accordance with Proposition 5.3,

δGt
ðwÞ5 sup

λt $ 0
hλt;Axt 2Bxt1 1 2 di; t5 0; . . . ; T21;

δ ~N0
ðwÞ5 sup

γ0 $ 0

hγ0;Nx0 2 pi; δM~T
ðwÞ5 sup

γT $ 0

hγT ;MxT 2 qi:
ð5:31Þ

Thus, by virtue of Lemma 5.1, it is easy to obtain that

δ�Gt
ð2w�ðtÞÞ5 inf

λt $ 0
hλt; di; if x�t ðtÞ52A�λt; x�t1 1ðtÞ5B�λt and x

�
i ðtÞ5 0; i 6¼ t; t1 1;

1N; otherwise;

(

ð5:32Þw�ðtÞ5 ðx�0ðtÞ; . . . ; x�T ðtÞÞ; t5 0; . . . ; T21:

By analogy with the formula in Eq. (5.32), we compute that

δ�N~0 ð2w�ðtÞÞ5
inf
γ0 $ 0

hγ0; pi; if x�0ð21Þ52N�γ0; x�i ð21Þ5 0; i 6¼ 0;

1N; otherwise;

(

ð5:33Þw�ð21Þ5 ðx�0ð21Þ; . . . ; x�T ð21ÞÞ;
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δ�
M~T
ð2w�ðTÞÞ5

inf
γT $ 0

hγT ; qi; if x�T ðTÞ52M�γT ; x�i ðTÞ5 0; i 6¼ T ;

1N; otherwise;

(

w�ðTÞ5 ðx�0ðTÞ; . . . ; x�T ðTÞÞ:

Remember that δG 5 δN~0 1
PT21

t5 0 δGt
1 δM~T is a polyhedral function, so by

Theorem 3.15 in this book or Theorem 20.1 of Ref. [226], we have

δ�G 5 δ�N~0"
PT21

t5 0 δ
�
Gt
"δ�

M~T
; or, in more detail,

δ�Gð2w�Þ5inf
XT21
t50

δ�Gt
ð2w�ðtÞÞ1δ�N~0 ð2w

�ð21ÞÞ1δ�
M~T
ð2w�ð2TÞÞ :

XT
i521

w�ðiÞ5w�
( )

;

ð5:34Þ

and if δ�Gð2w�Þ, 1N; the infimum is attained for all w� 5 ðx�0; . . . ; x�T Þ: In view of

the formulas in Eqs. (5.32)�(5.34) and the form of the vectors w�, w�(i), i521, . . .,
T in relation

PT
i521 w

�ðiÞ5w�; we have

δ�Gð2x�0; . . . ; 2x�T Þ5 inf
λt $ 0;γ0 $ 0;γT $ 0

XT 21

i5 0

hλt; di1 hγ0; pi1 hγT ; qi
( )

2A�λ0 2N�γ0 5 x�0; 2A�λt 1B�λt21 5 x�t ;

B�λT 21 2M�γT 5 x�T ; t5 1; . . . ; T21:

ð5:35Þ

Now taking into account Eq. (5.35) and Theorem 5.6, it is easy to conclude that

the dual problem in Eq. (5.25) can be converted into the following problem (PD�)
with linear constraints:

ðPD�Þ sup
αt
i
;λt ;γ0;γT

XT
i5 0

X
iAIt

αt
iβ

t
i 2

XT 21

i5 0

hλt; di2 hγ0; pi2 hγT ; qi
( )

;

A�λ0 1N�γ0 1
X
iAI0

α0
i b

0
i 5 0; A�λt 2B�λt21 1

X
iAIt

αt
ib

t
i 5 0; t5 1; . . . ; T 21;

M�γT 2B�λT 21 1
X
iAIT

αT
i b

T
i 5 0;

X
iAIt

αt
i 5 1; αt

i $ 0; λt $ 0; γ0 $ 0; γT $ 0:

We call this problem the dual problem to the primary problem (PD). These

results are summarized as follows.

Theorem 5.7. If the effective domains of functions in the primary problem (PD)

have a point in common, then the optimal value in (PD) equals the optimal value

in (PD�) and both primary (PD) and dual (PD�) problems have solutions.
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Remark 5.1. In the case where T5 1, setting g(x1,1)� 0, g0(x)5 g(x0,0), I05 I,

b0i 5 bi; β0
i 5 βi; the problem (PD) is converted to the following problem:

infimum g0ðxÞ subject to yAFðxÞ \MT ; xAN0 ð5:36Þ

for which the dual problem (PD�) has the form

sup
αi ;λ0;γ0;γ1

X
iAI

αiβi 2 hλ0; di2 hγ0; pi2 hγ1; qi
( )

;

A�λ0 1N�γ0 1
X
iAI

α0
i b

0
i 5 0; M�γ1 2B�λ0 5 0;

X
iAI

αi 5 1;αi $ 0; λ0 $ 0; γ0 $ 0; γT $ 0:

ð5:37Þ

It turns out that if I consists of a single index and B-zero matrix, then taking

MT5ℝn, N52E (E—identity matrix), d5 p5 0, βi5 0 instead of the problems

in Eqs. (5.36) and (5.37), we get the primary problem and the dual problem of lin-

ear programming, respectively.

In the next theorem, there is given a connection between duality and necessary

and sufficient conditions for optimality of the primary problem.

Theorem 5.8. Let f ~xt gTt5 0 be an optimal solution to the polyhedral optimization

problem (PD). Then the collection of dual variables

λt $ 0; γ0 $ 0; γT $ 0; αt
i $ 0 ðiAItÞ; αT

i $ 0 ðiAIT Þ ðt5 0; . . . ;T 21Þ

is a solution to the dual problem (PD�) if and only if it satisfies the necessary and

sufficient conditions (Eqs. (4.27) and (4.28)) of Theorem 4.4.

& Let ~αi
t $ 0 ðiAItÞ; ~λt $ 0; ~αi

T $ 0 ðiAIT Þ; ~γ0 $ 0; ~γT $ 0ðt5 0; . . . ;
T 21Þ be a solution to the problem (PD�). We show that it satisfies Eqs. (4.27) and

(4.28) of Theorem 4.4. Let us denote

~x0
� 52N�γ0; ~x� 52M� ~γT ; ~ut

� 5
P

iAIt
~αi
tbti; t5 0; . . . ; T ;

~xt1 1
� 5B� ~λt ; ~xt

� 5A� ~λt 1 ~ut
�; t5 0; . . . ;T 21

ð5:38Þ

From the equivalency of problems (PD) and Eq. (5.22), it is clear that

δGt
ð ~wÞ5 δ ~N0

ð ~wÞ5 δ ~MT
ð ~wÞ5 0; where ~w5 f ~xt gTt5 0: Moreover, by virtue of

Eq. (5.31),

h ~λt ;A ~xt 2B ~xt1 1 2 di5 0; t5 0; . . . ;T 21;
h ~γ0;N ~x0 2 pi5 0; h ~γT ;M ~xT 2 qi5 0:

ð5:39Þ
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Now we shall show that ~αi
t 5 0; if i =2 Itð ~xt Þ (see Eq. (4.28)). In fact, by Theorem

3.16, ~w�A@ϕð ~wÞ \ K�
Gð ~wÞ; where ~w is a solution to the problem in Eq. (5.22) and

~w� 5 ðu�0; . . . ; u�T Þ for given ~αi
t $ 0 ðiAItÞ; ~λt $ 0; ~αi

T $ 0 ðiAIT Þ; ~γ0 $ 0;
~γT $ 0 ðt5 0; . . . ;T 21Þ is a solution (Eq. (5.25)). Then in accordance with

Theorem 1.28, it is not hard to see that @ϕð ~wÞ5 @gð ~x0 ; 0Þ3 @gð ~x1 ; 1Þ3
?3 @gð ~xT ;TÞ and the inclusion ~w�A@ϕð ~wÞ implies that ~ut

�A@gð ~xt ; tÞ or

~ut
�Aconv [tAItð ~xt Þb

t
i

� � ðt5 0; . . . ; TÞ: Here with the preceding notations (Eq. (5.38))

from (PD�), we get Eq. (4.27) and the fact that ~x� 1 ~xT
� 5 u�T : Conversely, let us

show that if the vectors x�; x�t ; u�t 5
P

iAItð ~xt Þα
t
ib

t
i;

P
iAItð ~xt Þα

t
i 5 1 ðt5 0; . . . ;TÞ

satisfy the necessary and sufficient conditions (Eqs. (4.27) and (4.28)) of Theorem

4.4, then the corresponding vectors

λt$0; γ0$0; γT $0 with αt
i$0 ðiAItÞ; αT

i $0 ðiAIT Þ ðt50; . . . ;T21Þ

form a solution to the dual problem (PD�). At once we observe that these vectors

form a feasible solution for (PD�). Indeed, setting αt
i 5 0; i =2 Itð ~xt Þ in Eq. (4.47) of

Theorem 4.4, we can rewrite as follows:

x�0 5A�λ0 1
P

iAI0
α0
i b

0
i ; x�t 5A�λt 1

P
iAIt

αt
ib

t
i;

x�t 5B�λt21; x�T 5B�λT21; t5 1; . . . ;T 21:
ð5:40Þ

Obviously, the second and third relations of Eq. (5.40) yield the second con-

straint in problem (PD�). Taking into account the conditions x�T 1 x� 5 u�T ;
x�0 52N�γ0 and x� 52M�γT of Theorem 4.4, the other conditions of problem

(PD�) are easily verified. It remains to show that λt $ 0; γ0 $ 0; γT $ 0 with

αt
i $ 0 ðiAItÞ; αT

i $ 0 ðiAIT Þ ðt5 0; . . . ;T 21Þ maximize the objective function

of problem (PD�). Indeed, by the necessary and sufficient condition of Theorem

4.4,

hγ0; pi5 hN�γ0; ~x0i; hγT ; qi5 hM�γT ; ~xTi;
hλt; di5 hλt;A ~xt 2B ~xt1 1i; t5 0; . . . ;T 21:

By using the latter inequalities, we can write

v� 5 sup
αt
i
;λt ;γ0;γT

XT
i5 0

X
iAIt

αt
iβ

t
i 2

XT 21

i5 0

hλt; di2 hγ0; pi2 hγT ; qi
( )

$
XT
i5 0

X
iAItð ~xt Þ

αt
iβ

t
i 2

XT 21

i5 0

hλt;A ~xt 2B ~xt1 1i2 hN�γ0; ~x0i2 hM�γT ; ~xTi:
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Thus, by virtue of the constraints in problem (PD�), we have

v� $
XT
t5 0

X
iAIt

αt
iβ

t
i 1

XT21

t5 1

X
iAIt

αt
iβ

t
i; ~xt

* +
2 hB�λt21; ~xt i1 hB�λt; ~xt1 1i

" #

2 hN�γ0; ~x0i2 hM�γT ; ~xTi5
XT
t5 0

X
iAItð ~xtÞ

αt
iβ

t
i 1

XT 21

t5 1

X
iAItð ~xtÞ

hαt
iβ

t
i; ~xti2 hB�λ0; ~x1i

1 hB�λT 21; ~xti1 hB�λ0; ~x1i2 hA�λ0; ~x0i2 hN�γ0; ~x0i2 hM�γT ; ~xTi

5
XT
t5 0

X
iAItð ~xtÞ

αt
iβ

t
i 1

XT
t5 0

X
iAIt

hαt
iβ

t
i; ~xti

5
XT
t5 0

X
iAItð ~xtÞ

αt
iðhβt

i; ~xti1βt
iÞ

( )

5
XT
t5 0

gð ~xt; tÞ:

Hence by duality Theorem 5.7, it follows that v� 5
PT

t5 0 gð ~xt ; tÞ and so the col-

lection of λt$ 0, γ0$ 0, γT$ 0 with αt
i $ 0ðiAItÞ; αT

i $ 0 ðiAIT Þ ðt5 0; . . . ;T 21Þ
is a solution to the dual problem (PD�).’

Remark 5.2. We remark that the first part of the proof of Theorem 5.8 can be

developed by calculation of the dual cone K�
Gð ~wÞ (see Section 4.2).

We now study the optimization of polyhedral differential inclusions of the form

of Eqs. (4.31) and (4.32) considered in Section 4.3:

infimum JðxðUÞÞ5 Ð 1
0
gðxðtÞ; tÞdt1ϕ0ðxð1ÞÞ;

subject to _xðtÞAFðxðtÞÞ; a:e: tA½0; 1�;
xð0ÞAN0; xð1ÞAM1;

ð5:41Þ

FðxÞ5 fy : Ax2By# dg; ð5:42Þ

where A, B, are rectangular matrices and column vectors as described in problem

(PD). The functions g, ϕ0, and the sets N0, M1 are the same polyhedral sets defined

in (PD). The following problem of determining the supremum

sup
λðtÞ;u�ðtÞ;γ0;γ1

2

ð1
0

½hλðtÞ; di1 g�ðu�ðtÞ; tÞ�dt2ϕ�
0ðu�ð1ÞÞ2 hγ0; pi2 hγ1; qi

� �
;

B�λð0Þ1N�γ0 5 0; A�λðtÞ1B� _λðtÞ1 u�ðtÞ5 0;

M�γ1 2B�λð1Þ1 u�ð1Þ5 0; λðtÞ$ 0; γ0 $ 0; γ1 $ 0

ð5:43Þ
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we call the dual problem to the primary problem in Eqs. (5.41) and (5.42). Here we

assume that λ( � ) and u�( � ) are absolutely continuous functions defined on the

closed interval [0,1]. Let
P

½0;1�ð0;N0Þ be the family of solutions to the polyhedral

differential inclusion in Eq. (5.41) with the initial condition x(0)AN0 defined on

[0,1]. Note that the solutions are defined only in some subinterval of the segment

[0,1], and therefore we do not refer to the set
P

½0;1�ð0;N0Þ: Moreover, let S(τ,0,N0)

be a section of the family of solutions such that

Sðτ; 0;N0Þ5 xðτÞ : xðtÞA
X
½0;1�

ð0;N0Þ
( )

; τA½0; 1�:

In what follows, by aff M we denote the affine hull of a set M.

Theorem 5.9. Let ~xðtÞ be an optimal solution to primary problem in Eqs. (5.41)

and (5.42) with the polyhedral differential inclusion and let conditions (1) and (2)

of Theorem 4.5 be satisfied. Moreover, assume that either

a. M1 \ int S(1,0,N0) 6¼[ or

b. ri S(1,0,N0) \ ri M1 6¼[

is fulfilled and there is no hyperplane H containing both aff S(1,0,N0) and aff M1.

Then a collection f ~λðtÞ; ~u�ðtÞ; ~γ0 ; ~γ1g is an optimal solution to the dual problem

in Eq. (5.43) if and only if conditions (1) and (2) of Theorem 4.5 are satisfied. In

addition, the optimal value in Eqs. (5.41) and (5.42) equals the optimal value in

Eq. (5.43).

& First of all, we establish that for all feasible solutions x(t) and {λ(t),u�(t),γ0,γ1}
in problems (5.41)�(5.43), respectivelyÐ 1

0
gðxðtÞ; tÞdt1ϕ0ðxð1ÞÞ $

Ð 1
0
½hλðtÞ; di1 g�ðu�ðtÞ; tÞ�dt

2ϕ�
0ðu�ð1ÞÞ2 hγ0; pi2 hγ1; qi:

ð5:44Þ

Indeed for a feasible solution x(t), tA[0,1]

AxðtÞ2B _xðtÞ# d; Nxð0Þ# p; Mxð1Þ# q;so

hλðtÞ; di$ hAxðtÞ2B _xðtÞ; λðtÞi; λðtÞ$ 0;
hγ0; pi$ hγ0;Nxð0Þi; γ0 $ 0; hγ0; pi$ hγ1;Mxð1Þi; γ1 $ 0:

ð5:45Þ

On using the definition of conjugate function (Section 1.5) and inequalities

(5.45), we can write

2
Ð 1
0
½hλðtÞ; di1 g�ðu�ðtÞ; tÞ�dt2ϕ�

0ðu�ð1ÞÞ2 hγ0; pi2 hγ1; qi
#

Ð 1
0
½hλðtÞ;B _xðtÞ2AxðtÞi1 gðxðtÞ; tÞ2 hxðtÞ; u�ðtÞi�dt1ϕðxÞð1ÞÞ

2 hxð1Þ; u�ð1Þi2 hγ0;Nxð0Þi2 hγ1;Mxð1Þi5 Ð 1
0
gðxðtÞ; tÞdt1ϕ0ðxð1ÞÞ

1
Ð 1
0
hλðtÞ;B _xðtÞ2AxðtÞi2 hxðtÞ; u�ðtÞi½ �dt2 hxð1Þ; u�ð1Þi2 hγ0;Nxð0Þi2 hγ1;Mxð1Þi

ð5:46Þ
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On the other hand, by virtue of the relationships of the problem in Eq. (5.43),

Ð 1
0
½hλðtÞ;B _xðtÞ2AxðtÞi2 hxðtÞ; u�ðtÞi�dt2 hxð1Þ; u�ð1Þi2 hγ0;Nxð0Þi2 hγ1;Mxð1Þi
5
Ð 1
0
½hλðtÞ;B _xðtÞ2AxðtÞi1 hA�λðtÞ1B� _λðtÞ; xðtÞi�dt1 hM�γ1 2B�λð1Þ; xð1Þi

2hγ0;Nxð0Þi2 hγ1;Mxð1Þi
5

Ð 1
0
½hB�λðtÞ; _xðtÞi1 hB� _λðtÞ; xðtÞi�dt2 hB�λð1Þ; xð1Þi2 hN�γ0; xð0Þi

5
Ð 1
0
dhB�λðtÞ; xðtÞi2 hB�λð1Þ; xð1Þi2 hN�γ0; xð0Þi

5 hB�λð1Þ; xð1Þi2 hB�λð0Þ; xð0Þi2 hB�λð1Þ; xð1Þi2 hN�γ0; xð0Þi5 0:

Therefore, the validity of the inequality in Eq. (5.44) is immediate from the latter

equality and the inequality in Eq. (5.45). Furthermore, conditions (a) and (b) of the

theorem implies that in condition (1) of Theorem 4.5, λ05 1. Indeed, if this is not

so, i.e., if λ05 0, then ~x�ð1Þ1 ~xe
� 5 0; ~xe

� 52M� ~γ1 ; ~γ1 $ 0; where ~x�ð1Þ5
B� ~λð1ÞAK�

Sð1;0;N0Þð ~xð1ÞÞ. Since λ0; ~x�ð1Þ; ~xe
� are not all zero, the cones KM1

and

KS(1,0,N0) are separated [111,226]. But at the same time it follows from conditions

(a) and (b) that these cones have no separation property. This contradiction means

that λ05 1. Thus, in accordance with Theorems 1.26 and 4.5, we conclude that.

ϕ0ð ~xð1ÞÞ1ϕ�
0ð ~x�ð1Þ2M�γ1Þ5 h ~xð1Þ; ~x�ð1Þ2M�γ1i;

i.e.,

ϕ�
0ð ~u�ð1ÞÞ5 h ~xð1Þ; ~u�ð1Þi2ϕ0ð ~xð1ÞÞ:

Also it is clear that g�ð ~u�ðtÞ; tÞ5 h ~xðtÞ; ~u�ðtÞi2 gð ~xðtÞ; tÞ and for

~xðtÞ; ~λðtÞ; ~γ0; ~γ1 in the relations in Eq. (5.45), the equality sign holds. In other

words, for the trajectory ~xðtÞ and collection f ~λðtÞ; ~u�ðtÞ; ~γ0; ~γ1g;
Ð 1
0
gð ~xðtÞ; tÞdt1ϕ0ð ~xð1ÞÞ 5

Ð 1
0
½h ~λðtÞ; di1 g�ð ~u�ðtÞ; tÞ�dt

2ϕ�
0ð ~u�ð1ÞÞ2 h ~γ0; pi2 h ~γ1; qi:

The proof is ended.’

5.4 Duality in Problems Described by Convex Discrete
Inclusions

Optimization of nonconvex discrete inclusions in more general conditions was

investigated in Section 4.3. In this section, the optimal control problem described

by ordinary convex discrete inclusions with state constraints is considered. For

such problems, the dual problem is constructed and under some conditions the

duality relations are established, and a connection between solutions of dual
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problem and necessary and sufficient condition for optimality in primary problems

is studied. The problem consists of the following:

inf
XT
t5 0

gðxt; tÞ ð5:47Þ

(P) subject to

xt1 1AFtðxtÞ; t5 0; . . . ; T 21;
x0AN; xTAM;
xtADt; t5 1; . . . ;T 21;

ð5:48Þ

where g( � ,t) are proper convex functions, Ft : ℝ
n-P(ℝn) is a multivalued function

for all fixed t, and N, M, Dt (t5 1, . . ., T21) are convex sets in ℝn. It is required to

find a feasible trajectory fxtgTt5 0 minimizing Eq. (5.47). We label this problem (P).

In what follows, we say that the regularity condition for the problem in

Eqs. (5.47) and (5.48) is satisfied, if for a point x0t ; t5 0; . . . ;T either

1. x0tAri dom gðU; tÞ; ðx0t ; x0t11ÞAri gph Ft; x0t Ari Dt; t50; . . . ;T ; where D05N, DT5M, or

2. ðx0t ; x0t1 1ÞAint gph Ft ðt5 0; . . . ; TÞ; x0tAintADtðt5 1; . . . ; T 2 1Þ; x00AintAN; x0TAM and

g( � ,t) are continuous at x0t :

Theorem 5.10. Let Ft and g( � ,t), t5 1, . . ., T be a convex multivalued mapping

and closed proper convex function, respectively. Moreover, let the regularity condi-

tion for the problem in Eqs. (5.47) and (5.48) be satisfied. Then in order for

f ~xt gTt5 0 be an optimal solution to the problem in Eqs. (5.47) and (5.48), it is neces-

sary and sufficient that there exist vectors x�; x�t ; t5 0; . . . ; T ; such that

1.
x�t AF�

t ðx�t1 1; ð ~xt; ~xt1 1ÞÞ1K�
Dt
ð ~xtÞ2@xgð ~xt; tÞ;

K�
D0
ð ~x0Þ5 f0g; t5 0; . . . ; T 21;

2. x� 2x�TA@xgð ~xT ; TÞ; 2x�0AK�
Nð ~x0Þ; x�AK�

Mð ~xT Þ:
& As in Section 4.2, setting

Qt 5 w : ðxt; xt1 1ÞAgph Ft

� �
; t5 0; . . . ; T21;

~N5 w : x0ANf g; ~M5 w : xTAMf g;
~Dt 5 w : wtADtf g; t5 1; . . . ;T 21

ð5:49Þ

w5 ðx0; . . . ; xT ÞAℝnð11 TÞ;

this problem can be replaced by a convex minimization problem in the space

ℝn(11T):

infimum ϕðwÞ5
XT
t5 1

gðxt; tÞ subject to Q5 ~N \ \T 21

t5 0
Qt

� �
\ \T21

t5 1
Dt

� �
\ ~M:

ð5:50Þ
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In accordance with the regularity condition, it follows from Theorems 1.10 and

1.29 that

K�
Qð ~wÞ5K�

~Nð ~wÞ1
XT21

t5 0

K�
Qt
ð ~wÞ1

XT 21

t5 1

K�
~Dt
ð ~wÞ1K�

~Mð ~wÞ; ~w5 ð ~x0; . . . ; ~xT Þ:

Then the rest of the proof is the same as for Theorem 4.1 (see also Theorem 4.2

and Remark 4.4).’

We call the following problem, labeled (P�), the dual problem to the primary

problem (P):

sup
u�t ;x

�
t ;v

�
t

ðv0 5 vT 5 0Þ;
t5 0;...;T

2
XT
t5 0

g�ðu�t ; tÞ1
XT 21

t5 0

MFt
ðx�t 2v�t 1 u�t ; x

�
t1 1Þ

(

2
XT 21

t5 1

WDt
ð2v�t Þ2WNðx�0Þ2WMð2u�T 2x�T Þ

)
; ð5:51Þ

where WC is a support function of the set C and

MFt
ðx�; y�Þ5 inf

ðx;yÞ
fhx; x�i2 hy; y�i : ðx; yÞAgph Ftg:

Theorem 5.11. If v and v� are the optimal values of the optimization problem for

ordinary discrete inclusions (P) and its dual problem (P�), respectively, then v$ v�

for all feasible solutions of primary and dual problems. Moreover, if the regularity

condition is satisfied, then the existence of a solution to one of these problems

implies the existence of a solution to the other problem, where v5 v� and in the

case v. 2N the dual problem (P�) has a solution.
& As was shown in Section 5.2, the dual problem to the primary problem in

Eq. (5.50) has the form

supf2f �ðw�Þ2δ�Qð2w�Þg ð5:52Þ

where δQ( � ) is the indicator function of Q. Besides by the duality of the operations

of addition and infimal convolution of convex functions (Theorem 3.15), if there

exists a point w1AQ where f is continuous, the optimal value in Eq. (5.50) equals

the optimal value in Eq. (5.52):

infff ðwÞ : wAQg5 supf2f �ðw�Þ2δ�Qð2w�Þg ð5:53Þ

Note that the regularity condition guarantees that a point w1AQ having this

property exists. In addition, if the value of the problem in Eq. (5.50) is finite, then
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the supremum in the problem in Eq. (5.52) is attained for all w�. Since

δQ 5
PT21

t5 0 δQt
1

PT21
t5 1 δ ~Dt

1 δ ~N 1 δ ~M ; by the duality theorem, we have

δ�Qð2w�Þ# inf
XT 21

t5 0

δ�Qt
ð2w�ðtÞÞ1

XT 21

t5 1

δ�~Dt
ð2 ~w�ðtÞÞ1 δ�~Nð2w�ð21ÞÞ

(

1 δ�~Mð2w�ðTÞÞ :
XT
i521

w�ðiÞ1
XT21

i5 1

~wðiÞ5w�
)
;

w�ðiÞ5 ðx�0ðiÞ; . . . ; x�T ðiÞÞ; ~w�ðiÞ5 ð ~x0�ðiÞ; . . . ; ~xT�ðiÞÞ;

where

δ�Qt
ð2w�ðtÞÞ5

2 inf
ðxtðtÞ;xt1 1ðtÞÞAgphF

fhxtðtÞ; x�t ðtÞi1 hxt1 1ðtÞ; x�t1 1ðtÞig; if x�t ðtÞ5 0;

i 6¼ t; t1 1;

1N; otherwise;

8><
>:
t5 0; . . . ;T 21;

δ�~Dt
ð2w�ðtÞÞ5

2 inffh ~xtðtÞ; ~xt�ðtÞi : ~xtðtÞADtg; if ~xt
�ðtÞ5 0; i 6¼ t;

1N; otherwise;

(

t5 1; . . . ;T 21;

δ�~Nð2 ~w�ð21ÞÞ5
2 inffhx0ð21Þ;x�0ð21Þi : x0ð21ÞANg; if x�i ð21Þ50; i 6¼ 0;

1N; otherwise;

(

δ�~Mð2 ~w�ðTÞÞ5
2 inffhxT ðTÞ; x�T ðTÞi : xT ðTÞAMg; if x�i ðTÞ50; i 6¼ T ;

1N; otherwise:

(

Now, taking into account these relationships and the formula f �ðw�Þ5PT
t5 0 gðu�t ; tÞ with the preceding notations, we conclude that

supf2f �ðw�Þ2δ�Qð2w�Þg5 sup 2
XT
t5 0

gðx�t ; tÞ1
XT21

t5 0

MFt
ðx�t ðtÞ; 2x�t1 1ðtÞÞ

(

2WNð2x�0ð21ÞÞ2WMð2x�T ðTÞÞ2
XT21

t5 1

WDt
ð2~xt

�ðtÞÞ :

x�t ðt21Þ1 x�t ðtÞ1 ~xt
�ðtÞ5 x�t ; t5 0; . . . ; T; ~xT

�ðTÞ5 0

)
;
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where supremum is attained, if v. 2N. Thus, for convenience if we denote

x�t � u�t and then x�t ðt21Þ � 2x�t ; ~xt
�ðtÞ � v�t ; t5 0; . . . ;T by virtue of the

relations

x�t ðt21Þ1 x�t ðtÞ1 ~xt
�ðtÞ5 x�t ; t5 0; . . . ; T; ~x0

�ð0Þ5 ~xT
�ðTÞ5 0;

the right-hand side of the latter equality has the form of Eq. (5.51).’

Corollary 5.1. Let Dt5ℝn, t5 1, . . ., T21 in problem (P); i.e., we consider a

problem without state constraints. Then, since

WDt
ðv�t Þ5

0; if v�t 5 0;
1N; if v�t 6¼ 0;

�

the dual problem (P�) has the form

sup
u�t ;x

�
t ; t5 0;...;T

2
XT
t5 0

g�ðu�t ; tÞ1
XT 21

t5 0

MFt
ðx�t 2u�t 1 x�t1 1Þ2WNðx�0Þ2WMð2u�T 2x�T Þ

( )

ð5:54Þ
Theorem 5.12. Let f ~xtgTt5 0 be an optimal solution to problem (P) and suppose that

the regularity condition is satisfied. Then the collection of vectors x�t ; u�t ; v�t
ðv�0 5 v�T 5 0Þ; t5 0; . . . ;T is an optimal solution to the dual problem (P�) if and
only if conditions (1) and (2) of Theorem 5.10 are satisfied.

& Suppose that conditions (1) and (2) of Theorem 5.10 are satisfied; i.e.,

x�t 2v�t AF�
t ðx�t1 1; ð ~xt; ~xt1 1ÞÞ2u�t ; u�t A@xgð ~xt; tÞ;

v�t AK�
Dt
ð ~xtÞ; t5 0; . . . ; T 21; u�TA@xgð ~xT ;TÞ;

u�T 1 x�TAK�
Mð ~xT Þ; 2x�0AK�

Nð ~x0Þ; v�0 � 0:

Moreover, the problems (P) and Eq. (5.50) are equivalent, so

~w5 ð ~x0 ; . . . ; ~xT ÞAfw : f ðwÞ1 δQðwÞ5αg:

Hence, 0A@ðf ð ~wÞ1 δQð ~wÞÞ or ~wA@ðf 1 δQÞ�ð0Þ5 @ðf �"δ�QÞð0Þ: By Proposition

3.2, @ðf �"δ�QÞð0Þ5 @f �ðw�Þ \ @δ�Qð2w�Þ; the latter inclusion implies that

~wA@f �ðw�Þ \ @δ�Qð2w�Þ 6¼ [: ð5:55Þ

Therefore, in view of Proposition 3.3, it can be deduced that w� is a solution to

the maximization problem supf2f �ðw�Þ2δ�Qð2w�Þg: Thus, from the regularity

condition and Proposition 3.2, we have

@δ�Qð2w�Þ5 @ "
T 21

t5 0
δ�Qt

"
T 21

t5 1
δ�Dt

"δ�M"δ�N

� 	
ð2w�Þ;

XT
i521

w�ðiÞ1
XT 21

i5 1

~wðiÞ5w�

ð5:56Þ
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Now, from the relations in Eq. (5.55) and Eq. (5.56), we derive

2 ~w�ðtÞA@δQt
ð ~wÞ; 2 ~w�ðtÞA@δ ~Dt

ð ~wÞ; t5 1; . . . ;T 21;
2w�ð0ÞA@δQ0

ð ~wÞ; 2w�ð21ÞA@δ ~Nð ~wÞ; 2w�ðTÞA@δ ~Mð ~wÞ; w�A@f ð ~wÞ:
ð5:57Þ

Since (see Eq. (1.45)) on the one hand

@δQt
ð ~wÞ52K�

Qt
ð ~wÞ; @δ ~Dt

ð ~wÞ52K�
~Dt
ð ~wÞ;

@δ ~Nð ~wÞ52K�
~N
ð ~wÞ; @δ ~Mð ~wÞ52K�

~M
ð ~wÞ;

and on the other hand

K�
Qt
ð ~wÞ5 fw�ðtÞ : ðx�t ðtÞ; x�t1 1ðtÞÞAK�

gph Ft
ð ~xt; ~xt1 1Þ : x�t ðtÞ5 0; i 6¼ t; t1 1g;

t5 0; . . . ;T 21:

K�
Dt
ð ~wÞ5 fw�ðtÞ : ~xt�ðtÞAK�

Dt
ð ~xtÞ : ~xt�ðtÞ5 0; i 6¼ tg; t5 1; . . . ; T 2 1;

K�
~N
ð ~wÞ5 fw�ð21Þ : x�0ð21ÞAK�

Nð ~x0Þ; x�i ð21Þ5 0; i 6¼ 0g;
K�

~M
ð ~wÞ5 fw�ðTÞ : x�T ðTÞAK�

Mð ~xT Þ; x�i ðTÞ5 0; i 6¼ Tg:

The inclusions in Eq. (5.57) imply that

ðx�t ðtÞ; x�t1 1ðtÞÞAK�
gph Ft

ð ~xt; ~xt1 1Þ; t5 0; . . . ;T 21;
~xt
�ðtÞAK�

Dt
ð ~xtÞ; t5 1; . . . ;T 21; x�0ð21ÞAK�

Nð ~x0Þ;
x�T ðTÞAK�

Mð ~xT Þ; x�t A@xgð ~xt; tÞ; t5 0; . . . ; T :
ð5:58Þ

where the vectors w�(t) (t5 0, . . ., T2 1), ~w�ðtÞ ðt5 1; . . . ;T 21Þ; w�(21), w�(T)
satisfy the condition

PT
i521 w

�ðiÞ1 PT21
i5 1 ~wðiÞ5w� (see Eq. (5.56)). Now, denot-

ing again x�t � u�t ; x�t ðt21Þ � v�t ; t5 0; . . . ;T ; where the collection of vectors

x�t ; u�t ; v�t ; t5 0; . . . ; T ðv�0 5 v�T 5 0Þ is a solution to the dual problem (P�),
from Eq. (5.58), by applying the definition of LAM we may conclude that condi-

tions (1) and (2) of Theorem 5.10 are satisfied.

Let us now prove the converse assertion. Let the collection of vectors

x�t ; u�t ; v�t ; t5 0; . . . ; T be an optimal solution to the primary problem (P).

Rewrite the adjoint inclusion

x�t AF�
t ðx�t1 1; ð ~xt; ~xt1 1ÞÞ1 v�t 2u�t ; ðv�t AK�

Dt
ð ~xtÞ; u�t A@xgð ~xt; tÞÞ;

as follows x�t 2v�t 1 u�t AF�
t ðx�t1 1; ð ~xt; ~xt1 1ÞÞ: By Lemma 2.6, the latter inclusion

and condition

MFt
ðx�t 2v�t 1 u�t ; x

�
t1 1Þ5 h ~xt; x�t 2v�t 1 u�t i2Hð ~xt; x�t1 1Þ; t5 0; . . . ;T 21

240 Approximation and Optimization of Discrete and Differential Inclusions



are equivalent. So by Theorem 2.1, and taking into account that ~xt1 1AFtð ~xt; x�t1 1Þ
or h ~xt1 1; x�t1 1i5Hð ~xt; x�t1 1Þ; we get

MFt
ðx�t 2v�t 1 u�t ; x

�
t1 1Þ5 h ~xt; x�t 2v�t 1 u�t i2 h ~xt1 1; x

�
t1 1i; t5 0; . . . ; T21:

ð5:59Þ

Furthermore, by Theorem 1.27, u�t A@gð ~xt; tÞ is equivalent to

g�ðu�t ; tÞ5 h ~xt; u�t i2 gð ~xt; tÞ; t5 0; . . . ; T : ð5:60Þ

Also, as can easily be verified, the inclusions

v�t AK�
Dt
ð ~xtÞ; t5 1; . . . ;T 21; x�0AK�

Nð ~x0Þ; x�AK�
Mð ~xT Þ

imply

WDt
ð2v�t Þ52 h ~xt; v�t i; t5 1; . . . ;T 21;

WMð2x�T 2u�T Þ52 hx�T 1 u�T ; ~xTi; WNðx�0Þ5 h ~x0; x�0i:
ð5:61Þ

Summing up the inequalities in Eqs. (5.59) and (5.61) gives us

2
XT
t50

g�ðu�t ; tÞ1
XT21

t50

MFt
ðx�t 2v�t 1u�t ;x

�
t11Þ1

XT21

t51

WDt
ð2v�t Þ2WNðx�0Þ2WMð2u�T 2x�T Þ

5
XT
t50

gð ~xt; tÞ2 h ~xT ;u�Ti2
XT21

t50

h ~xt;u�t i1
XT21

t50

h ~xt; x�t i2
XT21

t50

h ~xt;v�t i1
XT21

t50

h ~xt;u�t i

2
XT21

t50

h ~xt11;x
�
t11i1

XT21

t51

h ~xt; v�t i2 h ~x0;x�0i1 h ~xT ;x�T 1u�Ti5
XT
t50

gð ~xt; tÞ

1
XT21

t50

h ~xt;x�t i2
XT
t51

h ~xt;x�t i2 h ~x0; v�0i2 h ~x0;x�0i1 h ~xT ;x�Ti5
XT
t50

gð ~xt; tÞ2 h ~x0; v�0i

:

Hence, taking into account that v�0 5 0; finally from the latter relation, we have

2
XT
t5 0

g�ðu�t ; tÞ1
XT21

t5 0

MFt
ðx�t 2v�t 1 u�t ; x

�
t1 1Þ1

XT21

t5 1

WDt
ð2v�t Þ2WNðx�0Þ

2WMð2u�T 2x�T Þ5
XT
t5 0

gð ~xt; tÞ:

Then we may conclude that v� $ v. Comparing this with the opposite inequality

v$ v� (Theorem 5.11), we get v5 v�. Consequently, the collection of vectors x�t ; u�t ;
v�t ðv�0 5 v�T 5 0Þ; t5 0; . . . ; T is an optimal solution to the dual problem (P�).’
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Theorem 5.13. Let the regularity condition for the primary problem (P), where

Dt5ℝn, t5 1, . . ., T21 be satisfied. Then in order for the value v� of the dual

problem in Eq. (5.54) to be finite and attainable, it is necessary that

u�t Adom g�ðU; tÞ; x�t 1 u�t AF�
t ðx�t1 1Þ; x�0Að01NÞ�;

2u�t 2x�TAð01MÞ�; u�TAdom g�ðU; TÞ; t5 0; . . . ;T 21:

In addition, if Ft, t5 0, . . ., T2 1 and the sets N, M are quasisuperlinear, then

these conditions are sufficient for the finiteness and attainability of v�.
& Let the value v� of the dual problem (5.52) be finite and attainable. In view of

the conjugate functions established in the proof of Theorem 5.11 in this chapter

and Theorem 6.5.2 of Ref. [129:334], we can write

dom ðf �"δ�QÞ5dom f �1
XT21

t50

dom δ�Qt
1dom δ�~N 1dom δ�~M

5 fh�5 ðh�0; . . . :;h�T Þ : h�t 5 x�t 2x�t ðt21Þ2x�t ðtÞ; h�t 5 x�T 2x�T ðT21Þ2x�T ðTÞ
MFt

ðx�t ðtÞ; 2x�t11ðtÞÞ. 2N; WNð2x�0ð21ÞÞ, 1N; WMð2x�T ðTÞÞ, 1N;

x�t Adom g�ðU; tÞ; x�TAdom g�ðU;TÞ; t50; . . . ;T21g

ð5:62Þ

By the argument conducted in the proof of Theorem 5.11, v5 v� and

h� 5 0Adomðf 1 δQÞ� 5 domðf �"δ�QÞ: Then with the preceding notations, it follows

from Eq. (5.62) that x�0Adom WNðx�t ; 1u�t ; x
�
t1 1ÞAdom MFt

; 2u�T 2x�TAdom WM ;
u�t Adom g�ðU; tÞ; u�TAdom g�ðU;TÞ; t5 0; . . . ;T 21: Now by Definitions 1.16 and

2.9 and the formula dom MFt
Dð01 gph FtÞ�; we get x�t 1 u�t AF�

t ðx�t1 1Þ: And in the

quasisuperlinearity (Remark 2.1) case of Ft, we have dom MFt
5 ð01 gph FtÞ� and so

ðx�t 1 u�t 1 x�t1 1ÞAdom MFt
and ðx�t 1 u�t AF�

t ðx�t1 1Þ are equivalent. Similarly, we

observe that x�0Að01NÞ�; 2u�T 2x�TAð01MÞ�: Therefore, using the duality Theorem

5.11 and going in the reverse direction, we have the desired result.’

Example 5.1. Consider the following optimal control problem for discrete inclusions

infimum
XT
t5 1

gðxt; tÞ;
subject to xt1 1 5Atxt 1Btut; utAUt; t5 0; . . . ;T 21;

x0AN; xTAM;

ð5:63Þ

where At,Bt for each t are n3 n and n3 r matrices, respectively. The function g( � ,t)
and the sets N, M, Ut are proper convex function and sets, respectively. It is required

to find a sequence f ~ut gT21
t5 0 such that the corresponding trajectory f ~xt gT21

t5 0 minimizesPT
t5 0 gðxt; tÞ: Let us introduce a multivalued function of the form

FtðxtÞ5Atxt 1BtUt 5 fAtxt 1Btut : utAUtg; t5 0; . . . ;T 21; ð5:64Þ

Thus, the problem in Eq. (5.63) is replaced by problem (P), with Eq. (5.64) and

Dt5ℝn, t5 1, . . . ,T2 1.
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It is not hard to calculate that

MFt
ðx�t ;x�t11Þ5inffhxt;x�t i2hxt11;x�t11i : ðxt;xt11ÞAgphFg

5 infxt hxt;x�t 2A�
t x

�
t11i2 suputAUt

hut;B�
t x

�
t11i5

2WUt
ðB�

t x
�
t11Þ; if x�t 5A�

t x
�
t11;

1N; if x�t 6¼A�
t x

�
t11:

�

Then, according to the problem in Eq. (5.54), the dual problem to Eq. (5.63) is

sup
u�t ;x

�
t ; t5 0;...;T

2
XT
t5 0

g�ðu�t ; tÞ2
XT21

t5 0

WUt
ðB�x�t1 1Þ2WNðx�0Þ2WMð2u�T 2x�T Þ

( )
;

x�t 5A�
t x

�
t1 1 2u�t :

Consider now the optimization problem for discrete inclusions with delay

described in Section 4.2:

inf
XT
t5 1

gðxt; tÞ
subject to xt1 1AFtðxt; xt2 hÞ; t5 0; . . . ; T 21;

xt 5 ξt; t52 h; 2 h1 1; . . . ; 0; xtAΦt; xTAM:

ð5:65Þ

There we have seen that the posed problem is equivalent to the minimization of

the convex function ϕðwÞ5 PT
t5 1 gðxt; tÞ over the set

G5N \ \T
t5 0

~Mt

� �
\ \T

t5 1

~Φt

� �
:

In the considered case, it can be easily calculated that

ϕ�ðw�Þ5
XT
t5 1

g�ðx�t ; tÞ; if x�t 5 0; t52 h; . . . ; 0;

1N; otherwise

8<
:

And the conjugates of the indicator functions of sets ~Mt ; ~Φt ; t5 0; . . . ;T ;N
have the form

δ�~Mt
ð2w�ðtÞÞ5 2MFt

ðxtðtÞ; x�t2 hðtÞ; 2x�t1 1ðtÞÞ; if x�t ðtÞ5 0; i 6¼ t2 h; t; t1 1;
1N; otherwise;

�

t5 0; . . . ;T21;

δ�~MT
ð2w�ðTÞÞ5 WMð2x�T ðTÞÞ; if x�i ðTÞ5 0; i 6¼ T ;

1N; otherwise;

�
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δ�~Φt
ð2 ~w�ðtÞÞ5 WΦt

ð2~xt
�ðtÞÞ; if ~xi

�ðtÞ5 0; i 6¼ t;
1N; otherwise;

�

t5 1; . . . ;T21;

δ�Nð2w�ð21ÞÞ5
X0
i52 h

hξi; x�i ð21Þi; if x�i ð21Þ5 0; i 6¼ 2 h; . . . ; 0;

1N; otherwise;

8><
>:

Now, taking into account these relationships and the formula ϕ�ðw�Þ5 PT
t5 0

gðu�t ; tÞ x�t 5 0; t52 h; . . . ; 0 with the notations as before, we conclude that

supf2ϕ�ðw�Þ2δ�Gð2w�Þg$ sup 2
XT
t5 0

gðx�t ; tÞ1
X0
t52 h

hξt; x�t ð21Þi
(

1
XT 21

t5 0

MFt
ðx�t ðtÞ; x�t2 hðtÞ; 2x�t1 1ðtÞÞ2

XT
t5 1

WΦt
ð2~x�t ðtÞÞ2WMð2x�T ðTÞÞ :

XT
i521

w�ðiÞ1
XT
i5 1

~w�ðiÞ5w�; x�i ð21Þ; i 6¼ 2 h; . . . ; 0; x�i ðtÞ5 0; i 6¼ t2 h; t; t1 1

ðt5 0; . . . ;T 21Þ; ~xi
�ðtÞ5 0; i 6¼ t ðt5 1; . . . ; TÞ; x�i ðTÞ5 0; i 6¼ T ; x�t 5 0;

t52 h; . . . ; 0g

and under the regularity condition we have an equality sign. For convenience, let

us denote

x�t 5 u�t ðt5 0; . . . ;TÞ; x�t ðt21Þ52x�t ðt5 0; . . . ; TÞ; x�t ðt1 hÞ
5 η�t1 hðtÞ5 η�t1 hðt52 h; . . . ;T 2 hÞ; ~xt

�ðtÞ5ϕ�
t ðt5 1; . . . ;TÞ

Then, it is evident that there is one-to-one correspondence between each ðx�0; . . . ;
x�T ; η

�
0; . . . ; η

�
T ;ϕ

�
1; . . . ;ϕ

�
T ; u

�
0; . . . ; u

�
T Þ and ðw�ð21Þ; w�ð0Þ; . . . ;w�ðTÞ; ~w�ð1Þ; . . . ;

~w�ðTÞ;w�Þ: Thus, the dual problem for the primary problem in Eq. (5.65) is estab-

lished as follows:

sup
x�t ;η

�
t ;u

�
t ;ϕ

�
t

ðη�T 5 u�
0
5ϕ�

0
5 0Þ

t5 0;...;T

2
XT
t5 0

gðx�t ; tÞ2 hξ0; x�0i2
X21
t52 h

hξt; η�t1 hi
(

1
XT212 h

t5 0

MFt
ðx�t 1 η�t1 h 2ϕ�

t 1 u�t ; η
�
t ; x

�
t1 1Þ

1
XT21

t5 T 2 h

MFt
ðx�t 2ϕ�

t 1 u�t ; η
�
t ; x

�
t1 1Þ2

XT
t5 1

WΦt
ð2ϕ�

t Þ2WMðϕ�
T 2x�T 2u�T Þ

)

ð5:66Þ

244 Approximation and Optimization of Discrete and Differential Inclusions



Now, it is easy to see that the duality results, including the duality theorem for

the problem in Eq. (5.65), are almost a word-for-word repetition of Theorems

5.11�5.13. The difference lies in the fact that the results here analogous to

Theorems 5.11�5.13 hold for conditions (i)�(iii) in Theorem 4.1 and the problem

in Eq. (5.56), whereas Theorems 5.11�5.13 refer only to conditions (1) and (2) of

Theorem 5.10 and the problem in Eq. (5.51).

Example 5.2. Consider the following optimal control problem of discrete inclusion

with delay:

inf
XT
t5 1

gðxt; tÞ;
subject to xt1 1 5A0ðtÞxt 1A1ðtÞxt2 h 1BðtÞut; t5 0; . . .;T 21;

xt 5 ξt; t52 h; 2 h1 1; . . .; 0;
utAUðtÞ; xTAM;

ð5:67Þ

where A0(t), A1(t), and B(t), as in Example 5.1, for each t are n3 n and n3 r matri-

ces, respectively. The function g( � ,t) and the sets M,U(t) are proper and convex. It is

required to find a sequence f ~ut gT 21
t5 0 such that the corresponding trajectory f ~xtgT 21

t5 0

minimizes
PT

t5 1 gðxt; tÞ: Let us introduce a multivalued function of the form

Ftðxt; xt2 hÞ5A0ðtÞxt 1A1ðtÞxt2 h 1BðtÞUðtÞ; t5 0; . . . ;T 21

Taking into account that Φt5ℝn, t5 1, . . . , T, the construction of the dual prob-

lem in Eq. (5.66) for problem in Eq. (5.67) is similar to the one for the problem in

Eq. (5.63):

sup
x�t ;η

�
t ;u

�
t ;

ðη�T 5 u�
0
5 0Þ

t5 0;...;T

2
XT
t5 0

gðx�t ; tÞ2 hξ0; x�0i2
X21
t52 h

hξt; η�t1 hi2
XT 21

t5 0

WUðtÞðB�ðtÞx�t1 1Þ
(

2WMð2x�T 2u�T Þ
)

x�t 5A�
0ðtÞx�t1 1 2η�t1 h 2u�t ; t5 0; . . . ;T 212 h;

x�t 5A�
0ðtÞx�t1 1 2u�t ; t5 T 2 h; . . . ;T 21;

η�t 5A�
1ðtÞx�t1 1; t5 0; . . . ; T 21:

5.5 The Main Duality Results in Problems with Convex
Differential Inclusions

In this section, a Bolza problem of optimal control theory given by convex differen-

tial inclusions are considered (see Sections 4.3 and 4.5). The dual problem is con-

structed and the duality theorems are proved. We pursue a twofold goal. First, we
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construct a dual problem for a discrete-approximation to continuous problem.

Second, we use this direct method to establish a dual problem to a continuous Bolza

problem. The construction of a dual problem to the latter is implemented by passing

to the formal limit as the discrete step tends to zero. At first we develop this method

for studying the problem considered in Section 4.3 with fixed time interval [0,1]:

infimum J½xðUÞ�5 Ð 1
0
gðxðtÞ; tÞdt1ϕ0ðxð1ÞÞ;

subject to _xðtÞAFðxðtÞ; tÞ; a:e: tA½0; 1�;
xð0ÞAN0; xð1ÞAM1;

ð5:68Þ

where g( � ,t) and ϕ0( � ) are convex continuous functions, F is a convex set-valued

mapping, and N0, M1Dℝn are convex sets. It is required to find a solution x(t), tA
[0,1] of the differential inclusion (4.24) with boundary conditions x(0)AN0, x(1)A
M1 minimizing Eq. (4.23). A feasible solution is assumed to be an absolutely con-

tinuous function x : [0,1]-ℝn.

For the present, we consider the nonconvex case of Eq. (5.68). Let us construct

a discrete (finite) approximation for the problem given in Eq. (5.68) using the

replacement of the derivative in Eq. (5.68) by the Euler finite difference

_xðtÞ � ½xðt1 δÞ2 xðtÞ�=δ � ΔxðtÞ: We choose a step δ and use a grid function

xδ(t)� x(t) on a uniform grid on [0,1]. Then, we associate the following discrete-

approximation problem with the problem in Eq. (5.68):

infimum Jδ½xðUÞ�5
X

t5 0;δ;...;12 δ

δgðxðtÞ; tÞ1ϕ0ðxð1ÞÞ;

subject to xðt1 δÞAxðtÞ1 δFðxðtÞ; tÞ; t5 0; δ; 2δ; . . . ; 12 δ;
xð0ÞAN0; xð1ÞAM1:

ð5:69Þ

In what follows, introducing a new multivalued function, we rewrite this prob-

lem in a more convenient form

infimum Jδ½xðUÞ�5
X

t5 0;δ;...;12 δ

δgðxðtÞ; tÞ1ϕ0ðxð1ÞÞ;

subject to xðt1 δÞAQðxðtÞ; tÞ; t5 0; δ; 2δ; :::; 12 δ;
xð0ÞAN0; xð1ÞAM1;
Qðx; tÞ5 x1 δFðx; tÞ

ð5:70Þ

At once we observe that in more general suppositions in the problem in

Eq. (5.70) (not necessarily convex) by Theorem 4.2 (see also Remark 4.4) for opti-

mality of f ~xðtÞg1t5 0; an adjoint inclusion is expressed as follows:

x�ðtÞAQ�ðx�ðt1 δÞ; ð ~xðtÞ; ~xðt1 1ÞÞ; tÞ2λ@xgð ~xðtÞ; tÞ; t5 0; δ; 2δ; . . . ; 12 δ
ð5:71Þ

Clearly, we must find the LAM Q� in terms of the LAM F�. But from Theorem

4.19, we find that if Kgph Q( � ,t) is a local tent for the multivalued function Q( � ,t),
then the following inclusions are equivalent
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x�AQ�ðy�; ðx; yÞ; tÞ and
x� 2y�

δ
AF� y�; x;

y2 x

δ


 �
; t


 �
:

Thus, by applying this equivalency, it is easy to see that Eq. (5.71) is replaced

by the adjoint inclusion

2Δx�ðtÞ � 2
x�ðt1 δÞ2x�ðtÞ

δ
AF�ðx�ðt1 δÞ; ð ~xðtÞ;Δ ~xðtÞÞ; tÞ

2λ@gð ~xðtÞ; tÞ; t5 0; δ; 2δ; . . . ; 12 δ
ð5:72Þ

Now, remember that taking gð ~xð1Þ; 1Þ � ϕ0ð ~xð1ÞÞ along with Eq. (5.72), we have

the condition

x� 2x�ð1ÞA@ϕ0ð ~xð1ÞÞ; 2x�ð0Þ AK�
N0
ð ~xð0ÞÞ; x�AK�

M1
ð ~xð1ÞÞ: ð5:73Þ

The obtained result is formulated in Theorem 5.14.

Theorem 5.14. Let a grid function f ~xðtÞg1t5 0 be an optimal trajectory to the noncon-

vex problem in Eq. (5.68). Suppose that the cones of tangent directions

Kgph FðU;tÞð ~xðtÞ; ~xðt1 δÞÞ; KN0
ð ~xð0ÞÞ; KM1

ð ~xð1ÞÞ

are local tents and that the functions g, ϕ0 admit a convex upper approximation con-

tinuous at ~xðtÞ: Then, there exist a number λ$ 0, vector x�, and grid function

fx�ðtÞg1t5 0 not all equal to zero such that Eqs. (5.72) and (5.73) are satisfied. In addi-

tion, if the problem in Eq. (5.68) is convex and the regularity condition is satisfied,

then λ5 1 and these conditions are also sufficient for the optimality of f ~xðtÞg1t5 0:
We need the useful result found in Lemma 5.2.

Lemma 5.2. Let F( � ,t):X-P(Y) be a convex multivalued function and Q(x,t)5
x1 δF(x,t). Then one has

MQðU;tÞðx�; y�Þ5 δMFðU;tÞ
x� 2y�

δ
; y�

� �
:

& Indeed, by definition of MQ( � ,t), we conclude that

MQðU;tÞðx�; y�Þ 5 inf hx; x�i2 hy; y�i : ðx; yÞAgph QðU; tÞ� �
5 inf hx; x�i2 hy; y�i : x;

y2 x

δ

0
@

1
AAgph FðU; tÞ

8<
:

9=
;

5 δinf x;
x� 2y�

δ

* +
2

y2 x

δ
; y�

* +
: x;

y2 x

δ

0
@

1
AAgph FðU; tÞ

8<
:

9=
;

5 δMFðU;tÞ
x� 2y�

δ
; y�

0
@

1
A

:’
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Now, taking into account Eq. (5.54), we see that in our notations the dual problem

to the convex discrete-approximation problem in Eq. (5.69) or Eq. (5.60) has the form

sup
u�ðtÞ;x�ðtÞ;
t5 0;δ...;1

2
X1
t5 0

ðδgÞ�ðu�ðtÞ; tÞ1
X12 δ

t5 0

MQðU;tÞðx�ðtÞ1 u�ðtÞ; x�ðt1 δÞ
(

2WN0
ðx�ð0ÞÞ2WM1

ð2u�ð1Þ2x�ð1ÞÞ
)
: ð5:74Þ

But by Lemma 5.2, we find that

MQðU;tÞðx�ðtÞ1 u�ðtÞ; x�ðt1 δÞÞ 5 δMFðU;tÞ
x�ðtÞ2x�ðt1 δÞ1 u�ðtÞ

δ
; x�ðt1 δÞ

0
@

1
A

5 δMFðU;tÞ
u�ðtÞ
δ

2Δx�ðtÞ; x�ðt1 δÞ
0
@

1
A

ð5:75Þ

On the other hand, it is can easily be checked that the conjugate (δg�) is defined
by (δg)�(u�,t)5 δg�(u�/(δ),t),δ. 0. Thus, for convenience, denoting u�/δ again

by u� in view of the formula in Eq. (5.75), we derive from Eq. (5.74) that the

dual problem to the discrete-approximation problem in Eq. (5.69),

ðδgÞ�ðx�; tÞ5 δg�ðx�=δ; tÞ; δ. 0; is

sup
u�ðtÞ;x�ðtÞ;
t5 0;δ...;1

2
X

t5 0;δ;...;1

δg� u�ðtÞ; tð Þ1
X12 δ

t5 0

δMFðU;tÞðu�ðtÞ2Δx�ðtÞ; x�ðt1 δÞÞ
(

2WN0
ðx�ð0ÞÞ2WM1

ð2u�ð1Þ2x�ð1ÞÞ
)
; ð5:76Þ

where we put g�ðu�ð1Þ; 1Þ � ϕ�
0ðu�ð1ÞÞ: Remember that in Eq. (5.76), we have two

integral sums (for the functions g� and MF( � ,t)). Now by passing to the formal limit,

the obtained maximization problem will be the dual problem to the previous contin-

uous convex problem (5.68):

sup
u�ðtÞ;x�ðtÞ

ð1
0

½MFðU;tÞðu�ðtÞ2_x�ðtÞ; x�ðtÞÞ2g�ðu�ðtÞ; tÞ� dt
�
2ϕ�

0ðx�ð1ÞÞ2WN0
ðx�ð0ÞÞ2WM1

ð2u�ð1Þ2x�ð1ÞÞ
)
: ð5:77Þ

Here x� : [0,1]-ℝn and u� : [0,1]-ℝn are absolutely continuous and summable

functions, respectively, and so limδ-0 Δx�ðtÞ5 _x�ðtÞ; i.e., tA[0,1].

Recall that
P

[0,1](0,N0) denotes the family of solutions to the differential inclu-

sion in Eq. (5.68), with the initial condition x(0)AN0 defined on [0,1] and S(τ,0,N0)

a section of the family of solutions; i.e.,
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Sðτ; 0;N0Þ5 xðτÞ : xðtÞA
X
½0;1�

ð0;N0Þ; τA½0; 1�:
( )

Moreover, we denote the affine hull of a set M by aff M.

Theorem 5.15. Let the conditions of Theorem 4.3 be satisfied, where λ0. 0. Let

~xðtÞ be an optimal solution to the primary problem in Eq. (5.68) with convex struc-

ture. Moreover, assume that either

1. M1 \ int S(1,0,N0) 6¼[ or

2. ri S(1,0,N0) \ ri M1 6¼[

and that there is no hyperplane H containing both aff S(1,0,N0) and aff M1. Then a

pair of functions f ~x�ðtÞ; ~u�ðtÞg is an optimal solution to the dual problem in

Eq. (5.77) if and only if conditions (i)�(iii) of Theorem 4.3 are satisfied. In addi-

tion, the optimal values in the primary problem in Eq. (5.68) and the dual problem

in Eq. (5.77) are equal.

& First, we conclude that for all feasible solutions x(t) and {x�(t),u�(t)} of the pri-

mary problem in Eq. (5.68) and the dual problem in Eq. (5.77), respectively, the

inequality holds:

Ð 1
0
gðxðtÞ; tÞdt1ϕ0ðxð1ÞÞ $

Ð 1
0
½MFðU;tÞðu�ðtÞ2_x�ðtÞ; x�ðtÞÞ2g�ðu�ðtÞ; tÞ�dt

2ϕ�
0ðx�ð1ÞÞ2WN0

ð2x�ð0ÞÞ2WM1
ð2u�ð1Þ2x�ð1ÞÞ:

ð5:78Þ

Indeed by using the conjugate g�;ϕ�
0 and the definition of the Hamiltonian func-

tion, we can write

ð1
0

½MFðU;tÞðu�ðtÞ2_x�ðtÞ; x�ðtÞÞ2g�ðu�ðtÞ; tÞ�dt2ϕ�
0ðx�ð1ÞÞ2WN0

ðx�ð0ÞÞ

2WM1
ð2u�ð1Þ2x�ð1ÞÞ# Ð 1

0
½hxðtÞ; u�ðtÞ2_x�ðtÞi2HðxðtÞ; x�ðtÞÞ

1 gðxðtÞ; tÞ2 hx�ðtÞ; u�ðtÞi� dt1ϕ0ðxð1ÞÞ2 hxð1Þ; u�ð1Þi2 hxð0Þ; x�ð0Þi
1 hxð1Þ; u�ð1Þ1 x�ð1Þi# 2

Ð 1
0
dhxðtÞ; x�ðtÞi1 Ð 1

0
gðxðtÞ; tÞdt1ϕ0ðxð1ÞÞ

2 hxð0Þ; x�ð0Þi1 hxð1Þ; x�ð1Þi5 hxð0Þ; x�ð0Þi2 hxð1Þ; x�ð1Þi1 Ð 1
0
gðxðtÞ; tÞdt

1ϕ0ðxð1ÞÞ2 hxð0Þ; x�ð0Þi1 hxð1Þ; x�ð1Þi5 Ð 1
0
gðxðtÞ; tÞdt1ϕ0ðxð1ÞÞ:

As was shown in the proof of Theorem 5.9, we observe that the sets S(1,0,N0)

and M1 are not separable and λ05 1. Furthermore, if ð ~x�ðtÞ; ~u�ðtÞÞ satisfies condi-

tions (i)�(iii) of Theorem 4.3, then in the latter relation, the inequality sign is

replaced by equality, and hence for ~xðtÞ and ð ~x�ðtÞ; ~u�ðtÞÞ we have opposite inequal-

ity sign in Eq. (5.78), which ensures equality of the values of primary and dual

problems.’

249On Duality of Ordinary Discrete and Differential Inclusions with Convex Structures



Let us now construct the dual problem to the convex problem for the delay-dif-

ferential inclusion in Eq. (4.67):

infimum JðxðUÞÞ5 Ð 1
0
gðxðtÞ; tÞ dt1ϕ0ðxð1ÞÞ;

subject to _xðtÞAFðxðtÞ; xðt2 hÞ; tÞ; a:e: tA½0; 1�; :::
xðtÞ5 ξðtÞ; tA½2 h; 0�; xð1ÞAM1:

ð5:79Þ

For this we must first obtain the dual problem to the corresponding discrete-

approximation problem, which consists of the following:

infimum Jδ½xðUÞ�5
X

t5 0;δ;...;1

δgðxðtÞ; tÞ;

subject to xðt1 δÞAxðtÞ1 δFðxðtÞ; xðt2 hÞ; tÞ; t5 0; δ; :::; 12 δ;
xðtÞ5 ξðtÞ; t52h; 2h1 1; :::; 0; xð1ÞAM1

ð5:80Þ

where we set g(x(1),1)�ϕ0(x(1)).

Clearly, we have a multivalued function F( � , � ,t) : X3X-P(Y). Then, as in the

proof of Lemma 5.2, setting Q(x,x1,t)5 x1 δF(x,x1,t), we determine that in the

present case

MQðU;U;tÞðx�;x�1;y�Þ 5 inffhx;x�i1hx1;x�1i2hy;y�i : ðx;yÞAgphQðU;U; tÞg

5δMFðU;U;tÞ
x�2y�

δ
;
x�1
δ
;y�

0
@

1
A:

ð5:81Þ

Thus. in the same way as above, denoting u�(t)/δ and η�(t)/δ again by u�(t) and
η�(t), respectively, in view of the formula in Eq. (5.81), we derive from Eq. (5.66)

the dual problem to the discrete-approximation problem in Eq. (5.80):

sup
u�ðtÞ;x�ðtÞ;η�ðtÞ

ðη�ð1Þ5 u�ð0Þ5 0Þ
t5 0;δ...;1

2
X

t5 0;δ;...;1

δg�ðu�ðtÞ; tÞ2 hξð0Þ; x�ð0Þi
(

2
X

t52 h;2 h1 1;...;21

δhξðtÞ; η�ðt1 hÞi

1
X12 δ2 h

t5 0

δMFðU;U;tÞðu�ðtÞ2Δx�ðtÞ2η�ðt1 hÞ; η�ðtÞ; x�ðt1 δÞÞ

1
X12 δ

t5 12 h

δMFðU;U;tÞðu�ðtÞ2Δx�ðtÞ; η�ðtÞ; x�ðt1 δÞÞ2WM1
ð2u�ð1Þ2x�ð1ÞÞ

�
:

ð5:82Þ

Here ϕ�(t)� 0 and so WΦ(t)(2ϕ�(t))� 0 because Φ(t)�ℝn, t5 δ, 2δ, . . . , 1.
Consequently, following the limiting procedure in Eq. (5.82), we can formulate the
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dual problem to the continuous problem in Eq. (5.79) with delay-differential

inclusion:

sup
u�ðtÞ;x�ðtÞ;η�ðtÞ

ðη�ð1Þ5 u�ð0Þ5 0Þ

2

ð1
0

g�ðu�ðtÞ; tÞdt2 hxð0Þ; x�ð0Þi2
ð0
2 h

hξðtÞ; η�ðt1 hÞidt
�

1

ð12 h

0

MFðU;U;tÞðu�ðtÞ2_x�ðtÞ2η�ðt1 hÞ; η�ðtÞ; x�ðtÞÞdt

1

ð1
12 h

MFðU;U;tÞðu�ðtÞ2_x�ðtÞ; η�ðtÞ; x�ðtÞÞdt2WM1
ð2u�ð1Þ2x�ð1ÞÞ

�
:

ð5:83Þ

where it is assumed that x� : [0,1]-ℝn, η� : [0,1]-ℝn, and u� : [0,1]-ℝn are

absolutely continuous and summable functions, respectively.

Remark 5.3. Note that if we consider the optimization problem in Eqs. (5.68) and

(5.79) with varying time interval [0,t1], then by analogy with the statements just

obtained, we should replace the point t5 1 by t5 t1. Hence, the formulations of the

duality theorems and duality relations are the same.

Example 5.3. Let us construct the dual problem to the convex problem in Eq. (5.79)

with polyhedral delay-differential inclusion and varying time interval [0,t1]:

minimize J½xðUÞ; t1�5
Ð t1
0
gðxðtÞ; tÞdt1ϕ0ðxðt1ÞÞ;

subject to _xðtÞAFðxðtÞ; xðt2 hÞ; tÞ; a:e: tA½0; t1�;
xðtÞ5 ξðtÞ; tA½2 h; 0�; xðt1ÞAM1

ð5:84Þ

Fðx; x1Þ5 fy : Ax1A1x1 2By# dg ð5:85Þ

where A, A1, B are m3 n matrices and d is m-dimensional column vector. By

Corollary 3.1, it is easy to establish that (x0,x10) is a solution to the minimization

problem

inf
ðx;x1;yÞ

n
hx; x�i1 hx1; x�1i2 hy; y�i : ðx; x1; yÞAgph F

o
5 inf

ðx;x1Þ

n
hx; x�i1 hx1; x�1i2Hðx; x1; y�Þ

o

if and only if

ðx�; x�1ÞA@ðx;x1ÞHðx0; x10; y�Þ � F�ðy�; ðx0; x10; y0ÞÞ

where Hðx; x1; y�Þ5 supfhy; y�i : yAFðx; x1Þg and y0AF(x0,x10:y
�). Next, since (see

Section 2.4)

251On Duality of Ordinary Discrete and Differential Inclusions with Convex Structures



K�
gph F 5 fðx�; x�1; y�Þ : x� 52A�λ; x�1 52A�

1λ; y� 5B�λ;

λ$ 0; hAx0 1A1x10 2By0 2 d;λi5 0g

by definition of LAM, F� has the form

F�ðy�; z0Þ5 fð2A�λ; 2A�
1λÞ : y� 52B�λ; λ$ 0;

hAx0 1A1x10 2By0 2 d;λi5 0g; z0 5 ðx0; x10; y0Þ:

Thus, we find that

MFðx�; x�1; y�Þ 5 inf
ðx;x1;yÞ

n
hx; x�i1 hx1; x�1i2 hy; y�i : ðx; x1; yÞAgph F

o
5 hx0; 2A�λi1 hx10; 2A�

1λi2 hy; 2B�λi52 hd;λi; λ$ 0:

ð5:86Þ

On the other hand, from Eq. (5.83) and the form of the LAM F�, we derive that

u�ðtÞ2_x�ðtÞ2η�ðt1 hÞ52A�λðtÞ; tA½0; 12 hÞ;
u�ðtÞ2_x�ðtÞ52A�λðtÞ; tAð12 h; t1�;
x�ðtÞ52B�λðtÞ; η�ðtÞ52A�

1λðtÞ; tA½0; t1�:
ð5:87Þ

Now, it can easily be seen that the dual problem to the convex problem in

Eqs. (5.84) and (5.85) with the polyhedral delay-differential inclusion is obtained

from Eqs. (5.86) and (5.87):

sup
u�ðtÞ;ðu�ð0Þ5 0Þ;λðtÞ 2

ðt1
0

g�ðu�ðtÞ; tÞdt2 hxð0; x�ð0Þi1
ð0
2 h

hξðtÞ;A�
1λðt1 hÞidt

�

2

ðt1
0

hd;λðtÞidt2ϕ�
0ðu�ðt1ÞÞ2WM1

ð2u�ðt1Þ2x�ðt1ÞÞg;
A�λðtÞ1B� _λðtÞ1A�

1λðt1 hÞ1 u�ðtÞ5 0; tA½0; t1 2 hÞ;
A�λðtÞ1B� _λðtÞ1 u�ðtÞ5 0; tA½12 h; t1�; λðtÞ$ 0:

Note that for a problem without a delay effect, i.e., where A1 is the zero matrix

and h5 0, we have

sup
u�ðtÞ;ðu�ð0Þ5 0Þ;λðtÞ 2

ðt1
0

g�ðu�ðtÞ; tÞdt2 hxð0; x�ð0Þi2ϕ�
0ðu�ðt1ÞÞ

�

2

ðt1
0

hd;λðtÞidt2WM1
ð2u�ðt1Þ2x�ðt1ÞÞ

)
; ð5:88Þ

A�λðtÞ1B� _λðtÞ1 u�ðtÞ5 0; tA½0; t1�; λðtÞ$ 0:

It is interesting to see that if in the problem in Eqs. (5.41) and (5.42) N0�ℝn

and in Eqs. (5.84) and (5.85) M1 is a polyhedral set (see Eqs. (5.41) and (5.42)),

then the dual problems in Eqs. (5.43) and (5.88) coincide.
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6 Optimization of Discrete and
Differential Inclusions with
Distributed Parameters via
Approximation

6.1 Introduction

This chapter is devoted to an investigation of problems described by the so-called

discrete and differential inclusions with distributed parameters. The past decade has

seen an ever more intensive development of the theory of extremal problems

involving multivalue mappings with distributed parameters [4,13,17,21,48,62,78,

150�152,162�166,170,171,241,244,250,252].

A great many problems in economic dynamics, as well as classical problems on

optimal control in vibrations, chemical, engineering, heat, diffusion processes, dif-

ferential games, and so on, can be reduced to such investigations. Refer to the sur-

vey papers for more information [2,5,19,24,25,28,30,37,45,56,63,64,73,75,82,94,

95,101�103,105,106,110,111,114,122,123,131,160,174,188,189,200,203,212,217,

223,225,235�237,245,249,254,255,259,260,266]. The results we wish to obtain

fall into four categories: necessary and sufficient conditions for discrete inclu-

sions, optimization of the corresponding discrete-approximation problems, suffi-

cient conditions for partial differential inclusions, and the construction of duality

relations.

The principal method that we use is that of LAM, which facilitates obtaining nec-

essary and sufficient conditions for all types of discrete and differential inclusions; we

use one of the constructions of convex and nonsmooth analysis. Moreover, it appears

that the use of the CUAs for nonconvex functions and local tents [38,224] is very

suitable for obtaining the optimality conditions for posed problems. Optimization of

different types of discrete inclusions can be reduced to finite-dimensional problems

of mathematical programming, namely, to minimization of functions on the intersec-

tion of a finite number of sets. The adjoint inclusions that arise are stated in

Euler�Lagrange form [50,63,133,136,207,208], and this form automatically implies

the Weierstrass�Pontryagin maximum condition.

Note that this happens because the LAM is not the same as in Refs. [188,192,

214,226]. Another definition of the LAM is introduced by Mordukhovich and is

called the coderivative of multivalued functions at a given point [193,194,198,214].
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Moreover it appears that the use of the CUA for nonconvex functions and local tents

[38,224] is very suitable for obtaining the optimality conditions for posed problems.

Observe that the main successful application of local approximations and transition

to convex approximations of sets is the establishment of necessary conditions for

nonconvex optimization problems. For related and additional material in the field of

different convex and nonconvex approximations of functions and sets, also consult

Borwein et al. [42], Clarke [52,54,58], Demyanov [65,66], Frankowska [83,87,88],

Ioffe and Penot [109], Outrata and Mordukhovich [218], Mordukhovich

[188,192,194,198,214], Pshenichnyi [226], Rockafellar [229�232], and Rockafellar

and Zagrodny [232].

We use difference approximations of partial derivatives and grid functions on a

uniform grid to approximate partial differential inclusions and to derive necessary

and sufficient conditions for optimality for discrete-approximation problems. The

latter is possible by passing to the necessary conditions for an extremum of the cor-

responding discrete inclusion. It turns out that this requires some special equiva-

lence theorems of a LAM, which arise in discrete and discrete-approximation

problems. These equivalence theorems allow us to make a bridge between pro-

blems (PD) and (PC). Obviously, such difference problems, in addition to being of

independent interest, can play an important role also in computational procedures.

Thus, we are able to use the results for discrete-approximation problems with

distributed parameters to get sufficient conditions of optimality for partial differen-

tial inclusions. We associate the discrete-approximation problem and derive neces-

sary and sufficient conditions for optimality. The key tools of our investigations

are based on the extremal principle and its modifications together with generalized

differential calculus [162�171,188,195,196,229,231]. Using the method of discrete

approximations and concepts of generalized differentiation, we establish optimality

conditions in both Euler�Lagrange and Hamiltonian forms. The relationship

between continuous and discrete systems is one of the central objects of this chap-

ter. Transition to the optimality conditions for discrete-approximation problems

from their discrete counterparts is realized by using special equivalence theorems

of the LAM, which play a substantial role in the next investigations and without

which few necessary or sufficient conditions would be obtained. The point is that

discrete and discrete-approximation problems naturally are described by different

(say F and G, respectively) multivalued functions, and in order to formulate the

optimality conditions for each discrete-approximation problem and then for its cor-

responding continuous problem, we must express the LAM G� by F�. In fact, many

necessary and sufficient conditions for optimality appearing in the survey papers of

Mahmudov [162�173] for partial differential inclusions inevitably require the

development of new forms of equivalence results.

The derivation of sufficient conditions is implemented by passing to the formal

limit as the discrete steps tend to zero. Of course, by using the suggested methods

for ordinary differential inclusions of Mordukhovich [190�192,196,199] or

Pshenichnyi [226], it can be proved that the obtained sufficient conditions are also

necessary for optimality. At the end of each section, we consider linear-type opti-

mal control problems. These examples show that in known problems the adjoint
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inclusions coincide with the adjoint equations, which are traditionally obtained

with the help of the Hamiltonian function.

In addition to many works devoted to optimization of partial differential inclu-

sions, the qualitative problems for boundary-value problems for systems of first-

order partial differential inclusions are considered. Benchohra and Ntouyas [34]

studied nonlocal Cauchy problems for neutral functional differential and integro-

differential inclusions in Banach spaces. Gatsori’s main goal [96] was to establish

sufficient conditions for the existence of solutions for semilinear differential inclu-

sions with nonlocal conditions. He relied on Covitz and Nadler’s fixed-point theo-

rem for contraction of multivalued maps and on Schaefar’s fixed-point theorem

combined with lower semicontinuous multivalued operators with decomposable

values. Furthermore, the well-posedness of degenerate Cauchy problems treated as

Cauchy problems for a differential inclusion with a multivalued linear operator is

considered. Using a new approach to the definition of degenerate integrated semi-

groups and their generators in a Banach space, a well-posedness criterion for the

problem is obtained. Moreover, Melnikova [179] considers the Cauchy problem for

a differential inclusion in the space of abstract distributions and given necessary

and sufficient conditions for well-posedness in the distribution space. Aubin and

Frankowska [17] devotes themself to set-valued solutions to the Cauchy problem

for hyperbolic differential inclusions.

Sections 6.2 and 6.3 are devoted to optimal control problems described by

first-order partial differential inclusions, which is an interesting and not well-

investigated class of control problems. Such research on the optimization of partial

differential inclusions can be applied in the theory of differential games, dynamic

optimization, gas dynamics, heat and mass transfer, wave theory, and much more.

It appears that optimization of the Cauchy problem is significantly different from

the optimization problems of the Dirichlet or Neumann types considered in

Section 6.5. The main distinction is that in the motivation of the two-parameter

optimization for discrete inclusions, a Hilbert space consideration is demanded. A

major role is played by the LAM calculus that is crucial for applications to very

different problems [164�171]. The LAM apparatus was introduced by Mahmudov

[164,166,168,171�173] and Pshenichnyi [226] and was applied successfully in

Refs. [140�164]. Note that in the related definition of LAM by Mordukhovich

[204,205,214], the normal cone construction is used and is called the coderivative

of a set-valued map at a given point. In addition to the LAM for convex set-valued

maps, F as defined in Refs. [164,166,168,171] is the same as the basic subdifferen-

tial of the Hamiltonian concave function HF(u,v
�)5 sup{hv,v�i:vAF(x)} on the first

argument. There are different approaches and various results in this field using

one or another tool in nonsmooth analysis. The primary goals of the book by

Mordukhovich [214] are to present basic concepts and principles of variational

analysis and to develop a comprehensive generalized differential theory in the

framework of Asplund spaces. In continuous problems, it is required that in some

way the coordinate-wise limit of the conjugate variables be equal to zero.

Thus, sufficient conditions for optimality of boundary-value problems (where

feasible solutions belong to the Sobolev space W1,1(Q)—i.e., the distributional
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derivatives of the first order belong to L1(Q))—and Cauchy problems both for con-

vex and nonconvex DFIs with first-order partial derivatives are formulated.

Naturally, the latter problems are converted to the computation problems of multi-

ple improper integrals. By passing to the formal limit in the intermediate discrete-

approximation problem with the use of LAM, we derive sufficient conditions for

continuous problem both in the extended Euler�Lagrange and Hamiltonian forms.

This method of optimization can be useful for other classes of discrete and partial

differential inclusions, namely, properly defined Cauchy problems.

The optimality conditions obtained by Mahmudov [164�171] are more precise,

since they involve useful forms of the Weierstrass�Pontryagin condition and the

Euler�Lagrange type of adjoint inclusions. We emphasize that in the problem

under consideration, the adjoint inclusion involves only one conjugate variable;

i.e., there are no auxiliary adjoint variables in the conjugate differential inclusions.

Apparently, this occurs because a set-valued map does not depend on partial

derivatives.

Section 6.4 is devoted to an optimal control problem given by hyperbolic dis-

crete inclusion (DSI) and DFI of the Darboux type. Note that problems for DSI and

DFI can be applied in the field of mathematical economics, in differential games,

and in the Fornosini�Marchesini [81] model which plays an essential role in the

theory of automatic control systems with two independent variables [81,113].

Finally, in addition to optimization problems for DFI, existence problems for

hyperbolic differential inclusions have been extensively studied in the literature

[21,49,62,219]. Aubin and Frankowska, and Domachawski investigate first-order

hyperbolic systems of partial differential inclusions [21,68]. Papageorgiou consid-

ers the existence of solutions for Darboux hyperbolic differential inclusions (6.81)

in Banach spaces [219]. Some second-order necessary conditions for an analogous

nonconvex hyperbolic differential inclusion problem are considered in Ref. [48].

In Sections 6.5 and 6.6, an extremal Dirichlet problem and a first boundary

value problem are formulated for elliptic and hyperbolic DSI and DFI with elliptic

Laplace’s operator, respectively. In addition, the results obtained generalize to the

multidimensional case with a second-order elliptic operator. Therefore, at the end,

we indicate general ways of extending the results to the case of generalized solu-

tions [6,7,27,29,44,46,92,104,126�128,131].

Section 6.7 is devoted to optimization of parabolic-type DSI and DFI. At the

end of this section, we indicate how to extend the results to multicriteria

optimization.

Next, we construct the dual problems of primary convex problems for partial

differential inclusions. The duality theorems for partial differential inclusions allow

us to conclude that a sufficient condition for optimality is an extremal relation for

the primary and dual problems. Here, the dual problem to the convex problem

obtained by using the infimal convolution of convex functions is the starting point

of the construction of duality theory. Thus, the duality problems for corresponding

discrete and discrete-approximation problems allow us to formulate this problem

for continuous problems. But to avoid long calculations, we omit it and formulate

only dual problems constructed for different partial DFIs.
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Some duality relations and optimality conditions for an extremum of different

control problems with partial differential inclusions can be found in Mahmudov

[159,162�166,168�171].

6.2 The Optimality Principle of Boundary-Value Problems
for Discrete-Approximation and First-Order Partial
Differential Inclusions and Duality

This section is devoted to an investigation of problems with distributed parameters

of the first kind, where the treatment is in a finite-dimensional Euclidean space.

Aubin and Cellina, and Barbu [20,27] obtained necessary conditions for an extre-

mum for some control problems with distributed parameters in abstract Hilbert

spaces. As a rule, the methods of these authors require the introduction of operators

with a maximal monotone graph.

Section 6.2 is divided into four parts. In the first part (Subsection 1), a certain

extremal problem is formulated for discrete inclusions. For such problems, we use

constructions of convex and nonsmooth analysis in terms of CUAs, local tents, and

LAMs [38,148,152,160�173] for both convex and nonconvex problems to get nec-

essary (and sufficient, in the convex case under a regularity condition) conditions

for optimality that are based on some subtle computations with the help of the

LAM apparatus.

In Subsection 2, we use difference approximations of derivatives and grid func-

tions on a uniform grid to approximate problems with first-order partial differential

inclusions and to derive a necessary and sufficient condition for optimality for the

discrete-approximation problem. The latter is possible by passing to necessary con-

ditions for an extremum of a discrete inclusion in Subsection 1.

In Subsection 3, we will be able to use the results from Subsection 2 to get suffi-

cient conditions for optimality for convex differential inclusions. The derivation of

sufficient conditions will be implemented by passing to the formal limit as the dis-

crete steps tend to zero.

At the end of Subsection 3, we consider an optimal control problem described

by a first-order differential equation with distributed parameters. This example

shows that in known problems, the adjoint inclusion coincides with the conjugate

equation, which is traditionally obtained with the help of the Hamiltonian function.

The basic concepts and definitions can be found in Sections 2.2 and 3.6. For a

multivalued mapping F:ℝ2n-P(ℝn), we introduce the following notation:

HFðp; x; υ�Þ5 sup
υ
fhυ; υ�i : υAFðp; xÞg; υ�Aℝn;

Fðp; x; υ�Þ5 fυAFðp; xÞ : hυ; υ�i5HFðp; x; υ�Þg:

For convex F we set,

if HFðp; x; υ�Þ52N; if Fðp; xÞ5[:
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A mapping F�ðυ�; ðp0; x0; υ0ÞÞ5 fðp�; x�Þ : ðp�; x�; 2 u�ÞAK�
gph Fðp0; x0; u0Þg is

called the LAM to F at a point (p0,x0,υ0), where K�
gph Fðp0; x0; υ0Þ is the cone dual

to the cone Kgph F(p
0,x0,υ0). For nonconvex multivalued functions, obviously a

cone of tangent vectors is defined differently. But the wider this cone is, the more

effective optimality conditions are.

At first we consider the following optimization problem for discrete inclusions

with distributed parameters [168]:

inf
X

t5 1;...;T
τ5 0;...;L21

gt;τðxt;τÞ ð6:1Þ

subject to

xt1 1;τAFðxt;τ1 1; xt;τÞ; ðt; τÞAH1 3 L1; ð6:2Þ

xt;L 5αtL; tAH1; x0;τ 5β0τ ; τAL0 ðα0L 5β0LÞ; ð6:3Þ

where H5 f0, . . ., Tg, H15 f0, . . ., T21g, L05 f0, . . ., Lg, L15 f0, . . ., L21g, and
gt,τ : ℝ

n-ℝ[{6N} are functions taking values on the extended line, F is multiva-

lued mapping, and αtL, β0τ are fixed vectors.

A set of points fxt;τgðt;τÞAH3L0
5 fxt;τ : ðt; τÞAH3 L0; ðt; τÞ 6¼ ðT ;LÞg is called an

admissible solution for the problem in Eqs. (6.1)�(6.3) if it satisfies the inclusion

in Eq. (6.2) and boundary conditions in Eq. (6.3). It is easy to see that for fixed nat-

ural numbers T and L, the conditions in Eq. (6.3) enable us to choose some admis-

sible solution, and the number of points to be determined coincides with the

number of discrete inclusions in Eq. (6.2). The following condition is assumed

below for the functions gt,τ, t5 1, . . . , T, τAL1, and the mapping F.

Condition N. Suppose that in the problem in Eqs. (6.1)�(6.3), the mapping F is

such that the cone Kgph Fð ~xt;τ1 1; ~xt;τ ; ~xt1 1;τÞ of tangent directions is a local tent,

where ~xt;τ are the points of the optimal solution f ~xt;τgðt;τÞAH3 L0
: Suppose, moreover,

that the functions gt,τ(x) admit a CUA ht;τðx; ~xt;τÞ at the points ~xt;τ that is continuous
with respect to x: The latter means that the subdifferentials @gt;τð ~xt;τÞ5 @ht;τð0; ~xt;τÞ
are defined.

The problem in Eqs. (6.1)�(6.3) is said to be convex if the mapping F is convex

and the gt,τ are proper convex functions. For a convex problem, we introduce

Definition 6.1.

Definition 6.1. We say that the convex problem in Eqs. (6.1)�(6.3) satisfies the

regularity condition if for some feasible (admissible) solution fx0t;τgðt;τÞAH3 L0
; we

have either (a) or (b):

a. ðx0t;τ1 1; x
0
t;τ ; x

0
t1 1;τÞAri gph F, (t,τ)AH13 L1,

x0t;τAri dom gt,τ,(t,τ)AH3 L0.

b. ðx0t;τ1 1; x
0
t;τ ; x

0
t1 1;τÞAint gph F, (t,τ)AH13L1
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(t,τ) 6¼ (t0,τ0) ((t0,τ0) is the fixed pair) and gt,τ are continuous at the point x0t;τ : In
Subsection 3, we study the convex problem for differential inclusions with distrib-

uted parameters:

inf IðxðU;UÞÞ5
ðð
Q

gðxðt; τÞ; t; τÞdt dτ1
ð1
0

g0ðxð1; τÞ; τÞdτ; ð6:4Þ

subject to
@xðt; τÞ

@t
A a

@xðt; τÞ
@τ

; xðt; τÞ
� �

; 0, t# 1; 0# τ, 1; ð6:5Þ

xðt; 1Þ5αðtÞ; xð0; τÞ5 βðτÞ; αð0Þ5βð1Þ; Q5 ½0; 1�3 ½0; 1�: ð6:6Þ

Here, F is a convex multivalued mapping, g is a continuous function that is convex

with respect to x, g : ℝn3Q-ℝ, g0 : ℝ
n3 [0,1]-ℝ, and α(t) and β(τ) are abso-

lutely continuous functions, α : [0,1]-ℝn, β : [0,1]-ℝn . The problem is to find a

solution ~xðt; τÞ of the boundary value problem in Eqs. (6.5) and (6.6) that mini-

mizes Eq. (6.4). Here, an admissible solution is understood to be an absolutely con-

tinuous function with summable first order partial derivatives. In other words, an

admissible solution belongs to the Sobolev space W1,1(Q); i.e., the distributional

derivatives of the first order belong to L1(Q). In general, a Sobolev space is a vec-

tor space of functions equipped with a norm that is a combination of Lp norms of

the function itself as well as its derivatives up to a given order. The derivatives are

understood in a suitable weak sense to make the space complete, thus a Banach

space [131,212].

1 Necessary and Sufficient Conditions for an Extremum for Discrete
Inclusions

At first we consider the convex problem in Eqs. (6.1)�(6.3).

Theorem 6.1. Suppose that F is a convex multivalued mapping and gt,τ are

convex proper functions continuous at the points of some admissible solution

fx0t;τgðt;τÞAH3L0
: Then for f ~xt;τgðt;τÞAH3 L0

to be an optimal solution of the problem in

Eqs. (6.1)�(6.3), it is necessary that there exist a number λ5 0 or 1 and vectors

fx�t;τg and fϕ�
t;τg; not all zero, such that

1. ðϕ�
t;τ1 1; x

�
t;τ 2ϕ�

t;τÞAF�ðx�t;τ ; ð ~xt;τ1 1; ~xt;τ ; ~xt1 1;τÞÞ
1 f0g3 f2λ@gt;τð ~xt;τÞg; @g0;τð ~x0;τÞ � 0; ðt; τÞAH1 3L1;

2. 2 x�T ;τAλ@gT ;τð ~xT ;τÞ; ϕ�
t;0 5 0:

In addition, under the regularity condition, (1) and (2) are also sufficient for the

optimality of f ~xt;τgðt;τÞAH3 L0
:
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& One of the essential points in the proof is the use of convex programming

results. With this goal, we form the m5 n(L1 1)-dimensional vector xt5 (xt,0,

xt,1, . . . , xt,L)Aℝm for any tAH1. Further, let xT5 (xT,0, . . . , xT,L21)AℝnL. Then

w5 (x0, . . . , xT)AℝmT1 nL. We consider the following convex sets defined on the

space ℝmT1 nL:

Mt;τ 5 fw5 ðx0; . . . ; xT Þ : ðxt;τ1 1; xt;τ ; xt21;τÞAgph Fgðt; τÞAH1 3 L1;

M0 5 fw5 ðx0; . . . ; xT Þ : xt;L 5αtL; tAH1g;
N0 5 fw5 ðx0; . . . ; xT Þ : x0;τ 5 β0τ ; τAL0g:

Thus, setting gðwÞ5P
t5 1;...;T
τ5 1;...;L21

gt;τðxt;τÞ; we can easily show that the boundary

problem in Eqs. (6.1)�(6.3) is equivalent to the following convex minimization

problem in the space ℝmT1 nL:

inf gðwÞ subject to wAP5 \
ðt;τÞAH1 3 L1

Mt;τ

� �
\M0 \ N0: ð6:7Þ

We apply Theorem 3.4 to this problem. For this, it is necessary to compute the

cones K�
Mt;τ

ðwÞ; K�
M0
ðwÞ; K�

N0
ðwÞ; wAP as in Lemma 6.1.

Lemma 6.1. Let KMt;τ ðwÞ be a convex cone of tangent directions at wAMt,τ. Then

K�
Mt;τ

ðwÞ5 �w� 5 ðx�0; . . . ; x�T Þ : ðx�t;τ1 1; x
�
t;τ ; x

�
t1 1;τÞAK�

gph Fðxt;τ1 1; xt;τ ; xt1 1;τÞ;
x�i;j 5 0; ði; jÞ 6¼ ðt; τ1 1Þ; ðt; τÞ; ðt1 1; τÞ�; ðt; τÞAH1 3 L1:

& Let wAKMt;τ ðwÞ: This means that w1λwAMt;τ for sufficiently small λ. 0,

equivalently,

ðxt;τ1 1 1λxt;τ1 1; xt;τ 1λxt;τ ; xt1 1;τ 1λxt1 1;τ ; ÞAgph F:

Therefore,

KMt;τ ðwÞ5
�
w5 ðx0; . . . ; xT Þ : ðxt;τ1 1; xt;τ ; xt1 1;τÞAKgph Fðxt;τ1 1; xt;τ ; xt1 1;τÞ

�
:

ð6:8Þ

On the other hand, w�AK�
Mt;τ

ðwÞ is equivalent to the condition

hw;w�i5
X

ði;jÞAH3 L0

hxi;j; x�i;ji$ 0; wAKMt;τ ðwÞ; ði; jÞ 6¼ ðT ; LÞ;

where the components xi;j of the vector w (see Eq. (6.8)) are arbitrary. Therefore,

the last relation is valid only for x�i;j 5 0; ði; jÞ 6¼ ðt; τ1 1Þ; ðt; τÞ; ðt1 1; τÞ: This
completes the proof of the lemma.’
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It is also not hard to show that

K�
M0
ðwÞ5 �w� 5 ðx�0; . . . ; x�T Þ : x�t;τ 5 0; τ 6¼ L; tAH

�
;

K�
N0
ðwÞ5�w� 5 ðx�0; . . . ; x�T Þ : x�t;τ 5 0; t 6¼ 0; τAL0; ðt; τÞ 6¼ ðT ; LÞ�: ð6:9Þ

Further, by the hypothesis of Theorem 6.1, f ~xt;τgðt;τÞAH3 L0
is an optimal solution.

Consequently, ~w5 ð ~x0; . . . ; ~xT Þ is an optimal solution of the problem in Eq. (6.7).

Moreover, g(w) is continuous at the point w0 5 ðx00; . . . ; x0T Þ: Then applying Theorem

3.4 to the minimization problem in Eq. (6.7), we can assert the existence of vectors

w�ðt; τÞAK�
Mt;τ

ð ~wÞ; ðt; τÞAH1 3 L1; ~w� 5 ð ~x�0; . . . ; ~x�T ÞAK�
M0
ð ~wÞ;

w� 5 ðx�0; . . . ; x�T ÞAK�
N0
ðwÞ; w0�A@wgð ~wÞ

and of a number λ (equal to 0 or 1), not all zero, such that

λw0� 5
X

ðt;τÞAH1xL1

w�ðt; τÞ1 ~w� 1w�: ð6:10Þ

This equality plays a central role in the investigations to follow. Using the fact

that

w�ðt; τÞ5 ðx�0ðt; τÞ; . . . ; x�T ðt; τÞÞ; x�t ðt; τÞ5 ðx�t;0ðt; τÞ; . . . ; x�t;Lðt; τÞÞ; tAH1

x�T ðt; τÞ5 ðx�T ;0ðt; τÞ; . . . ; x�T :L21ðt; τÞÞ

and Lemma 6.1, we get

X
ðt;τÞAH1 3 L1

w�ðt; τÞ
" #

t;τ

5 x�t;τðt; τÞ1 x�t;τðt21; τÞ1 x�t;τðt; τ21Þ ð6:11Þ

x�t;τðt; τ21Þ5 0; τ5 0; tAH1;

where [w�]t,τ denotes the components of the vector w� for the given pair (t,τ).
On the other hand, using Eq. (6.9), we can write

X
ðt;τÞAH1 3 L1

w�ðt; τÞ1 ~w� 1w�
" #

t;τ

5
x�t;0ðt; 0Þ1 x�t;0ðt21; 0Þ; tAH1

x�T ;τðT 21; τÞ; τAL1;

�
ð6:12Þ

where it is taken into account that ½ ~w��t;0 5 ~x�t;0 5 0; tAH; ½w��t;0 5 x�t;0 5 0;
t5 1; . . . ;T ; and ½ ~w��t;τ 5 ~x�t;τ 5 0; ½w��T ;τ 5 0; τAL1: Also from the arbitrariness

of ~x�t;L; it is clear that the equalities

x�t;Lðt;LÞ1 x�t;Lðt21;LÞ1 x�t;Lðt;L21Þ1 ~x�t;L 5λx0�t;L; t5 1; . . . ;T 21
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always hold, where ½w0��t;L 5 x0�t;L: The same applies to the component-wise repre-

sentation in Eq. (6.10) for (0,τ), τAL1 in view of the arbitrariness of ½w��0;τ 5 x�0;τ :
Thus, by Eqs. (6.11) and (6.12), it follows from Eq. (6.10) that

λx0�t;τ 5 x�t;τðt; τÞ1 x�t;τðt21; τÞ1 x�t;τðt; τ21Þ;
x�t;τðt; τ21Þ5 0; τ5 0; tAH1; ð6:13Þ

λx0�T ;τ 5 x�T ;τðT21; τÞ; τAL1:

Using Lemma 6.1 and the definition of a LAM, it can be concluded that

ðx�t;τ1 1ðt; τÞ; x�t;τðt; τÞÞAF�ð2 x�t1 1;τðt; τÞ; ð ~xt;τ1 1; ~xt;τ ; ~xt1 1;τÞÞ: ð6:14Þ

Then, introducing the new notation x�t;τ1 1ðt; τÞ � ϕ�
t;τ1 1; x�t;τðt21; τÞ � 2 x�t;τ ;

we see from Eqs. (6.13) and (6.14) that the first part of the theorem is valid. As for

the sufficiency of the conditions is obtained, it is clear that by Theorems 1.11 and

1.30 and the regularity condition, the representation in Eq. (6.10) holds with λ5 1

for the point w0�A@wgð ~wÞ \ K�
Pð ~wÞ:’

Note that if in the problem in Eqs. (6.1)�(6.3) the functions and mappings are

polyhedral, then by virtue of Lemma 1.22, the regularity condition in Theorem 6.1

is superfluous.

Theorem 6.2. Assume condition (N) for the problem in Eqs. (6.1)�(6.3). Then for

f ~xt;τgðt;τÞAH3 L to be a solution of this nonconvex problem, it is necessary that there

exist a number λ5 0 or 1 and vectors fx�t;τg; fϕ�
t;τg not all zero, satisfying condi-

tions (1) and (2) of Theorem 6.1.

& In this case, condition (N) implies the hypotheses of Theorem 3.25 for the prob-

lem in Eq. (6.7). Therefore, we get the necessary condition as in Theorem 6.1 by

starting from the relation in Eq. (6.10), written out for the nonconvex problem.’

2 Approximation of the Continuous Problem and a Necessary Condition
for the Discrete-Approximation Problem

In this section, we use difference derivatives to approximate the problem in

Eqs. (6.4)�(6.6), and with the help of Theorem 6.1 we formulate a necessary and

sufficient condition for it. We choose steps δ and h on the t-axis and the τ-axis,
respectively, using the grid function xt,τ5 xδh(t,τ) on a uniform grid on Q. We

introduce the following difference operators, defined on the two-point models

[246] A15A1δ, A25A2h:

A1xðt1 δ; τÞ5 xðt1 δ; τÞ2 xðt; τÞ
δ

; A2xðt1 τ; hÞ5 xðt; τ1 hÞ2 xðt; τÞ
h

;

t5 0; δ; . . . ; 12 δ; τ5 0; . . . ; 12 h:
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With the problem in Eqs. (6.4)�(6.6), we now associate the following difference

boundary value problem, approximating it:

inf IδhðxðU;UÞÞ5
X

t5 0;...;12 δ

τ5 h;...;12 h

δhgðxðt; τÞ; t; τÞ1
X

τ5 0;...;12 h

hg0ðxð1; τÞ; τÞ; ð6:15Þ

subject to A1xðt1 δ; τÞAaðA2xðt; τ1 hÞ; xðt; τÞÞ;
xðt; 1Þ5αðtÞ; xð0; τÞ5 βðτÞ; t5 0; . . . ; 12 δ; τ5 0; . . . ; 12 h:

ð6:16Þ

We reduce the problem in Eqs. (6.15) and (6.16) to a problem of the form in

Eqs. (6.1)�(6.3). To do this, we introduce a new mapping

~Fðp; xÞ5 x1 δF
p2 x

h
; x

� �
ð6:17Þ

and rewrite the problem in Eqs. (6.15) and (6.16) as follows:

inf IδhðxðU;UÞÞ;
subject to xðt1 δ; τÞA ~Fðxðt; τ1 hÞ; xðt; τÞÞ;

xðt; 1Þ5αðtÞ; xð0; τÞ5βðτÞ;
t5 0; . . . ; 12 δ; τ5 0; . . . ; 12 h:

ð6:18Þ

By Theorem 6.1, for optimality of the trajectory f ~xðt;τÞg; t50, . . ., 1, τ50, . . . , 1,
(t,τ) 6¼ (1,1) in Eq. (6.18), it is necessary that there exist vectors fx�ðt;τÞg; fϕ�ðt;τÞg;
and a number λ5λδhA{0,1}, not all zero, such that

ðϕ�ðt; τ1 hÞ; x�ðt; τÞ2ϕ�ðt; τÞÞA ~F
�ðx�ðt1 δ; τÞ; ~xðt; τ1 hÞ; ~xðt; τÞ; ~xðt1 δ; τÞÞ
1 f0g3 fδhλ@gð ~xðt; τÞ; t; τÞg;

ð6:19Þ

x�ð1; τÞAλh@g0ð ~xð1; τÞ; τÞ; ϕ�ðt; 0Þ5 0; t5 0; . . . ; 12 δ; τ5 0; . . . ; 12 h:

ð6:20Þ

In Eq. (6.19), ~F
�
must be expressed in terms of F�.

Theorem 6.3. Suppose that the mapping ~F is such that the cones Kgph ~Fðp; x; υÞ;
ðp; x; υÞA gph ~F of tangent directions determine a local tent. Then the following

inclusions are equivalent:

1. ðp�; x�ÞA ~F
�ðυ�; ðp; x; υÞÞ;

2. p�

δ ;
p� 1 x� 2 υ�

δh

	 

AF� υ�

h
; p2 x

h
; x; υ2 x

δ

	 
	 

; υ�Aℝn:
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& By Definition 3.4 of a local tent (Section 3.4), there exist functions riðzÞ; i5 1, 2

and rðzÞ; z5 ðp; x; υÞ; such that riðzÞ:z:21-0 and rðzÞ:z:21-0 as z-0; and

υ1 υ1 rðzÞAx1 x1 r1ðzÞ

1 δF
p1 p1 r2ðzÞ2 x2 x2 r1ðzÞ

h
; x1 x1 r1ðzÞ

� �

for sufficiently small zAQ; QDri Kgph ~FðzÞ:
Transforming this inclusion, we get

υ2 x

δ
1

υ2 x

δ
1

rðzÞ2 r1ðzÞ
δ

AF
p2 x

h
1

p2 x

h
1

r2ðzÞ2 r1ðzÞ
h

; x1 x1 r1ðzÞ
� �

:

From this, it is clear that Kgph Fððp2 xÞ=h; x; ðυ2 xÞ=δÞ is a local tent of gph F,

and

p2 x

h
; x;

υ2 x

δ

� �
AKgph ~F

p2 x

h
; x;

υ2 x

δ

� �
: ð6:21Þ

Now, by going in the reverse direction, it is also not hard to see from Eq. (6.21)

that

ðp; x; υÞAKgph ~Fðp; x; υÞ: ð6:22Þ

This means that Eqs. (6.21) and (6.22) are equivalent.

Suppose now that ðp�; x�ÞA ~F
�ðυ�; ðp; x; υÞÞ or, equivalently,

hp; p�i1 hx; x�i2 hυ; υ�i$ 0; ðp; x; υÞAKgph ~Fðp; x; υÞ: ð6:23Þ

We rewrite this in the form

p2 x

h
;ψ�

1

� �
1 hx;ψ�

2i2
υ2 x

δ
;ψ�

� �
$ 0; ðp; x; υÞAKgph ~Fðp; x; υÞ; ð6:24Þ

where ψ�
1;ψ

�
2; and ψ� are to be determined. Carrying out the necessary transforma-

tions in Eq. (6.24) and comparing it with Eq. (6.23), we see that

ψ�
1 5

hp�

δ
; ψ�

2 5
x� 1 p� 2 υ�

δ
; ψ� 5 υ�:
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Then it follows from the equivalence of Eqs. (6.21) and (6.22) that

hp�

δ
;
x� 1 p� 2 υ�

δ

� �
AF� υ�;

p2 x

h
; x;

υ2 x

δ

� �� �
: ð6:25Þ

This concludes the proof of the theorem.’

Remark 6.1. In Eq. (6.25), it is taken into account that the LAM F� is a positive

homogeneous mapping with respect to the first argument:

F�ðμυ�; ðp; x; υÞÞ5μF�ðυ�; ðp; x; υÞÞ; μ. 0:

Remark 6.2. If the mapping F is convex, then we can establish the equivalence of

the inclusions in Theorem 6.3 in another way, namely, by computing @H ~Fðp; x; υ�Þ;
and expressing it in terms of @HF((p2 x)/h,x,υ�).

Let us return to the conditions in Eqs. (6.19) and (6.20). By Theorem 6.3, the

condition in Eq. (6.19) takes the form

ϕ�ðt; τ1 hÞ
δ

;
x�ðt; τÞ2 x�ðt1 δ; τÞ1ϕ�ðt; τ1 hÞ2ϕ�ðt; τÞ

δh

0
@

1
A

AF� x�ðt1 δ; τÞ
h

; ðA2 ~xðt; τ1 hÞ; ~xðt; τÞ;A1 ~xðt1 δ; τÞÞ
0
@

1
A

1 f0g3 f2λ@gð ~xðt; τÞ; t; τÞg; t5 0; . . . ; 12 δ; τ5 0; . . . ; 12 h:

ð6:26Þ

Here, denoting the expressions (ϕ�(t,τ))/δ and (x�(t,τ))/h again by ϕ�(t,τ) and

x�(t,τ), respectively, it is not hard to verify the following representation of the sec-

ond quotient:

x�ðt; τÞ2 x�ðt1 δ; τÞ1ϕ�ðt; τ1 hÞ2ϕ�ðt; τÞ
δh

5A2ϕ�ðt; τ1 hÞ2A1x
�ðt1 δ; τÞ;

t5 0; . . . ; 12 δ; τ5 0; . . . ; 12 h:

Then it follows from Eqs. (6.20) and (6.26) that

ðϕ�ðt; τ1 hÞ;A2ϕ�ðt; τ1 hÞÞAF�ðx�ðt1 δ; τÞ;A2 ~xðt; τ1 hÞ; ~xðt; τÞ;A1 ~xðt1 δ; τÞÞ
1 f0g3 fλ@gð ~xðt; τÞ; t; τÞ1A1x

�ðt1 δ; τÞg;
ð6:27Þ

ϕ�ðt; 0Þ5 0; 2 x�ð1; τÞAλ@g0ðxð1; τÞ; τÞ; t5 0; . . . ; 12 δ; τ5 0; . . . ; 12 h:

ð6:28Þ

We formulate the result just obtained as in Theorem 6.4.
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Theorem 6.4. Suppose that F is convex and g and g0 are proper functions convex

with respect to x and continuous at the points of some admissible trajectory fx0 (t,τ)g,
t5 0, δ, . . ., 1, τ5 0,h, . . ., 1 (t,τ) 6¼ (1,1). Then for the optimality of the trajectory

f ~xðt; τÞg in the discrete-approximation problem in Eqs. (6.15) and (6.16), it is neces-

sary that there exist a number λ5λδh5 f0,1g and vectors fυ�(t,τ)g and fx�(t,τ)g, not
all zero, satisfying Eqs. (6.27) and (6.28). And under the regularity condition,

Eqs. (6.27) and (6.28) are also sufficient for the optimality of f ~xðt; τÞg:

Remark 6.3. As in Theorem 2.2, Eqs. (6.27) and (6.28) are necessary conditions

for optimality in the case of nonconvexity for the problem in Eqs. (6.15) and (6.16)

under condition (N).

3 Sufficient Conditions of Optimality for Differential Inclusions

Using the results of Subsection 2, we formulate a sufficient condition for optimality

for the continuous problem in Eqs. (6.4)�(6.6). Setting λ5 1 in Eqs. (6.27) and

(6.28), we find, by passing to the formal limit as δ and h tend to 0, that

1.

ϕ�ðt; τÞ; @ϕ
�ðt; τÞ
@τ

0
@

1
AAF� x�ðt; τÞ; @ ~xðt; τÞ

@τ
; ~xðt; τÞ; @ ~xðt; τÞ

@t

0
@

1
A

0
@

1
A

1 f0g3 @x�ðt; τÞ
@t

2 @gð ~xðt; τÞ; t; τÞ
8<
:

9=
;;

2. ϕ�ðt; 0Þ5 0; 2 x�ð1; τÞA@g0ð ~xð1; τÞ; τÞ:
Along with this we get one more condition ensuring that the LAM F� is

nonempty:

3.
@ ~xðt; τÞ

@t
AF

@ ~xðt; τÞ
@τ

; ~xðt; τÞ; x�ðt; τÞ
� �

:

The arguments in Subsection 2 suggest the sufficiency of conditions (1)�(3) for

optimality. It turns out that the assertion in Theorem 6.5 is true.

Theorem 6.5. Suppose that g(x,t,τ) and g0(x,τ) are jointly continuous functions

convex with respect to x and F is a convex closed mapping; i.e., gph F is a convex

closed subset of ℝ3n. Then for the optimality of the solution ~xðU;UÞ among all

admissible solutions, it is sufficient that there exist absolutely continuous functions

fϕ�(t,τ), x�(t,τ)g such that the conditions (1) and (3) hold almost everywhere on Q.

& By Theorem 2.1,

F�ðυ�; ðp; x; υÞÞ5 @ðp;xÞHFðp; x; υ�Þ; υAFðp; x; υ�Þ:
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Then by using the Moreau�Rockafellar theorem (Theorem 1.29), from condi-

tion (1) we obtain the inclusion

ϕ�ðt;τÞ;@ϕ
�ðt;τÞ
@τ

2
@x�ðt;τÞ

@t

0
@

1
AA@ðp;xÞHF

@ ~xðt;τÞ
@τ

; ~xðt;τÞ;x�ðt;τÞ
0
@

1
A

1g1
@ ~xðt;τÞ
@τ

; ~xðt;τÞ; t;τ
0
@

1
A; g1ðp;x; t;τÞ�2gðx;t;τÞ; ðt;τÞAQ:

Using the definitions of a subdifferential and HF, we rewrite the last relation in

the form

gðxðt; τÞ; t; τÞ2 gð ~xðt; τÞ; t; τÞ2 @xðt; τÞ
@t

; x�ðt; τÞ
* +

1
@ ~xðt; τÞ

@t
; x�ðt; τÞ

* +

$ 2 ϕ�ðt; τÞ; @xðt; τÞ
@τ

2
@ ~xðt; τÞ
@τ

* +
1

@x�ðt; τÞ
@t

2
@ϕ�ðt; τÞ

@τ
; xðt; τÞ2 ~xðt; τÞ

* +
;

or

gðxðt; τÞ; t; τÞ2 gð ~xðt; τÞ; t; τÞ$ @

@t
ðxðt; τÞ2 ~xðt; τÞÞ; x�ðt; τÞ

* +

2
@

@τ
hϕ�ðt; τÞ; xðt; τÞ2 ~xðt; τÞi1 @x�ðt; τÞ

@t
; xðt; τÞ2 ~xðt; τÞ

* +
:

On the other hand, by the second condition in (2),

g0ðxð1; τÞ; τÞ2 g0ð ~xð1; τÞ; τÞ$ 2 hx�ð1; τÞ; xð1; τÞ2 ~xð1; τÞi:

Integrating the preceding relation over the domain Q, and the latter over the

interval [0,1] and then adding them, we get

ðð
Q

½gðxðt; τÞ; t; τÞ2 gð ~xðt; τÞ; t; τÞ�dt dτ1
ð1
0

½g0ðxð1; τÞ; τÞ2 g0ð ~xð1; τÞ; τÞ�dτ

$

ðð
Q

@

@t
hxðt; τÞ2 ~xðt; τÞ; x�ðt; τÞidt dτ2

ðð
Q

@

@τ
hϕ�ðt; τÞ; xðt; τÞ2 ~xðt; τÞidt dτ

2

ð1
0

hx�ð1; τÞ; xð1; τÞ2 ~xð1; τÞidτ:

ð6:29Þ
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It is clear that

ðð
Q

@

@t
hxðt; τÞ2 ~xðt; τÞ; x�ðt; τÞidt dτ

5

ð1
0

hx�ð1; τÞ; xð1; τÞ2 ~xð1; τÞidτ2
ð1
0

hx�ð0; τÞ; xð0; τÞ2 ~xð0; τÞidτ
ð6:30Þ

where, since ~xð0; τÞ5 xð0; τÞ (see Eq. (6.6)),

ð1
0

hx�ð0; τÞ; xð0; τÞ2 ~xð0; τÞidτ5 0:

Analogously,

ð1
0

ð1
0

@

@τ
hϕ�ðt; τÞ; xðt; τÞ2 ~xðt; τÞidt dτ

5

ð1
0

hϕ�ðt; 1Þ; xðt; 1Þ2 ~xðt; 1Þidt2
ð1
0

hϕ�ðt; 0Þ; xðt; 0Þ2 ~xðt; 0Þidt;
ð6:31Þ

and since xðt; 1Þ5 ~xðt; 1Þand ϕ�(t,0)5 0 by condition (2),

ð1
0

hϕ�ðt; 1Þ; xðt; 1Þ2 ~xðt; 1Þidt5 0;

ð1
0

hϕ�ðt; 0Þ; xðt; 0Þ2 ~xðt; 0Þidt5 0:

Then from Eqs. (6.30) and (6.31), we obtain that the right-hand side of

Eq. (6.29) is equal to zero. Thus, we have finally

ðð
Q

gðxðt; τÞ; t; τÞdt dτ1
ð1
0

g0ðxð1; τÞ; τÞdτ

$

ðð
Q

gð ~xðt; τÞ; t; τÞdt dτ1
ð1
0

g0ð ~xð1; τÞ; τÞdτ

for all admissible solutions x(t,τ), (t,τ)AQ.

The theorem is proved.’
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Remark 6.4. Recall from Sections 4.5 and 4.6 that the multivalued mapping

defined by the following inequality is called the LAM to nonconvex mapping F at

a point:

F�ðυ�; ð ~p; ~x; ~υÞÞ5 �ðp�; x�Þ : HFðp; x; υ�Þ2HFð ~p; ~x; ~υ�Þ
# hp�; p2 ~pi1 hx�; x2 ~xi ’ðp; xÞAℝn 3ℝn

�
:

Obviously, F� is a convex closed set at a given point.

Note that for smooth functions HF( � , � ,υ�), the inequality in this definition can

be given by the Weierstrass function [111:124], which plays an important role in

the classical variational calculation’s problems. By using this definition of LAM

and the following conditions (a)�(c) in Theorem 6.5, it easily be seen that

Eq. (6.29) holds and hence a similar result to this theorem is valid for such a non-

convex case.

a. ϕ�ðt; τÞ; @ϕ�ðt;τÞ
@τ 2 @x�ðt;τÞ

@t 1 x�ðt; τÞ
� �

AF� x�ðt; τÞ; @ ~xðt;τÞ@τ ; ~xðt; τÞ; @ ~xðt;τÞ@t

� �
;

b. gðx; t; τÞ2 gð ~xðt; τÞ; t; τÞ$ hx�ðt; τÞ; x2 ~xðt; τÞi ’xAℝn;

c. ϕ�ðt; 0Þ5 0; g0ðx; τÞ2 g0ð ~xð1; τÞ; τÞ$ 2 hx�ð1; τÞ; x2 ~xð1; τÞi ’xAℝn:

Example 6.1. In the conclusion, we consider an example:

inf Iðxðt; τÞÞ;

subject to
@xðt; τÞ

@t
5A1

@xðt; τÞ
@τ

1A2xðt; τÞ1Buðt; τÞ; uðt; τÞAU

xðt; 1Þ5αðtÞ; xð0; τÞ5 βðτÞ; ð6:32Þ

where A1 and A2 are n3 n matrices, B is a rectangular n3 r matrix, UCℝr is a

convex closed set, and g and g0 are continuously differentiable functions of x. It is

required to find a controlling parameter ~uðt; τÞAU such that the solution ~xðt; τÞ cor-
responding to it minimizes I(x(�,�)). In this case, F(p,x)5A1p1A2x1BU.

By elementary computations, we find that

F�ðυ�; ðp; x; υÞÞ5 ðA�
1υ

�;A2υ�Þ; if 2B�υ�A½coneðU2 uÞ��;
[; if 2B�υ� =2 ½coneðU2 uÞ��:

(

υ5A1p1A2x1Bu:

Then, using Theorem 6.5, we get the relations

ϕ�ðt; τÞ5A�
1x

�ðt; τÞ; ϕ�ðt; 0Þ5 0; ð6:33Þ
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@ϕ�ðt; τÞ
@τ

2
@x�ðt; τÞ

@t
5A�

2x
�ðt; τÞ2 g0ð ~xðt; τÞ; t; τÞ; ð6:34Þ

hu2 ~uðt; τÞ; 2B�x�ðt; τÞi$ 0; uAU; ð6:35Þ

x�ð1; τÞ52 g
0
0ð ~xð1; τÞ; τÞ: ð6:36Þ

Substituting Eq. (6.33) into Eq. (6.34), we have

2
@x�ðt; τÞ

@t
52A�

1

@x�ðt; τÞ
@τ

1A�
2x

�ðt; τÞ2 g0ð ~xðt; τÞ; t; τÞ: ð6:37Þ

Obviously, Eq. (6.35) and the second condition of Eq. (6.33) can be written in

the form

hB ~uðt; τÞ; x�ðt; τÞi5 sup
uAU

hBu; x�ðt; τÞi ð6:38Þ

x�ðt; 0Þ5 0:

Thus, we have obtained the following theorem.

Theorem 6.6. The solution ~xðt; τÞ corresponding to the control ~uðt; τÞ minimizes I

(x( � , � )) in the problem in Eq. (6.32) if there exists an absolutely continuous func-

tion x�(t,τ) satisfying almost everywhere the differential equation in Eq. (6.37) and

conditions in Eqs. (6.36) and (6.38).

4 Duality in the Problems of Optimal Control Described by First-Order
Partial Differential Inclusions

On the basis of the apparatus of locally conjugate mappings, a sufficient condition

for optimality is derived for the nonconvex problem and duality theorems are

proved. The duality theorems proved allow us to conclude that a sufficient condi-

tion for an extremum is an extremal relation for the direct and dual problems.

In this section, at first we establish the dual problem for the first-order differen-

tial inclusions in Eqs. (6.4)�(6.6) with homogeneous boundary value problems

(x(t,1)5 0, x(0,τ)5 0).

The problem of determining the supremum

sup
ϕ�ðt;τÞ;x�ðt;τÞ;z�ðt;τÞ
ϕ�ðt;0Þ5 0

I�½ϕ�ðt; τÞ; x�ðt; τÞ; z�ðt; τÞ� ð6:39Þ
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is called the dual problem to the convex problem in Eqs. (6.4)�(6.6), where

I� ϕ�ðt;τÞ;x�ðt;τÞ;z�ðt;τÞ½ �5
ðð
Q



M ϕ�ðt;τÞ;@ϕ

�ðt;τÞ
@τ

2
@x�ðt;τÞ

@t
1z�ðt;τÞ;x�ðt;τÞ

� �

2g�ðz�ðt;τÞ; t;τÞ
�
dt dτ2

ð1
0

g�0ðx�ð1;τÞ;τÞdτ:

It is assumed that the functions ϕ�(t,τ), x�(t,τ) are absolutely continuous func-

tions with summable first partial derivatives on Q; i.e., they belong to the Sobolev

space W1,1(Q) and z�(t,τ) is an absolutely continuous function on Q.

Theorem 6.7. The inequality

Iðxðt; τÞÞ$ I�½ϕ�ðt; τÞ; x�ðt; τÞ; z�ðt; τÞ�

holds for all feasible solutions x(t,τ) and {u�(t,τ),x�(t,τ),z�(t,τ)} of the convex

problem in Eqs. (6.4)�(6.6) and the dual problem in Eq. (6.39), respectively.

& It is clear from the definitions of the functions M, g�, and g�0 that

M ϕ�ðt; τÞ; @ϕ
�ðt; τÞ
@τ

2
@x�ðt; τÞ

@t
1 z�ðt; τÞ; x�ðt; τÞ

0
@

1
A# ϕ�ðt; τÞ; @xðt; τÞ

@τ

* +

1
@ϕ�ðt; τÞ

@τ
2

@x�ðt; τÞ
@t

1 z�ðt; τÞ; xðt; τÞ
* +

2
@xðt; τÞ

@t
; x�ðt; τÞ

* +

5
@

@τ
hϕ�ðt; τÞ; xðt; τÞi2 @

@t
hx�ðt; τÞ; xðt; τÞi1 hz�ðt; τÞ; xðt; τÞi ð6:40Þ

2 g�ðz�ðt; τÞ; t; τÞ# gðxðt; τÞ; t; τÞ2 hxðt; τÞ; z�ðt; τÞi; ð6:41Þ
2 g�0ðx�ð1; τÞ; τÞ# g0ðxð1; τÞ; τÞ2 hxð1; τÞ; x�ð1; τÞi:

Using Eqs. (6.40) and (6.41), we have

I� ϕ�ðt;τÞ;x�ðt;τÞ;z�ðt;τÞ½ �

#

ðð
Q

@

@τ
hϕ�ðt;τÞ;xðt;τÞidt dτ2

ðð
Q

@

@t
hx�ðt;τÞ;xðt;τÞidt dτ

1

ðð
Q

gðxðt;τÞ; t;τÞdt dτ1
ð1
0

g0ðxð1;τÞ;τÞdτ1
ð1
0

hx�ð1;τÞ;xð1;τÞidτ:

ð6:42Þ
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But since

ðð
Q

@

@τ
hϕ�ðt; τÞ; xðt; τÞidt dτ5

ð1
0

½hϕ�ðt; 1Þ; xðt; 1Þi2 hϕ�ðt; 0Þ; xðt; 0Þi�dt;

ðð
Q

@

@t
hx�ðt; τÞ; xðt; τÞidt dτ5

ð1
0

½hx�ð1; τÞ; xð1; τÞi2 hx�ð0; τÞ; xð0; τÞi�dτ;

the solution x(t,τ) (x(0,τ)5 0,x(t,1)5 0) is admissible, and u�(t,0)5 0, we get from

the inequality in Eq. (6.42):

I�ðu�ðt; τÞ; x�ðt; τÞ; z�ðt; τÞÞ#
ð1
0

hx�ð1; τÞ; xð1; τÞidτ1 Iðxðt; τÞÞ

2

ð1
0

hx�ð1; τÞ; xð1; τÞidτ5 Iðxðt; τÞÞ:

Thus,

I�ðu�ðt; τÞ; x�ðt; τÞ; z�ðt; τÞÞ# Iðxðt; τÞÞ;

which is what was required.’

Theorem 6.8. If the functions ~xðt; τÞ and f ~u�ðt; τÞ; ~x�ðt; τÞ; ~z�ðt; τÞg;
~z�ðt; τÞA@gð ~xðt; τÞ; t; τÞ; where 2 ~x�ð1; τÞA@g0ð ~xð1; τÞ; τÞ; satisfy conditions (1)�(3)

of Theorem 6.5, then they are solutions of the direct and dual problems, respec-

tively, and their values coincide.

& The fact that ~xðt; τÞ is a solution of the direct problem was proved in Theorem

6.5. We study the remaining assertions. By the definition of the LAM, condition

(1) of Theorem 6.5 is equivalent to the inequality

ϕ�ðt; τÞ; p2 @ ~xðt; τÞ
@τ

* +
1

@ϕ�ðt; τÞ
@τ

2
@ ~x�ðt; τÞ

@t
1 ~z�ðt; τÞ; x2 ~xðt; τÞ

* +

1 ~x�ðt; τÞ; υ2 @ ~xðt; τÞ
@τ

* +
$ 0; ðp; x; υÞAgph F;

which means that

~u�ðt; τÞ; @ ~u
�ðt; τÞ
@τ

2
@ ~x�ðt; τÞ

@t
1 ~z�ðt; τÞ; ~x�ðt; τÞ

� �
Adom M; ð6:43Þ
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where

dom M5 fðp�; x�; 2 υ�Þ : Mðp�; x�; υ�Þ. 2Ng:

Further, since @g(x,t,τ)Cdom g�(�,t,τ) and @g0ðx; τÞCdom g�0ðU; τÞ; it is clear

that

~z�ðt; τÞAdom g�ðU; t; τÞ; ~x�ð1; τÞAdom g�0ðU; τÞ: ð6:44Þ

Then it can be concluded from Eqs. (6.43) and (6.44) that the indicated func-

tions f ~u�ðt; τÞ; ~x�ðt; τÞ; ~z�ðt; τÞg form an admissible solution. It remains to show that

it is optimal. Using Lemma 2.6, we get

M ~u�ðt; τÞ; @ ~u
�ðt; τÞ
@τ

2
@ ~x�ðt; τÞ

@t
1 ~z�ðt; τÞ; ~x�ðt; τÞ

� �

52HF

@ ~xðt; τÞ
@τ

; ~xðt; τÞ; ~x�ðt; τÞ
� � ð6:45Þ

~u�ðt; τÞ; @ ~xðt; τÞ
@t

� �
1

@ ~u�ðt; τÞ
@τ

2
@ ~x�ðt; τÞ

@t
1 ~z�ðt; τÞ; ~x�ðt; τÞ

� �
:

By condition (3) of Theorem 6.5,

HF

@ ~xðt; τÞ
@τ

; ~xðt; τÞ; ~x�ðt; τÞ
� �

5
@ ~xðt; τÞ

@t
; ~x�ðt; τÞ

� �
: ð6:46Þ

Moreover, we can write

h ~xðt; τÞ; ~z�ðt; τÞi2 gð ~xðt; τÞ; t; τÞ5 g�ð~z�ðt; τÞ; t; τÞ; ð6:47Þ

h ~xð1; τÞ; ~x�ð1; τÞi2 g0ð ~xð1; τÞ; τÞ5 g�0ð ~x�ð1; τÞτÞ;

where it is taken into account that

~z�ðt; τÞA@gð ~xðt; τÞ; t; τÞ; ~x�ð1; τÞA@g0ð ~xð1; τÞ; τÞ:

Then in view of Eqs. (6.45)�(6.47), it is easy to establish, as in the proof of

Theorem 6.7, that

Ið ~xðt; τÞÞ5 I�ð ~u�ðt; τÞ; ~x�ðt; τÞ; ~z�ðt; τÞÞ:

The proof is complete.’
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Let us construct the dual problem for the convex problem in Eq. (6.32), where

x(t,1)50, x(0,τ)50. It is easy to see that

Mðx�1; x�2; v�Þ5
2WUðB�υ�Þ; if x1 5A�

1υ
�; x2 5A�

2v
�;

2N; otherwise;

�

g�0ðx�; τÞ5
0; x� 5 0;
N; x� 6¼ 0:

�

Then taking into account the form of M, we conclude that the required dual

problem is transformed as follows:

sup
x�ðt;τÞ; zðt;τÞ
x�ð1;τÞ50;x�ðt;0Þ50

I�½x�ðt; τÞ; z�ðt; τÞ�;

2
@x�ðt; τÞ

@t
52A�

1

@x�ðt; τÞ
@τ

1A�
2x

�ðt; τÞ1 z�ðt; τÞ;

where

I�½x�ðt; τÞ; z�ðt; τÞ�52

ðð
Q

½WUð2B�x�ðt; τÞÞ1 g�ðz�ðt; τÞ; t; τ�dt dτ:

6.3 Optimal Control of the Cauchy Problem for First-Order
Discrete and Partial Differential Inclusions

Optimization of the Cauchy problem for discrete inclusions is reduced to a problem

with geometric constraints in the Hilbert space ‘2, and necessary and sufficient con-

ditions for optimality are derived. The obtained results are generalized to the multi-

dimensional case.

In Subsection 1, on the basis of convex minimization programming, necessary

and sufficient conditions of Cauchy optimality problems for two-parameter discrete

inclusions are proved.

In Subsection 3, we associate a discrete-approximation problem to the Cauchy

problem for partial differential inclusions and derive necessary and sufficient condi-

tions for optimality. We establish optimality conditions in both the Euler�Lagrange

and Hamiltonian forms. It should be pointed out that in the present case, we do not

use the local tent apparatus and CUAs (see Refs. [163,166,169,170,224]). The opti-

mality conditions obtained involve useful forms of the Weierstrass�Pontryagin con-

dition and the Euler�Lagrange type of adjoint inclusions [50,63,136,162,166,169,

170,197,214]. Now, let us formulate the two-parameter Cauchy optimization prob-

lem for discrete inclusions. In Subsection 2 on the basis of this problem, we study

optimization of the discrete-approximation analogue of the continuous Cauchy prob-

lem. The problem consists of the following:

inf
X
τAN

X
tAH

gt;τðxt;τÞ ð6:48Þ
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subject to xt1 1; τAFt;τðxt;τ1 1; xt;τÞ; ðt; τÞAH1 3N; ð6:49Þ
x0;τ 5ϕ0τ ; τAN; ð6:50Þ

where H5 f0, . . ., Tg, H15 f0, . . ., T21g, N5 f0,1,2,3, . . .g is a set of natural

numbers including zero, gt,τ:ℝn-ℝ [ f6Ng are functions taking values on the

extended line, Ft;τ : ℝ2n-PðℝnÞ is a set-valued mapping, and ϕ0τ are fixed vectors.

A set of points fxt;τgðt;τÞAH3N 5 fxt;τ : ðt; τÞAH3Ng is called a feasible solution

for the problem in Eqs. (6.48)�(6.50) if it satisfies the inclusion in Eqs. (6.49) and

the conditions in Eq. (6.50). Obviously, the problem in Eqs. (6.48)�(6.50) can be

interpreted as an optimization of a Cauchy problem. Observe that feasible solutions

to the discrete inclusions in Eq. (6.49) can always be defined because of the

Cauchy condition in Eq. (6.50).

In Subsection 3, we set up an optimization of the Cauchy problem for differen-

tial inclusions with distributed parameters:

inf IðxðU;UÞÞ5
ð1N

2N

ðt1
t0

gðxðt; τÞ; t; τÞdt dτ1
ð1N

2N

g0ðxðt1; τÞ; τÞdτ ð6:51Þ

subject to
@xðt; τÞ

@t
1

@xðt; τÞ
@τ

AFðxðt; τÞ; t; τÞ
a:e: ðt; τÞ; t0 , t# t1; 2N, τ,1N;

ð6:52Þ

xðt0; τÞ5ϕðτÞ: ð6:53Þ

Here, F(�,t,τ) : ℝ2n-P(ℝn) is a set-valued map, g : ℝn3Q-ℝ, and g0 :

ℝn3ℝ-ℝ are continuous functions; ϕ : ℝ-ℝn is an absolutely continuous func-

tion; and Q5 [t0,t1]3ℝ, where t0,t1 are fixed points. The problem is to find a solu-

tion ~xðU;UÞ among all the set of feasible solutions of the problem in Eqs. (6.52) and

(6.53) that minimizes Eq. (6.51). Here, a feasible solution is understood to be an

absolutely continuous function satisfying almost everywhere (a.e.) the differential

inclusion in Eq. (6.52) and the initial condition in Eq. (6.53). The problem in

Eqs. (6.51)�(6.53) is called convex if the functions g(�,t,τ) g0(�,τ) and set-valued

map F(�,t,τ) are convex. We label this problem (CP). Such research on the optimi-

zation of partial differential inclusions can be applied in the theory of differential

games, dynamic optimization, gas dynamics, heat and mass transfer, wave theory,

and much more (see also Ref. [242]).

By analogy to the second part of Subsection 3, we study a generalized optimiza-

tion of a Cauchy problem:

inf JðxðU; UÞÞ5
ð
Rn

ðt1
t0

f ðxðt; τÞ; t; τÞdt dτ1
ð
Rn

f0ðxðt1; τÞ; τÞdτ ð6:54Þ
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subject to
@xðt; τÞ

@t
1
Xn
k5 1

@xðt; τÞ
@τk

AGðxðt; τÞ; t; τÞ a:e: ðt; τÞA t0; t1½ �3ℝn

ð6:55Þ

xðt0; τÞ5αðτÞ; ð6:56Þ

where G : ℝn 3 ½t0; t1�3ℝn-PðℝnÞ; τ5 ðτ1; . . . ; τnÞ is n-dimensional vector;

dτ5 dτ1, . . ., dτn, f : ℝn3 [t0,t1]3ℝn-ℝ and f0 : ℝ
n3ℝn-ℝ are continuous

functions, and α : ℝn-ℝn is an absolutely continuous function. It is required to

find an absolutely continuous function ~xðt; τÞ of n1 1 variables of the problem in

Eqs. (6.55) and (6.56) that minimizes a functional J(x(�,�)). We label this problem

(GCP).

1 Optimization Problem for Discrete Inclusions with Distributed
Parameters

Mahmudov [163] showed the necessary and sufficient conditions for another

boundary value problem with discrete inclusions (6.49) in the finite-dimensional

Euclidean space both for the convex and the nonconvex cases. Theorem 6.9 is

proved by analogy to Theorem 6.1, where you can find all the details. However,

for the problem in Eqs. (6.48) and (6.50), it is assumed only that {xt,0, xt,1, xt,2,

xt,3, . . .}A‘2 or fxt;τgðt;τÞAH3NA‘2 for all tAH. Remember that ‘2 is a space of

numerical sequences, such that if x5 {xi} then
PN

i51 x
2
i ,N: In fact, ‘2 is an infin-

ity-dimensional coordinate-wise Hilbert space with the corresponding inner product

hx; yi5 PN
i5 1 xiyi: Endowing it with the associated relevant norm, we have a

Banach space. Obviously, optimization of the Cauchy problem can be reduced to a

problem with geometric constraints in this infinite-dimensional Hilbert space. For

convenience, let :xt;τ: be the Euclidean norm of the n-dimensional vector xt,τ,
(t,τ)AH3N. Then we remark that in our case

XN
τ50

:xt;τ:
2
,N; t5 0; 1; . . . ;T ;

and for

xt 5 ðxt;0; xt;1; xt;2; . . .ÞA‘2 and x�t 5 ðx�t;0; x�t;1; x�t;2; . . .ÞA‘�2 ;

the inner product hxt; x�t i5
PN

τ5 0hxt;τ ; x�t;τi is finite for all fixed tAH, since the

series
PN

τ5 0hxt;τ ; x�t;τi is convergent. In addition, it is known [139] that ‘p is a self-

adjoint space; i.e., ‘p 5 ‘�q ;
1
p
1 1

q
5 1; so ‘�2 5 ‘2: Thus, the dual cone constructed in

Theorem 6.9 can be defined.
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Let us give Theorem 6.9 for the convex case. In what follows, a function g :

ℝn-ℝ[{6N} is said to be proper if it does not take the value 2N and is not

identically equal to 1N.

Theorem 6.9. Suppose that Ft,τ are convex set-valued mappings and gt,τ are convex

proper functions continuous at the points of some feasible solution of the problem in

Eqs. (6.48)�(6.50), fx0t;τgðt;τÞAH3N
: Then for its optimality, it is necessary that there

exist a number λA{0,1} and vectors {xt,τ
�} and fϕ�

t;τg; not all zero, such that

i.
ðϕ�

t;τ1 1; x
�
t;τ 2ϕ�

t;τÞAF�
t;τðx�t;τ ; ð ~xt;τ1 1; ~xt;τ ; ~xt1 1;τÞÞ

1 f0g3 f2λ@gt;τð ~xt;τÞg; ðt; τÞAH1 3N;

ii. 2 x�T ;τAλ@gT ;τð ~xT ;τÞ:
In addition, if λ5 1, then these conditions are also sufficient for optimality of

f ~xt;τgðt;τÞAH3N :

& Let us reduce the problem in Eqs. (6.48)�(6.50) to one of convex programming

with geometric constraints in ‘2 space. With this goal, we set xt5 (xt,0, xt,1 ,xt,2,

. . .)A‘2 for any tAH and consider the following convex sets defined in the space ‘2:

Mt;τ 5 fw5 ðx0; . . . ; xT Þ : ðxt;τ1 1; xt;τ ; xt1 1;τÞA gph FðU; t; τÞg; ðt; τÞAH1 3N

M0 5 fw5 ðx0; . . . ; xT Þ : x0;τ 5ϕ0τ ; τANg:

Thus, setting gðwÞ5PτAN

P
tAHgt;τðxt;τÞ; we can easily show that the problem

in Eqs. (6.48)�(6.50) is equivalent to the following convex minimization problem

in the space ‘2:

inf gðwÞ; subject to wAP5 \
ðt;τÞAH3N

Mt;τ

� �
\M0: ð6:57Þ

In order to write the necessary and sufficient conditions of the problem in

Eq. (6.57), first we must compute the cones K�
Mt:τ

ðwÞ; K�
M0
ðwÞ; wAP: Obviously,

wAKMt;τ ðwÞ means that w1λwAMt;τ for sufficiently small λ. 0, or equivalently,

ðxt;τ1 1 1λxt;τ1 1; xt;τ 1λxt;τ ; xt1 1;τ 1λxt1 1;τ ; ÞAgph Ft;τ :

Hence,

KMt;τ ðwÞ5 fw5 ðx0; . . . ; xT Þ : ðxt;τ1 1; xt;τ ; xt1 1;τÞAKFt;τ ðxt;τ1 1; xt;τ ; xt1 1;τÞg:
ð6:58Þ

Then w�AK�
Mt;τ

ðwÞ is equivalent to the condition

hw;w�i5
X
iAH

XN
j5 0

hxi;j; x�i;ji$ 0; wAKMt;τ ðwÞ:

277Optimization of Discrete and Differential Inclusions with Distributed Parameters via Approximation



We notice that convergence of the series
PN

j5 0hxi;j; x�i;ji provides that for all

wAKMt;τ ðwÞ and w�AK�
Mt;τ

ðwÞ; the inner product hw;w�i is defined, where the com-

ponents xi;j of the vector w (see Eq. (6.58)) are arbitrary.

The rest of the proof is the same as in Theorem 6.1. The difference lies in the

fact that in this case, K�
M0
ðwÞ5 fw� 5 ðx�0; . . . ; x�T Þ : x�t;τ 5 0; t 6¼ 0; τANg:’

Remark 6.5. If instead of N in the problem in Eqs. (6.48)�(6.50) we take the set

of integer numbers Z5 {0,6 1,6 2,6 3, . . .} by direct verification without loss of

generality, it can be shown that Theorem 6.9 is valid in this case.

2 Necessary and Sufficient Conditions for the Discrete-Approximation
Problem Associated with the Continuous Problem

In this section, we associate a discrete-approximation problem to the problem (CP)

and formulate necessary and sufficient conditions of optimality for it. Using the

grid function xt;τ 5 xδhðt; τÞ on a uniform grid on Q, we introduce the difference

operators A, B defined on the two-point models [20]:

Axðt1 δ; τÞ5 xðt1 δ; τÞ2 xðt; τÞ
δ

; Bxðt; τ1 hÞ5 xðt; τ1 hÞ2 xðt; τÞ
h

;

t5 t0; t0 1 δ; . . . ; t1 2 δ; τAZ;

where δ, h are steps on the t-axis and τ-axis, respectively, and Z is a set of

integers.

Then discretization analogy of the partial differential inclusion in Eq. (6.52)

consists of the following:

Axðt1 δ; τÞ1Bxðt; τ1 hÞAFðxðt; τÞ; t; τÞ; t5 t0; t0 1 δ; . . . ; t1 2 δ; τAZ:

After some simplification of this inclusion due to the above-defined operators,

we associate the following discrete-approximation problem to the problem in

Eqs. (6.51)�(6.53):

inf IδhðxðU;UÞÞ5
Xτ5 1N

τ52N

X
t5 to;...;t1 2 δ

δhgðxðt; τÞ; t; τÞ1
Xτ5 1N

τ52N

hg0ðxð1; τÞ; τÞ

subject to xðt1 δ; τÞAQðxðt; τ1 hÞ; xðt; τÞ; t; τÞ ð6:59Þ

xðt0; τÞ5ϕðτÞ;

t5 t0; t0 1 δ; . . . ; t1 2 δ; τAZ;
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where

Qðxðt;τ1hÞ;xðt;τÞ; t;τÞ5 ð11βÞxðt;τÞ2βxðxðt;τ1hÞ1 δFðxðt;τÞ; t;τÞ; δ
h
5β:

ð6:60Þ

Obviously, vAQ(p,x,t,τ) means that

vAð11βÞx2βp1 δFðx; t; τÞ;

or, equivalently,

v2 x

δ
1

p2 x

h
AFðx; t; τÞ:

Thus, by Theorem 6.9 (see also Remark 6.5), for optimality of the solution

f ~xðt; τÞg; t5 t0; . . . ; t1; τAZ in the problem in Eq. (6.59) it is necessary that there

exist vectors {x�(t,τ)}, {ϕ�(t,τ)} and a number λ5λδhA{0,1}, not all zero, such

that

ðϕ�ðt; τ1 hÞ; x�ðt; τÞ2ϕ�ðt; τÞÞAQ�ðx�ðt1 δ; τÞ; ~xðt; τ1 hÞ; ~xðt; τÞ; ~xðt1 δ; τÞ; t; τÞ
1 f0g3 f2 δhλ@gð ~xðt; τÞ; t; τÞg;

2 x�ðt1; τÞAλh@g0ð ~xðt1; τÞ; τÞ; t5 t0; t0 1 δ; . . . ; t1 2 δ; τAZ: ð6:61Þ

In Eq. (6.61), Q� must be expressed in terms of F�.

Theorem 6.10. Let a set-valued mapping Q(�,t,τ) be a convex multivalued func-

tion defined by Eq. (6.60). Then KQ(�,t,τ)(p,x,v), (p,x,v)Agph Q(�,t,τ) is a cone

of tangent directions if and only if KFðU;t;τÞðx; ðv2 xÞ=δ1 ðp2 xÞ=hÞ; ðx; ðv2 xÞ=
δ1 ðp2 xÞ=hÞAgph FðU; t; τÞ is a cone of tangent directions. Furthermore, the fol-

lowing inclusions are equivalent:

1. (p�,x�)AQ�(v�, (p,x,v),t,τ),

2. (p� 1 x� 2 v�/δ)AF�(v�;(x,(v2 x)/δ1 (p2 x)/h),t,τ), v�ARn,

where p� 52βv�.
& First, let us justify the equivalency of the remembered cones of tangent direc-

tions. Assume that

x;
v2 x

δ
1

p2 x

h

� �
AKFðU;t;τÞ x;

v2 x

δ
1

p2 x

h

� �
; x;

v2 x

δ
1

p2 x

h

� �
Agph FðU; t; τÞ:

ð6:62Þ
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By the definition of a cone of tangent directions (condition (2)), this means that

for a sufficiently small λ. 0

x;
v2 x

δ
1

p2 x

h

� �
1λ x;

v2 x

δ
1

p2 x

h

� �
Agph FðU; t; τÞ;

or

v2 x

δ
1λ

v2 x

δ
1

p2 x

h
1λ

p2 x

h
AFðx1λx; t; τÞ:

Multiplying the left- and right-hand sides of this inclusion by δ and taking into

account that (δ/h)5β, we have

v1λvAð11βÞðx1λxÞ2βðp1λpÞ1λFðx1λx; t; τÞ:

But it follows from Eq. (6.60) that the right-hand side of this relation is

Qðp1λp; x1λx; t; τÞ; i.e.,
v1λvAQðp1λp; x1λx; t; τÞ

or

ðp1λp; x1λx; v1λvÞAgph QðU;U; t; τÞ:

In turn, this means that

ðp; x; vÞ1λðp; x; vÞAgph QðU;U; t; τÞ:

Consequently, by the definition of a cone of tangent directions, the last inclusion

yields

ðp; x; vÞAKQðU;t;τÞðp; x; vÞ; ðp; x; vÞAgph QðU; t; τÞ: ð6:63Þ

Conversely, it is also not hard to see that Eq. (6.63) implies Eq. (6.62), so

Eqs. (6.62) and (6.63) are equivalent.

Moreover, now suppose that

ðp�; x�ÞAQ�ðv�; ðp; x; vÞ; t; τÞ;

or, equivalently,

hp; p�i1 hx; x�i2 hv; v�i$ 0; ðp; x; vÞAKQð:;t;τÞðp; x; vÞ: ð6:64Þ

Let us rewrite this inequality in the form

hx;ψ�
1i2

v2 ð11βÞx1βp
δ

;ψ�
� �

$ 0; ðp; x; vÞAKQðU;t;τÞðp; x; vÞ
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and determine ψ�
1;ψ

�: Since δ is a positive number, this inequality is equivalent to

hx; δψ�
1i2 hv2 ð11βÞx1 βp;ψ�i$ 0; ðp; x; vÞAKQðU;t;τÞðp; x; vÞ: ð6:65Þ

After some simple transformations of Eq. (6.64) and comparing it with

Eq. (6.63), we have

p� 52βv�; ψ� 5 v�; ψ�
1 5

x� 1 p� 2 v�

δ
:

Then it follows from the equivalence of Eqs. (6.62) and (6.63) that

x� 1 p� 2 v�

δ
AF� v�; x;

v2 x

δ
1

p2 x

h

� �
; t; τ

� �
;

which ends the proof of the theorem.’

In Theorem 6.11, sufficient conditions for the discrete-approximation problem

in Eqs. (6.59) and (6.60) are formulated.

Theorem 6.11. Let a set-valued map F(�,t,τ) be convex, and g and g0 be proper

functions convex with respect to x and continuous at the points of some feasible

solution fx0 (t,τ)g, t5 t0, t01 δ, . . ., t12 δ, t1:τAZ of the problem in Eqs. (6.59)

and (6.60). Then for the optimality of the solution f ~xðt; τÞg in the discrete-approxi-

mation Cauchy problem in Eqs. (6.59) and (6.60), it is necessary that there exist a

number λ5λδhAf0,1g and vectors fx�(t,τ)g, not all zero, satisfying
1. 2Bx�ðt1 δ; τÞ2Ax�ðt1 δ; τÞAF�ðx�ðt1 δ; τÞ; ð ~xðt; τÞ;A ~xðt1 δ; τÞ1B ~xðt; τ1 hÞÞ; t; τÞ2

λ@gð ~xðt; τÞ; t; τÞ;
2. 2 x�ðt1; τÞAλ @g0ð ~xðt1; τÞ; τÞ; t5 t0; t0 1 δ; . . . ; t1 2 δ; τAZ:

In addition, if λ5 1, then these conditions are sufficient for the optimality of

f ~xðt; τÞg:

& Let us return to the condition in Eq. (6.61) for problem (CP). Because of condi-

tion (1) of Theorem 6.10, the difference inclusion in Eq. (6.61) has the form (p�,
x�)AQ� (v�,(p,x,v),t,τ), and since this inclusion is equivalent to condition (2) of

Theorem 6.10, the relation in Eq. (6.61) implies that

x�ðt; τÞ2 x�ðt1 δ; τÞ1ϕ�ðt; τ1 hÞ2ϕ�ðt; τÞ
δ

AF�ðx�ðt1 δ; τÞ; ð ~xðt; τÞ;A ~xðt1 δ; τÞ1B ~xðt; τ1 hÞÞ; t; τÞ2λh@gð ~xðt; τÞ; t; τÞ;
t5 t0; t0 1 δ; . . . ; t1 2 δ; τAZ:

ð6:66Þ
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It is not hard to verify the following representation of the quotient on the left-

hand side of the inclusion in Eq. (6.66):

x�ðt; τÞ2 x�ðt1 δ; τÞ1ϕ�ðt; τ1 hÞ2ϕ�ðt; τÞ
δ

5
1

β
Bϕ�ðt; τ1 hÞ2Ax�ðt1 δ; τÞ;

t5 t0; t0 1 δ; . . . ; t1 2 δ; τAZ:

Now, remember that a LAM is a positive homogeneous mapping with respect to

the first argument. Then dividing Eq. (6.66) and the second relation in Eq. (6.61)

by h and denoting (ϕ�(t,τ))/h and ðx�ðt; τÞÞ=h again by ϕ�(t,τ) and x�(t,τ), respec-
tively, we have

1

β
Bϕ�ðt; τ1 hÞ2Ax�ðt1 δ; τÞ

AF�ðx�ðt1 δ; τÞ; ð ~xðt; τÞ;A ~xðt1 δ; τÞ1B ~xðt; τ1 hÞÞ; t; τÞ2λ@gð ~xðt; τÞ; t; τÞ;
ð6:67Þ

2 x�ðt1; τÞAλ@g0ð ~xðt1; τÞ; τÞ; t5 t0; t0 1 δ; . . . ; t1 2 δ; τAZ: ð6:68Þ

Because of the condition p� 52βv�, we set (1/β)ϕ�(t,τ1 h)52 x�(t1 δ,τ), so

1

β
Bϕ�ðt; τ1 hÞ52Bx�ðt1 δ; τÞ:

Then the relation in Eq. (6.66) has the form

2Bx�ðt1 δ; τÞ2Ax�ðt1 δ; τÞ
AF�ðx�ðt1 δ; τÞ; ð ~xðt; τÞ;A ~xðt1 δ; τÞ1B ~xðt; τ1 hÞÞ; t; τÞ2λ@gð ~xðt; τÞ; t; τÞ:

ð6:69Þ
Now, taking into account Eqs. (6.68) and (6.69), we see that the proof of the

theorem is completed.’

Remark 6.6. Observe that the conditions of Theorems 6.9 and 6.11 are necessary

for optimality in the corresponding nonconvexity cases. It must be pointed out,

however, that only in the nonconvexity case we can use the definition of LAM. In

Remark 6.4, we assume that the cone of tangent directions are local tents and the

functions g( � ,t,τ) and g0( � ,τ) admit CUAs.

3 Sufficient Conditions in the Cauchy Problem for First-Order Partial
Differential Inclusions

Using the results in Subsection 2, we formulate sufficient conditions for optimality

for the two-parameter Cauchy problem in Eqs. (6.51)�(6.53). The formulation of
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sufficient conditions for continuous problems is based on the passage to the formal

limit in conditions (1) and (2) of Theorem 6.11 as discrete steps δ, h approach zero.

In this section, by the nonconvexity of a set-valued mapping, we have in mind that

for such mappings the Hamiltonian function satisfies the inequality of the definition

given in Remark 6.4.

Theorem 6.12. For the optimality of the solution ~xðU;UÞ in the nonconvex problem

(CP), it is sufficient that there exists an absolutely continuous function x�(�,�) with
summable first-order partial derivatives such that conditions (a)�(e), below, hold.

a. 2 @x�ðt;τÞ
@t 2 @x�ðt;τÞ

@τ 1 x�ðt; τÞAF� x�ðt; τÞ; ð ~xðt; τÞ; ð@ ~xðt; τÞÞ=ð@tÞ1 ð@ ~xðt; τÞÞ=ð@tÞÞ; t; τ	 

;

b. gðx; t; τÞ2 gð ~xðt; τÞ; t; τÞ$ hx�ðt; τÞ; x2 ~xðt; τÞi ’xARn a:e: ðt; τÞAQ;
c. g0ðx; τÞ2 g0ð ~xðt1; τÞ; τÞ$ hx�ðt1; τÞ; x2 ~xðt1; τÞi ’xARn a:e: τAℝ;
d. ð@ ~xðt; τÞÞ=ð@tÞ1 ð@ ~xðt; τÞÞ=ð@tÞAFð ~xðt; τÞ; x�ðt; τÞ; t; τÞ a:e ðt; τÞAQ;
e. lim

τ-1N
x�ðt; τÞ5 lim

τ-2N
x�ðt; τÞ5 0 uniformly with respect to tA[t0,t1].

& It is easy to observe that the definition of LAM described in Remark 6.4 for all

feasible solutions x(�, �) implies that

HFðxðt; τÞ; x�ðt; τÞ; t; τÞ2HFð ~xðt; τÞ; x�ðt; τÞ; t; τÞ
# 2

@x�ðt; τÞ
@t

2
@x�ðt; τÞ

@τ
; xðt; τÞ2 ~xðt; τÞ

* +
1 hx�ðt; τÞ; xðt; τÞ2 ~xðt; τÞi:

Using the definition of Hamiltonian function, and condition (d), we rewrite the

last relation in the form

@ðxðt; τÞ2 ~xðt; τÞÞ
@t

; x�ðt; τÞ
* +

1
@ðxðt; τÞ2 ~xðt; τÞÞ

@τ
; x�ðt; τÞ

* +

1
@x�ðt; τÞ

@t
; xðt; τÞ2 ~xðt; τÞ

* +
1

@x�ðt; τÞ
@τ

; xðt; τÞ2 ~xðt; τÞ
* +

# x�ðt; τÞ; xðt; τÞ2 ~xðt; τÞ� �
:

Therefore, we have

@

@t
hx�ðt;τÞ;xðt;τÞ2 ~xðt;τÞi1 @

@τ
hx�ðt;τÞ;xðt;τÞ2 ~xðt;τÞi#hx�ðt;τÞ;xðt;τÞ2 ~xðt;τÞi:

Thus, taking into account condition (b) for all feasible solutions,

gðxðt; τÞ; t; τÞ2 gð ~xðt; τÞ; t; τÞ$ @

@t
ðxðt; τÞ2 ~xðt; τÞÞ; x�ðt; τÞ

� �

1
@

@τ
ðxðt; τÞ2 ~xðt; τÞÞ; x�ðt; τÞ

� �
:
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Now integrating the last relation over the domain Q, and the inequality (c) of

Theorem 6.12 over the interval (2N,1N) and then adding them, we get

ð1N
2N

ðt1
t0

½gðxðt;τÞ; t;τÞ2gð ~xðt;τÞ; t;τÞ�dt dτ1
ð1N
2N

½g0ðxðt1;τÞ;τÞ2g0ð ~xðt1;τÞ;τÞ�dτ

$

ð1N
2N

ðt1
t0

@

@t
hxðt;τÞ2 ~xðt;τÞ;x�ðt;τÞidt dτ1

ð1N
2N

ðt1
t0

@

@τ
hxðt;τÞ2 ~xðt;τÞ;x�ðt;τÞidt dτ

ð6:70Þ

2

ð1N
2N

hx�ðt1;τÞ;xðt1;τÞ2 ~xðt1;τÞidτ:

Now, let us denote

Φ1N5

ð1N
0

ðt1
t0

@

@t
hxðt;τÞ2 ~xðt;τÞ;x�ðt;τÞidt dτ1

ð1N
0

ðt1
t0

@

@τ
hxðt;τÞ2 ~xðt;τÞ;x�ðt;τÞidt dτ

2

ð1N
0

hx�ðt1;τÞ;xðt1;τÞ2 ~xðt1;τÞidτ

and

Φ2N5

ð0
2N

ðt1
t0

@

@t
hxðt;τÞ2 ~xðt;τÞ;x�ðt;τÞidt dτ1

ð0
2N

ðt1
t0

@

@τ
hxðt;τÞ2 ~xðt;τÞ;x�ðt;τÞidt dτ

2

ð0
2N

hx�ðt1;τÞ;xðt1;τÞ2 ~xðt1;τÞidτ:

By elementary computations of improper integrals of the first type, we have

Φ1N5

ð1N
0

½hxðt1;τÞ2 ~xðt1;τÞ;x�ðt1;τÞi2hxðt0;τÞ2 ~xðt0;τÞ;x�ðt0;τÞi�dτ

1

ðt1
t0

lim
b1-1N

½hx�ðt;b1Þ;xðt;b1Þ2 ~xðt;b1Þi2hx�ðt;0Þ;xðt;0Þ2 ~xðt;0Þi�dt

2

ð1N
0

hx�ðt1;τÞ;xðt1;τÞ2 ~xðt1;τÞidτ5
ð1N
0

h ~xðt0;τÞ2xðt0;τÞ;x�ðt0;τÞidτ

1

ðt1
t0

lim
b1-1N

hx�ðt;b1Þ;xðt;b1Þ2 ~xðt;b1Þidt2
ðt1
t0

hx�ðt;0Þ;xðt;0Þ2 ~xðt;0Þidt:
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By analogy,

Φ2N5

ð0
2N

½hxðt1;τÞ2 ~xðt1;τÞ;x�ðt1;τÞi2hxðt0;τÞ2 ~xðt0;τÞ;x�ðt0;τÞi�dτ

1

ðt1
t0

lim
b2-2N

½hx�ðt;0Þ;xðt;0Þ2 ~xðt;0Þi2hx�ðt;b2Þ;xðt;b2Þ2 ~xðt;b2Þi�dt

2

ð0
2N

hx�ðt1;τÞ;xðt1;τÞ2 ~xðt1;τÞidτ5
ð0
2N

h ~xðt0;τÞ2xðt0;τÞ;x�ðt0;τÞidτ

2

ðt1
t0

lim
b2-2N

hx�ðt;b2Þ;xðt;b2Þ2 ~xðt;b2Þidt1
ðt1
t0

hx�ðt;0Þ;xðt;0Þ2 ~xðt;0Þidt:

Since ~xðt0; τÞ5 xðt0; τÞ5ϕðτÞ (see Eq. (6.53)), it is clear that

Φ1N 1Φ2N 5

ðt1
t0

lim
b1-1N

hx�ðt; b1Þ; xðt; b1Þ2 ~xðt; b1Þidt

2

ðt1
t0

lim
b2-2N

hx�ðt; b2Þ; xðt; b2Þ2 ~xðt; b2Þidt:
ð6:71Þ

Thus, taking into account condition (e) in Eq. (6.71), we have Φ1N1Φ2N5 0.

Note that the right-hand side of the inequality in Eq. (6.70) is a sum Φ1N1Φ2N,

which is equal to zero. Consequently, Iðxðt; τÞÞ$ Ið ~xðt; τÞÞ for all feasible solutions

x(�,�)AQ. The proof of the theorem is completed.’

Remark 6.7. Obviously, for the convex problem (CP), conditions (a)�(c) of

Theorem 6.12 consist of the following:

i. 2ð@x�ðt;τÞÞ=ð@tÞ2ð@x�ðt;τÞÞ=ð@τÞAF�ðx�ðt;τÞ;ð ~xðt;τÞ;ð@ ~xðt;τÞÞ=ð@tÞ1ð@ ~xðt;τÞÞ=ð@τÞÞ;t;τÞ
2 @gð ~xðt; τÞ; t; τÞ a:e: ðt; τÞAQ;

ii. 2 x�ðt1; τÞA@g0ð ~xðt1; τÞ; τÞ;
iii. ð@ ~xðt; τÞÞ=ð@tÞ1 ð@ ~xðt; τÞÞ=ð@τÞAFð ~xðt; τÞ; x�ðt; τÞ; t; τÞ a:e: ðt; τÞAQ:

Note that sufficient conditions for a convex problem can be formulated by set-

ting λ5 1 and then by passing to the formal limit in Eq. (6.69) as δ, h-0.

If F( � ,t,τ) is a closed multivalued mapping then results (i)�(iii) of Remark 6.7

can be rewritten more symmetrically in terms of the Hamiltonian function.

Corollary 6.1. In addition to the assumptions of Remark 6.7, let F(� ,t,τ) be a

closed multivalued mapping, which of course is not the case for graph F. Then

conditions (i) and (iii) can be rewritten as follows:

1. 2 @x�ðt;τÞ
@t 2 @x�ðt;τÞ

@τ A@xHFð ~xðt; τÞ; x�ðt; τÞ; t; τÞÞ2 @gð ~xðt; τÞ; t; τÞ;
2. @ ~xðt;τÞ

@t 1 @ ~xðt;τÞ
@τ A@v�HFð ~xðt; τÞ; x�ðt; τÞ; t; τÞ a:e: ðt; τÞAQ:
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& The corollary follows immediately from Theorem 2.1 and Lemma 2.6.’

Now we consider the multidimensional Cauchy problem in Eqs. (6.54)�(6.56).

By analogy, conditions (a0)�(e0) are formulated, which required that the limit of

the conjugate variable be equal to zero uniformly with respect to tA[t0,t1] and τi as
τk-6N (i 6¼ k).

Theorem 6.13. For the optimality of the solution ~xðt; τÞ in the nonconvex problem

(GCP) among all admissible solutions, it is sufficient that there exists an absolutely

continuous function x�(t,τ) with summable first partial derivatives such that condi-

tions, (a0)�(e0), below, hold:

a0. 2 ð@x�ðt; τÞÞ=ð@tÞ2 Pn
k5 1ð@x�ðt; τÞÞ=ð@τkÞ1 x�ðt; τÞAG� x�ðt; τÞ; ð ~xðt; τÞ; ð@ ~xðt; τÞÞ=ð@tÞ	

1
Pn

k5 1ð@ ~xðt; τÞÞ=ð@τkÞÞ; t; τÞ;
b0. f ðx; t; τÞ2 f ð ~xðt; τÞ; t; τÞ$ hx�ðt; τÞ; x2 ~xðt; τÞi ’xAℝn;
c0. f0ðx; τÞ2 f0ð ~xðt1; τÞ; τÞ$ hx�ðt1; τÞ; x2 ~xðt1; τÞi ’xAℝn;
d0. ð@ ~xðt; τÞÞ=ð@tÞ1 Pn

k5 1ð@ ~xðt; τÞÞ=ð@τkÞAGð ~xðt; τÞ; x�ðt; τÞ; t; τÞ a:e: ðt; τÞA½t0; t1�3ℝn;
e0. lim

τk-1N
x�ðt; τÞ5 lim

τk-2N
x�ðt; τÞ5 0 uniformly with respect to tA[t0,t1] and

τiði 6¼ kÞ; k5 1; 2; . . . ; n:

& Proceeding as in the proof of Theorem 6.12 by using conditions (a0) and (b0), we
get a corresponding inequality in terms of the Hamiltonian function:

HGðxðt; τÞ; x�ðt; τÞ; t; τÞ2HGð ~xðt; τÞ; x�ðt; τÞ; t; τÞ

# 2
@x�ðt; τÞ

@t
2
Xn
k51

@x�ðt; τÞ
@τk

; xðt; τÞ2 ~xðt; τÞ
* +

1 hx�ðt; τÞ; xðt; τÞ2 ~xðt; τÞi:

Thus, because of the definition of the Hamiltonian function, we have

@

@t
hxðt; τÞ2 ~xðt; τÞ; x�ðt; τÞi1

Xn
k51

@

@τk
hxðt; τÞ2 ~xðt; τÞ; x�ðt; τÞi

# hx�ðt; τÞ; xðt; τÞ2 xðt; τÞi:
ð6:72Þ

Now, integrating the inequalities (b0), Eq. (6.72), and (c0) over [t0,t1]3ℝn and

ℝn, respectively, we deduce that

ð
Rn

ðt1
t0

½f ðxðt;τÞ;t;τÞ2f ð ~xðt;τÞ; t;τ�dtdτ1
ð
Rn

½f0ðxðt1;τÞ;τÞ2f0ð ~xðt1;τÞ;τ�dτ

$

ð
Rn

ðt1
t0

@

@t
hxðt;τÞ2 ~xðt;τÞ;x�ðt;τÞidtdτ1

Xn
k51

ð
Rn

ðt1
t0

@

@τk
hxðt;τÞ2 ~xðt;τÞ;x�ðt;τÞidτ dt

2

ð
Rn

hxðt1;τÞ2 ~xðt1;τÞ;x�ðt1;τÞidτ:

ð6:73Þ
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Let us simplify the right-hand side of this inequality. Using the fact that

~xðt0; τÞ5 xðt0; τÞ5αðτÞ for all feasible solutions, we get
ð
Rn

ðt1
t0

@

@t
hxðt; τÞ2 ~xðt; τÞ; x�ðt; τÞidτ2

ð
Rn

hxðt1; τÞ2 ~xðt1; τÞ; x�ðt1; τÞidτ

5

ð
Rn

hxðt1; τÞ2 ~xðt1; τÞ; x�ðt1; τÞidτ2
ð
Rn

hxðt0; τÞ2 ~xðt0; τÞ; x�ðt0; τÞidτ

2

ð
Rn

hxðt1; τÞ2 ~xðt1; τÞ; x�ðt1; τÞidτ5 0:

So the inequality in Eq. (6.73) can be written as follows:

Jðxðt; τÞÞ2 Jð ~xðt; τÞÞ$
Xn
k51

ð
Rn

ðt1
t0

@

@τk
hxðt; τÞ2 ~xðt; τÞ; x�ðt; τÞidτ dt: ð6:74Þ

Moreover, obviously

Xn
k51

ð
Rn

ðt1
t0

@

@τk
hxðt; τÞ2 ~xðt; τÞ; x�ðt; τÞidτ dt

5

ðt1
t0

ð1N
2N

ð1N
2N

?
ð1N
2N

Xn
k51

@

@τk
hxðt; τÞ2 ~xðt; τÞ; x�ðt; τÞidτ

2
4

3
5dt:

Let us transform the multiple improper integral in the square brackets of this

equality. Then taking into account that in the present case the value obtained is

independent of the order of integration, we get the following chain of equalities:

ð1N
2N

ð1N
2N

?
ð1N
2N

Xn
k51

@

@τk
hxðt;τ1;?;τnÞ2 ~xðt;τ1;?;τnÞ;x�ðt;τ1;?;τnÞidτ1?dτn

5

ð1N
2N

ð1N
2N

?
ð1N
2N

@

@τ1
hxðt;τ1;?;τnÞ2 ~xðt;τ1;?;τnÞ;x�ðt;τ1;?;τnÞidτ1?dτn

1?1

ð1N
2N

ð1N
2N

?
ð1N
2N

@

@τn
hxðt;τ1;?;τnÞ2 ~xðt;τ1;?;τnÞ;x�ðt;τ1;?;τnÞidτ1?dτn

5

ð1N
2N

ð1N
2N

?
ð1N
2N

lim
a1-2N

b1-1N

ðb1
a1

@

@τ1
hxðt;τ1;?;τnÞ2 ~xðt;τ1;?;τnÞ;x�ðt;τ1;?;τnÞidτ1

2
6664

3
7775dτ2?dτn
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1?1

ð1N
2N

ð1N
2N

?
ð1N
2N

lim
an-2N

bn-1N

ðbn
an

@

@τn
hxðt;τ1;?;τnÞ2 ~xðt;τ1?;τnÞ;x�ðt;τ1;?;τnÞidτn

2
6664

3
7775dτ1?dτn21

5

ð1N
2N

ð1N
2N

?
ð1N
2N

lim
a1-2N

b1-1N

½hxðt;b1;τ2;?;τnÞ2 ~xðt;b1;?;τnÞ;x�ðt;b1;τ2;?;τnÞi

2hxðt;a1;τ2;?;τnÞ2 ~xðt;a1;τ2;?;τnÞ;x�ðt;a1;τ2;?;τnÞi�dτ2?dτn

1?1

ð1N
2N

ð1N
2N

?
ð1N
2N

lim
an-2N

bn-1N

½hxðt;τ1;τ2;?;τn21;bnÞ2 ~xðt;τ1;?;τn21;bnÞ;x�ðt;τ1;τ2?;τn21;bnÞi

2hxðt;τ1;τ2;?;τn21;anÞ2 ~xðt;τ1;?;τn21;anÞ;x�ðt;τ1;τ2;?;τn21;αnÞi�dτ1?dτn21:

Then, since the feasible solutions are bounded, according to condition (e0) of the
theorem, the right-hand side of this relation is zero, so Eq. (6.74) implies that

Jðxðt; τÞÞ$ Jð ~xðt; τÞÞ:’

Example 6.2. We now consider the convex problem:

inf Jðxðt; τÞÞ;

subject to
@xðt; τÞ

@t
1

@xðt; τÞ
@τ

5Axðt; τÞ1Buðt; τÞ; uðt; τÞAU ð6:75Þ

xðt0; τÞ5ϕðτÞ;

where A is an n3 n matrix, B is a rectangular n3 r matrix, UCℝr is a convex

closed set, for simplicity g0� 0, and g is a continuously differentiable function in

x. It is required to find a controlling parameter ~uðt; τÞAU such that the solution

~xðt; τÞ corresponding to it minimizes I(x(�,�)). In this case, F(x,t,τ)5Ax1BU. By

elementary computations, we find that

HFðx; v�Þ5 hx;A�v�i2WUðB�v�Þ;

where WU is a support function of the set U.

Then by Theorem 2.1, we have

F�ðv�; ð ~x; ~vÞÞ5 A�v�; h ~u;B�v�i5MUðB�v�Þ;
[; h ~u;B�v�i 6¼ MUðB�v�Þ;

�

where ~v5A ~x1B ~u; ~uAU and here, as before, an asterisk denotes the adjoint

(transpose) matrix.
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Then, using Remark 6.7, we get the relations

2
@x�ðt; τÞ

@t
2
@x�ðt; τÞ

@τ
5A�x�ðt; τÞ2 g0ð ~xðt; τÞ; t; τÞ;

x�ðt1; τÞ5 0;

hB ~uðt; τÞ; x�ðt; τÞi5 sup
uAU

hBu; x�ðt; τÞi: ð6:76Þ

Thus, we have obtained the result as in Theorem 6.14.

Theorem 6.14. The solution ~xðU;UÞ corresponding to the control ~uðU;UÞ is optimal

in the problem in Eq. (6.75) if there exists a function x�(�,�) satisfying the condi-

tions in Eq. (6.76) and (e) of Theorem 6.12.

These results can be divided into two parts. In the first part, a new optimization

problem for discrete and discrete-approximation inclusions associated with the con-

tinuous problem (CD) for first-order partial differential inclusions are investigated.

It appears that for the stated Cauchy problem, a set of feasible solutions must be

taken in the Hilbert space ‘2. An important role of Theorem 6.10 on the LAMs to

discrete and discrete-approximation problems is that this theorem provides the for-

mulation of sufficient conditions for the discrete analogy of a continuous problem.

Further, by passing to the formal limit in conditions (1) and (2) of Theorem

6.11, sufficient conditions for two-parameter and generalized optimization pro-

blems of Cauchy types (GCP) are proved.

We note that the given method of optimization here can be useful for other types

of discrete and partial differential inclusions, namely, properly defined Cauchy pro-

blems for hyperbolic and parabolic differential inclusions.

6.4 Optimal Control of Darboux-Type
Discrete-Approximation and Differential Inclusions
with Set-Valued Boundary Conditions and Duality

This section is devoted to an optimal control problem given by Darboux-type

hyperbolic discrete (PD) and differential inclusions and ordinary discrete inclusions

(PC). An approach concerning necessary and sufficient conditions for optimality is

proposed. Next we will present some applications of the results obtained to pro-

blems with single-valued mappings and set-valued boundary conditions. The for-

mulation of these conditions is based on LAMs.

First- and second-order necessary conditions for differential inclusions are well

known [48,49]. In particular, Mahmudov [162,165] established the duality theorems

for Goursat�Darboux-type problems with state constraints.
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In Subsection 2, we use discrete approximations of partial and ordinary deriva-

tives and grid functions on a uniform grid to derive necessary and sufficient condi-

tions for a discrete-approximation problem.

In Subsection 3, we are able to use the results of Subsection 2 to get sufficient

conditions for a Darboux DFI. The adjoint inclusions that arise are stated in

the Euler�Lagrange and Hamiltonian forms. This form automatically implies the

Weierstrass�Pontryagin maximum condition. A distinctive property of the investi-

gated problem is that it can involve discrete and differential equations given by

single-valued mappings and controlling parameters included in boundary condi-

tions. It should be expected that the optimality conditions for hyperbolic and

ordinary DFI involved both adjoint hyperbolic and ordinary DFI represented by the

LAM, respectively. But it appears that the optimality conditions for problem (PC)

are not simply a combination of the optimality conditions for a partial DFI and an

ordinary DFI (wherein the ordinary adjoint DFI takes the place of the LAM).

Finally, note that the more general problem, where the right-hand side of the

hyperbolic DFI depends not only on the required function but also on the first partial

derivatives of this function, is considered separately. One can draw the important

conclusion that, in the more general case, despite the existence of some auxiliary

adjoint variables in the adjoint DSI or DFI, the main adjoint variable u�(�,�) is

essential.

Let us now consider the following discrete optimization problem:

inf
X

ðt;xÞAH0 3 L0

gt;xðut;xÞ ð6:77Þ

ðPDÞ subject to ut;xAFt;xðut;x21; ut21;x; ut21;x21Þ; ðt; xÞAH1 3 L1; ð6:78Þ

ut;0AFt;0ðut21;0Þ; tAH1;
u0;xAF0;xðu0;x21Þ; xAL1:

ð6:79Þ

Hi 5 ft : t5 i; . . . ;Tg; Li 5 fx : x5 i; . . . ; LÞ; i5 0; 1;

where ut,xAℝn, gt,x are real-valued functions, gt,x : ℝ
n-ℝ[{6N}, Ft,x are multiva-

lued mappings, Ft,x : ℝ
3n-P(ℝn), and T and L are fixed natural numbers. The condi-

tions in Eq. (6.79) are simply set-valued boundary conditions. A sequence

fut;xgH0 3 L0
5 fut;x : ðt; xÞAH0 3 L0g is called a feasible solution for the stated prob-

lem (PD). Obviously, this sequence consists of (T1 1)(L1 1) points of the space R
n
.

In Subsection 3, we will study the following problem (PC), for Darboux-type

differential inclusions:

inf J½uðU;UÞ� : 5
ðð
Q

gðuðt; xÞ; t; xÞdt dx1
ð1
0

g1ðuð1; xÞ; xÞdt dx1
ð1
0

g2ðuðt; 1Þ; tÞdt

ð6:80Þ
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subject to utxðt; xÞAFðuðt; xÞ; t; xÞ; ðt; xÞAQ5 ½0; 1�3 ½0; 1�; ð6:81Þ

utðt; 0ÞAF1ðuðt; 0Þ; tÞ; tA½0; 1�; uxð0; xÞAF2ðxð0; xÞ; xÞ; xA½0; 1�; uð0; 0Þ5 u0:

ð6:82Þ

Here, F(�,t,x) : ℝn-P(ℝn), F1(�,t) : ℝn-P(ℝn), and F2(�,x) : ℝn-P(ℝn), are

multivalued functions for all fixed (t,x)AQ, tA[0,1], and xA[0,1], respectively, and

g(�,t,x), g1(�,x), and g2(�,t) are continuous functions from ℝn into ℝn. The problem

is to find a solution ~uðt; xÞ of the boundary value problem (PC) that minimizes

J[u(�,�)].
Here, an admissible solution is understood to be an absolutely continuous func-

tion defined on Q with an integrable mixed derivative utx(�,�) satisfying Eq. (6.81)

almost everywhere on Q and the boundary conditions in Eq. (6.82) on [0,1]. Note

that a function u(�,�) is said to be absolutely continuous on Q if there exist f:

Q-ℝn, h:[0,1]-ℝn, z:[0,1]-ℝn such that

uðt; xÞ5
ðt
0

ðx
0

f ðξ; ηÞdξ dη1
ðt
0

hðξÞdξ1
ðx
0

zðηÞdη1 uð0; 0Þ; ðt; xÞAQ:

It is known that the space B of absolutely continuous functions u:Q-ℝn is a

Banach space endowed with the norm

:uðU;UÞ:
B
5

ðð
Q

:utxðt; xÞ:dt dx1
ð1
0

:utðt; 0Þ:dt1
ð1
0

:uxð0; xÞ:dx1 :uð0; 0Þ::

1 Necessary and Sufficient Conditions for the Discrete Inclusion
Problem (PD)

First, we consider a convex problem (PD). In what follows, we say that for a

convex problem (PD), the regularity condition is satisfied if there are

u0t;xAℝn; ðt; xÞAH0 3 L0 such that either

a. ðu0t;x21; u0t21;x; u0t21;x21; u0t;xÞA ri gph Ft,x,ðu0t21;0; u0t;0ÞAri gph Ft,0,ðu00;x21; u00;xÞA ri gph

F0,x(t,x)AH13 L1
or

b. ðu0t;x21; u0t21;x; u0t21;x21; u0t;xÞA int gph Ft,x,ðu0t21;0; u0t;0ÞA int gph Ft,0,

ðu00;x21; u00;xÞAint gph F0;x; ðt; xÞAH1 3 L1 (with the possible exception of one

fixed pair (t0,x0)), and the gt,x are continuous at u
0
t;x:
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Theorem 6.15. Suppose Ft,x, (t,x) 6¼ (0,0) are convex multivalued mappings, and

gt,x are convex proper functions, continuous at the points of some feasible solution

fu0t;xgH0 3 L0
: Then for the optimality of the solution f ~ut;xgH0 3 L0

in the problem (PD),

it is necessary that there exist a number λA{0,1} and vectors

fu�t;xg; fϕ�
t;xg; fη�t;xg ðu�0;0 5 η�T1 1;L 5ϕ�

T ;L1 1 5 0Þ; ðt; xÞAH0 3 L0; not all zero, such
that

1.
ðϕ�

t;x; η
�
t;x; u

�
t21;x21ÞAF�

t;xðu�t;x; ð ~ut;x21; ~ut21;x; ~ut21;x21; ~ut;xÞÞ
1 ð0; 0Þ3 fϕ�

t21;x 1 η�t;x21 2λ@gt21;x21ð ~ut21;x21Þg;
2. η�t;0AF�

t;0ðu�t;0; ð ~ut21;0; ~ut;0ÞÞ; ϕ�
0;xAF�

0;x; ðu�0;x; ð ~u0;x21; ~u0;xÞÞ; ðt; xÞAH1 3 L1;
3. ϕ�

T ;x1 1 2 u�T ;xAλ@gT ;xð ~uT ;xÞ; xAL0; η�t1 1;L 2 u�t;LAλ@gt;Lð ~ut;LÞ; tAH0:

Under regularity conditions, (1)�(3) are also sufficient for the optimality of the

solution f ~ut;xgH0 3 L0
:

& Obviously, the problem (PD) can be reduced to a problem with geometric

constraints in a finite-dimensional Euclidean space. With this aim, we form an

m5 n(L1 1) dimensional vector ut5 (ut,0,ut,1, . . ., ut,L)Aℝm. Let us introduce

w5 (u0,u1, . . ., uT)Aℝm(T1 1) and define in the space ℝm(T1 1) the following convex

sets:

Mt;x5 fw5 ðu0; . . . ;utÞ : ðut;x21;ut21;x;ut21;x21;ut;xAgphFt;xg ’ðt;xÞAH13L1;

N1
t 5 fw5 ðu0; . . . ;utÞ : ðut;x21;ut;0ÞAgph Ft;0g; tAH1;

N2
x 5 fw5 ðu0; . . . ;utÞ : ðu0;x21;u0;xÞAgph F0;xg; xAL1:

Then denoting gðwÞ5Pðt;xÞAH0 3 L0
gt;xðut;xÞ; we see that the convex problem

(PD) is equivalent to the following convex minimization problem in ℝm(T1 1):

infimum gðwÞ subject to wAP5 \
ðt;xÞAH1 3 L1

Mt;x

� �
\ \T

t5 1
N1
t

� �
\ \L

x5 1
N2
x

� �
:

ð6:83Þ

Now we write out the optimality conditions (Section 3.2) for the convex minimi-

zation problem (6.83). Therefore, first we should calculate the dual cones to the cones

of tangent directions for the above-defined sets. It is an elementary way to show that

K�
Mt;x

ðwÞ5 fw� 5 u�0; . . . ; u
�
T Þ : ðu�t;x21; u�t21;x; u�t21;x21;u�t;xÞ

AK�
gph Ft;x

ðut;x21; ut21;x; ut21;x21; ut;iÞ; u�i;j 5 0; i 6¼ t; t21; j 6¼ x; x21g;
ðt; xÞAH1 3 L1;K

�
N1
t
ðwÞ5 fw� 5 ðu�0; . . . ; u�T Þ : ðu�t21;0; u�t;0ÞAK�

gph Ft;0
ðut21;0; ut;0Þ;

u�i;j 5 0; i 6¼ t; t21; j 6¼ 0g; tAH1; ð6:84Þ

K�
N2
x
ðwÞ5 fw� 5 ðu�0; . . . ; u�T Þ : ðu�0;x21; u�0;xÞAK�

gph F0;x
ðu0;x21; u0;xÞ;

u�i;j 5 0; i 6¼ 0; j 6¼ x; x21g; xAL1; u�t 5 ðu�t;0; u�t;1; . . . u�t;LÞ; tAH0:
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By the hypothesis, g(w) is continuous at w0 5 ðu00; . . . ; u0T Þ; u0t 5 ðu�t;0; . . . u0t;LÞ
and the point ~w5 ð ~u0; . . . ; ~uT Þ is a solution of the problem in Eq. (6.83). Then by

Theorem 3.3, there are vectors w�ðt; xÞAK�
Mt;x

ð ~wÞ; ðt; xÞAH1 3 L1; w�ðtÞ
AK�

N1
t
ð ~wÞ; tAH1; w�ðxÞAK�

N2
x
ð ~wÞ; xAL1; w0�A@wgð ~wÞand λA{0,1}, such that

λw0� 5
X

ðt;xÞAH1 3 L1

w�ðt; xÞ1
XT
t5 1

w�ðtÞ1
XL
x5 1

w�ðxÞ: ð6:85Þ

Here the indicated vectors and λ are not all equal to zero.

According to Eq. (6.84), we have

w�ðt;xÞ5 ð0; . . . ;0;u�t21;x21ðt;xÞ;u�t21;xðt;xÞ;0; . . . ;0;u�t;x21ðt;xÞ;u�t;xðt;xÞ;0; . . . ;0Þ;
ðu�t;x21ðt;xÞ;u�t21;xðt;xÞ;u�t21;x21ðt;xÞ;u�t;xðt;xÞÞAK�

gph Ft;x
ð ~ut;x21; ~ut21;x; ~ut21;x21; ~ut;xÞ

ðt;xÞAH13L1;

w�ðtÞ5 ðu�t21;0ðtÞ;0; . . . ;0;u�t;0ðtÞ;0; . . . ;0Þ;
w�ðxÞ5 ðu�0;x21ðxÞ;u�0;xðxÞ;0; . . . ;0Þ; ðu�t21;0ðtÞ;u�t;0ðtÞÞAK�

gph Ft;0
ð ~ut21;0; ~ut;0Þ; tAH1;

ð6:86Þ
ðu�0;x21ðxÞ;u�0;xðxÞÞAK�

gph F0;x
ð ~u0;x21; ~u0;xÞ; xAL1:

By the definition of LAM, it follows from Eq. (6.86) that

ðu�t;x21ðt;xÞ;u�t21;xðt;xÞ;u�t21;x21ðt;xÞÞAF�
t;xð2u�t;xðt;xÞ; ð ~ut;x21; ~ut21;x; ~ut21;x21 ~ut;xÞÞ;

ðt;xÞAH13L1;

u�t21;0ðtÞAF�
t;0ð2u�t;0ðtÞ; ð ~ut21;0; ~ut;0ÞÞ; tAH1;

u�0;x21ðxÞAF�
0;x21ð2u�0;xðxÞ; ð ~u0;x21; ~u0;xÞÞ; xAL1:

Now, transforming Eq. (6.85), we obtain that the component-wise representation

of Eq. (6.85) consists of the following:

u�t;xðt;xÞ1u�t;xðt;x11Þ;u�t;xðt11;xÞ1u�t;xðt11;x11Þ5λu0�t;x; ð6:87Þ

u�T ;xðT ;x11Þ1u�T ;xðT ;xÞ5λu0�T ;x; xAL0; u�t;Lðt11;LÞ1u�t;Lðt;LÞ5λu�t;L; tAH0;

where w0� 5 ðu0�0 ; . . . ; u0�T Þ; u0�t 5 ðu0�t;0; . . . ; u0�t;LÞ; tAH0; u0�t;xA@ugð ~ut;xÞ:
Now, denoting

u�t;x21ðt; xÞ5ϕ�
t;x; u�t21;xðt; xÞ5 η�t;x; 2 u�t;xðt; xÞ5 u�t;x; ðt; xÞAH0 3 L0;

u�t21;0ðt; 0Þ5 u�t21;0ðtÞ; u�t;0ðt; 0Þ5 u�t;0ðtÞ; tAH1; u�0;x21ð0; xÞ5 u�0;x21ðxÞ;
u�0;xð0; xÞ5 u�0;xðxÞ; xAL1; u�t;Lðt1 1; L1 1Þ5 0;

u�t;Lðt;L1 1Þ5 0; tAH0; u�T ;xðT 1 1; x1 1Þ5 0; u�T ;xðT 1 1; xÞ5 0; xAL0
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and in view of Eq. (6.87), we have

ðϕ�
t;x; η

�
t;x;λu

0�
t21;x21 2 η�t;x21 2ϕ�

t21;x 1 u�t21;x21Þ;

AF�
t;xðu�t;x; ð ~ut;x21; ~ut21;x; ~ut21;x21; ~ut;xÞÞ; ðt; xÞAH1 3 L1; ð6:88Þ

η�t;0AF�
t;0ðu�t;0; ð ~ut21;0; ~ut;0ÞÞ; tAH1ϕ�

0;xAF�
0;xðu�0;x; ð ~u0;x21; ~u0;xÞÞ; xAL1; ð6:89Þ

ϕ�
T ;x1 1 2 u�T ;x 5λu0�T ;x; xAL0; η�t1 1;L 2 u�t;L 5λu�t;L; tAH0: ð6:90Þ

As a result of the regularity condition, the dual cone K�
Pð ~wÞ is a sum of the cones

in Eq. (6.84). Then it follows by Theorem 3.2 that for w0�A@wgð ~wÞ \ K�
Pð ~wÞ in the

representation in Eq. (6.85), λ5 1. Therefore, taking into account Eqs. (6.88)�
(6.90), the proof is concluded.’

Remark 6.8. In addition to the assumptions of Theorem 6.15, let Ft,x( � ) be a

closed-valued mapping (which of course is not the case for gph Ft,x). Then

@v�HFt;x ðu; v�Þ5Ft;xðu; v�Þ; u5 ðu1; u2; u3Þ and, therefore, both conditions (1) and

(2) can be written in a more symmetrical form:

1. ~ut;xA@v�HFt;x ð ~ut;x21; ~ut21;x; ~ut21;x21; u�t;xÞ;
ðϕ�

t;x; η
�
t;x; u

�
t21;x21ÞA@uHFt;x ð ~ut;x21; ~ut21;x; ~ut21;x21; u�t;xÞ

1 ð0; 0Þ3 fϕ�
t21;x 1 η�t;x21 2λ@gt21;x21ð ~ut21;x21Þg;

2. ~ut;0A@v�HFt;0 ð ~ut21;0; u�t;0Þ; η�t;0A@uHFt;0 ð ~ut21;0; u�t;0Þ;
~u0;xA@v�HF0;x ð ~u0;x21; u�0;xÞ; ϕ�

0;xA@uHF0;x ð ~u0;x21; u�0;xÞ:

Theorem 6.16. Assume that in the problem in Eqs. (6.77)�(6.79), the mappings

Ft,x, (t,x) 6¼ (0,0) are such that the cones of tangent directions

Kgph Ft;x ð ~ut;x21; ~ut21;x; ~ut21;x21; ~ut;xÞ; Kgph Ft;0 ð ~ut21;0; ~ut;0Þ; Kgph F0;x ð ~u0;x21; ~u0;xÞ

are local tents and the functions gt,x admit a CUA ht;xðu; ~ut;xÞ at points ~ut;x that are
continuous with respect to u: Then for the optimality of the solution f ~ut;xgH0 3 L0

in

such a nonconvex problem, it is necessary that there exist vectors fu�t;xg; fϕ�
t;xg;

fη�t;xg ðu�0;0 5 η�T 1 1;L 5ϕ�
T ;L1 1 5 0Þ; (t,x)AH03 L0, not all equal to zero, and a num-

ber λA{0,1} satisfying conditions (1)�(3) of Theorem 6.15.

& In this case, we have the nonconvex problem in Eq. (6.83) and the subdifferen-

tials @gt;xð ~ut;xÞ5 @ht;xð0; ~ut;xÞ are defined. Therefore, we get a necessary condition as

in Theorem 6.15 by starting from the relation in Eq. (6.83), written out for the non-

convex problem (PD). Here the hypothesis of the theorem for the problem in

Eqs. (6.1)�(6.3) ensures the condition of Theorem 3.25 for the nonconvex minimi-

zation problem (PD).’
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2 Approximation of a Continuous Problem (PC) and Optimization of a
Discrete-Approximation Problem

Let us introduce the following difference operator on a uniform grid on Q [246]:

Auðt1 δ; x1 hÞ5 1

δh
uðt1 δ; x1 hÞ2 uðt1 δ; xÞ2 uðt; x1 hÞ1 uðt; xÞ½ �;

t5 0; δ; . . . ; 12 δ; x5 0; h; . . . ; 12 h;

where λ and h are steps on the t- and x-axes, respectively.

Then to the problem (PC), we associate the following discrete-approximation

problem:

inf Jδh½uðt; xÞ�5
X

t5 0;...;12 δ

x5 0;...;12 h

δhgðuðt; xÞ; t; xÞ1
X

x5 0;...;12 h

hg1ðuð1; xÞ; xÞ

1
X

t5 0;...;12 δ

δg2ðuðt; 1Þ; tÞ

subject to Auðt1 δ; x1 hÞAF uðt; xÞ; t; xð Þ;

Δδuðt; 0ÞAF1ðuðt; 0Þ; tÞ; Δhuð0; xÞAF2ðuð0; xÞ; xÞ; ð6:91Þ

uð0; 0Þ5 u0; t5 0; δ; . . . ; 12 δ; x5 0; h; . . . ; 12 h

where Δδuðt;0Þ5 ð1=δÞ½uðt1δ;0Þ2uðt;0Þ�; Δhuð0;xÞ5 ð1=hÞ½uð0;x1hÞ2uð0;xÞ�:
Let us introduce the new multivalued functions

Gðp; q; u; t; xÞ5 p1 q2 u1 δhFðu; t; xÞ; G1ðu; tÞ5 u1 δF1ðu; tÞ;
G2ðu; xÞ5 u1 hF2ðu; xÞ

and rewrite the problem in Eq. (6.91) as follows:

inf Jδh½uðU;UÞ�;

subject to uðt1 δ; x1 hÞAGðuðt1 δ; xÞ;uðt; x1 hÞ; uðt; xÞ; t; xÞÞ;
uðt1 δ;0ÞAG1ðuðt;0Þ; tÞ; uð0; x1 hÞAG2ðuð0; xÞ; xÞ; uð0; 0Þ5 u0
t5 0; δ; . . . ;12 δ; x5 0;h; . . . ;12 h:

ð6:92Þ

Now, our main problem is to get necessary and sufficient conditions for optimal-

ity for the problem in Eq. (6.91) or (6.92). We need the following supplementary

formulas:

HGðp; q; u; v�; t; xÞ5 δhHFðu; v�; t; xÞ1 hp1 q2 u; v�i;
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HG1
ðu; v�; tÞ5 δHF1

ðu; v�; tÞ1 hu; v�i; ð6:93Þ

HG2
ðu; v�; xÞ5 hHF2

ðu; v�; xÞ1 hu; v�i; v�Aℝn:

Then for convex multivalued functions G, F and Fi (i5 1,2), elementary calcu-

lations of subdifferentials of Hamiltonian functions give us

@ðp;q;uÞHGðp; q; u; v�; t; xÞ5 ð0; 0Þ3 δh@uHFðu; v�; t; xÞ1 ðv�; v�; 2 v�Þ
5 ðv�; v�Þ3 fδh@uHFðu; v�; t; xÞ2 v�g;

@uHG1
ðu; v�1; tÞ5 δ @HF1

ðu; v�1; tÞ1 v�1; @uHG2
ðu; v�2; xÞ5 h @HF2

ðu; v�; xÞ1 v�2;

whence by Theorem 2.1, it is immediately shown that

G�ðv�; ðp;q;u;vÞ; t;xÞ5 ðv�;v�Þ3 fδhF�ðv�; ðu;vÞ; t;xÞ2v�g; vAGðp;q;u;v�; t;xÞ;

G�
1ðv�1; ðu;v1Þ; tÞ5δ F�

1 v�1; u;
v12u

δ

0
@

1
A; t

0
@

1
A1v�1; v1AG1ðu;v1; tÞ;

G�
2ðv�2; ðu;v2Þ;xÞ5h F�

2 v�2; u;
v22u

h

0
@

1
A;x

0
@

1
A1v�2; v2AG2ðu;v2;xÞ:

ð6:94Þ

Obviously, the first relationship in Eq. (6.94) means that the following inclu-

sions are equivalent:

ðp�; q�; u�ÞAG�ðv�; ðp; q; u; vÞ; t; xÞ; vAGððp; q; uÞ; v�; t; xÞ;

u� 1 v�

δh
AF� v�; u;

v2 p2 q1 u

δh

� �
; t; x

� �
;

v2 p2 q1 u

δh
AFðu; v�; t; xÞ; p� 5 q� 5 v�:

ð6:95Þ

And the remaining relationships can be rewritten as follows:

u�AG�
1ðv�1; ðu; v1Þ; tÞ; v1AG1ðu; v�1; tÞ;

u� 2 v�1
δ

AF�
1 v�1; u;

v1 2 u

δ

� �
; t

� �
;

v1 2 u

δ
AF1ðu; v�1; tÞ; ð6:96Þ

u�AG�
2ðv�2; ðu; v2Þ; xÞ; v2AG2ðu; v�2; xÞ;
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u� 2 v�2
h

AF�
2 v�2;

v2 2 u

h

� �
; x

� �
;

v2 2 u

h
AF2ðu; v�2; xÞ;

respectively. In more general cases, i.e., in the nonconvex cases and existences of

local tents, the equivalence of the inclusions in Eqs. (6.95) and (6.96) can be

proved in a way similar to that in Theorem 6.23 and Remark 6.9.

Now using the equivalence of Eqs. (6.95) and (6.96), we can write necessary

and sufficient conditions for the problem in Eq. (6.91). At first we use Theorem

6.15 for the discrete-approximation problem in Eq. (6.82). By this theorem, there

exist vectors {η�(t,x)},{ϕ�(t,x)}, {u�(t,x)} and a number λ5λδhA{0,1}, not all

zero, such that

ðϕ�ðt1 δ; x1 hÞ; η�ðt1 δ; x1 hÞ; u�ðt; xÞ2ϕ�ðt; x1 hÞ2 η�ðt1 δ; xÞÞ
AG�ðu�ðt1 δ; x1 hÞ; ~uðt1 δ; xÞ; ~uðt; x1 hÞ; ~uðt1 δ; x1 hÞð Þ; t; xÞ

ð0; 0Þ3 f2λδhδh@gð ~uðt; xÞ; t; xÞg;
ð6:97Þ

η�ðt1 δ; 0ÞAG�
1ðu�ðt1 δ; 0Þ; ð ~uðt; 0Þ; ~uðt1 δ; 0ÞÞ; tÞ;

ϕ�ð0; x1 hÞAG�
2ðu�ð0; x1 hÞ; ð ~uð0; xÞ; ~uð0; x1 hÞÞ; xÞ; ð6:98Þ

ϕ�ð1; x1 hÞ2 u�ð1; xÞAλδhh@g1ð ~uð1; xÞ; xÞ;
η�ðt1 δ; 1Þ2 u�ðt; 1ÞAλδhδ@g2ð ~uðt; 1Þ; tÞ; ð6:99Þ

u�ð0; 0Þ5 u�ð11 δ; 1Þ5 u�ð1; 11 hÞ5 0:

Using Eq. (6.95), the condition in Eq. (6.97) can be rewritten as follows:

Au�ðt1 δ; x1 hÞAF�ðu�ðt1 δ; x1 hÞ; ð ~uðt; xÞ;A ~uðt1 δ; x1 hÞÞ; t; xÞ
2λδh@gð ~uðt; xÞ; t; xÞ: ð6:100Þ

Here, we have taken into account (see Eq. (6.95)) that

u�ðt; xÞ5 η�ðt; xÞ5ϕ�ðt; xÞ: ð6:101Þ

Furthermore, Eq. (6.98) implies that

η�ðt1 δ; 0Þ2 u�ðt1 δ; 0Þ
δ

AF�
1 ðu�ðt1 δ; 0Þ; ð ~uðt; 0Þ; ~uðt1 δ; 0ÞÞ; tÞ;

ϕ�ð0; x1 hÞ2 u�ð0; x1 hÞ
h

AF�
2 ðu�ð0; x1 hÞ; ð ~uð0; xÞ; ~uð0; x1 hÞÞ; xÞ:

ð6:102Þ

Let us rewrite Eq. (6.99) in the form

ϕ�ð1;x1hÞ2u�ð1;x1hÞ
h

Aλδh@g1ð ~uδð1;xÞxÞ2
u�ð1;x1hÞ2u�ð1;xÞ

h
;

η�ðt1δ;1Þ2u�ðt1δ;1Þ
δ

Aλδh@g2ð ~uðt;1Þ; tÞ2
u�ðt1δ;1Þ2u�ðt;1Þ

h
:

ð6:103Þ
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By Eq. (6.101), the left-hand sides of Eqs. (6.102) and (6.103) are equal to zero.

Then taking into account Theorem 2.1 and the relations in Eqs. (6.101) and

(6.102), it is easy to see that

0A@uHF1
ð ~uðt; 0Þ; u�ðt1 δ; 0ÞÞ; 0A@uHF2

ð ~uð0; xÞ; u�ð0; x1 hÞÞ;

or, equivalently,

HF1
ð ~uðt; 0Þ; u�ðt1 δ; 0ÞÞ5 hΔδ ~uðt; 0Þ; u�ðt1 δ; 0Þi;

HF2
ð ~uð0; xÞ; u�ð0; x1 hÞÞ5 hΔh ~uð0; xÞ; u�ð0; x1 hÞi; ð6:104Þ

i.e., at the points ~uðt; 0Þ; ~uð0; xÞ; the Hamiltonian functions HF1
and HF2

assume their

maximums.

On the other hand, because of Eq. (6.101), it follows from Eq. (6.103) that

Δhu
�ð1; xÞAλδh@g1ð ~uð1; xÞ; xÞ; Δδu

�ðt; 1ÞAλδh@g2ð ~uðt; 1Þ; tÞ: ð6:105Þ

This proves Theorem 6.17.

Theorem 6.17. For optimality of the solution f ~uðt; xÞg in the convex discrete-

approximation problem in Eqs. (6.91)�(6.93) with set-valued boundary conditions,

it is necessary that there exist a number λδhA{0,1} and vectors {u�(t,x)} (u�(0,0)5
u�(11 δ,1)5 u�(1,11 h)5 0), not all equal to zero, satisfying Eqs. (6.100),

(6.104), and (6.105). Also, under the regularity condition, the conditions in

Eqs. (6.100), (6.104), and (6.105) are sufficient for the optimality of f ~uðt; xÞg:

3 Optimization of Problem (PC)

Setting λδh5 1 and passing to the formal limit in Eqs. (6.100), (6.104), and (6.105)

as δ and h approach zero, we find that

i. u�txðt; xÞAF�ðu�ðt; xÞ; ð ~uðt; xÞ; ~utxðt; xÞÞ; t; xÞ2 @gð ~uðt; xÞ; t; xÞ;
ii.

u�x ð1; xÞA@g1ð ~uð1; xÞ; xÞ; u�t ðt; 1ÞA@g2ð ~uðt; 1Þ; tÞ;
u�ð0; 0Þ5 u�ð1; 1Þ5 0;

iii.
~utxðt; xÞAFð ~uðt; xÞ; u�ðt; xÞ; t; xÞ;
~utðt; 0ÞAF1ð ~uðt; 0Þ; u�ðt; 0Þ; tÞ; ~uxð0; xÞAF2ð ~uð0; xÞ; u�ð0; xÞ; xÞ:

iv. HF1
ð ~uðt; 0Þ; u�ðt; 0ÞÞ5 h ~utðt; 0Þ; u�ðt; 0Þi; HF2

ð ~uð0; xÞ; u�ð0; xÞÞ5 h ~uxð0; xÞ; u�ð0; xÞi:

Theorem 6.18. Let g,g1,g2 be continuous and convex functions on the first argu-

ment u and suppose that the multivalued functions F, F1, F2 are convex. Then for

the optimality of a feasible solution ~uðt; xÞ; it is sufficient that there exists an abso-

lutely continuous function u�(t,x) on Q with an integrable mixed derivative u�txðt; xÞ
such that conditions (i)�(iv) hold almost everywhere.

& By Theorem 2.1

F�ðu�ðt; xÞ; ð ~uðt; xÞ; ~utxðt; xÞ; t; xÞÞ5 @uHFð ~uðt; xÞ; u�ðt; xÞ; t; xÞ;
~utxðt; xÞAFð ~uðt; xÞ; u�ðt; xÞ; t; xÞ:

298 Approximation and Optimization of Discrete and Differential Inclusions



Then using the Theorem 1.29 (Moreau�Rockafellar), from condition (i), we

have

u�txðt; xÞA@u½HFð ~uðt; xÞ; u�ðt; xÞ; t; xÞ2 gð ~uðt; xÞ; t; xÞ�:

By definition of a subdifferential,

HFðuðt; xÞ; u�ðt; xÞ; t; xÞ2HFð ~uðt; xÞ; u�ðt; xÞ; t; xÞ2 gðuðt; xÞ; t; xÞ
1 gð ~uðt; xÞ; t; xÞ# hu�txðt; xÞ; uðt; xÞ2 ~uðt; xÞi:

Using the definition of Hamiltonian HF, by integration of this inequality we

establish thatðð
Q

½gðuðt;xÞ; t;xÞ2gð ~uðt;xÞ; t;xÞ�dt dx$
ðð
Q

hutxðt;xÞ2 ~utxðt;xÞ;u�ðt;xÞ;u�ðt;xÞidt dx

2

ðð
Q

hu�txðt;xÞ;uðt;xÞ2 ~uðt;xÞidt dx: ð6:106Þ

Let us rewrite the double integrals on the right-hand side as follows:ðð
Q

hutxðt;xÞ2 ~utxðt;xÞ;u�ðt;xÞidt dx5
ð1
0

huxð1;xÞ2 ~uxð1;xÞ;u�ð1;xÞidx

2

ð1
0

huxð0;xÞ2 ~uxð0;xÞ;u�ð0;xÞidx2
ðð
Q

huxðt;xÞ2 ~uxðt;xÞ;u�t ðt;xÞidtdx
ð6:107Þ

ðð
Q

hu�txðt;xÞ;uðt;xÞ2 ~uðt;xÞidt dx5
ð1
0

hu�t ðt;1Þ;uðt;1Þ2 ~uðt;1Þidt

2

ð1
0

hu�t ðt;0Þ;uðt;0Þ2 ~uðt;0Þidt2
ðð
Q

hu�t ðt;xÞ;uxðt;xÞ2 ~uxðt;xÞidt dx:
ð6:108Þ

Moreover, the second and third condition of (iii) mean that

hutðt; 0Þ2 ~utðt; 0Þ; u�ðt; 0Þi# 0; huxð0; xÞ2 ~uxð0; xÞ; u�ð0; xÞi# 0: ð6:109Þ

Subtracting Eqs. (6.107) and (6.108) and using Eq. (6.109), we have from

Eq. (6.106)ðð
Q

½gðuðt; xÞ; t; xÞ2 gð ~uðt; xÞ; t; xÞ�dt dx$
ð1
0

huxð1; xÞ2 ~uxð1; xÞ; u�ð1; xÞidx

2

ð1
0

huxð0; xÞ2 ~uxð0; xÞ; u�ð0; xÞidx2
ð1
0

hu�t ðt; 1Þ; uðt; 1Þ2 ~uðt; 1Þidt
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1

ð1
0

hu�t ðt; 0Þ; uðt; 0Þ2 ~uðt; 0Þidt1
ð1
0

hutðt; 0Þ2 ~utðt; 0Þ; u�ðt; 0Þidt

1

ð1
0

huxð0; xÞ2 ~uxð0; xÞ; u�ð0; xÞidx: ð6:110Þ

On the other hand, condition (iii) implies that

g1ðuð1; xÞ; xÞ2 g1ð ~uð1; xÞ; xÞ$ hu�xð1; xÞ; uð1; xÞ2 ~uð1; xÞi;
g2ðuðt; 1Þ; tÞ2 g2ð ~uðt; 1Þ; tÞ$ hu�t ðt; 1Þ; uðt; 1Þ2 ~uðt; 1Þi: ð6:111Þ

Integrating Eq. (6.111) and adding Eq. (6.110), we have

JðuðU;UÞÞ2Jð ~uðU;UÞÞ$
ð1
0

dxhu�ð1;xÞ;uð1;xÞ2 ~uð1;xÞi1
ð1
0

dthu�ðt;0Þ;uðt;0Þ2 ~uðt;0Þi

5hu�ð1;1Þ;uð1;1Þ2 ~uð1;1Þi2hu�ð1;0Þ;uð1;0Þ2 ~uð1;0Þi1hu�ð1;0Þ;uð1;0Þ2 ~uð1;0Þi
2hu�ð0;0Þ;uð0;0Þ2 ~uð0;0Þi50:

Thus, J½uðU;UÞ�$ J½ ~uðU;UÞ�: The proof of the theorem is completed.’

Theorem 6.19. Let ~uðt; xÞ be some feasible solution of a nonconvex problem (PC)

and the LAM to a nonconvex multivalued function F at a point (u,v)Agph F be

defined as

F�ðv�; ðu;vÞÞ5 fu� :HFðu1;v�Þ2HFðu;v�Þ# hu�;u12ui ’u1Aℝng; vAFðu;v�Þ:

Moreover, let u�(t,x) be an absolutely continuous function satisfying almost

everywhere on Q and for arbitrary u the following conditions:

a. u�txðt; xÞ1 u�ðt; xÞAF�ðu�ðt; xÞ; ð ~uðt; xÞ; ~utxðt; xÞ; t; xÞÞ;
b. gðu; t; xÞ2 gð ~uðt; xÞ; t; xÞ$ hu�ðt; xÞ; u2 ~uðt; xÞi;
c. g1ðu; xÞ2 g1ð ~uð1; xÞ; xÞ$ hu�ð1; xÞ; u2 ~uð1; xÞi;

g2ðu; tÞ2 g2ð ~uðt; 1Þ; tÞ$ hu�ðt; 1Þ; u2 ~uðt; 1Þi
d. h ~utxðt; xÞ; u�ðt; xÞiAHFð ~uðt; xÞ; u�ðt; xÞ; t; xÞ;
e. h ~utðt; 0Þ; u�ðt; 0ÞiAHF1

ð ~uðt; 0Þ; u�ðt; 0Þ; tÞ;
h ~uxð0; xÞ; u�ð0; xÞiAHF2

ð ~uð0; xÞ; u�ð0; xÞ; xÞ:
Then ~uðt; xÞ is optimal.

& As in Section 6.2 (see Remark 6.4), it is easy to see that from (a) and (b) for all

arbitrary feasible solutions u(t,x), the inequality

gðuðt;xÞ; t;xÞ2gð ~uðt;xÞ; t;xÞ$hutxðt;xÞ2 ~uðt;xÞ;u�ðt;xÞi2hu�txðt;xÞ;uðt;xÞ2 ~uðt;xÞi
holds. If we integrate this inequality on Q, we get Eq. (6.106). Then starting from

Eq. (6.106) and using conditions (c)�(e), we can prove that ~uðt; xÞ is optimal.’
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Let F(u1,u2,u3)5 {f(u1,u2,u3)}, f : ℝ
3n-ℝn be a single-valued smooth mapping

with components fi, i5 1, . . ., n. Then by Eq. (3.69) (see Corollary 3.11),

F�ðv�; ðu01; u02; u03; v0ÞÞ5 ff 0�u1 ðu01; u02; u03Þv�; f
0�
u2
ðu01; u02; u03Þv�; f

0�
u3
ðu01; u02; u03Þv�g;

v0 5 f ðu01; u02; u03Þ;
where the derivative of f(u1,u2,u3) is, by definition, a linear operator ff 0�u1 ðu01; u02; u03Þ;
f
0�
u2
ðu01;u02;u03Þ; f

0�
u3
ðu01;u02;u03Þg with components ð@f i=uj1Þ;ð@f i=uj2Þ;ð@f i=uj3Þ; i; j51; . . . ;n

and f
0�
ui

is the adjoint operator to f
0
ui
; i51;2;3:

Let us consider the following problem:

inf
X

ðt;xÞAH0 3 L0

gt;xðut;xÞ ð6:112Þ

subject to ut;x 5 f ðut;x21; ut21;x; ut21;x21Þ; ðt; xÞAH1 3 L1 ð6:113Þ

ut;0 5A1ut21;0 1B1wt21;0; wt21;0AU1; tAH1;
u0;x 5A2u0;x21 1B2w0;x21; w0;x21AU2; xAL1

ð6:114Þ

where f : ℝ3n-ℝn is a smooth mapping, gt,x are continuously differentiable func-

tions on u,Ai,Bi, i5 1,2 are n3 n and n3 r matrices, respectively, and UiCℝn,

i5 1,2. It is now required to find a pair of controlling parameters f ~wt21;0; ~w0;x21g;
ðt; xÞAH1 3 L1 such that the corresponding solution f ~ut;xg minimizes Eq. (6.112).

Taking into account conditions (1)�(3) of Theorem 6.16, we have

ϕ�
t;x5 f

0�
u1
ð ~ut;x21; ~ut21;x; ~ut21;x21Þu�t;x; η�t;x5 f

0�
u2
ð ~ut;x21; ~ut21;x; ~ut21;x21Þu�t;x;

u�t21;x212ϕ�
t21;x2η�t;x215 f

0�
u3
ð ~ut;x21; ~ut21;x; ~ut21;x21Þu�t;x2λg0t21;x21ð ~ut21;x21Þ:

ð6:115Þ

Using the calculation technique of dual cones, it is easy to see that

K�
gph Ft;0

ðu0; v0Þ5 fð2A�
1v

�; v�Þ : hw;B�v�i$ 0;wAKU1
ðw0Þg:

So, by definition of LAM

F�
t;0ðu0; v0Þ5 fu� : ðu� 2 v�ÞAK�

gph Ft;0
ðu0; v0Þg5 fA�

1v
� : 2B�v�AK�

U1
ðw0Þg;

v0 5A1u
0 1B1w

0;

where A�
1;B

� are the adjoint (transposed) matrices of A1 and B, respectively.

Therefore, using Eq. (6.115), we have

η�t;0 5A�
1u

�
t;0; 2B�

1u
�
t;0AK�

u1
ð ~wt21;0Þ;

ϕ�
0;x 5A�

2u
�
0;x; 2B�

2u
�
0;xAK�

u2
ð ~w0;x21Þ; ðt; xÞAH1 3 L1;

ð6:116Þ
ϕ�
T ;x1 1 2 u�T ;x 5λg0T ;xð ~uT ;xÞ; xAL0; η�t1 1 2 u�t;L 5λg0t;Lð ~ut;LÞ; tAH0:
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Then we see that Eq. (6.116) can be expressed only in terms of u�t;x:

u�t;x5 f
0�
u1
ð ~ut;x; ~ut21;x11; ~ut21;xÞu�t;x111 f

0�
u2
ð ~ut11;x21; ~ut;x; ~ut21;x21Þu�t11;x

1 f
0�
u3
ð ~ut11;x; ~ut;x11; ~ut;xÞu�t11;x112λg0t;xð ~ut;xÞ; t50; :::;T21; x50; :::;L21;

ð6:117Þ

f
0�
u1
ð ~uT ;x; ~uT21;x11; ~uT21;xÞu�T ;x112u�T ;x5λg0T ;xð ~uT ;xÞ; xAL0;

f
0�
u2
ð ~ut11;L21; ~ut;L; ~ut;L21Þu�t11;L2u�t;L5λgt;Lð ~ut;LÞ; tAH0;

ϕ�
0;x5A�

2u
�
0;x; η�t;05A�

1u
�
t;0; ðt; xÞAH13L1;

ð6:118Þ

hB1 ~wt21;0;u
�
t;0i5WU1

ðB�
1u

�
t;0Þ; hB2 ~w0;x21;u

�
0;xi5WU2

ðB�
2u

�
0;xÞ: ð6:119Þ

Theorem 6.20. If the solution f ~ut;xgH0 3 L0
corresponding to a pair of controlling

parameters f ~wt21;0; ~w0;x21gH1 3 L1
for the problem in Eqs. (6.112)�(6.114) with

Darboux-type hyperbolic discrete inclusions is optimal, then there exist adjoint

variables fu�t;xgH0 3L0
; not all zero, and a number λA{0,1} satisfying the discrete

adjoint equation (6.117) and the conditions in Eqs. (6.118) and (6.119). In addition,

if λ5 1, these conditions are sufficient for the optimality of f ~ut;xgH0 3 L0
:

Now let us consider the problem with a Darboux-type differential equation:

inf J½uðU;UÞ�5
ðð
Q

gðuðt; xÞ; t; xÞdt dx1
ð1
0

g1ðuð1; xÞ; xÞdx1
ð1
0

g2ðuðt; 1Þ; tÞdt;

ð6:120Þ

subject to utxðt; xÞ5 f ðuðt; xÞ; t; xÞ; ð6:121Þ

utðt; 0Þ5A1uðt; 0Þ1B1w1ðtÞ; w1ðtÞAU1; tA½0; 1�;
uxð0; xÞ5A2uð0; xÞ1B2w2ðxÞ; w2ðxÞAU2; xA½0; 1�
uð0; 0Þ5 u0;

; ð6:122Þ

where Ai (i5 1,2) are (n3 n) matrices, Bi (i5 1,2) are (n3 r)matrices, U1,U2 are

convex sets in ℝr, and f(�,t,x) : ℝn-ℝn; g( � ,t,x) : ℝn-ℝ are continuously differen-

tiable functions. It is required to find a pair of controlling parameters f ~w1ðtÞ; ~w2ðxÞg
such that the corresponding solution ~uðt; xÞminimizes J[u(�,�)].

In the present case, we have

F�ðv�; ðu; vÞ; t; xÞ5 ff 0�ðu; t; xÞv�g ð6:123Þ

and it is not hard to see that the relations 0AF�
1 ðv�1; ðu1; v1ÞÞ; 0AF�

2 ðv�2; ðu2; v2ÞÞ;
where F1(u)5A1u1B1U1, F2(u)5A2u1B2U2, mean that A�

1v
�
1 5 0; A�

2v
�
2 5 0

(see the formula preceding Eq. (6.116)). Then taking into account Eq. (6.123), we

302 Approximation and Optimization of Discrete and Differential Inclusions



see that conditions (a), (c), and (d) of Theorem 6.19 consist of the following:

u�txðt; xÞ1 u�ðt; xÞ5 f 0�ð ~uðt; xÞ; t; xÞÞu�ðt; xÞ;
A�
1u

�ðt; 0Þ5 0; tA½0; 1�; A�
2u

�ð0; xÞ5 0; xA½0; 1�;
hB1 ~w1ðtÞ; u�ðt; 0Þi5WU1

ðB�
1u

�ðt; 0ÞÞ; hB2 ~w2ðxÞ; u�ð0; xÞi5WU2
ðB�

2u
�ð0; xÞÞ:

ð6:124Þ

Let us summarize the obtained result.

Theorem 6.21. Assume that ~uðt; xÞ is a feasible solution corresponding to the pair

of controlling parameters f ~w1ðtÞ; ~w2ðxÞg in the problem in Eqs. (6.120)�(6.122).

Then for the optimality of ~uðt; xÞ; it is sufficient that there exists an absolutely con-

tinuous function u�(t,x) on Q satisfying the condition (6.124) and hypotheses

(b) and (e) of Theorem 6.19.

Now, let us consider the nonconvex problem in Eqs. (6.80)�(6.82), where the

right-hand side of the differential inclusion in Eq. (6.81) depends on both u(�,�) and
its first partial derivatives with respect to t and x:

utxðt; xÞAFðutðt; xÞ; uxðt; xÞ; uðt; xÞ; t; xÞ; ðt; xÞAQ: ð6:125Þ

If we define

~Gðp; q; u; t; xÞ5 p1 q2 u1 δhF
p2 u

δ
;
q2 u

h
; u; t; x

� �
; ð6:126Þ

then the discrete-approximation problem associated with the problem in

Eqs. (6.80), (6.82), and (6.125) is Eq. (6.92), where G is replaced by ~G:

Lemma 6.2. Let ~GðU; U; U; t; xÞ : ℝn 3ℝn 3ℝn-PðℝnÞ be a convex multivalued

mapping defined by Eq. (6.126). Then

H ~GðU;U;U;t;xÞðp; q; u; v�Þ5 δhHFðU;U;U;t;xÞ
p2 u

δ
;
q2 u

h
; u; v�

� �
1 hp1 q2 u; v�i:

& Indeed, by definition (6.126), of multivalued function ~G; we can write

H ~GðU;U;U;t;xÞðp; q; u; v�Þ5 sup
v

fhv; v�i : vA ~Gðp; q; u; t; xÞg

5 sup
v1

hv�; p1 q2 u1 δhv1i : v1AF
p2 u

δ
;
q2 u

h
; u; t; x

0
@

1
A

8<
:

9=
;:’

5 hp1 q2 u; v�i1 δhHFðU;U;U;t;xÞ
p2 u

δ
;
q2 u

h
; u; v�

0
@

1
A:
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Let ϕi : ℝ
3n-ℝn; i5 1, . . ., m be Frechet differentiable functions at a point a5

(p0,q0,u0) and g : ℝmn-ℝ be continuous convex at (ϕ1(a), . . ., ϕm(a)). Then for a

function

f(p,q,u)5 g(ϕ1(p,q,u), . . ., ϕm(p,q,u)), applying Theorem 2 in Section 4.5 of Ref.

[111] at a point a5 (p0,q0,u0), we have

@f ðaÞ5Λ�@gðϕ1ðaÞ; :::;ϕmðaÞÞ ð6:127Þ

where Λ
�
is the transpose of

Λ5

@ϕ1ðaÞ
@p

@ϕ1ðaÞ
@q

@ϕ1ðaÞ
@u

^ ^ ^
@ϕmðaÞ
@p

@ϕmðaÞ
@q

@ϕmðaÞ
@u

0
BBBBB@

1
CCCCCA ð6:128Þ

and (@ϕi/@p), (@ϕi/@q), (@ϕi/@u), i5 1, . . ., m are the Jacobi matrices. Now, taking

ϕ1ðp; q; uÞ �
p2 u

δ
; ϕ2ðp; q; uÞ �

q2 u

h
; ϕ3ðp; q; uÞ � u

in the case of m5 3 from Eq. (6.128), we derive that

Λ5
E=δ 0 2E=δ
0 E=h 2E=h
0 0 E

0
@

1
A;

where E and 0 are n3 n identity and zero matrices, respectively. Thus, applying

Lemma 6.2, from formula (6.127), we have the result in Theorem 6.22.

Theorem 6.22. Let ~GðU; U; U; t; xÞ : ℝn 3ℝn 3ℝn-PðℝnÞ be convex multivalued

mapping. Then

@H ~GðU;U;U;t;xÞðp;q;u;v�Þ5δhΛ� @HFðU;U;U;t;xÞ
p2u

δ
;
q2u

h
;u;v�

� �
1 v�f g3 v�f g3 2v�f g:

Observe that δhΛ
�
is a nonsingular partitioned matrix. Taking partitioned

matrices

A15
hE ^ 0

? ?
0 ^ δE

0
@

1
A; A25

0

. . .
0

0
@

1
A; A35 ð 2 hE ^ 2 δE Þ; A45 δhE;
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it follows from the Frobenius formula [175,176] for the inverse of a partitioned

matrix that

ðδhΛ�Þ21 5 A1 A2

A3 A4

� �21

5
E=h 0 0

0 E=δ 0

E=δh E=δh E=δh

0
@

1
A:

On the other hand, it can be easily checked that for the mapping in Eq. (6.126),

v2 p2 q1 u

δh
AF

p2 u

δ
;
q2 u

h
; u; t; x

� �
; if vA ~Gðp; q; u; v�; t; xÞ:

By applying Theorems 2.1 and 6.22, we have proved Theorem 6.23.

Theorem 6.23. The following inclusions are equivalent:

1. ðp�; q�; u�ÞA ~G
�ðv�; ðp; q; u; vÞ; t; xÞ;

2.
p� 2 v�

h
;
q� 2 v�

δ
;
p� 1 q� 1 u� 2 v�

δh

� �
A F� v�;

p2 u

δ
;
q2 u

h
; u;

v2 p2 q1 u

δh

� �
; t; x

� �
:

Remark 6.9. In accordance with Theorem 6.10, it can be pointed out that in the

more general cases, i.e., in the nonconvex case and the existence of local tents

Kgph FðU;U;U;t;xÞðp; q; x; vÞ; Kgph F1ðU;tÞ u; ðv1 2 uÞ=δ	 

; and Kgph F2ðU;xÞ u; ðv2 2 uÞ=h	 


; the
equivalence of the inclusions in Eq. (6.96) and conditions (1) and (2) of Theorem

6.23 can be proved in a similar way. We prove this fact for the mapping ~G (this

can be proved a similar way for the mappings F1 and F2). Indeed, by the definition

of LAM, ðp�; q�; u�; 2 v�ÞAK�
gph FðU;U;U;t;xÞðp; q; x; vÞ means that

hp; p�i1 hq; q�i1 hu; u�i2 hv; v�i$ 0; ðp; q; u; vÞAKgph FðU;U;U;t;xÞðp; q; u; vÞ:

Then it is not hard to show that this inequality can be reduced to the equivalent

form

p2 u

δ
;
p�2 v�

h

� �
1

q2 u

h
;
q�2 v�

δ

� �
1 u;

p�1 q�1 u�2 v�

δh

� �

2
v2 p2 q1 u

δh
; v�

� �
$ 0;

p2 u

δ
;
q2 u

h
; u;

v2 p2 q1 u

δh

� �
AKgph FðU;U;U;t;xÞ

p2 u

δ
;
q2 u

h
;u;

v2 p2 q1 u

δh

� �
:

Therefore, by using Theorem 6.23, it is not hard to see that the adjoint discrete

inclusion in Eq. (6.97) for the problem in Eqs. (6.80), (6.82), and (6.125) has the

form

ð2w�ðt1 δ; x1 hÞ; 2ψ�ðt1 δ; x1 hÞ;Au�ðt1 δ; x1 hÞÞ
AF�ðu�ðt1 δ; x1 hÞ; ðB ~uðt1 δ; xÞ;C ~uðt; x1 hÞ; ~uðt; xÞ;Auðt1 δ; x1 hÞÞ; t; xÞ

ð0; 0Þ3 fBw�ðt1 δ; x1 hÞ1Cψ�ðt1 δ; x1 hÞ2λ@gð ~uðt; xÞ; t; xÞg;
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where

w�ðt1 δ; x1 hÞ � u�ðt1 δ; x1 hÞ2ϕ�ðt1 δ; x1 hÞ
h

;

ψ�ðt1 δ; x1 hÞ � u�ðt1 δ; x1 hÞ2 η�ðt1 δ; x1 hÞ
δ

:

In conclusion, using the techniques of the proof of Theorem 6.18 and the latter

adjoint inclusion, we have the result in Theorem 6.24.

Theorem 6.24. Let Eqs. (6.80), (6.82), and (6.125) be a convex problem. Then

for the optimality of the solution ~uðU;UÞ; it is sufficient that there exist absolutely

continuous functions u
�
(�,�), v

�
(�,�), and w

�
(�,�) on Q satisfying the following

conditions:

1.
ð2w�ðt; xÞ; 2ψ�ðt; xÞ; u�txðt; xÞÞAF�ðu�ðt; xÞ; ð ~utðt; xÞ; ~uxðt; xÞ; ~uðt; UÞ; ~utxðt; xÞÞ; t; xÞÞ
1 ð0; 0Þ3 fw�

t ðt; xÞ1ϕ�
x ðt; xÞ2 @gð ~uðt; xÞ; t; xÞg;

2. 2ψ�ðt; 0ÞAF�
1 ðu�ðt; 0Þ; ðð ~uðt; 0Þ; ~utðt; 0ÞÞ; tÞ; 2w�ð0; xÞAF�

2 ðu�ð0; xÞ; ðð ~uð0; xÞ; ~uxð0; xÞÞ; xÞ;
3. 2w�ð1; xÞA@g1ð ~uð1; xÞ; xÞ2 u�x ð1; xÞ; 2ψ�ðt; 1ÞA@g2ð ~uðt; 1Þ; tÞ2 u�t ðt; 1Þ;
4. ~utxðt; xÞAFðð ~utðt; xÞ; ~uxðt; xÞ; ~uðt; xÞÞ; u�ðt; xÞ; t; xÞ;
5.

~utðt; 0ÞAF1ð ~uðt; 0Þ; u�ðt; 0Þ; tÞ; ~uxð0; xÞAF2ð ~uð0; xÞ; u�ð0; xÞ; xÞ
u�ð0; 0Þ5 u�ð1; 1Þ5 0:

Remark 6.10. For the nonconvex problem in Eqs. (6.80), (6.82), and (6.125), the

analogous conditions (a)�(e) of Theorem 6.19 and condition (2) of Theorem 6.24

are satisfied, where the condition (a) has a form

ð2w�ðt; xÞ; 2ψ�ðt; xÞ; u�txðt; xÞ
1 u�ðt; xÞÞAF�ðu�ðt; xÞ; ð ~utðt; xÞ; ~uxðt; xÞ; ~uðt; UÞ; ~utxðt; xÞÞ; t; xÞ;

where the LAMs F�
i ði5 1; 2Þ are defined as follows:

F�
i ðv�i ; ðu; viÞÞ5 fu� : HFðu1; v�i Þ2HFðu; v�i Þ# hu�; u1 2 ui; ’u1Aℝng;

vAFðu; v�i Þ; i5 1; 2:

Let us consider the problem

inf J½uðU;UÞ�5
ðð
Q

gðuðt; xÞ; t; xÞdt dx1
ð1
0

g1ðuð1; xÞ; xÞdx1
ð1
0

g2ðuðt; 1Þ; tÞdt

ð6:129Þ
subject to utxðt; xÞ5Autðt; xÞ1Buxðt; xÞ1Cuðt; xÞ; ðt; xÞAQ; ð6:130Þ

utðt;0ÞAF1ðuðt;0ÞÞ; F1ðuÞ5A1u1U1; uxð0;xÞAF2ðuð0;xÞÞ; F2ðuÞ5A2u1U2;

ð6:131Þ
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where A, Ai (i5 1,2), B, C are n3 n matrices; UiCRn (i5 1,2) are convex sets, and

g( � ,t,x), g1( � ,x), g2( � ,t) are convex continuously differentiable functions.

Obviously, to every admissible pair of controlling parameters u1(t)AU1, u2(x)AU2,

there corresponds some feasible solution of the hyperbolic Eq. (6.130)—say u1( � ),
u2( � ) from the class of bounded measurable functions. It is necessary to find a fea-

sible pair of controlling parameters f ~u1ðUÞ; ~u2ðUÞg such that the corresponding solu-

tion ~uðU; UÞ minimizes J[u( � , � )]. In a way similar to that described for the problem

in Eqs. (6.120)�(6.122), it is easy to see that conditions (1)�(5) of Theorem 6.24

consist of the following:

2w�ðt; xÞ5A�u�ðt; xÞ; 2ψ�ðt; xÞ5B�u�ðt; xÞ;
u�tx ðt; xÞ5C�u�ðt; xÞ1w�

t ðt; xÞ1ψ�
x ðt; xÞ2 g

0
uð ~uðt; xÞ; t; xÞ;

2ψ�ðt; 0Þ5A�
1u

�ðt; 0Þ; 2w�ð0; xÞ5A�
2u

�ð0; xÞ;

2w�ð1; xÞ5 g01ð ~uð1; xÞ; xÞ2 u�x ð1; xÞ; 2ψ�ðt; 1Þ5 g02ð ~uðt; 1Þ; tÞ2 u�t ðt; 1Þ;

~utxðt;xÞ;u�ðt;xÞ
� �

5HFðûtðt;xÞ; ûxðt;xÞ; ~uðt;xÞ;u�ðt;xÞ; t;xÞ;
~utðt;0Þ;u�ðt;0Þ
� �

5HF1
ð ~uðt;0Þ;u�ðt;0Þ; tÞ; ~uxð0;xÞ;u�ð0;xÞ

� �
5HF2

ð ~uðt;0Þ;u�ð0;xÞ;xÞ:

Obviously these conditions can be rewritten as follows:

u�txðt; xÞ52A�u�t ðt; xÞ2B�u�x ðt; xÞ1C�u�ðt; xÞ2 g0uð ~uðt; xÞ; t; xÞ;
ðA�

1 2B�Þu�ðt; 0Þ5 0; ðA�
2 2A�Þu�ð0; xÞ5 0;

u�x ð1; xÞ5 g01ð ~uð1; xÞ; xÞ2A�u�ð1; xÞ; u�t ðt; 1Þ5 g02ð ~uðt; 1Þ; tÞ2B�u�ðt; 1Þ;
ð6:132Þ

~utðt;0Þ;u�ðt;0Þ
� �

5 sup
u1AU1

u1;u
�ðt;0Þ� �

; ~uxð0; xÞ;u�ð0; xÞ
� �

5 sup
u2AU2

u2;u
�ð0; xÞ� �

:

ð6:133Þ
Theorem 6.25. If the conditions in Eqs. (6.132) and (6.133) are satisfied, then the solu-

tion ~uðU;UÞ corresponding to the optimal control pair f ~u1ðUÞ; ~u2ðUÞg minimizes J[u(�,�)]
in the problem in Eqs. (6.129)�(6.131), where u

�
(0,0)5 0,u

�
(1,1)5 0.

Example 6.3. Consider the following example:

inf JðuðU;UÞÞ5
ð1
0

uð1; xÞdx2
ð1
0

uðt;1Þdt;

subject to utx 5 v; vðt; xÞ
�� ��# 1; ðt; xÞAQ;

uðt; 0Þ5 0; tA½0; 1�;
uð0; xÞ5 0; xA½0; 1�:

ð6:134Þ
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It is assumed that v(�,�) is a piecewise continuous function (control) with a finite

number of discontinuity lines. In our notations, the problem in Eq. (6.134) has the

form

inf JðxðU;UÞÞ5
ð1
0

uð1; xÞdx2
ð1
0

uðt; 1Þdt;

subject to utxAFðuÞ; FðuÞ5U5 ½21; 1 1�; ðt; xÞAQ;
uðt; 0Þ5 0; tA½0; 1�;
uð0; xÞ5 0; xA½0; 1�:

ð6:135Þ

For the mapping F(u)5U (see Section 2.4), we have

F�ðy�; z0Þ5 0; if 2y�A½coneðU2 v0Þ��;
[; if 2y� =2 ½coneðU2 v0Þ�� z0 5 ðu0; v0Þ:

�

Thus, the adjoint hyperbolic DFI is u�tx 5 0: Since in the problem in Eq. (6.135),

g� 0, g1(u(1,x),x)5 u(1,x), g2(u(t,1),t)52u(t,1), conditions (i)�(iii) of Theorem

6.18 imply that

u�
0

x ð1; xÞ521; u�
0

t ðt; 1Þ5 1; u�ð1; 1Þ5 u�ð0; 0Þ5 0; @gð ~uðt; xÞ; t; xÞ5 f0g:

It is easy to verify that u�(t,x)5 t2 x being a solution of the DFI u�tx 5 0 satisfies

the latter conditions. We show that

~uðt; xÞ5 tx22t2 1 pðtÞ; if 0# t, x# 1;
2tx1 pðxÞ; if 0# x, t# 1

�
ð6:136Þ

is an optimal solution of problem (6.135) and hence of Eq. (6.134), where p(p(0)5 0)

is an arbitrary smooth function. Indeed from condition

HFð ~vðt; xÞ; u�ðt; xÞÞ5 ~vðt; xÞUu�ðt; xÞ

it follows that ~vðt; xÞ511 if u
�
(t,x). 0 or t. x. Otherwise, if u�(t,x), 0 (or t, x),

then ~vðt; xÞ521: Thus,

~vðt; xÞ5 11; if 0# x, t# 1;
21; if 0# t, x# 1

�

and the admissible pair ð ~uðt; xÞ; ~vðt; xÞÞ and the function u�(t,x)5 t2 x satisfy the

hypotheses of Theorem 6.18. Here the least value of the cost functional J does not

depend on the function p. Indeed,

Jð ~uðt; xÞÞ5
ð1
0

ð2x1 pðxÞÞdx2
ð1
0

ðt22t2 1 pðtÞÞdt52
1

3
:
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Note that as is seen from Eq. (6.136), the function ~uðt; xÞ is not defined uniquely

because of the arbitrariness of the function p. The reason is that the line x 5 t is a

line of discontinuity (of the first kind). Obviously, by means of the choice of a

function p it can always be arranged that the solution ~uðt; xÞ; as well as its first-

order partial derivatives, be continuous on the line x 5 1.

4 On Duality in the Convex Problem (PC)

Consider the convex Darboux problem for a hyperbolic DFI with state constraint

inf J½uðU; UÞ�5
ðð
Q

gðuðt; xÞ; t; xÞdt dx;

subject to utxðt; xÞAFðuðt; xÞÞ; ðt; xÞAQ5 ½0; 1�3 ½0; 1�;
uðt; xÞAΦðt; xÞ;

uðt; 0Þ5 0; uð0; xÞ5 0;

ð6:137Þ

where Φ : Q-P(ℝn) is a convex-valued mapping.

Theorem 6.26. Let g be continuous and convex with respect to u, and let F be a

closed convex multivalued function. Moreover, let Φ be a convex-valued mapping.

Then for the optimality of the solution ~uðt; xÞ among all feasible solutions of the

problem in Eq. (6.137), it is sufficient that there exists an absolutely continuous

function u�(t, x) on Q with an integrable mixed derivative u�txðt; xÞ such that the fol-

lowing conditions hold almost everywhere:

a. u�txðt; xÞAF�ðu�ðt; xÞ; ð ~uðt; xÞ; ~u�txðt; xÞÞ1K�
Φðt;xÞð ~uðt; xÞÞ;

b.
u�t ðt; 1ÞAK�

Φðt;1Þð ~uðt; 1ÞÞ; u�x ð1; xÞAK�
Φð1;xÞð ~uð1; xÞÞ;

u�ð0; 0Þ5 u�ð1; 1Þ5 0;
c. ~utxðt; xÞAFð ~uðt; xÞ; u�ðt; xÞÞ:
& The proof is similar to the proof of Theorem 6.18. ’

The maximization problem

sup
u�ðt;xÞ;ϕ�ðt;xÞ;z�ðt;xÞ;
u�ð0;0Þ5 u�ð1;1Þ

J� u�ðt; xÞ;ϕ�ðt; xÞ; z�ðt; xÞ½ � ð6:138Þ

where

J�½u�ðt;xÞ;ϕ�ðt;xÞ;z�ðt;xÞ�5
ðð
Q

½Mðu�txðt;xÞ2ϕ�ðt;xÞ1z�ðt;xÞ;u�ðt;xÞÞ

2WΦðt;xÞð2ϕ�ðt;xÞÞ2g�ðz�ðt;xÞ; t;xÞ�dtdx2
ð1
0

WΦðt;1Þðu�t ðt;1ÞÞdt2
ð1
0

WΦð1;xÞðu�x ð1;xÞÞdx
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is called the dual problem to the primary convex problem in Eq. (6.137). It is

assumed that ϕ�( � , � ), z�( � , � ) are absolutely continuous functions on Q and that

u�( � , � ) is an absolutely continuous function on Q having an integrable mixed par-

tial derivative u�txðU; UÞ:

Theorem 6.27. The inequality

Jð ~uðt; xÞÞ$ J�½x�ðt; xÞ;ϕ�ðt; xÞ; z�ðt; xÞ�

holds for all feasible solutions u(t,x) and fu�ðt; xÞ;ϕ�ðt; xÞ; z�ðt; xÞg of the primary

problem in Eq. (6.137) and the dual problem in Eq. (6.138), respectively.

& It is clear from the definitions of the functions M, WΦ, and conjugate g� that

Mðu�txðt; xÞ2ϕ�ðt; xÞ1 z�ðt; xÞ; u�ðt; xÞÞ
# hu�txðt; xÞ2ϕ�ðt; xÞ1 z�ðt; xÞ; uðt; xÞi2 hu�ðt; xÞ; utxðt; xÞi;

WΦðt;xÞðϕ�ðt; xÞÞ$ hϕ�ðt; xÞ; u�ðt; xÞi;
WΦðt;1Þðu�t ðt; 1ÞÞ$ hu�t ðt; 1Þ; uðt; 1Þi; tA½0; 1�;
WΦð1;xÞðu�x ð1; xÞÞ$ hu�x ð1; xÞ; uð1; xÞi; xA½0; 1�:

Using these inequalities, we deduce

J�½u�ðt; xÞ;ϕ�ðt; xÞ; z�ðt; xÞ�

#

ðð
Q

½hu�txðt; xÞ; uðt; xÞi2 hu�ðt; xÞ; utxðt; xÞi1 gðuðt; xÞ; t; xÞ�dt dx ð6:139Þ

2

ð1
0

hu�t ðt; 1Þ; uðt; 1Þidt2
ð1
0

hu�x ð1; xÞ; uð1; xÞidx

But sinceðð
Q

hu�ðt; xÞ; utxðt; xÞidt dx5
ð1
0

hu�ð1; xÞ; uxð1; xÞidx

2

ð1
0

hu�ð0; xÞ; uxð0; xÞidx2
ðð
Q

hu�t ðt; xÞ; uxðt; xÞidt dx

and

ðð
Q

huðt; xÞ; u�txðt; xÞidt dx5
ð1
0

huðt; 1Þ; u�t ðt; 1Þidt

2

ð1
0

huðt; 0Þ; utðt; 0Þidt2
ðð
Q

hu�t ðt; xÞ; uxðt; xÞidt dx:
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We obtain from the inequality in Eq. (6.139) that

J�½u�ðt; xÞ;ϕ�ðt; xÞ; z�ðt; xÞ�#2

ð1
0

dxhu�ð1; xÞ; uð1; xÞidx

1 J½uðt; xÞ�1
ð1
0

hu�ð0; xÞ; uxð0; xÞidx2
ð1
0

huðt; 0Þ; utðt; 0Þidt
ð6:140Þ

The solutions u(t,x) and u�ðt; xÞ;ϕ�ðt; xÞ; z�ðt; xÞ� �
are feasible solutions and u

(t,0)5 u(0,x)5 u�(1,1)5 u�(0,0)5 0. So it is not hard to show that the right-hand

side of the latter inequality equals zero. Indeed,

ð1
0

hu�ð0; xÞ; uxð0; xÞidx2
ð1
0

dxhu�ð1; xÞ; uð1; xÞidx5
ð1
0

dxhu�ð0; xÞ; uð0; xÞidx

2

ð1
0

hu�x ð0; xÞ; uð0; xÞidx2
ð1
0

dxhu�ð1; xÞ; uð1; xÞidx

5 hu�ð1; 0Þ; uð1; 0Þi2 hu�ð1; 1Þ; uð1; 1Þi5 0:

That is why for all feasible solutions Jð ~uðt; xÞÞ# J�½u�ðt; xÞ;ϕ�ðt; xÞ; z�ðt; xÞ�:’

Theorem 6.28. If the functions ~uðt; xÞ and {u�(t,x),ϕ�(t,x),z�(t,x)}, where

z�ðt; xÞA@gð ~uðt; xÞ; t; xÞ; satisfy conditions (a)�(c) of Theorem 6.26, then they are

optimal solutions of the primary and dual problems, respectively, and their values

are equal.

& Actually, by Theorem 6.26, ~uðt; xÞ is a solution of the primary problem. We

study the remaining assertions. By the definition of LAM, condition (a) implies

that

hu�txðt; xÞ2ϕ�ðt; xÞ1 z�ðt; xÞ; u2 ~uðt; xÞi2 hu�ðt; xÞ; v2 ~utxðt; xÞi$ 0;

ðu; vÞAgph F; WΦðt;xÞðϕ�ðt; xÞÞ5 hϕ�ðt; xÞ; ~uðt; xÞi:

This means that

ðu�txðt; xÞ2ϕ�ðt; xÞ1 z�ðt; xÞ; u�ðt; xÞÞAdom M;

dom M5 fðu�;2v�Þ : Mðu�; v�Þ.2Ng:

On the other hand, it is known that @g(u,t,x)Cdom g� ( � ,t,x) and so z�(t,x)A
dom g�( � ,t,x). Thus, the triplet {u�(t,x),ϕ�(t,x),z�(t,x)} is a feasible solution. By
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Lemma 2.6, it is also clear that

Mðu�txðt; xÞ2ϕ�ðt; xÞ1 z�ðt; xÞ; u�ðt; xÞÞ
5 hu�txðt; xÞ2ϕ�ðt; xÞ1 z�ðt; xÞ; ~uðt; xÞi2HFð ~uðt; xÞ; u�ðt; xÞÞ:

ð6:141Þ

By conditions (b) and (c) of Theorem 6.26, we have

WΦðt;1Þðu�t ðt; 1ÞÞ5 hu�t ðt; 1Þ; ~uðt; 1Þi; tA½0; 1�;
WΦð1;xÞðu�x ð1; xÞÞ5 hu�x ð1; xÞ; ~uð1; xÞi; xA½0; 1�;
HFð ~uðt; xÞ; u�ðt; xÞÞ5 h ~u�txðt; xÞ; u�ðt; xÞi; ðt; xÞAQ:

ð6:142Þ

Since z�ðt; xÞA@gð ~uðt; xÞ; t; xÞ; we can write (Theorem 1.26)

h ~uðt; xÞ; z�ðt; xÞi2 gð ~uðt; xÞ; t; xÞ5 g�ðz�ðt; xÞ; t; xÞ: ð6:143Þ

Then, in view of Eqs. (6.141) and (6.142), having instead of the inequalities in

Eqs. (6.139) and (6.140) the corresponding equalities and following the proof of

Theorem 6.27, it is easy to establish that

Jð ~uðt; xÞÞ5 J�½u�ðt; xÞ;ϕ�ðt; xÞ; z�ðt; xÞ�

and so {u�(t,x),ϕ�(t,x),z�(t,x)} is an optimal solution.’

6.5 Optimal Control of the Elliptic-Type Discrete and
Differential Inclusions with Dirichlet and Neumann
Boundary Conditions via Approximation

This section deals for the first time with the Dirichlet problem for discrete (PD)

inclusion, discrete-approximation problems on a uniform grid, and differential (PC)

inclusions of elliptic type. Necessary and sufficient conditions for optimality in the

form of a Euler�Lagrange inclusion are derived for the problems under consider-

ation on the basis of LAM. The results obtained are generalized to the multidimen-

sional case with a second-order elliptic operator.

It must be pointed out that in elliptic differential inclusions, the solution is taken

in the space of classical solutions. However, as will be seen from the context, the

definition below of the concept of a solution in this or that sense is introduced only

for simplicity and does not in any way restrict the class of problems under consid-

eration. Therefore, at the end of the section, we indicate general ways of extending

the results to the case of generalized solutions [246].

Let us mention the notations:

Hðu;v�Þ5 sup
v
fhv;v�i : vAFðuÞg; Fðu;v�Þ5fvAFðuÞ : hv;v�i5Hðu;v�Þg; v�Aℝn;

where F : ℝ4n-P(ℝn).
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For a convex mapping F, by definition of LAM, a multivalued mapping from ℝn

into ℝ4n

F�ðv�; ðu; vÞÞ5 fu� : ðu�; 2 v�ÞAK�
gph Fðu; vÞg;

where K�
gph Fðu; vÞ is the dual to the cone Kgph F(u,v).

And the following multivalued mapping defined by

F�ðv�; ðu0; v0ÞÞ5 fu� : Hðu; v�Þ2Hðu0; v�Þ# hu�; u2 u0i ’ðu; vÞAgph Fg;
v0AFðu0; v�Þ

is the LAM to the nonconvex mapping F at a point (u0,v0)Agph F.

As before, we denote

Mðu�; v�Þ5 inffhu; u�i2 hv; v�i : ðu; vÞAgph Fg:

We consider the following optimization problem:

inf
X

x1 5 1;...;T 21;x2 5 1;...;L21

gx1;x2ðux1;x2 Þ ð6:144Þ

subject to ux1 1 1;x2AFx1;x2 ðux1 21;x2 ; ux1;x2 21; ux1;x2 ; ux1;x2 1 1Þ; ð6:145Þ
ux1;0 5α0x1 ; ux1;L 5αLx1 ; u0;x2 5 β0x2

; uT ;x2 5βTx2

x1 5 1; . . . ;T 21; x2 5 1; . . . ; L21;
ð6:146Þ

where gx1;x2 : ℝ
n-ℝ [ f6Ng are functions taking values on the extended line, Fx1;x2

are multivalued mappings, Fx1;x2 : ℝ
4n-PðℝnÞ; α0x1 ; αLx1 ; β0x2 ; βTx2 are fixed

vectors, and T, L are natural numbers. We label this problem (PD) and call it the

Dirichlet problem for a discrete inclusion of elliptic type.

Let us denote D5 {(x1,x2) : x15 0, . . ., T; x25 0, . . ., L,(x1, x2) 6¼ (0,0),(0,L),

(T,0),(T,L)}. Then a set of points fux1;x2gD 5 fux1;x2 : ðx1; x2ÞADg is called a feasible

solution for the problem (PD) if it satisfies the inclusions in Eq. (6.146). It is easy

to see that for each fixed T and L, the boundary condition in Eq. (6.146) enables us

to choose some feasible solution, and the number of points to be determined and

discrete inclusions are equal. In this sense, the name elliptic discrete inclusions is

justified. The following condition is assumed below for the functions gx1;x2 and the

mappings Fx1;x2 ðx1 5 1; . . . ;T 21; x2 5 1; . . . ;L21Þ:

Hypothesis H1. Assume that in the problem (PD), the mappings Fx1;x2 are such that

the cone of tangent directions Kgph Fx1;x2
ð ~ux1 21;x2 ; ~ux1;x2 21; ~ux1;x2 ; ~ux1;x2 1 1; ~ux1 1 1;x2 Þ are

local tents, where ~ux1;x2 are the points of the optimal solution f ~ux1;x2gD: Assume,

moreover, that the functions gx1;x2 admit a CUA hx1;x2ðu; ~ux1;x2 Þ at the points ~ux1;x2
that is continuous with respect to u: This implies that the subdifferentials

@gx1;x2 ð ~ux1;x2Þ : 5 @hx1;x2 ð0; ~ux1;x2Þ are defined.
The problem (PD) is said to be convex if the mappings Fx1;x2 are convex and

gx1;x2 are convex proper functions.
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Hypothesis H2. Suppose the problem (PD) is convex and fu0x1;x2gD is some feasible

solution for it. Then suppose that

ðu0x1 21;x2 ; u0x1;x2 21;u0x1;x2 ; u0x1;x2 1 1; u
0
x1 1 1;x2

ÞAri gphFx1;x2

u0x1;x2Ari dom gx1;x2 ; x1 5 1; . . . ;T 21; x2 5 1; . . . ;L21

In Subsection 3, we study the following problem for an elliptic differential

inclusion:

inf JðuðUÞÞ : 5
ðð
R

gðuðxÞ; xÞdx ð6:147Þ

subject to ΔuðxÞAFðuðxÞ; xÞ; xAR ð6:148Þ

uðxÞ5 βðxÞ; xAB ð6:149Þ

where Δ is Laplace’s operator: Δ : 5 @2

@x2
1

1 @2

@x2
2

; FðU; xÞ : ℝn-PðℝnÞ is a multiva-

lued mapping for all x5 (x1,x2) in the bounded region RCℝ2, which has a closed

piecewise-smooth simple curve B as its boundary, g : ℝn3ℝ-ℝ is a continuous

convex function on u, β is continuous, and dx5 dx1dx2.

We label this continuous problem (PC) and call it the Dirichlet problem for

elliptic differential inclusions. The problem is to find a solution ~uðxÞ of the bound-

ary value problem in Eqs. (6.148) and (6.149) that minimizes J(u( � )). Here, for
simplicity of the exposition, a feasible solution is understood to be a classical solu-

tion. At the end of Subsection 4, we introduce the concept of a generalized solution

and show that it is possible to carry over the results to this case.

Consider the following multidimensional optimal control problem (PM) for ellip-

tic differential inclusions:

inf JðuðUÞÞ : 5
ðð
G

gðuðxÞ; xÞdx ð6:150Þ

subject to LuðxÞÞAFðuðxÞ; xÞ; xAG ð6:151Þ

uðxÞ5αðxÞ; xAS ð6:152Þ

where F(�,x) : ℝ-P(ℝ) is a convex closed multivalued mapping for all n-dimensional

vectors x5 (x1,. . .,xn) in the bounded set GCℝn, which has a closed piecewise-

smooth surface S as its boundary, g : ℝ3G-ℝ is a continuous function convex on

u, α is continuous, dx5 dx1dx2?dxn, and L is the second-order elliptic operator:

Lu : 5
Xn
i;j5 1

@

@xi
aij

@u

@uj

� �
1
Xn
i5 1

biðxÞ
@u

@xi
1 cðxÞu;

aijðxÞAC1ðGÞ; biðxÞAC1ðGÞ; cðxÞACðGÞ;
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where jjaij(x)jj is a positive definite matrix, and CðGÞ and C1ðGÞ are the spaces of

continuous functions and functions having a continuous derivative in G,

respectively.

A function u(x) in C2ðGÞ \ CðGÞ; that satisfies the inclusion in Eq. (6.151) in G

and the boundary condition in Eq. (6.152) on S, we call a classical solution of the

problem posed, where C2(G) is the space of functions u(x) having continuous sec-

ond-order derivatives (@2u/@xi@xj), i, j5 1, . . ., n. It is required to find a classical

solution ~uðxÞ of the boundary value problem (PM) that minimizes J(u(�)).

1 Necessary and Sufficient Conditions for the Dirichlet Problem
of Elliptic Discrete Inclusions

At first we consider the convex problem (PD). In order to use convex programming

results, we form the m5 2n(L21)1 n(T21)(L1 1)-dimensional vector w5 (u0,

u1,. . .,uT), where for x15 1,. . .,T21, ux1 5 ðux1;0; ux1;1; . . . ; ux1;LÞAℝnðL1 1Þ is an n

(L1 1)-dimensional vector, and u05 (u0,1, . . ., u0,L21)Aℝn(L21), uT5 (uT,1, . . ., uT,
L21)Aℝn(L21). Let us consider the following convex sets defined in the space ℝm:

Mx1;x25fw5ðu0;u1; . . . ;uT Þ : ðux121;x2 ;ux1;x221;ux1;x2 ;ux1;x211;ux111;x2 ÞAgphFx1;x2g;
x151; . . . ;T21; x251;. . . ;L21;

H15fw5ðu0;. . . ;uT Þ :ux1;05α0x1 ;x151; . . . ;T21g;
H25fw5ðu0; . . . ;uT Þ :u0;x25β0x2 ;x251; . . . ;L21g;
HL5fw5ðu0;. . . ;uT Þ :ux1;L5αLx1 ;x151;. . . ;T21g;
HT5fw5ðu0;. . . ;uT Þ :uT ;x2 5βTx2 ;x251; . . . ;L21g:

Now setting

gðwÞ5
X

x1 5 1;::;T21;x2 5 1;::;L21

gx1;x2 ðux1;x2Þ

we reduce the convex problem (PD) to the following convex minimization problem

in the space ℝm:

inf gðwÞ subject to wAN5 \
x1 5 1;...;T21

x2 5 1;...;L21

Mx1;x2

0
BBB@

1
CCCA \ H1 \ H2 \ HL \ HT :

ð6:153Þ

We apply Theorem 3.4 to the convex minimization problem in Eq. (6.153). For

this, it is necessary to calculate the dual cones K�
Mx1 ;x2

ðwÞ; K�
H1
ðwÞ; K�

H2
ðwÞ;

K�
HL
ðwÞ; K�

HT
ðwÞ; wAN:
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Lemma 6.3. K�
Mx1 ;x2

ðwÞ5fw�5ðu�0;. . . ;u�T : ðu�x121;x2 ;u�x1;x221;u�x1;x2 ;u�x1;x211;u
�
x111;x2

Þ
AK�

gphFx1;x2
ðux1 21;x2 ; ux1;x2 21; ux1;x2 ; ux1;x2 1 1; ux1 1 1;x2 Þ; u�i;j 5 0; ði; jÞ 6¼ ðx1 21; x2Þ;

ðx1; x2 21Þ;

ðx1; x2Þ; ðx1; x2 1 1Þ; ðx1 1 1; x2Þg; x1 5 1; . . . ;T 21; x2 5 1; . . . ;L21:

& Let wAK�
Mx1 ;x2

ðwÞ; wAN: This means that w1λwAMx1;x2 for sufficiently small

λ. 0, which is the same as

ðux1 21;x2 1λux1 21;x2 ; ux1;x2 21 1λux1;x2 21; ux1;x2 1λux1;x2 ; ux1;x2 1 1

1λux1;x2 1 1; ux1 1 1;x2 1λux1 1 1;x2 ; ÞAgph Fx1;x2 :

Thus,

KMx1 ;x2
ðwÞ5 fw5 ðu0; . . . ; uT Þ : ðux1 21;x2 ; ux1;x2 21; ux1;x2 ; ux1;x2 1 1; ux1 1 1;x2 Þ

AKFx1 ;x2
ðux1 21;x2 ; ux1;x2 21; ux1;x2 ; ux1;x2 1 1; ux1 1 1;x2 Þ: ð6:154Þ

On the other hand, w�AK�
Mx1;x2

ðwÞ is equivalent to the condition

hw;w�i5
X

x1 5 1;...;T 21

x2 5 1;...;L21

hui;j; u�i;ji$ 0; wAKMx1 ;x2
ðwÞ;

where the components ui;j of the vector w (see Eq. (6.154)) are arbitrary. Therefore,

the last relation is valid only for u�i;j 5 0; ði; jÞ 6¼ ðx1 21; x2Þ; ðx1; x2 21Þ; ðx1; x2Þ;
ðx1; x2 1 1Þ; ðx1 1 1; x2Þ: This ends the proof of the lemma.’

It is also easy to show that

K�
H1
ðwÞ5 fw� 5 ðu�0; . . . ; u�T Þ : u�x1;x2 5 0; x1 5 1; . . . ; T 21; x2 6¼ 0; u�0 5 u�T 5 0g;

K�
H2
ðwÞ5 fw� 5 ðu�0; . . . ; u�T Þ : u�x1 5 0; x1 5 1; . . . ;Tg;

K�
HL
ðwÞ5 fw� 5 ðu�0; . . . ; u�T Þ : u�x1;x2 5 0; x1 5 1; . . . ;T 21; x2 6¼ L; u�0 5 u�T 5 0g;

K�
HT
ðwÞ5 fw� 5 ðu�0; . . . ; u�T Þ : u�0 5 0; u�x1 5 0; x1 5 1; . . . ;T 21g:

ð6:155Þ

Theorem 6.29. Assume that Fx1;x2 ; x1 5 1; . . . ;T 21; x2 5 1; . . . ; L21 are convex

multivalued mappings, and gx1;x2 are convex proper functions continuous at the

points of some feasible solution fu0x1;x2gD: Then for the f ~ux1;x2gD to be an optimal

solution of the problem (PD), it is necessary that there exist a number λ5 0 or 1

and vectors fψ�
x1;x2

g; fη�x1;x2g; fξ�x1;x2g; fu�x1;x2g; not all equal to zero, such that:

i. ðψ�
x1 ;x2

;ξ�x1 ;x2 ;u
�
x1 ;x2

;η�x1 ;x2 ÞAF�
x1x2

ðu�x1 ;x2 ;ð ~ux121;x2 ; ~ux1 ;x221; ~ux1 ;x2 ; ~ux1 ;x211; ~ux111;x2 ÞÞ1f0g3f0g3
fψ�

x111;x2
1ξ�x1 ;x2111η�x1 ;x2212λ@gx1 ;x2 ð ~ux1 ;x2 Þg3f0g

ii.
ψ�
0;x2

5 0; u�T ;x2 5 0; x2 5 1; . . . ; L21;
η�x1 ;0 5 0; ξ�x1 ;L 5 0; x1 5 1; . . . ; T 21:
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Under Hypothesis H2, the conditions (i) and (ii) are also sufficient for the opti-

mality of f ~ux1;x2gD:
& By the hypothesis of the theorem, ~w5 ð ~u0; ~u1; . . . ; ~uT Þis a solution of the convex

minimization problem in Eq. (6.153) and g(w) is continuous at the point

w0 5 ðu00; . . . ; u0T Þ: Then we can assert the existence of vectors

w�ðx1;x2ÞAK�
Mx1 ;x2

ð ~wÞ; ~w�AK�
H1
ð ~wÞ; ŵ�AK�

H2
ð ~wÞ; wL�AK�

HL
ð ~wÞ; wT�

AK�
HT
ð ~wÞ; w0�A

@wgð ~wÞ and of a number λ50 or 1, not all equal to zero, such that

X
x1 5 1;...;T21

x2 5 1;...;L21

w�ðx1; x2Þ1w� 1 ŵ� 1wL� 1wT�
5λw0�: ð6:156Þ

Let ½w��x1;x2 denote the components of the vector w� for the given pair (x1,x2).

Then using Lemma 6.3 and the relations in Eq. (6.155), we get

X
x1 5 1;...;T 21

x2 5 1;...;L21

w�ðx1; x2Þ1w� 1 ŵ� 1wL� 1wT�

2
66664

3
77775
x1;x2

ð6:157Þ

5

u�0;x2 ð1; x2Þ1 û�0;x2 ; if x1 5 0; x2 5 1; . . . ;L21;

u�T ;x2ðT 21; x2Þ1 uT
�

T ;x2
; if x1 5 T ; x2 5 1; . . . ;L21;

u�x1;0ðx1; 1Þ1 u�x1;0; if x1 5 1; . . . ; T 21; x2 5 0;

u�x1;Lðx1;L21Þ1 uL
�

x1;L
; if x1 5 1; . . . ; T 21; x2 5 L;

8>><
>>:

where it is taken into account that

½ŵ��0;x2 5 û�0;x2 ; ½wT� �T ;x2 5 uT
�

T ;x2
; ½w��x1;0 5 u�x1;0; ½wL� �x1;L 5 uL

�
x1;L

:

Because of the arbitrariness of the vectors û�0;x2 ; u
T�
T ;x2

; x2 5 1; . . . ;L21; u�x1;0;
uL

�
x1;L

; x1 5 1; . . . ;T 21; it follows from Eqs. (6.156) and (6.157) that

u�0;x2ð1;x2Þ1 û�0;x2 50; u�T ;x2 ðT21;x2Þ1uT
�

T ;x2
50;

u�x1;0ðx1;1Þ1u�x1;050; u�x1;Lðx1;LÞ1uL
�

x1;L
50; x151; . . . ;T21; x251; . . . ;L21:

Thus, Eq. (6.156) implies that

u�x1;x2ðx111;x2Þ1u�x1;x2 ðx1;x211Þ1 ðu�x1;x2 ðx1;x2Þ1u�x1;x2 ðx1;x221Þ1u�x1;x2ðx121;x2Þ
5λu0�x1;x2 ; u

�
1;x2

ð0;x2Þ50; u�x1;1ðx1;0Þ50; u�x1;L21ðx1;LÞ50; u�T21;x2 ðT ;x2Þ50;

½w0��x1;x2 5u0�x1;x2 ; x151; . . . ;T21; x251; . . . ;L21: ð6:158Þ
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Using Lemma 6.3 and the definition of an LAM, it can be concluded that

ðu�x1 21;x2ðx1; x2Þ; u�x1;x2 21ðx1; x2Þ; u�x1;x2 ðx1; x2Þ; u�x1;x2 1 1ðx1; x2ÞÞ
AF�

x1;x2
ð2 u�x1 1 1;x2

ðx1; x2Þ; ð ~ux1 21;x2 ; ~ux1;x2 21; ~ux1;x2 ; ~ux1;x2 1 1; ~ux1 1 1;x2 ÞÞ
x1 5 1; . . . ;T 21; x2 5 1; . . . ; L21: ð6:159Þ

Then, introducing the new notations u�x1 21;x2 ðx1; x2Þ5ψ�
x1;x2

; u�x1;x2 21ðx1; x2Þ5
ξ�x1;x2 ; u

�
x1;x2 1 1ðx1; x2Þ5 η�x1;x2 ; 2 u�x1 1 1;x2

ðx1; x2Þ5 u�x1;x2 ; we see from Eqs. (6.158)

and (6.159) that the first part of the theorem is valid. On the other hand, it follows

from Hypothesis H2 that Eq. (6.156) holds with λ5 1 for the point w0�A@wgð ~wÞ\
K�
Nð ~wÞ: Hence, conditions (i) and (ii) are sufficient for the optimality of f ~ux1;x2gD:

This completes the proof of the theorem.’

Now let us write the result of Theorem 6.29 in a more symmetrical form.

Taking into account Theorem 2.1,we obtain the result in Corollary 6.2.

Corollary 6.2. Suppose that the conditions of the Theorem 6.29 are satisfied and

in addition F(u1, u2, u3, u4) is a closed set for every (u1, u2, u3, u4). Then for the

optimality of f ~ux1;x2gD it is necessary that there exist a number λ5 0 or 1 and vec-

tors fψ�
x1;x2

g; fη�x1;x2g; fξ�x1;x2g; fu�x1;x2g not all equal to zero, such that

u�x1;x2A@v�Hx1;x2 ð ~ux1 21;x2 ; ~ux1;x2 21; ~ux1;x2 ; ~ux1;x2 1 1; u�x1;x2Þ;
ðψ�

x1;x2
; ξ�x1;x2 ; u

�
x1 21;x2

; η�x1;x2ÞA@uHx1;x2ð ~ux1 21;x2 ; ~ux1;x2 21; ~ux1;x2 ; ~ux1;x2 1 1; u�x1;x2 Þ
1 f0g3 f0g3 fψ�

x1 1 1;x2
1 ξ�x1;x2 1 1 1 η�x1;x2 21 2λ@gx1;x2 ð ~ux1;x2Þg3 f0g;

ψ�
0;x2

5 0; u�T ;x2 5 0; x2 5 1; . . . ;L21; η�x1;0 5 0; ξ�x1;L 5 0; x1 5 1; . . . ;T 21:

If Hypothesis H2 is fulfilled, conditions (i) and (ii) are sufficient for optimality.

Theorem 6.30. Assume Hypothesis H1 for the nonconvex problem (PD). Then for

f ~ux1;x2gD to be an optimal solution of this nonconvex problem (PD) it is necessary

that there exist a number λA{0,1} and vectors fψ�
x1;x2

g; fη�x1;x2g; fξ�x1;x2g; fu�x1;x2g; not
all equal to zero, satisfying conditions (i) and (ii) of Theorem 6.29.

& In this case Hypothesis H1 ensures the relation in Eq. (6.156) for the nonconvex

problem (PD) or Eq. (6.153). Therefore, we get the necessary condition as in

Theorem 6.29 by starting from the relation in Eq. (6.156), written out for the non-

convex problem (PD).’

Remark 6.11. Suppose D1 is a set of pairs (x1,x2) consisting of integer numbers x1
and x2. Then we denote by D the set of interior points of D1—i.e., those for which

the points of the form (x16 1, x2) and (x1, x26 1) belong to this set. Let D have the

connectivity property, that all points of D can be connected with some zigzag

whose segments are parallel either to the 0x1-axis or the 0x2-axis. Moreover,

assume that Γ is the set of boundary points of D so that D15D[Γ. Now, instead
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of Eq. (6.146), we consider the following condition

ux1;x2 5αx1;x2 ; ðx1; x2ÞAΓ ð6:160Þ

where αx1;x2 are a fixed vectors for every (x1, x2). It is understood that for every

point belonging to Γ there exists some interior point (x1, x2)AD for which the given

boundary point is one of the form (x1, x26 1), (x16 1, x2). In this case, the set of

points of the form (x11 1, x2), (x121, x2), (x1, x21 1), and (x1, x221) we call right,

left, upper, and lower sets respectively, and denote them by Qr, Qle, Qu, and Qlo.

Obviously, Γ5Qr[Qle[Qu[Qlo.

Then by analogy it can be shown that for the problem in Eqs. (6.144), (6.145),

and (6.160), boundary condition (ii) of Theorem 6.29 consists of the following:

ψ�
x1;x2

5 0; ðx1; x2ÞAQle; η�x1;x2 5 0; ðx1; x2ÞAQlo;

ξ�x1;x2 5 0; ðx1; x2ÞAQu; u�x1;x2 5 0; ðx1; x2ÞAQr:

2 Approximation of the Continuous Problem and Necessary Condition
for the Discrete-Approximation Problem

In this section we use difference operators to approximate the problem (PC) and

formulate a necessary (and sufficient in the convex case) condition for it with the

help of Theorems 6.29 and 6.30. We choose steps δ and h on the x1-axis and

x2-axis, respectively, using the grid functions ux1;x2 5 uδhðx1; x2Þ on a uniform grid

on R.

Let Δu5A1u1A2u, where Aiu5 @2u=@x2i ði5 1; 2Þ: We introduce the following

difference operators, defined on the three-point models [178,246]; i.e., each of the

operators A1u, A2u are approximated by the ~A1u and ~A2u:

~A1uðxÞ : 5
uðx1 1 δ; x2Þ22uðx1; x2Þ1 uðx1 2 δ; x2Þ

δ2
;

~A2uðxÞ : 5
uðx1; x2 1 hÞ22uðx1; x2Þ1 uðx1; x2 2 hÞ

h2
:

The point (x1, x2) is called regular [31] if the four points (x16 δ, x2), x1, x26 h

belong to R5R [ B: Otherwise, the point (x1, x2) is called irregular.

The set of regular knot points are denoted by ωo
δh and irregular points by ω�

δh:
The set of intersections of lines x15 iδ, x25 jh, i, j5 0,6 1, 6 2, 6 3, . . . and arc

B are called boundary knot points and denoted by γδh. Thus, according to the set R

we have grid ωδh 5ωo
δh [ ω�

δh [ γδh: Assume that ωδh is a connected set. According

to Eq. (6.149), we have uδh(x1, x2)5β(x1, x2), (x1,x2)Aγδh.
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For irregular knot points, there are different conditions. For such points, we use

the value βðxÞ of the function β, where xAγδh is a closest knot point for a given

irregular point

uðxÞ5 uδhðxÞ5βðxÞ; xAω�
δh:

Now, with respect to the problem (PC), we associate the following difference

boundary value problem approximating it:

inf Jδhðuðx1; x2ÞÞ : 5
X

ðx1;x2ÞAωδh

δhgðuðx1; x2Þ; x1; x2Þ

ðPAÞ subject to ~A1uðxÞ1 ~A2uðxÞAFðuðxÞ; xÞ; x5 ðx1; x2ÞAωδh;
uðxÞ5βðxÞ; xAγδh:

First, for simplicity assume that (PA) is a discrete-approximation problem for

problem (PC), where R5 (0,1)3 (0,1) so that

ωδh5 fðx1;x2Þ : x150;δ; . . . ;1;x250;h; . . . ;1; ðx1;x2Þ 6¼ ð0;0Þ; ð0;1Þ; ð1;0Þ; ð1;1Þg:

Now we reduce the problem (PA) to a problem of the form (PD) and introduce a

new mapping Q( � ,x) : ℝ4n-P(ℝn):

Qðu1; u2; u3; u4; xÞ : 5 2ð11 θÞu3 2 u1 2 θðu4 1 u2Þ1 δ2Fðu3; xÞ; θ5
δ2

h2

ð6:161Þ

and we rewrite the problem (PA) as follows:

inf JδhðuðU; UÞÞ; ð6:162Þ

subject to uðx11δ;x2ÞAQðuðx12δ;x2Þ;uðx1;x22hÞ;uðx1;x2Þ;uðx1;x21hÞ;x1;x2Þ
ðx1;x2ÞAωδh; uðx1;x2Þ5βðx1;x2Þ; ðx1;x2ÞAγδh: ð6:163Þ

By Theorem 6.29 for optimality of the feasible solution f ~uðx1; x2Þg; ðx1; x2ÞAωδh;
in the problem in Eqs. (6.162) and (6.163), it is necessary that there exist vectors

fu�ðx1; x2Þg; fψ�ðx1; x2Þg; fξ�ðx1; x2Þg; fη�ðx1; x2Þg and a number λ5λδhA{0,1}, not

all zero, such that

ðψ�ðx1;x2Þ;ξ�ðx1;x2Þ;u�ðx12δ;x2Þ;η�ðx1;x2ÞÞ
AQ�ðu�ðx1;x2Þ;ð ~uðx12δ;x2Þ; ~uðx1;x22hÞ; ~uðx1;x2Þ; ~uðx1;x21hÞ; ~uðx11δ;x2Þ;x1;x2Þ

1f0g3f0g3 ψ�ðx11δ;x2Þ1ξ�ðx1;x21hÞ1η�ðx1;x22hÞ�
2λδgð ~uðx1;x2Þ;x1;x2g3f0g;

ψ�ð0;x2Þ50; u�ð1;x2Þ50; x251;...;12h;

η�ðx1;0Þ50; ξ�ðx1;1Þ50; x151;...;12δ: ð6:164Þ

In the problem in Eq. (6.164), we express the LAM Q� in terms of F�.
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Theorem 6.31. Let Q( � ,x) be a multivalued mapping such that the cone of tangent

directions Kgph Q( � ,x)(u1,u2,u3,u4,v), (u1,u2,u3,u4,v)Agph Q( � ,x) is a local tent. Then

Kgph QðU;xÞ u3;
v1 u1 1 θðu2 1 u4Þ22ð11 θÞu3

δ2

� �

is a local tent to gph F(�,x) and the following inclusions are equivalent:

a. ðu1; u2; u3; u4ÞAKgph QðU;xÞðu1; u2; u3; u4; vÞ;
b. u3;

v1 u1 1 θðu2 1 u4Þ22ð11 θÞu3
δ2

� �
AKgph FðU;xÞ u3;

v1 u1 1 θðu2 1 u4Þ22ð11 θÞu3
δ2

� �
:

& By the definition of a local tent, there exist functions riðzÞ; i5 0; 1; 2; 3; 4
z5 ðu1; u2; u3; u4; vÞ such that riðzÞ:z:21

-0 as z-0 and

v1 v1 r0ðzÞA2ð11 θÞðu3 1 u3 1 r3ðzÞÞ2 u1 2 u1 2 r1ðzÞ
2 θðu4 1 u2 1 u4 1 u2 1 r4ðzÞ1 r2ðzÞÞ1 δ2Fðu3 1 u3 1 r3ðzÞ; xÞ

for sufficiently small zAK; where KDri Kgph QðU;xÞðzÞ is a convex cone.

Transforming this inclusion, we get

v22ð11 θÞu3 1 u1 1 θðu2 1 u4Þ
δ2

1
v22ð11 θÞu3 1 u1 1 θðu2 1 u4Þ

δ2

1
r0ðzÞ22ð11 θÞr3ðzÞ1 r1ðzÞ1 θðr4ðzÞ1 r2ðzÞÞ

δ2
AFðu3 1 u3 1 r3ðzÞ; xÞ:

From this relation it is clear that

u3;
v1 u1 1 θðu2 1 u4Þ22ð11 θÞu3

δ2

� �

AKgph FðU;xÞ u3;
v1 u1 1 θðu2 1 u4Þ22ð11 θÞu3

δ2

� �
:

ð6:165Þ

By going in the reverse direction, it is also not hard to see from Eq. (6.165) that

ðu1; u2; u3; u4ÞAKgph Qð:;xÞðu1; u2; u3; u4; vÞ: ð6:166Þ

Therefore, Eqs. (6.165) and (6.166) are equivalent.’

In what follows, Theorem 6.32 is very important.

Theorem 6.32. Assume that the mapping Q( � ,x) is such that the cones of tangent

directions Kgph Q( � ,x) (u1,u2,u3,u4,v) determine a local tent. Then the following

inclusions are equivalent under the conditions that v� 1 u�1 5 0; u�2 5 u�4 52 θv�:

a. ðu�1; u�2; u�3; u�4ÞAQ�ðv�; ðu1; u2; u3; u4; vÞ; xÞ;
b.

u�3 22ð11 θÞv�
δ2

AF� v�; u3;
v1 u1 1 θðu2 1 u4Þ22ð11 θÞu3

δ2

� �
; x

� �
:
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& Suppose that condition (a) is fulfilled. By the definition of LAM, this means

that in the case of Eq. (6.166)

hu1; u�1i1 hu2; u�2i1 hu3; u�3i1 hu4; u�4i2 hv; v�i$ 0: ð6:167Þ

Let us rewrite the inequality in Eq. (6.166) in the form

hu3;ψ�
3i2

v1 u1 1 θðu2 1 u4Þ22ð11 θÞu3
δ2

;ψ�
3

� �
$ 0; ð6:168Þ

where it is taken into account that the inclusions in Eqs. (6.165) and (6.166) are

equivalent. Here ψ�
3 and ψ� are to be determined. Carrying out the necessary transfor-

mations in Eq. (6.168) and comparing it with Eq. (6.167), it is not hard to see that

ψ� 5 v�; 2ψ� 5 u�1; 2 θψ� 5 u�2; 2 θψ� 5 u�4; δ2ψ�
3 1 2ð11 θÞψ� 5 u�3:

These equalities imply that v� 1 u�1 5 0; u�2 5 u�4 52 θv�, and ψ�
3 5 ðu�3 2

2ð11 θÞv�Þ=δ2: Then from Theorem 6.31, we obtain condition (b); i.e., a . b. By

analogy, it can be shown that b . a.’

Let us return to the inclusion in Eq. (6.164). By Theorem 6.32, this condition

has the form

u�ðx12δ;x2Þ2ψ�ðx11δ;x2Þ2ξ�ðx1;x21hÞ2η�ðx1;x22hÞ22ð11θÞu�ðx1;x2Þ
δ2

AF�ðu�ðx1;x2Þ; ð ~uðx1;x2Þ; ~A1 ~uðx1;x2Þ1 ~A2 ~uðx1;x2ÞÞ;x1;x2Þ2λ @gð ~uðx1;x2Þ;x1;x2Þ
ð6:169Þ

u�ðx1;x2Þ52ψ�ðx1;x2Þ; ξ�ðx1;x2Þ5η�ðx1;x2Þ52θu�ðx1;x2Þ
θ5

δ2

h2
; x15δ;2δ; . . . ;12δ; x25h;2h; . . . ;12h: ð6:170Þ

Note for further convenience that because of the positive homogeneity of LAM

F�, the coefficient δh in front of @gð ~uðx1; x2Þ; x1; x2Þ in Eq. (6.169) is removed.

Further, using Eq. (6.170), it is not hard to verify that the left side of Eq. (6.169)

has the form

1

δ2
u�ðx12δ;x2Þ1u�ðx11δ;x2Þ1θðu�ðx1;x21hÞ1u�ðx1;x22hÞÞ22ð11θÞu�ðx1;x2Þ½ �

5
u�ðx11δ;x2Þ22u�ðx1;x2Þ1u�ðx12δ;x2Þ

δ2

1
u�ðx1;x21hÞ22u�ðx1;x2Þ1u�ðx1;x22hÞ

h2
:

ð6:171Þ
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On the other hand, from the boundary conditions in Eq. (6.164) and from

Eq. (6.170), we obtain

u�ðx1; 0Þ5 0; u�ðx1; 1Þ5 0; x1 5 δ; . . . ; 12 δ;
u�ð0; x2Þ5 0; u�ð1; x2Þ5 0; x2 5 h; 2h; . . . ; 12 h:

ð6:172Þ

Taking into account the relations in Eqs. (6.169), (6.171), and (6.172), we have

proved the result in Theorem 6.33 for (PA).

Theorem 6.33. Suppose g(�,x) is a convex proper function and is continuous at the

points of some feasible solution fu0ðxÞg; xAωδh: Then for the optimality of the

solution f ~uðxÞg in the convex problem (PA), it is necessary that there exist a number

λ5λδhA{0,1} and grid functions fu�ðxÞg; xAωδh; not all equal to zero, such that

i. ~A1u
�ðxÞ1 ~A2u

�ðxÞAF�ðu�ðxÞ; ð ~uðxÞ; ~A1 ~uðxÞ1 ~A2 ~uðxÞÞ; xÞ2λ @gð ~uðxÞ; xÞ:
ii. u�(x1,0)5 u�(x1,1)5 0, x15 δ, . . ., 12 δ,

u�(0,x2)5 u�(1,x2), x25 h, . . ., 12 h.

Under the condition of Hypothesis H2, these conditions are also sufficient for

the optimality of f ~uðxÞg; xAωδh:

Remark 6.12. As in Theorem 6.29, conditions (i) and (ii) of Theorem 6.33 are

necessary for optimality in the nonconvex case of the problem (PA) under

Hypothesis H1.

Remark 6.13. Observe that for problem (PC) with nonsquare region R, boundary

condition (ii) of Theorem 6.33 for boundary points consists of the following: u�

(x)5 0, xAγδhCB.

3 Sufficient Conditions for Optimality for Differential Inclusions
of Elliptic Type

Using the results in Subsection 2, we now obtain a sufficient condition of optimal-

ity of the continuous problem (PC) . Let us pass to the formal limit in condition (i)

of Theorem 6.33 and in the boundary condition (see Remark 6.13) as δ, h-0 and

set λ5 1. Then we have

a. Δu�ðxÞAF�ðu�ðxÞ; ð ~uðxÞ;Δ ~uðxÞÞ; xÞ2 @gð ~uðxÞ; xÞ; x5 ðx1; x2ÞAR:
b. u�(x)5 0, xAB.

Along with this, we get condition (c), which ensures that the LAM F�(�,�,x) is nonempty

for every fixed xAR (see Theorem 2.1).

c. Δ ~uðxÞAFð ~uðxÞ; u�ðxÞ; xÞ:
The arguments in Subsection 2 guarantee the sufficiency of conditions (a)�(c)

for optimality. It turns out that the assertion in Theorem 6.34 is true.
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Theorem 6.34. Assume that a continuous function g is convex with respect to u

and that F( � ,x) is a convex mapping for all fixed x. Then for the optimality of the

solution ~uðxÞ; among all feasible solutions in (PC), it is sufficient that there exists a

classical solution u�(x) such that conditions (a)�(c) hold.

& By Theorem 2.1, F�(v�, (u,v), x)5 @uH(u,v
�,x), vAF(u;v�,x). Then applying

the Moreau�Rockafellar theorem (Theorem 1.28) and the fact that 2 @g(�,x)5
@(2 g(�,x)), from condition (a), we obtain

Δu�ðxÞA@u½Hð ~uðxÞ; u�ðxÞ; xÞ2 gð ~uðxÞ; xÞ�; xAR

or

HðuðxÞ;u�ðxÞ;xÞ2Hð ~uðxÞ;u�ðxÞ;xÞ2gðuðxÞ;xÞ1gð ~uðxÞ;xÞ# hΔu�ðxÞ;uðxÞ2 ~uðxÞi:

Now, taking into account condition (c) of Theorem 6.34, the definition of the

function H, and integrating both sides of the latter inequality over the domain R,

we get

ðð
R

½gðuðxÞ; xÞ2 gð ~uðxÞ; xÞ�dx2
ðð
R

hΔðuðxÞ2 ~uðxÞÞ; u�ðxÞidx

1

ðð
R

huðxÞ2 ~uðxÞ;Δu�ðxÞidx$ 0:

ð6:173Þ

On the other hand, by Green’s theorem [127,128,180], we have

ðð
R

½huðxÞ2 ~uðxÞ;Δu�ðxÞi2 hΔðuðxÞ2 ~uðxÞÞ; u�ðxÞi�dx

5

ðð
B

uðxÞ2 ~uðxÞ; @u
�ðxÞ
@n

* +
2

@ðuðxÞ2 ~uðxÞÞ
@n

; u�ðxÞ
* +2

4
3
5ds; ð6:174Þ

where ds is a symbolic arc length element and n is the outer normal for the

curve B.

Since u(x) and ~uðxÞ are feasible solutions—i.e., uðxÞ5 ~uðxÞ5βðxÞ; xAB and

condition (b) of theorem is fulfilled—the integral in Eq. (6.174) is equal to zero.

Therefore, from the inequality in Eq. (6.173), it follows that

ðð
R

gðuðxÞ; xÞdx$
ðð
R

gð ~uðxÞ; xÞdx

for arbitrary feasible solutions u(x), xAR.’
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Corollary 6.3. In addition to the assumptions of Theorem 6.34, suppose that

F( � ,x) is a closed mapping. Then conditions (a) and (c) of Theorem 6.34 can be

rewritten as follows:

i. Δu�ðxÞA@uHð ~uðxÞ; u�ðxÞ; xÞ2 @gð ~uðxÞ; xÞ;
ii. Δ ~uðxÞA@v�Hð ~uðxÞ; u�ðxÞ; xÞ:
& In fact, on the one hand, by Theorem 2.1 the following equality is correct:

F�ðv�; ðu; vÞ; xÞ5 @uHðu; v�; xÞ; vAFðu; v�; xÞ:

On the other hand, @v�Hðu; v�; xÞ5Fðu; v�; xÞ: Therefore, (i) and (ii) are equiva-

lent to conditions (a) and (c) of Theorem 6.34.’

Remark 6.14. It follows from condition (ii) of Corollary 6.3 and condition (c) of

Theorem 6.34 that

hu�ðxÞ;Δ ~uðxÞi5Hð ~uðxÞ; u�ðxÞ; xÞ:

So, in particular, if F( � ,x) is a quasisuperlinear mapping and H( � ,v�,x) is a con-

vex proper function, then by Theorem 2.20 this equality can be written as follows:

hu�ðxÞ;Δ ~uðxÞi5 inf
Δu�ðxÞAF�ðu�ðxÞ;xÞ

fhu�ðxÞ;Δ ~uðxÞi2MðΔu�ðxÞ; u�ðxÞ; xÞg:

Theorem 6.35. Let Hypothesis H1 be fulfilled for the nonconvex problem (PC).

Moreover, let ~uðxÞ; xAR be some feasible solution of this problem and suppose

that u�(x) is a classical solution satisfying the following conditions:

i. Δu�ðxÞ1 u�ðxÞAF�ðu�ðxÞ; ð ~uðxÞ;Δ ~uðxÞÞ; xÞ;
ii. gðu; xÞ2 gð ~uðxÞ; xÞ$ hu�ðxÞ; u2 ~uðxÞi for all u,
iii. hu�ðxÞ;Δ ~uðxÞi5Hð ~uðxÞ; u�ðxÞ; xÞg;
where F�( � , � ,x) is given by the second definition of LAM—i.e., by the

Hamiltonian function. Then the feasible solution ~uðxÞ is optimal.

& Taking into account the definition of LAM by the Hamiltonian function, it fol-

lows from condition (i) that for all feasible solution u(x),

HðuðxÞ; u�ðxÞ; xÞ2Hð ~uðxÞ; u�ðxÞ; xÞ# hΔu�ðxÞ1 u�ðxÞ; uðxÞ2 ~uðxÞi; xAR:

Then using condition (iii), we have

hΔðuðxÞ2 ~uðxÞÞ; u�ðxÞi# hΔu�ðxÞ1 u�ðxÞ; uðxÞ2 ~uðxÞi: ð6:175Þ

Now, from condition (ii) for an arbitrary feasible solution u5 u(x) and from the

inequality in Eq. (6.175), it is easy to see that

gðuðxÞ;xÞ2gð ~uðxÞ;xÞ2 hΔðuðxÞ2 ~uðxÞÞ;u�ðxÞi1 huðxÞ2 ~uðxÞ;Δu�ðxÞi$0; xAR:
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Then by integrating this inequality over the domain R, we see that the obtained

inequality takes the form of Eq. (6.173). Thus, in view of Eq. (6.173), it is easy to

show, as in the proof of Theorem 6.34, that ~uðxÞ is optimal.’

Let us consider the following example:

inf JðuðxÞÞ5
ðð
R

gðuðxÞ; xÞdx; subject to ΔuðxÞ5AuðxÞ1BwðxÞ; wðxÞAV ;

ð6:176Þ

where A is an n3 n matrix, B is a rectangular n3 r matrix, VCℝr is a closed con-

vex set, and g is a continuously differentiable function of x. It is required to find a

controlling parameter w(x)AV such that the feasible solution corresponding to it

minimizes J(u(�)).
Let us introduce the convex mapping F(u)5Au1BV. By elementary calcula-

tions, it can be shown that

F�ðv�; ðu; vÞÞ5 A�v�; if 2B�v�AK�
V ðwÞ;

[; if 2B�v� =2K�
V ðwÞ:

�

Here, v5Au1Bw and K�
V ðwÞ is the cone dual to the cone of tangent directions

KV(w) at a point wAV. Then using Theorem 6.34, we get the relations

Δu�ðxÞ5A�u�ðxÞ2 g0ð ~uðxÞ; xÞ; xAR

u�ðxÞ5 0; xAB; ð6:177Þ

hB ~uðxÞ; u�ðxÞi5 sup
wAV

hBu; u�ðxÞi:

Thus, we have obtained the result as in Theorem 6.36.

Theorem 6.36. The feasible solution ~uðxÞ corresponding to the control ~wðxÞ mini-

mizes J(u(�)) in the problem in Eq. (6.176) if there exists a classical solution u�(x)
satisfying the conditions in Eq. (6.177).

4 Multidimensional Optimal Control Problems for Elliptic Differential
Inclusions

In this section, we study the following problem (PM) with elliptic operator L con-

sidered in Subsection 1:

inf JðuðUÞÞ5
ð
G

gðuðxÞ; xÞdx;

ðPMÞ subject to LuðxÞAFðuðxÞ; xÞ
uðxÞ5αðxÞ; xAS
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Theorem 6.37. Suppose that g is a continuous function convex with respect to u,

and F( � ,x) is a convex closed mapping for every fixed xAG. Then a solution ~uðxÞ
minimizes the functional J(u( � )) among all feasible solutions of the problem (PM)

if there exists a classical solution of the following boundary value problem:

i. L�u�ðxÞAF�ðu�ðxÞ; ð ~uðxÞ; L ~uðxÞÞ; xÞ2 @gð ~uðxÞ; xÞ; u�ðxÞ5 0; xAS;
ii. L ~uðxÞAFð ~uðxÞ; u�ðxÞ; xÞ;
where L� is the operator adjoint to L.

& By arguments analogous to those in the proof of Theorem 6.34 and by condition

(i), it is easy to see that

HðuðxÞ;u�ðxÞ;xÞ2Hð ~uðxÞ;u�ðxÞ;xÞ#gðuðxÞ;xÞ2gð ~uðxÞ;xÞ1hL�u�ðxÞ;uðxÞ2 ~uðxÞi;

where because of condition (ii),

Hð ~uðxÞ; u�ðxÞ; xÞ5 hu�ðxÞ; L ~uðxÞi:
so ð

G

½gðuðxÞ; xÞ2 gð ~uðxÞ; xÞ�dx$
ð
G

u�ðxÞL½uðxÞ2 ~uðxÞ�dx2
ð
G

L�u�ðxÞ½uðxÞ2 ~uðxÞ�dx:

ð6:178Þ
Then using the boundary conditions of (i) and the fact that the functions u(x) are

feasible solutions—i.e., uðxÞ5 ~uðxÞ5αðxÞ; xAS—we get from Green’s formula

that the right-hand side of Eq. (6.178) is equal to zero. This means that

JðuðxÞÞ$ Jð ~uðxÞÞ for all feasible solutions in problem (PM).’

Remark 6.15. If, in addition to the assumptions of Theorem 6.37, we assume that

F( � ,x) is a closed mapping, then conditions (i) and (ii) of Theorem 6.37 can be

rewritten as follows (see Corollary 6.3):

i. L�u�ðxÞA@uHð ~uðxÞ; u�ðxÞ; xÞ2 @gð ~uðxÞ; xÞ;
ii. L ~uðxÞA@v�Hð ~uðxÞ; u�ðxÞ; xÞ

Replacing the Laplacian Δ with an elliptic operator L and extending the proof

of Theorem 6.35 to the problem (PM) in the nonconvex case, it is not hard to get

Theorem 6.38.

Theorem 6.38. Suppose that ~uðxÞ is some feasible solution of the nonconvex prob-

lem (PM) and that u�(x) is a classical solution satisfying the following conditions:

i. L�u�ðxÞ1 u�ðxÞAF�ðu�ðxÞ; ð ~uðxÞ; L ~uðxÞÞ; xÞ;
u�ðxÞ5 0; xAS;

ii. hu�ðxÞ;L ~uðxÞi5Hð ~uðxÞ; u�ðxÞ; xÞ;
iii. gðu; xÞ2 gð ~uðxÞ; xÞ$ hu�ðxÞ; u2 ~uðxÞi for all u,
where the LAM F�( � , � ,x) is given by the Hamiltonian function. Then the feasible

solution ~uðxÞ is optimal.

327Optimization of Discrete and Differential Inclusions with Distributed Parameters via Approximation



In conclusion, we discuss the possibility of passing to more general function

spaces of solutions in these problems. It is known that for the theory of partial dif-

ferential equations, the concept of a generalized solution is important both from the

theoretical and from the practical point of view [180,246]. The definition of such

solutions associates with a given equation a certain integral identity that uses, in

turn, the class of generalized derivatives.

Therefore, following this path, the most natural approach to elliptic differential

inclusions is apparently the use of single-valued branches (selections) of a multiva-

lued mapping [111].

Thus, suppose that we have the problem (PM) with homogeneous boundary con-

ditions and let H1(G) be the Hilbert space consisting of the elements u(x)AL2(G)

having square-integrable generalized derivatives on G, where the inner product and

norm are defined by the expressions

hu1; u2iH1ðGÞ 5
ð
G

ðu1u2 1 u
0
x1u

0
x2Þdx; :u:

H1ðGÞ 5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hu; uiH1ðGÞ

q
:

By analogy with the classical theory of the Dirichlet problem for elliptic equa-

tions [180], we call a function u(x)AH(G) a generalized solution of our problem if

it satisfies the integral identityð
G

Xn
i; j5 1

aiju
0
xi
η

0
xj
dx1

ð
G

u
Xn
i5 1

biη
0
xi
1

Xn
i5 1

b
0
ixi
2 c

 !
η

" #
dx52

ð
G

gη dx

for all ηðxÞAH13ðGÞ (for a more detailed study see, for example, Refs. [92,180,246])

of the multivalued mapping F(u,x) a generalized solution is defined analogously for

the adjoint boundary value problem.

We now remind that for all the results obtained here we have used the formula

of integration by parts and it is easy to see that the Green and Gauss�Ostrogradsky

formulae follow from it. The latter can be used, getting the indicated classes of

generalized solutions. Therefore, it is not difficult to verify the validity of all the

assertions in this general case.

5 Sufficient Conditions for Generalized Dirichlet and Neumann Problems
in Dynamic Optimization

First in this section, we will investigate a generalized Dirichlet problem of the form

inf J½uðUÞ�5
ðð
Q

gðuðxÞ; xÞdx ð6:179Þ

subject to ΔuðxÞAFðuxðxÞ; uðxÞ; xÞ; xAQ; ð6:180Þ

uðxÞ5 β1ðxÞ; xAB; ð6:181Þ
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where Δ is Laplace’s operator, ux 5 ðux1 ; ux2Þ; FðU; U; U; xÞ : ℝn 3ℝn 3ℝn-PðℝnÞ;
Q is a bounded region of ℝ2 with a closed piecewise-smooth simple curve bound-

ary B, β1(�) is a continuous function, and dx5 dx1dx2(x5 (x1,x2)). We label this

continuous Dirichlet problem in Eqs. (6.179)�(6.181) as (PD). Another problem is

an optimization problem consisting of Eqs. (6.179) and (6.180) and the boundary

condition

@uðxÞ
@n

����
B

5β2ðxÞ; ð6:182Þ

where n is the normal to a curve B, and β2(�) is a continuous function. We call this

problem a second boundary value problem, or a Neumann problem (PN).

The main subject will be the following pair of problems, one is the multidimen-

sional Dirichlet problem (PMD) and the other is the Neumann problem (PMN):

inf J½uðUÞ�5
ð
G

gðuðxÞ; xÞdx; ð6:183Þ

subject to LuðxÞAFðuxðxÞ; uðxÞ; xÞ; xAG; ð6:184Þ

and either, for the Dirichlet problem,

uðxÞ5α1ðxÞ; xAS; ð6:185Þ

or, for the Neumann problem,

@uðxÞ
@n

����
S

5α2ðxÞ; ð6:186Þ

where F(�,�,x) : ℝn11-P(ℝ), x5 (x1, . . ., xn), ux 5 ðux1 ; ux2 ; . . . ; uxn Þ is the gradient

vector, G is a bounded set of ℝn with a closed piecewise-smooth surface boundary

S, g : ℝ3G-ℝ is continuous on u function, α1(�),α2(�) are continuous functions,

and L is a second-order elliptic operator.

It is required to find a classical solution ~uðUÞ of the boundary value problem

(PM) that minimizes J[u(�)]. Clearly, such a class of functions is endowed with the

corresponding norms form a Banach space. Moreover, by introducing a generalized

solution, it is possible to carry over the results obtained in this section.

At once, we emphasize that in contrast to the problem considered in Ref. [166],

the right-hand side of the differential inclusions contained in the problems (PD),

(PN), and (PM), depend also on the partial derivatives of the required function, too.

Of course, such problems are an important generalization of the problems investi-

gated in Ref. [166] and considerably complicate the posed problem. That is why

these problems are a separate object for study. In fact, because of the presence of

the gradient function, in the adjoint inclusion the divergence operation has arisen.
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Note that such gradient�divergence connections appear in the duality relations for

some variational problems of Ekeland and Temam [76].

Observe that since F : ℝ4n-P(ℝn), in the next statements, the LAM F� is a mul-

tivalued function from ℝn into ℝ4n.

In Theorems 6.39�6.41, we formulate sufficient conditions first for the problem

(PD) and then for (PN).

Theorem 6.39. Suppose that a continuous function g is convex with respect to u,

and F(�,�,�,x) is a convex multivalued function for all fixed x. Then for optimality

of the solution ~uðUÞ in the convex problem (PD), it is sufficient that there exists a

triplet of classical solutions {ϕ�(�), p�(�),u�(�)} such that conditions (aD) to (cD),

below, hold.

ðaDÞ ð2ϕ�ðxÞ; 2 p�ðxÞ;Δu�ðxÞÞAF�ðu�ðxÞ; ð ~uxðxÞ; ~uðxÞ;Δ ~uðxÞÞ; xÞ
1 ð0; 0Þ3 fϕ�

x1
ðxÞ1 p�x2ðxÞ2 @gð ~uðxÞ; xÞg; x5 ðx1; x2ÞAR;

ðbDÞ u�ðxÞ5 0; xAB;

ðcDÞ Δ ~uðxÞAFð ~uxðxÞ; ~uðxÞ; u�ðxÞ; xÞ:

& In the convex case, by Theorem 2.1,

F�ðv�; ðu; vÞ; xÞ5 @uHðu; v�; xÞ; vAFðu; v�; xÞ; u5 ðu1; u2; u3Þ:

Then from condition (aD) of Theorem 6.39 and the Moreau�Rockafellar theo-

rem (Theorem 1.29), we obtain

ð2ϕ�ðxÞ; 2 p�ðxÞ;Δu�ðxÞ2ϕ�
x1
ðxÞ; p�x2 ðxÞÞ

A@ðu1;u2;u3Þ½Hð ~ux1ðxÞ; ~ux2 ðxÞ; ~uðxÞ; xÞ2 gð ~uðxÞ; xÞ�; xAR:

By definition of subdifferential this means that

HðuxðxÞ; uðxÞ; u�ðxÞ; xÞ2Hð ~uxðxÞ; ~uðxÞ; u�ðxÞ; xÞ2 gðuðxÞ; xÞ1 gð ~uðxÞ; xÞ
# 2 hϕ�ðxÞ; ux1ðxÞ2 ~ux1 ðxÞi2 hp�ðxÞ; ux2ðxÞ2 ~ux2 ðxÞi1 hΔu�ðxÞ; uðxÞ2 ~uðxÞi
2 hϕ�

x1
ðxÞ; uðxÞ2 ~uðxÞi2 hp�x2ðxÞ; uðxÞ2 ~uðxÞi:

By virtue of condition (cD) and the definition of the Hamiltonian function H, the

last inequality gains the form

hΔðuðxÞ2 ~uðxÞÞ; u�ðxÞi2 gðuðxÞ; xÞ1 gð ~uðxÞ; xÞ
# hΔu�ðxÞ; uðxÞ2 ~uðxÞi2 @

@x1
hϕ�ðxÞ; uðxÞ2 ~uðxÞi2 @

@x2
hp�ðxÞ; uðxÞ2 ~uðxÞi:
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Then by integrating both sides of this inequality over the domain Q, we haveðð
Q

½gðuðxÞ;xÞ2gð ~uðxÞ;x�dx$
ðð
Q

½hΔðuðxÞ2 ~uðxÞÞ;u�ðxÞi2 hΔu�ðxÞ;uðxÞ2 ~uðxÞi�dx

1

ðð
Q

@

@x1
hϕ�ðxÞ;uðxÞ2 ~uðxÞi1 @

@x2
hp�ðxÞ;uðxÞ2 ~uðxÞi

2
4

3
5dx:

ð6:187Þ
Since u(�) and ~uðUÞ are feasible solutions, uðxÞ5 ~uðxÞ5β1ðxÞ; xAB (Green’s

theorem [91,180,246]) yields

ðð
Q

@

@x1
hϕ�ðxÞ; uðxÞ2 ~uðxÞi2 @

@x
hp�ðxÞ; ~uðxÞ2 uðxÞi

2
4

3
5dx

5

ð
B

hp�ðxÞ; ~uðxÞ2 uðxÞid x
1
1

ð
B

hϕ�ðxÞ; uðxÞ2 ~uðxÞidx2 5 0

ð6:188Þ

and ðð
Q

hΔðuðxÞ2 ~uðxÞÞ; u�ðxÞi2 hΔðuðxÞ2 ~uðxÞÞ; u�ðxÞi½ �dx

5

ð
B

uðxÞ2 ~uðxÞ; @u
�ðxÞ
@n

* +
2

@ðuðxÞ2 ~uðxÞÞ
@n

; u�ðxÞ
* +2

4
3
5ds5 0;

ð6:189Þ

where ds is a symbolic arc length element and n is the outer normal for a curve B.

Theorem 6.40. Let ~uðUÞ be a feasible solution of the nonconvex problem (PD) and

suppose that the triplet {ϕ� (�), p� (�), u�(�)} satisfies the following conditions:

i. ð2ϕ�ðxÞ; 2 p�ðxÞ; 2Δu�ðxÞ1 u�ðxÞ2ϕ�
x1
ðxÞ2 p�x2 ðxÞÞAF�ðu�ðxÞ; ð ~uxðxÞ; ~uðxÞ;Δ ~uðxÞÞ; xÞ;

ii. gðu; xÞ2 gð ~uðxÞ; xÞ$ hu�ðxÞ; u2 ~uðxÞi for all u,
iii. hu�ðxÞ;Δ ~uðxÞi5Hð ~uxðxÞ; ~uðxÞ; u�ðxÞ; xÞ;
iv. u�(x)5 0, xAB,

where the LAM F� is defined by the Hamiltonian function. Then the solution ~uðUÞ
is optimal.

& Using the definition of LAM in the nonconvex case, it follows from condition

(i) that for all u(�),
HðuxðxÞ; uðxÞ; u�ðxÞ; xÞ2Hð ~uxðxÞ; ~uðxÞ; xÞ

# 2 hϕ�ðxÞ; ux1ðxÞ2 ~ux1 ðxÞi2 hp�ðxÞ; ux2ðxÞ2 ~ux2 ðxÞi
1 hΔu�ðxÞ1 u�ðxÞ; uðxÞ2 ~uðxÞi2 hϕ�

x1
ðxÞ; uðxÞ2 ~uðxÞi2 hp�x2 ðxÞ; uðxÞ2 ~uðxÞi:
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Then using the definition of function H, from the last inequality and condition

(ii), we obtain for all feasible solutions u(�):

gðuðxÞ; xÞ2 gð ~uðxÞ; xÞ$ hΔðuðxÞ2 ~uðxÞÞ; u�ðxÞi2 hΔu�ðxÞ; uðxÞ2 ~uðxÞi

1
@

@x1
hϕ�ðxÞ; uðxÞ2 ~uðxÞi1 @

@x2
hp�ðxÞ; uðxÞ2 ~uðxÞi:

If we integrate this inequality over the domain Q, we have the inequality in

Eq. (6.187). Then beginning with the inequality in Eq. (6.187), we again are per-

suaded that the theorem is valid.’

Now, let us consider the problem (PN)—i.e., Eqs. (6.179)�(6.181).

Theorem 6.41. Assume that ~uðUÞ is a feasible solution of the nonconvex Neumann

problem (PN) and a classical solution satisfying conditions (i)�(iii) of Theorem

6.40 and boundary conditions:

ϕ�ðxÞ5 0; p�ðxÞ5 0;
@u�ðxÞ
@n

5 0; xAB: ð6:190Þ

Then the solution ~uðUÞ is optimal.

& The distinctive peculiarity in the proof is that in Eqs. (6.188) and (6.189),

instead of the condition (bD) we use the boundary conditions.’

Remark 6.16. Obviously, for the convex Neumann problem (PN), the sufficient

conditions for the optimality of ~uðUÞ consist of conditions (aD) and (cD) of Theorem

6.39 and the boundary conditions in Eq. (6.190) of Theorem 6.41.

6 Optimization of the Multidimensional Problems (PMD) and (PMN)

First, let us consider the Dirichlet problem with second-order elliptic operator L:

minimize J½uðUÞ�5
ð
G

gðuðxÞ; xÞdx

ðPMDÞ subject to LuðxÞAFðuxðxÞ; uðxÞ; xÞ; xAG;
uðxÞ5α1ðxÞ; xAS; ux 5 ðux1 ; . . . ; uxnÞ:

Theorem 6.42. Assume that ~uðUÞ is some feasible solution of the convex Dirichlet

problem (PMD) and that there is a pair {w�(�),u�(�)} of classical solutions

w�ðxÞ5 ðw�
1ðxÞ; . . . ;w�

nðxÞÞ and u�(x) of the following boundary value problem:

i.
ð2w�ðxÞ; L�u�ðxÞÞAF�ðu�ðxÞ; ð ~uxðxÞ; ~uðxÞ;L ~uðxÞÞ; xÞ
1 f0g3 fdiv w�ðxÞ2 @gð ~uðxÞ; xÞg; xAG;

ii. u�(x)5 0, xAS,

iii. L ~uðxÞAFð ~uxðxÞ; ~uðxÞ; u�ðxÞ; xÞ;

332 Approximation and Optimization of Discrete and Differential Inclusions



where L� is the operator adjoint to L and

div w�ðxÞ5 @w�
1ðxÞ
@x1

1?1
@w�

nðxÞ
@xn

:

Then ~uðUÞ is an optimal solution of the Dirichlet problem (PM).

& By analogy with the proof of Theorem 6.39, it is easy to see that

HðuxðxÞ; uðxÞ; u�ðxÞ; xÞ2Hð ~uxðxÞ; ~uðxÞ; u�ðxÞ; xÞ2 gðuðxÞ; xÞ1 gð ~uðxÞ; xÞ
# 2 hw�ðxÞ; uxðxÞ2 ~uxðxÞi1 ðuðxÞ2 ~uðxÞÞL�u�ðxÞ2 ðuðxÞ2 ~uðxÞÞdiv w�ðxÞ:

Then because of the definition of H and condition (iii), from the previous

inequality, we have

gðuðxÞ; xÞ2 gð ~uðxÞ; xÞ$ u�ðxÞLðuðxÞ2 ~uðxÞÞ2 ðuðxÞ2 ~uðxÞÞL�u�ðxÞ
1 hw�ðxÞ; uxðxÞ2 ~uxðxÞi1 div w�ðxÞðuðxÞ2 ~uðxÞÞ: ð6:191Þ

It is not hard to see that

hw�ðxÞ; uxðxÞ2 ~uxðxÞi1 div w�ðxÞðuðxÞ2 ~uðxÞÞ

5
Xn
i5 1

w�
i ðxÞ

@ðuðxÞ2 ~uðxÞÞ
@xi

1
@w�

i

@xi
ðuðxÞ2 ~uðxÞÞ

2
4

3
5

5
Xn
i5 1

@

@xi
w�
i ðxÞ uðxÞ2 ~uðxÞð Þ� �

5 div w�ðxÞðuðxÞ2 ~uðxÞÞ½ �:

ð6:192Þ

Integrating Eq. (6.191) over the domain G and taking into account Eq. (6.192),

we obtain

ð
G

½gðuðxÞ; xÞ2 gð ~uðxÞ; xÞ�dx$
ð
G

½u�ðxÞLðuðxÞ2 ~uðxÞÞ2 ðuðxÞ2 ~uðxÞÞL�u�ðxÞ�dx

1

ð
G

div w�ðxÞðuðxÞ2 ~uðxÞÞdx: ð6:193Þ

Then since u(�) is a feasible solution and in particular, uðxÞ5 ~uðxÞ5α1ðxÞ; xAS;
it follows from Green’s formula in the multidimensional case that the first integral

on the right-hand side of Eq. (6.193) is equal to zero. Furthermore, using Gauss’s

theorem, it is easy to see thatð
G

div w�ðxÞðuðxÞ2 ~uðxÞÞdx5
ð
S

hw�ðxÞðuðxÞ2 ~uðxÞÞ; nids5 0
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where n5 n(x) is the unit outer normal vector for the surface S. Thus,

ð
G

½gðuðxÞ; xÞ2 gð ~uðxÞ; xÞ�dx$ 0

for all feasible u(�), so ~uðUÞ is an optimal solution.’

Formally replacing Δ with the second-order elliptic operator L in Theorem 6.40

and using the proof techniques of Theorem 6.42, in a similar way we get Theorem

6.43.

Theorem 6.43. Suppose that ~uðUÞ is a feasible solution of the multidimensional

nonconvex Dirichlet problem (PMD) and there exists a pair {w�(x),u�(x)} of classi-

cal solutions w�ðxÞ5 ðw�
1ðxÞ; . . . ;w�

nðxÞÞ; u�ðxÞ of the adjoint differential inclusion

such that the following conditions are satisfied:

i. ð2w�ðxÞ; L�u�ðxÞ1 u�ðxÞ2 div w�ðxÞÞAF�ðu�ðxÞ; ð ~uxðxÞ; ~uðxÞ; L ~uðxÞÞ; xÞ;
ii. gðu; xÞ2 gð ~uðxÞ; xÞ$ hu�ðxÞ; u2 ~uðxÞi ’u;
iii. hu�ðxÞ; L ~uðxÞi5Mð ~uxðxÞ; ~uðxÞ; u�ðxÞ; xÞ;
iv. u�(x)5 0, xAS.

Then the solution ~uðUÞ is optimal.

Remark 6.17. It is understood that in both the convex and the nonconvex multidi-

mensional Neumann’s problem (PMN), the boundary conditions of the adjoint dif-

ferential inclusions consist of the following w�(x)5 0, @u�(x)/(@n)5 0, xAS.

Remark 6.18. As shown in Refs. [92,180,246], the results obtained can be gener-

alized to the case of more general function spaces—i.e., for generalized solutions

of these problems. According to what has been said, it is necessary only to take

care of how to define generalized solutions for classical partial differential equa-

tions of elliptic type for which the right-hand side is a branch (selection) of the

considered multivalued function.

In conclusion, we consider the following problem:

inf J½uðUÞ�5
ðð
Q

gðuðxÞ; xÞdx; ð6:194Þ

subject to ΔuðxÞ5A1ux1 ðxÞ1A2ux2 ðxÞ1A3uðxÞ1BwðxÞ; wðxÞAV ; ð6:195Þ

@uðxÞ
@n

����
B

5β2ðxÞ; ð6:196Þ

where Ai (i5 1,2,3) are n3 n matrices, B is an n3 r matrix, VCℝr is a convex set,

and g is a continuously differentiable function on u. It is required to find a
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controlling parameter ~wðxÞAV such that the solution ~uðUÞ corresponding to it mini-

mizes J[u(�)].
The problem in Eqs. (6.194)�(6.196) can be converted to the Neumann problem

in Eqs. (6.179)�(6.181) with the multivalued function

Fðu1; u2; u3; xÞ5A1u1 1A2u2 1A3u3 1BV : ð6:197Þ

Therefore, by Remark 6.16, it is necessary to calculate the LAM F� to write out

a sufficient condition for optimality.

By an elementary calculation, it can be shown that

Hð ~u1; ~u2; ~u3; v�; xÞ5 sup
v
fhv; v�i : vAFðu1; u2; u3; xÞg

5 hu1;A�
1v

�i1 hu2;A�
2v

�i1 hu3;A�
3v

�i1 sup
wAV

hBw; v�i:

So by Theorem 2.1,

F�ðv�; ð ~u1; ~u2; ~u3; ~vÞ; xÞ5 @ðu1;u2;u3ÞMð ~u1; ~u2; ~u3; v�; xÞ5 fA�
1v

�;A�
2v

�;A�
3v

�g;
ð6:198Þ

where A�
i is the adjoint of Ai, ~v5A1 ~u1 1A2 ~u2 1A3 ~u3 1B ~w; ~wAV :

Moreover, Fð ~u1; ~u2; ~u3; v�; xÞ5 fvAFð ~u1; ~u2; ~u3; xÞ : hB ~w; u�i5 supwAV hBw; v�ig:
Now applying Remarks 6.16 and 6.17, we are persuaded that conditions (aD)

and (cD) of Theorem 6.39 consist of the following:

2ϕ�ðxÞ5A�
1u

�ðxÞ; 2 p�ðxÞ5A�
2u

�ðxÞ;
Δu�ðxÞ2ϕ�

x1
ðxÞ2 p�x2ðxÞ5A�

3u
�ðxÞ2 g0ð ~uðxÞ; xÞ: ð6:199Þ

Then taking into account the boundary conditions for problem (PN) (Remark

6.16) and the conditions in Eq. (6.199), we have obtained Theorem 6.44.

Theorem 6.44. The feasible solution ~uðUÞ corresponding to the control

function ~wðUÞAV minimizes the functional J[u(�)] in the Neumann problem in

Eqs. (6.194)�(6.196) if there exists a classical solution u�(�) satisfying the follow-

ing conditions:

Δu�ðxÞ5A�
1u

�
x1
ðxÞ1A�

2u
�
x2
ðxÞ1A�

3u
�ðxÞ2 g0ð ~uðxÞ; xÞ;

A�
1u

�ðxÞ5 0; A�
2u

�ðxÞ5 0; xAB;

@u�ðxÞ
@n B

5 0;

����
hB ~wðxÞ; u�ðxÞi5 sup

wAV

hBw; u�ðxÞi:

Remark 6.19. As has been shown in these problems, in general cases the adjoint

inclusion involves several (auxiliary and main) adjoint variables. Nevertheless, in

concrete problems the same inclusion involves only the main variable—i.e., u�(�)
(see Theorem 6.44).
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7 On Duality in Elliptic Differential Inclusions

According to the previous definition, let us denote

J�ðu�ðxÞ; z�ðxÞÞ : 5
ðð
R

½MðΔu�ðxÞ1 z�ðxÞ; u�ðxÞ; xÞ2 g�ðz�ðxÞ; x�dx;

where H is a Hamiltonian function and g�(z�,x) is the conjugate function to g(�,x)
for every fixed xAℝ2. Then the maximization problem,

ðPDlÞ sup
u�ðxÞ;z�ðxÞ;xAG;

u�ðxÞ5 0;xAS

J�ðu�ðxÞ; z�ðxÞÞ;

is called the dual problem to the primary convex problem (PC), where β(x)� 0. It

is assumed that u�ðxÞAC2ðRÞ \ CðRÞ; z�ðxÞACðRÞ:

Theorem 6.45. Assume that u(x), xAR is an arbitrary feasible solution of the pri-

mary problem (PC) and {u�(x), z�(x)} is a feasible solution of the dual problem

(PDl) . Then J(u(x))$ J�(u�(x)).
& It is clear from the definitions of the functions M and g� that

MðΔu�ðxÞ1 z�ðxÞ; u�ðxÞ; xÞ# hΔu�ðxÞ1 z�ðxÞ; uðxÞi2 hu�ðxÞ;ΔuðxÞi;
g�ðz�ðxÞ; xÞ$ hz�ðxÞ; uðxÞi2 gðuðxÞ; xÞ:

Therefore,

MðΔu�ðxÞ1 z�ðxÞ; u�ðxÞ; xÞ2 g�ðz�ðxÞ; xÞ
# hΔu�ðxÞ; uðxÞi2 hu�ðxÞ;ΔuðxÞi1 gðuðxÞ; xÞ: ð6:200Þ

Then, since u�(x)5 0, u(x)5 0, xAB, by Green’s theorem we have

ðð
R

½hΔu�ðxÞ; uðxÞi2 hu�ðxÞ;ΔuðxÞi�dx

5

ð
B

@u�ðxÞ
@n

; uðxÞ
� �

2 u�ðxÞ; @uðxÞ
@n

� �
 �
ds5 0;

ð6:201Þ

where n is the outer normal to the curve B. Then integrating both sides of the

inequality in Eq. (6.200), because of Eq. (6.201), we obtain the required

inequality.’

Theorem 6.46. If the feasible solutions ~uðxÞ and {u�(x),z�(x)}, z�ðxÞA@gð ~uðxÞ; xÞ
satisfy the conditions of Theorem 6.34, then they are optimal solutions of the pri-

mary (PC) and dual (PDl) problems, respectively, and their values are equal.
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& To proceed, first note that by Theorem 6.34 ~uðxÞ is a solution of the primary

problem (PC). We need to prove that the pair {u�(x),z�(x)} is a solution to problem

(PDl). By definition of a LAM, condition (a) of Theorem 6.34 is equivalent to the

inequality hΔu�ðxÞ1 z�ðxÞ; u2 ~uðxÞi2 hu�ðxÞ; v2Δ ~uðxÞi$ 0; ðu; vÞAgph Fð:;:;xÞ:
The latter yields

ðΔu�ðxÞ1 z�ðxÞ; u�ðxÞÞAdom MðU;U; xÞ ð6:202Þ

where dom M( � , � ,x):5 {(u�,v�):M(u�,v�,x). 2N}. Further, since @g(u,x)Cdom

g�(�,x) it is clear that
z�ðxÞAdom g�ðU; xÞ: ð6:203Þ

Consequently, it can be concluded from Eqs. (6.203) and (6.203) that the indi-

cated pair of functions {u�(x),z�(x)} is a pair of feasible solutions; i.e., the set of

feasible solutions to (PDl) is nonempty. Now, let us justify the optimality of the

solution {u�(x),z�(x)} to problem (PDl). By Lemma 2.6,

F�ðv�; ðu; vÞ; xÞ5 fu� : Mðu�; v�; xÞ5 hu; u�i2Hðu; v�; xÞg:

Using this formula and condition (a) of Theorem 6.34, we get

MðΔu�ðxÞ1 z�ðxÞ; u�ðxÞ; xÞ5 h ~uðxÞ;Δu�ðxÞ1 z�ðxÞi2Hð ~uðxÞ; u�ðxÞ; xÞ:

Now based on condition (c) of Theorem 6.34, we have hΔ ~uðxÞ; u�ðxÞi5
Hð ~uðxÞ; u�ðxÞ; xÞ: Thus,

MðΔu�ðxÞ1 z�ðxÞ; u�ðxÞ; xÞ5 h ~uðxÞ;Δu�ðxÞ1 z�ðxÞi2 hΔ ~uðxÞ; u�ðxÞi: ð6:204Þ

On the other hand, the inclusion z�ðxÞA@gð ~uðxÞ; xÞ is equivalent to the equality

g�ðz�ðxÞ; xÞ5 h ~uðxÞ; z�ðxÞi2 gð ~uðxÞ; xÞ: ð6:205Þ

Then, in view of Eqs. (6.203)�(6.205), as in the proof of Theorem 6.45, it is not

hard to show that Jð ~uðxÞÞ5 J�ðu�ðxÞ; z�ðxÞÞ: This completes the proof of the

theorem.’

Now let us formulate the dual problem to the convex problem (PM) with homo-

geneous boundary conditions. In this case, the duality problem consists of the

following:

ðPMDlÞ sup
u�ðxÞ;z�ðxÞ;xAG;

u�ðxÞ5 0;xAS:

J�ðu�ðxÞ; z�ðxÞÞ;

Here,

J�ðu�ðxÞ; z�ðxÞÞ5
ð
G

½MðL�u�ðxÞ1 z�ðxÞ; u�ðxÞ; xÞ2 g�ðz�ðxÞ; xÞ�dx;

u�ðxÞAC2ðGÞ \ CðGÞ; z�ðxÞACðGÞ; x5 ðx1; . . . ; xnÞ:
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Now by replacing Δ with the second-order elliptic operator L and using the idea

suggested in the proofs of Theorems 6.45 and 6.46, it is easy to get Theorem 6.47.

Theorem 6.47. If ~uðxÞ and the pair of functions {u�(x),z�(x)} are feasible solutions

to the primary convex problem (PM) with homogeneous boundary value conditions

and dual problem (PMDl), respectively, then Jð ~uðxÞÞ$ J�ðu�ðxÞ; z�ðxÞÞ: In addition, if

assertions (i) and (ii) of Theorem 6.37 for sufficiency of optimality are valid here

and z�ðxÞA@gð ~uðxÞ; xÞ; then the values of the cost functional are equal and {u�(x),z�

(x)} is a solution of the dual problem (PMDl).

6.6 Optimization of Discrete-Approximation and
Differential Inclusions of Parabolic Type and Duality

The present section is devoted to an investigation of first boundary value problems

for partial differential inclusions of parabolic type. It can be divided conditionally

into two parts.

In the second part of this section, we construct the dual problem to convex pro-

blems for partial differential inclusions of parabolic type. Note that a sufficient

condition for an extremum is the extremal relation for the direct and dual problems.

As in the preceding sections, it is known that for the theory of partial differential

equations, the concept of a generalized solution is important from both the theoreti-

cal and the practical point of view.

We emphasize that the solution of the considered differential inclusions is taken

in the space C1,2 [92,178].

At the end of Subsection 2, we consider an optimal control problem described

by the heat equation. This example shows that in known problems the conjugate

inclusion coincides with the conjugate equation, which is traditionally obtained

with the help of the Hamiltonian function.

A mapping F�ðU; ð ~x; ~vÞÞ : ℝn-PðℝnÞ; ð ~x; ~vÞAgph F defined by

F�ðv�; ð ~x; ~vÞÞ5 fx� : HFðx; v�Þ2HFð ~x; v�Þ# hx�; x2 ~xi’xARng ð6:206Þ
is the LAM for a nonconvex mapping F : ℝn-P(ℝn).

Remember that for a convex mapping F, the LAM is equal to @HF(x,v
�)

(Theorem 2.1).

In Subsection 1, we study the problem for the so-called partial differential inclu-

sions of parabolic type:

inf IðxÞ5
ðð
Q

gðxðt; τÞ; t; τÞdt dτ ð6:207Þ

subject to
@2xðt; τÞ
@τ2

2
@xðt; τÞ

@t
AFðxðt; τÞ; t; τÞ; 0, t# 1; 0, τ, 1; ð6:208Þ
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xð0; τÞ5αðτÞ; xðt; 0Þ5β0ðtÞ; xðt; 1Þ5β1ðtÞ; Q5 ½0; 1�3 ½0; 1�: ð6:209Þ

Here, F(�,t,τ) : ℝn-P(ℝn) is a multivalued mapping, g : ℝn3Q-ℝr, and α
and β0,β1 are continuous functions, α : [0,1]-ℝn, βi:[0,1]-ℝn(i5 0,1). The prob-

lem is to find a classical solution ~xðt; τÞ of the so-called first boundary value prob-

lem in Eqs. (6.207) and (6.208) that minimizes I. Note that in Refs. [4,21,46,

164,166], the classical optimal control problems described by hyperbolic or ellip-

tic-type differential equations are extended to the case of corresponding differential

inclusions and the obtained problems, naturally, are called problems for hyperbolic

and elliptic differential inclusions, respectively. Of course, in this sense the name

parabolic differential inclusions for problems (6.207)�(6.209) is justified.

Here a solution is understood to be classical solution only for simplicity of the

exposition. As will be seen at the end of Subsection 1, the results obtained can be

extended to the case of a generalized solution.

The subject of the next investigation in Subsection 1 is the multidimensional

optimal control problem for partial differential inclusions of parabolic type:

inf IðxÞ5
ð1
0

ð
G

gðxðt; τÞ; t; τÞdt dτ ð6:210Þ

subject to Lxðt; τÞA @xðt; τÞ
@t

1Fðxðt; τÞÞ; ð6:211Þ

xð0; τÞ5αðτÞ; tAGCℝn; ð6:212Þ
xðt; τÞ5βðt; τÞ; ðt; τÞAH; ð6:213Þ

where F : ℝn-P(ℝn) and G is the domain of change of arguments τ5 (τ1,. . .,τn)
in the differential inclusion in Eq. (6.211), with piecewise smooth boundary S.

Thus, the domain in which Eq. (6.211) is given is a cylinder D5 {τAG, 0, t, 1}

(DCℝn11) of height 1, base G,H is the lateral surface of D:H5 {τAS, 0, t, 1},

and G3 {0} and G3 {1} are the lower and upper bases, respectively. L is a sec-

ond-order elliptic operator.

A function x(t,τ) in C1,2(D)\C[D[H[(G3 {0}], that satisfies the inclusion in

Eq. (6.211) in D, the initial condition in Eq. (6.212) on G3 {0}, and the boundary

condition in Eq. (6.213) on H is called a classical solution of the problem posed,

where C1,2 (D) is the space of functions u, having continuous derivatives @u/@t,
@2u/@τi@τj, i, j5 1, . . ., n [164,178].

1 Sufficient Conditions for Optimality for Differential Inclusions of
Parabolic Type

Theorem 6.48. Suppose that g : ℝn3Q-ℝ is continuous and convex with respect

to x and F : ℝn3Q-P(ℝn) is a convex mapping. Then for the optimality of the
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solution ~xðt; τÞ among all admissible solutions in the problem in Eqs. (6.207) and

(6.208), it is sufficient that there exists a classical solution x�(t,τ) of the following

boundary value problem:

a. @2x�ðt;τÞ
@τ2 1 @x�ðt;τÞ

@t AF�ðx�ðt; τÞ; ð ~xðt; τÞ; ~xτ2 ðt; τÞ2 ~xtðt; τÞÞ; t; τÞ2 @gð ~xðt; τÞ; t; τÞ;
b. x�(1,τ)5 0, x�(t,0)5 0, x�(t,1)5 0, (t,τ)AQ,

c. @2 ~xðt;τÞ
@τ2 2 @ ~xðt;τÞ

@t AFð ~xðt; τÞ; x�ðt; τÞ; t; τÞ:
& For a convex multivalued mapping F, using the Moreau�Rockefeller theorem

from condition (a), we obtain the inclusion

@2x�ðt; τÞ
@τ2

1
@x�ðt; τÞ

@t
A@ HFð ~xðt; τÞ; x�ðt; τÞ; t; τÞ2 gðxðt; τÞ; t; τ½ �; ðt; τÞAQ:

Using the definitions of subdifferential and condition (c) for all admissible solu-

tions x(t,τ), we rewrite the last relation in the form

@2xðt; τÞ
@τ2

1
@xðt; τÞ

@t
; x�ðt; τÞ

� �
2

@2 ~xðt; τÞ
@τ2

1
@ ~xðt; τÞ

@t
; x�ðt; τÞ

� �

2 gðxðt; τÞ; t; τÞ1 gð ~xðt; τÞ; t; τÞ# @2x�ðt; τÞ
@τ2

1
@x�ðt; τÞ

@t
; xðt; τÞ2 ~xðt; τÞ

� �
:

Integrating this inequality over Q, we getðð
Q

gðxðt;τÞ;t;τÞ2gð ~xðt;τÞ;t;τ½ �dtdτ$2

ðð
Q

@2x�ðt;τÞ
@τ2

1
@x�ðt;τÞ

@t
;xðt;τÞ2 ~xðt;τÞ

� �
dtdτ

1

ðð
Q

@2ðxðt;τÞ2 ~xðt;τÞÞ
@τ2

2
@ðxðt;τÞ2 ~xðt;τÞÞ

@t
;x�ðt;τÞ

� �
dtdτ: ð6:214Þ

After simple transformations, we obtain that the right side of the inequality in

Eq. (6.214) is equal to zero. Indeed for brevity of notation, we denote the right side

of Eq. (6.214) by R. Then

R52

ðð
Q

@2x�ðt;τÞ
@τ2

;xðt;τÞ2 ~xðt;τÞ
� �

dtdτ1
ðð
Q

@2ðxðt;τÞ2 ~xðt;τÞÞ
@τ2

;x�ðt;τÞ
� �

dtdτ

2

ðð
Q

@

@t
xðt;τÞ2 ~xðt;τÞ;x�ðt;τÞ� �

dtdτ;

where, since by condition (b), x�(1,τ)5 0 and x(t,τ), and ~xðt; τÞ are admissible solu-

tions, i.e., xð0; τÞ5 ~xð0; τÞ5αðτÞ; we haveðð
Q

@

@t
hxðt; τÞ2 ~xðt; τÞ; x�ðt; τÞidt dτ5

ð1
0

hxð1; τÞ2 ~xð1; τÞ; x�ð1; τÞidτ

2

ð1
0

hxð0; τÞ2 ~xð0; τÞ; x�ð0; τÞidτ5 0:
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So it is clear that

R52

ðð
Q

@

@τ
@x�ðt;τÞ

@τ
;xðt;τÞ2 ~xðt;τÞ

* +
dtdτ1

ðð
Q

@

@τ
x�ðt;τÞ; @

@τ
ðxðt;τÞ2 ~xðt;τÞÞ

* +
dtdτ

52

ð1
0

@x�ðt;1Þ
@τ

;xðt;1Þ2 ~xðt;1Þ
* +

dt1

ð1
0

@x�ðt;0Þ
@τ

;xðt;0Þ2 ~xðt;0Þ
* +

dt

1

ð1
0

x�ðt;1Þ; @
@τ

ðxðt;1Þ2 ~xðt;1ÞÞ
* +

dt2

ð1
0

x�ðt;0Þ; @
@τ

ðxðt;0Þ2 ~xðt;0ÞÞ
* +

dt50;

where it is taken into account that x�(t,0)5 x�(t,1)5 0 by condition (b) of the theo-

rem. Thus, we have finally

ðð
Q

gðxðt; τÞ; t; τÞdt dτ$
ðð
Q

gð ~xðt; τÞ; t; τÞdt dτ:

The theorem is proved.’

Theorem 6.49. Let us consider the nonconvex problem in Eqs. (6.207)�(6.209)

and let ~xðt; τÞ be an admissible solution of this problem. Then for the optimality of

the solution ~xðt; τÞ among all admissible solutions, it is sufficient that there exists a

classical solution x�(t,τ) of the following boundary value problem:

i. @2x�ðt;τÞ
@τ2 1 @x�ðt;τÞ

@t AF�ðx�ðt; τÞ; ð ~xðt; τÞ; ~xτ2 ðt; τÞ2 ~xtðt; τÞÞ; t; τÞ;
ii. gðx; t; τÞ2 gð ~xðt; τÞ; t; τÞ$ hx�ðt; τÞ; x2 ~xðt; τÞi for all x;
iii. x�(1,τ)5 0, x�(t,0)5 0, x�(t,1)5 0,

iv. @2 ~xðt;τÞ
@τ2 2 @ ~xðt;τÞ

@t AFð ~xðt; τÞ; x�ðt; τÞ; t; τÞ; ðt; τÞAQ:

Here the LAM F� is defined by Eq. (6.206).

& By the definition of the LAM F� and by conditions (i) and (ii), we have

HFðx; ðt; τÞ; x�ðt; τÞ; t; τÞ2HFð ~x; ðt; τÞ; x�ðt; τÞ; t; τÞ
#

@2x�ðt; τÞ
@τ2

1
@x�ðt; τÞ

@t
; xðt; τÞ2 ~xðt; τÞ

* +
;

gðx; ðt; τÞ; t; τÞ2 gð ~x; ðt; τÞ; t; τÞ$ hx�ðt; τÞ; xðt; τÞ2 ~xðt; τÞi:

ð6:215Þ

Now, using condition (iv) and integrating the relations in Eq. (6.215) and adding

them, we get the inequality in Eq. (6.214). Then starting from the inequality in

Eq. (6.214) similarly as in the proof of Theorem 6.48, it can be shown that ~xðt; τÞ is
optimal.
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We now apply the results of this section to the problem in Eqs. (6.210) and

(6.213); here, the use of Theorem 6.48 plays a decisive role in the investigation of

this problem.

Theorem 6.50. Suppose that g is a continuous function that is convex with respect

to x, and F is a convex mapping. Then ~xðt; τÞ minimizes the functional equa-

tion (6.210) among all admissible solutions of the problem in Eqs. (6.210)�(6.213)

if there exists a classical solution x�(t,τ) of the following boundary value problem:

L�x�ðt; τÞ1 x�t ðt; τÞAF�ðx�ðt; τÞ; ð ~xðt; τÞ;L ~xðt; τÞ2 ~xtðt; τÞÞÞ2 @gð ~xðt; τÞ; t; τÞ;
L ~xðt; τÞ2 ~xtðt; τÞAFð ~xðt; τÞ; x�ðt; τÞÞ;

x�ð1; τÞ5 0; τAG; x�ðt; τÞ5 0; ðt; τÞAH;

ð6:216Þ

where L� is the operator adjoint to L.

& By arguments analogous to those in the proof of Theorem 6.48, it is not hard to

see that

ð1
0

ð
G

½gðxðt;τÞ;t;τÞ2gð ~xðt;τÞ;t;τÞ�dtdτ$2

ð1
0

ð
G

ðL�x�ðt;τÞ1x�t ðt;τÞÞðxðt;τÞ2 ~xðt;τÞÞdtdτ

1

ð1
0

ð
G

Lðxðt;τÞ2 ~xðt;τÞÞ2@

@t
ðxðt;τÞ2 ~xðt;τÞÞ


 �
x�ðt;τÞdtdτ: ð6:217Þ

Using boundary condition (7) and the condition x�( t,τ)5 0, (t,τ)AH, we get

from Green’s formula thatð
G

½x�ðt; τÞLðxðt; τÞ2 ~xðt; τÞÞ2 ðxðt; τÞ2 ~xðt; τÞÞL�x�ðt; τÞ�dτ5 0: ð6:218Þ

Moreover, by the initial condition in Eq. (6.212) and x�(1,τ)5 0, we have

ð1
0

ð
G

@

@t
x�ðt; τÞðxðt; τÞ2 ~xðt; τÞÞ½ �dt dτ5

ð
G

x�ð1; τÞðxð1; τÞ2 ~xð1; τÞÞdτ5 0:

ð6:219Þ
Then with the use of Eqs. (6.218) and (6.219), we conclude that the right side of

Eq. (6.217) is equal to zero; i.e.,

ð1
0

ð
G

gðxðt; τÞ; t; τÞdt dτ$
ð1
0

ð
G

gð ~xðt; τÞ; t; τÞdt dτ:

The theorem is proved.’
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Remark 6.20. If by analogy to the classical theory of parabolic equations, we take

xt2 Lx instead of Lx2 xt, then F� must be replaced by (2F)�. Therefore, for the
computation of ~F

� 6¼ [; ~FðxÞ5αFðxÞ (α5 constant) by Lemma 2.7, we have the

formula

~F
�ðv�; ðx;αvÞÞ5 jαjF�ðv�sgn α; ðx; vÞÞ;

which is easily obtained from the definition of LAM.

Remark 6.21. With the use of Theorem 6.49, there can be obtained sufficient con-

ditions for the nonconvex problem in Eqs. (6.210) and (6.213).

Remark 6.22. Suppose that we have the problem in Eqs. (6.210)�(6.213) with

homogeneous boundary conditions, where α(τ)AL2(G), H
1,0(D) is the Hilbert space

(for a more detailed study, see, for example, Refs. [91,180]) consisting of the ele-

ments x(t,τ)AL2(D) having square-integrable generalized derivatives on D, where

the inner product and the norm are defined by the respective expressions

hx1; x2iH1;0ðDÞ 5
ð
D

x1x2 1
@x1
@τ

@x2
@τ

� �
dt dτ; :x:

H1;0ðDÞ 5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hx; xiH1;0ðDÞ

q
:

By analogy to the classical theory of the first boundary value problem for partial

differential equations of parabolic type, a function x(t,τ)AH1,0(D) is called a gener-

alized solution of the problem in Eqs. (6.210)�(6.213) if it satisfies the boundary

conditions x(t,τ)5 0, (t,τ)AH and the identity

ð
D

xζ t2
Xn
i;j51

dij
@x

@τj
@ζ
@τi

2
Xn
i51

bi
@x

@τi
ζ2 cxζ

 !
dt dτ5

ð
G

αζð0;τÞdτ1
ð
D

f ζdt dτ

for all ζ(t,τ)AH1(D) [91,180,246] with the conditions ζ(1,τ)5 0,τAG, ζ(t,τ)5 0,

(t,τ)AH.

Here, f5 f(x) is an arbitrary measurable selection [111] of the multivalued map-

ping F.

It easy to see that the concept of a solution almost everywhere (a.e.) can be

introduced in addition to the concepts of a classical solution and generalized

solution.

A function x(t,τ)AH2,1(D) [25] is said to be a solution a.e. for the problem in

Eqs. (6.210)�(6.213) with homogeneous boundary conditions if it satisfies for

almost all (t,τ)AD the inclusion in Eq. (6.211), the initial condition in Eq. (6.212),

and the homogeneous boundary conditions. A generalized solution for the adjoint

boundary value problem is defined analogously.
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2 Duality in Differential Inclusions of Parabolic Type

Let us introduce the function

I�ðx�;u�Þ5
ðð
Q

MF

@2x�ðt;τÞ
@τ2

1
@x�ðt;τÞ

@t
1u�ðt;τÞ;x�ðt;τÞ

� �
2g�ðu�ðt;τÞ;t;τÞ


 �
dtdτ

2

ð1
0

hx�ð0;τÞ;αðτÞidτ:

Then the problem of determining the supremum

sup
x�ðt;τÞ;u�ðt;τÞ;x�ð1;τÞ5 0;

x�ðt;0Þ5 x�ðt;1Þ5 0

I�ðx�; u�Þ ð6:220Þ

is called the dual problem to the convex problem in Eqs. (6.207)�(6.209) with

homogenous boundary conditions (β0(t)5β1(t)5 0). It is clear that the boundary

conditions in the problem in Eqs. (6.207)�(6.209) can always be made homoge-

neous by a change of variables. We assume that x�AC1,2(Q) and u� is in the class

of continuous functions on Q in the problem in Eq. (6.220).

Theorem 6.51. The inequality I(x)$ I�(x�, u�) is satisfied for all admissible solu-

tions x and {x�,u�} of the problem in Eqs. (6.206)�(6.209) with homogeneous bound-

ary condition and all solutions of the dual problem in Eq. (6.220), respectively.

& The proof is similar to the one for duality theorems in the preceding sections.

By definition of the functions MF, it is clear that for all x5 x(t,τ), x� 5 x�(t,τ),
u� 5 u�(t,τ),

MF

@2x�ðt;τÞ
@τ2

1
@x�ðt;τÞ

@t
2u�ðt;τÞ;x�ðt;τÞ

� �

#2
@2x�ðt;τÞ

@τ2
1
@x�ðt;τÞ

@t
2u�ðt;τÞ;x�ðt;τÞ

� �
1 x�ðt;τÞ;@

2xðt;τÞ
@τ2

2
@xðt;τÞ
@t

� �
:

ð6:221Þ

Moreover using the definition of g�and I�(x�, u�) and integrating Eq. (6.221), we

found

I�ðx�ðt;τÞ;u�ðt;τÞÞ#2

ðð
Q

@2x�ðt;τÞ
@τ2

;xðt;τÞ
� �

dtdτ1
ðð
Q

x�ðt;τÞ; @
2xðt;τÞ
@τ2

� �
dtdτ

2

ðð
Q

@

@t
hx�ðt;τÞ;xðt;τÞidtdτ2

ð1
0

hx�ð0;τÞ;αðτÞidτ1 Iðxðt;τÞÞ: ð6:222Þ

Similarly to the proof of Theorem 6.48, using the condition x�(1,τ)5 0, it can

be shown that the sum of the last two integrals on the right side of the equality in
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Eq. (6.222) is equal to zero. On the other hand, taking into account the homoge-

neous boundary conditions x(t,0)5 0 and x (t,1)5 0, it is not hard to show that

ðð
Q

x�ðt; τÞ; @
2xðt; τÞ
@τ2

� �
2

@2x�ðt; τÞ
@τ2

; xðt; τÞ
� �
 �

dt dτ

5

ð1
0

@x�ðt; τÞ
@t

; xðt; τÞ
� �
 �τ5 1

τ5 0

dt2

ð1
0

x�ðt; τÞ; @xðt; τÞ
@τ

� �
 �τ5 1

τ5 0

dt5 0:

Thus, we have from the inequality in Eq. (6.222) that I�(x�(t,τ),u�(t,τ))#
I(x(t,τ)).’

Theorem 6.52. If the solutions ~xðt; τÞ and {x�(t,τ), u�(t,τ)}, u�ðt; τÞA
@gð ~xðt; τÞ; t; τÞ satisfy conditions (a)�(c) of Theorem 6.48, then they are solutions

of the direct and dual problems, and their values are equal.

& The fact that ~xðt; τÞis a solution of the direct problem was proved in Theorem

6.48. We prove the remaining assertions. By the definition of LAM, condition (a)

of Theorem 6.48 is equivalent to the inequality

u�ðt; τÞ1 @2x�ðt; τÞ
@τ2

1
@x�ðt; τÞ

@t
; x2 ~xðt; τÞ

� �

2 x�ðt; τÞ; v2@2 ~xðt; τÞ
@τ2

1
@ ~xðt; τÞ

@t

� �
$ 0; ðx; vÞAgph F;

which means that

u�ðt;τ1 @2x�ðt;τÞ
@τ2

1
@x�ðt;τÞ

@t
;x�ðt;τÞ

� �
AdomMF : 5 ðx�;v�Þ :MFðx�;v�Þ.2N

� �
:

Moreover, from @g(x,t,τ)Cdom g�( � ,t,τ), it follows that u�(t,τ)Adom g�(�,t,τ).
Then taking into account these inclusions, it can be concluded that the solution

{x�,u�} is an admissible solution. Further, by Lemma 2.6, we get

MF

@2x�ðt;τÞ
@τ2

2
@x�ðt;τÞ

@t
2u�ðt;τÞ;x�ðt;τÞ

� �

5
@2x�ðt;τÞ

@τ2
1

@x�ðt;τÞ
@t

1u�ðt;τÞ; ~xðt;τÞ
� �

2HFð ~xðt;τÞ;x�ðt;τÞÞ; ð6:223Þ

and from condition (c), we have

HFð ~xðt; τÞ; x�ðt; τÞÞ5
@2 ~xðt; τÞ
@τ2

2
@ ~xðt; τÞ

@t
; x�ðt; τÞ

� �
: ð6:224Þ
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Then, in view of Eqs. (6.223) and (6.223) and u�ðt; τÞA@gð ~xðt; τÞ; t; τÞ; it is easy
to establish that instead of the inequality in Eq. (6.222) in the proof of Theorem 2.1

(see also Theorem 6.46), we have equality; i.e., Ið ~xðt; τÞÞ5 I�ðx�ðt; τÞ; u�ðt; τÞÞ and
{x�(t,τ), u�(t,τ)} is optimal.’

We remark that the dual problem to the convex problem in Eqs. (6.210)�
(6.212) with homogeneous boundary conditions consists of the following:

sup
x�ðt;τÞ;u�ðt;τÞ;x�ð1;τÞ5 0;

x�ðt;τÞ5 0;ðt;τÞAH;

I�ðx�; u�Þ; τAG ð6:225Þ

where

I�ðx�;u�Þ5
ð1
0

ð
G

MF L�x�ðt;τÞ1 @x�ðt;τÞ
@t

1u�ðt;τÞ;x�ðt;τÞ
� �

2g�ðu�ðt;τÞ;t;τÞ

 �

dtdτ

2

ð
G

x�ð0;τÞαðτÞdτ: ð6:226Þ

By extending the proof of Theorems 6.51 and 6.52 to the case under consider-

ation, it is not hard to get the following result.

Theorem 6.53. If ~xðt; τÞ and {x�(t,τ), u�(t,τ)}, u�(t,τ)Adom g�( � ,t,τ) are admissi-

ble solutions to the primary convex problem in Eqs. (6.210)�(6.213) with homoge-

neous boundary conditions and of the dual problem in Eqs. (6.225) and (6.226),

respectively, then I�ð ~xðt; τÞÞ$ I�ðx�ðt; τÞ; u�ðt; τÞÞ:
If the condition of Theorem 6.50 that suffices for optimality is valid here, then

the strict equality holds, and {x�(t,τ), u�(t,τ)} is a solution of the dual problem.

We now consider an example:

inf IðxÞ

subject to
@2xðt; τÞ
@τ2

2
@xðt; τÞ

@t
5Axðt; τÞ1Buðt; τÞ; uðt; τÞAU

xð0; τÞ5αðτÞ; xðt; 0Þ5β0ðtÞ; xðt; 1Þ5β1ðtÞ; ð6:227Þ

where A and B are n3 n and n3 r matrices, respectively, UCℝr is a convex

closed set, and g is a continuously differentiable function of x. It is required to find

a controlling parameter ~uðt; τÞAU such that the solution ~xðt; τÞ corresponding to it

minimizes I.
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Now applying Theorem 6.48 as in the example considered in Section 6.5, we

get

@2x�ðt; τÞ
@τ2

1
@x�ðt; τÞ

@t
5A�x�ðt; τÞ2 g0ð ~xðt; τÞ; t; τÞ;

x�ð1; τÞ5 0; x�ðt; 0Þ; x�ðt; 1Þ5 0; ð6:228Þ

hB ~uðt; τÞ; x�ðt; τÞi5 sup
uAU

hBu; x�ðt; τÞi:

Therefore, we have obtained Theorem 6.54.

Theorem 6.54. The solution ~xðt; τÞ corresponding to the control ~uðt; τÞ minimizes

I(x) in the problem in Eq. (6.227) if there exists a function x�(t,τ) satisfying

Eq. (6.228).

On the other hand, by elementary computations, we find that

MFðx�; v�Þ5 2N; if x� 6¼ A�v�;
2WUðB�v�Þ; if x� 5A�v�;

�

where WU is a support function of U. Thus, in the dual problem in Eq. (6.227),

I�(x�,u�) has the form

I�ðx�; u�Þ52

ðð
Q

½WUðB�x�ðt; τÞÞ1 g�ðu�ðt; τÞ; t; τÞ�dt dτ2
ð1
0

hx�ð0; τÞ;αðτÞidτ;

where

@2x�ðt; τÞ
@τ2

1
@x�ðt; τÞ

@t
5A�x�ðt; τÞ2 u�ðt; τÞ:

6.7 Optimization of the First Boundary Value Problem
for Hyperbolic-Type Discrete-Approximation and
Differential Inclusions

This section deals with the first boundary value problem for discrete (PD), the

discrete-approximation problem on a uniform grid and differential (PC) inclusions

of hyperbolic type. In the form of the Euler�Lagrange inclusion, necessary and
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sufficient conditions for optimality are derived for these problems on the basis of

new concept of LAMs. In Subsection 4, the results obtained are generalized to

the multidimensional case with a second-order elliptic operator (PM). It must be

pointed out that in hyperbolic differential inclusions, the solution is taken in the

space of classical solutions.

First, we consider the following optimization problem for discrete hyperbolic

inclusions

inf
X

t5 2;...;T ;x5 1;...;L21

gt;xðut;xÞ ð6:229Þ

subject to ut1 1;xAFt;xðut21;x; ut;x21; ut;x; ut;x1 1Þ; ð6:230Þ

ut;0 5α0t; ut;L 5αLt; u0;x 5β0x; u1;x 5β1x ð6:231Þ

t5 1; . . . ;T 21; x5 1; . . . ;L21:

where gt,x : ℝ
n-ℝ[{6N} are real valued functions, Ft,x are multivalued mappings,

Ft,x : ℝ
4n-P(ℝn) and α0t, αLt, β0x, β1x are fixed vectors, and T, L are positive inte-

gers. We label the problem in Eqs. (6.229)�(6.231) (PD), and call it the first

boundary value problem for a discrete inclusion of hyperbolic type. The problem

(PD) is convex if the mappings Ft,x are convex and gt,x are convex proper

functions.

A set of points {ut,x}D5 {ut,x:(t,x)AD}, where

D5 fðt; xÞ : t5 0; . . . ;T ; x5 0; . . . ;L; ðt; xÞ 6¼ ð0; 0Þ; ð0; LÞ; ðT ; 0Þ; ðT ;LÞg

is called a feasible solution for the problem (PD) if it satisfies the inclusions in

Eq. (6.230) and boundary conditions in Eq. (6.231). One can check easily that for

any fixed T and L the boundary condition in Eq. (6.231) possesses a feasible solu-

tion, and the number of points to be determined is equal to the number of discrete

inclusions. In this sense, the name discrete hyperbolic inclusions is justified.

The following condition is assumed below for the functions gt,x and the map-

pings Ft,x (t5 1, . . ., T 21; x5 1, . . ., L21).

Hypothesis H1. Let f ~ut;xgD be an optimal solution of the problem (PD) and assume

that the cone of tangent directions Kgph Ft;x ð ~ut21;x; ~ut;x21; ~ut;x; ~ut;x1 1; ~ut1 1;xÞ is locally
tent. Assume, moreover, that the functions gt,x admit a CUA ht;xðu; ~ut;xÞ at the points
~ut;x; which is continuous with respect to u:

Hypothesis H2. Let fu0t;xgD be a feasible solution for convex problem (PD).

Assume that either (a) or (b) is satisfied:

a. ðu0t21;x; u0t;x21; u0t;x; u0t;x1 1; u
0
t1 1;xÞAri gph Ft;xut;

x0Ari dom gt;x; t5 1; . . . ; T21; x5 1; . . . ; L21:
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b. For u0t;xAri dom gt;x;t5 1, . . ., T21; x5 1, . . ., L21 the indicated points in (a) are inte-

rior points of gph Ft,x, except maybe one of them.

In Subsection 3, we investigate the following problem for hyperbolic differential

inclusion:

inf JðuðU;UÞÞ : 5
ðð
R

gðuðt; xÞ; t; xÞdx dt1
ð1
0

g0ðuð1; xÞ; xÞdx ð6:232Þ

subject to &uðt; xÞAFðuðt; xÞ; t; xÞ; ðt; xÞAR5 ½0; 1�3 ½0; 1� ð6:233Þ

uð0; xÞ5ϕ0ðxÞ; @uð0; xÞ
@t

5ϕ1ðxÞ; ð6:234Þ

uðt; 0Þ5α0ðtÞ; uðt; 1Þ5α1ðtÞ;

where& is the operator defined as&5 (@2/@t2)2 (@2/@x2). Here F( � ,t,x) : ℝn-P(ℝn),

g : ℝn3ℝ2-ℝ, g0 : ℝ
n3ℝ-ℝ, and ϕi, αi (i5 0,1) are continuous functions.

We label this continuous problem (PC) and call it the first boundary value problem

for hyperbolic differential inclusions. It is required to find a solution ~uðU; UÞ of the
boundary value problem in Eqs. (6.233) and (6.234) that minimizes J(u( � , � )), where
in this context a feasible solution is understood to be a classical solution.

The obtained results are extended to the case of the multidimensional optimal

control problem (PM) for hyperbolic differential inclusions:

inf JðuðU;UÞÞ : 5
ð1
0

ð
G

gðuðt; xÞ; t; xÞdx dt1
ð
G

g0ðuð1; xÞ; xÞdx ð6:235Þ

subject to
@2uðt; xÞ

@t2
2 Luðt; xÞÞAFðuðt; xÞ; t; xÞ; ðt; xÞA 0; 1½ �3G ð6:236Þ

uð0; xÞ5ϕ0ðxÞ;
@uð0; xÞ

@t
5ϕ1ðxÞ; xAG ð6:237Þ

uðt; xÞ5αðt; xÞ; ðt; xÞAB;

where F(�,t,x) : ℝ-P(ℝ) is a convex closed multivalued mapping for all fixed (t,x),

x5 (x1, . . ., xn)AG, D5 (0,1)3GCℝn11 is a bounded cylinder. Thus, the domain

in which Eq. (6.236) is given is a cylinder D of height 1 and base G. The set B5
(0,1)3 S, where S is a piecewise-smooth boundary of G is the lateral surface of D.

G is a domain consisting of arguments x5 (x1, . . ., xn), {0}3G,{1}3G are the

lower and upper bases, respectively. g : ℝ3 [0,1]3G-ℝ, g0 : ℝ3G-ℝ are
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functions that are continuous and convex in u, and ϕ0:G-ℝn, ϕ1:G-ℝn, and α are

continuous. L is a second-order elliptic operator and dx5 dx1dx2, . . . , dxn.
A function u( � , � ) from C2ðDÞ \ C1½D [ B [ ðf0g3GÞ�; satisfying the inclusion

in Eq. (6.236) in D and the initial boundary condition in Eq. (6.237) is called a

classical solution of the problem (PM), where C2(D) is the space of functions u(�,�)
having continuous second-order derivatives (@2u/@xi@xj), i, j5 1, . . . , n. It is

required to find a classical solution ~uðU;UÞ of the initial boundary value problem

(PM) that minimizes J(u(�,�)).

1 Necessary and Sufficient Conditions for First Boundary Value Problems
of Discrete Hyperbolic Inclusions

First, we formulate necessary and sufficient conditions for the convex problem

(PD).

Theorem 6.55. Let fu0t;xgD be a feasible solution and gt,x be convex proper func-

tions continuous at the points of fu0t;xgD: Moreover, assume that Ft,x, t5 1, . . . ,
T21; x5 1, . . . , L21 are convex multivalued mappings. Then for f ~ut;xgD to be an

optimal solution of the first boundary value problem for the discrete inclusion of

hyperbolic type (PD), it is necessary that there exist a number λA{0,1} and vectors

fψ�
t;xg; fη�t;xg; fξ�t;xg; fu�t;xg; not all equal to zero, such that:

i. ðψ�
t;x; ξ

�
t;x; u

�
t;x; η

�
t;x; ÞAF�

t;xðu�t;x; ð ~ut21;x; ~ut;x21; ~ut;x; ~ut;x1 1; ~ut1 1;xÞÞ1 f0g3 f0g3
fψ�

t1 1;x 1 ξ�t;x1 1 1 η�t;x21 2λ@gt;xð ~ut;xÞg3 f0g;
ii. ψ�

T ;x50; 2u�T21;xAλ@gT ;xð ~uT ;xÞ; x51; . . . ;L21; η�t;050; ξ�t;L50; t51; . . . ;T21:

Under Hypothesis H2, the conditions (i) and (ii) are also sufficient for the opti-

mality of f ~ut;xgD:
& In order to use the convex programming result, we form the m5 2n(L21)1 n

(T21)(L1 1)-dimensional vector w5 (u0, . . . , uT), where for any t5 1, . . . , T21,

ut5 (ut,0, . . . , ut,L)Aℝm(L1 1) is an n(L1 1)-dimensional vector and u05 (u0,1, . . . ,
u0,L21)Aℝn(L21), uT5 (uT,1, . . ., uT,L21)Aℝn(L21).

Setting

Mt;x 5 fw5 ðu0; u1; . . . ; uT Þ : ðut21;x; ut;x21; ut;x; ut;x1 1; ut1 1;xÞAgph Ft;xg;
t5 1; . . . ;T 21; x5 1; . . . ;L21;

N5 fw5 ðu0; . . . ; uT Þ : u1;x 5ϕ1
x ; x5 1; . . . ;L21g;

M1 5 fw5 ðu0; . . . ; uT Þ : u0;x 5ϕ0
x ; x5 1; . . . ;L21g;

ML 5 fw5 ðu0; . . . ; uT Þ : ut;L 5αL
t ; t5 1; . . . ;T 21g;

M2 5 fw5 ðu0; . . . ; uT Þ : ut;0 5α0
t ; t5 1; . . . ; T 21g:
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We can formulate a convex minimization problem in the space ℝm, which is equiv-

alent to the problem (PD):

inf gðwÞ subject to wAN5 \
t51;...;T21

x51;...;L21

Mt;x

0
BBB@

1
CCCA\N \M1 \ML \M2; ð6:238Þ

where gðwÞ5Pt5 2;...;T ;x5 1;...;L21gt;xðut;xÞ:
We shall use the results obtained for the convex minimization problem in

Eq. (6.238) in the next section. Thus, it is necessary to calculate the dual cones

K�
Mt;x

ðwÞ;K�
NðwÞ;K�

M1
ðwÞ;K�

MLðwÞ; K�
M2
ðwÞ; wAN:

By Lemma 6.3, we can write

K�
Mt;x

ðwÞ5 fw� 5 ðu�0; . . . ; u�T Þ : ðu�t21;x; u�t;x21; u�t;x; u�t;x1 1; u
�
t1 1;xÞ

AK�
gph Ft;x

ðut21;x; ut;x21; ut;x; ut;x1 1; ut1 1;xÞ; u�i;j 5 0; ði; jÞ 6¼ ðt21; xÞ; ðt; x21Þ;
ðt; xÞ; ðt; x1 1Þ; ðt1 1; xÞg; t5 1; . . . ;T 21; x5 1; . . . ;L21: ð6:239Þ

On the other hand,

K�
NðwÞ5 fw� 5 ðu�0; . . . ; u�T Þ : u�t 5 0; t 6¼ 1; u�1;0 5 u�1;L 5 0g;
K�
M1
ðwÞ5 fw� 5 ðu�0; . . . ; u�T Þ : u�t 5 0; t5 1; . . . ; Tg;

K�
MLðwÞ5 fw� 5 ðu�0; . . . ; u�T Þ : u�t;x 5 0; t5 1; . . . ;T 21; x 6¼ L; u�0 5 u�T 5 0g;

K�
M2ðwÞ5 fw� 5 ðu�0; . . . ; u�T Þ : u�t;x 5 0; t5 1; . . . ; T21; x 6¼ 0; u�0 5 u�T 5 0g:

ð6:240Þ

Obviously, g( � ) is continuous at the point w0 5 ðu00; . . . ; u0T Þ; and by the hypothe-

sis of theorem, ~w5 ð ~u0; ~u1; . . . ; ~uT Þ is a solution of the convex minimization problem

in Eq. (6.238). By Theorem 3.4, there exist vectors w�ðt; xÞAK�
Mt;x

ð ~wÞ; w�AK�
Nð ~wÞ;

w1�AK�
M1
ðwÞ;

wL�AK�
MLð ~wÞ; w2�AK�

M2
ð ~wÞ; w0�A@wgðwÞ; and a number λA{0,1}, not all

equal to zero, such thatX
t5 1;...;T 21

x5 1;...;L21

w�ðt; xÞ1w1� 1w� 1wL� 1wT�
5λw0�: ð6:241Þ

Remember that [w�]t,x denotes the components of the vector w� for the given

pair (t,x). Then using Eq. (6.239), we derive that

X
t5 1; . . . ; T 21

x5 1; . . . ;L21

w�ðt; xÞ1w� 1w1� 1wL� 1w2�

2
66664

3
77775
t;x

ð6:242Þ
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5u�t;xðt11;xÞ1u�t;xðt;x11Þ1u�t;xðt;xÞ1u�t;xðt;x21Þ1u�t;xðt21;xÞ5λu0�t;x;
t51; . . . ;T21; x51; . . . ;L21

u�t;1ðt;0Þ50; u�t;L21ðt;LÞ50; t51; . . . ;T ; u�T21;xðT ;xÞ50; x51; . . . ;L21

u�T ;xðT21;xÞ5λu0�T ;x;x51; . . . ;L21; u0�t;xA@gt;xð ~ut;xÞ; ½w0��t;x5u0�t;x:

ð6:243Þ
Moreover, using Eq. (6.239) and the definition of a LAM, we have

ðu�t21;xðt; xÞ; u�t;x21ðt; xÞ; u�t;xðt; xÞ; u�t;x11ðt; xÞÞ
AF�

t;xð2u�t11;xðt; xÞ; ð ~ut21;x; ~ut;x21; ~ut;x; ~ut;x11; ~ut11;xÞÞ
t5 1; . . . ;T 21; x5 1; . . . ;L21:

ð6:244Þ

Hence, introducing the new notations u�t21;xðt; xÞ5ψ�
t;x; u

�
t;x21ðt; xÞ5 ξ�t;x;

u�t;x1 1ðt; xÞ5 η�t;x; 2u�t1 1;xðt; xÞ5 u�t;x from Eqs. (6.243) and (6.244), we derive the

validity of the first part of the theorem. It should be pointed out that by Hypothesis

H2, the relation in Eq. (6.241) holds with λ5 1 for the point w0�A@wgð ~wÞ \ K�
Nð ~wÞ:

Therefore, by Theorem 3.3, the conditions (i) and (ii) are sufficient for the optimal-

ity of f ~ut;xgD:’
Then taking into account Theorem 2.1, we obtain the result in Corollary 6.4.

Corollary 6.4. If the conditions of Theorem 6.55 are satisfied and if in addition F

(u1,u2,u3,u4) is a closed convex set for every (u1,u2,u3,u4), then for the optimality of

f ~ut;xgD; it is necessary that there exist a number λA{0,1} and vectors

fψ�
t;xg; fη�t;xg; fξ�t;xg; fu�t;xg not all equal to zero, such that

u�t;xA@v�HFt;x ð ~ut21;x; ~ut;x21; ~ut;x; ~ut;x11;u�t;xÞ;
ðψ�

t;x;ξ
�
t;x;u

�
t21;x;η

�
t;xÞA@uHFt;x ð ~ut21;x; ~ut;x21; ~ut;x; ~ut;x11;u�t;xÞ

1f0g3f0g3fψ�
t11;x1ξ�t;x111η�t;x212λ@gt;xð ~ut;xÞg3f0g;

ψ�
T ;x50; 2u�T21;xAλ@gT ;xð ~uT ;xÞ; x51; . . . ;L21; η�t;050; ξ�t;L50; t51; . . . ;T21:

In addition, if Hypothesis H2 is satisfied, the conditions (i) and (ii) are sufficient

for optimality.

Theorem 6.56. Assume Hypothesis H1 for the nonconvex problem (PD). Then for

the optimality of f ~ut;xgD; it is necessary that there exist a number λA{0,1} and vec-

tors fψ�
t;xg; fη�t;xg; fξ�t;xg; fu�t;xg not all equal to zero, satisfying conditions (i) and (ii)

of Theorem 6.55.

& In the present case, Hypothesis H1 guarantees the relation in Eq. (6.241) for the

nonconvex problem (PD) and so for Eq. (6.238). Then we derive the necessary con-

dition as in Theorem 6.55 by starting from the relation in Eq. (6.241)) written out

for the nonconvex problem (PD).’

352 Approximation and Optimization of Discrete and Differential Inclusions



2 Approximation of the Continuous Problem and Necessary Conditions
for the Discrete-Approximation Problem

In this section, we use difference operators to approximate the problem (PC) and

apply Theorems 6.55 and 6.56 to obtain a necessary and sufficient condition for

optimality. For the given natural numbers N1, N2 we choose steps δ and h on the

t- and x-axes, respectively, and use the grid functions ut,x5 uδh(t,x) on a uniform

grid on R.

Denoting &u5Au2Bu, where Au5 (@2u/@t2), Bu5 (@2u/@x2) , it can easily be

seen that the following difference operators are defined on the three-point models

[32]; i.e., each of the operators Au, Bu is approximated by the ~Au and ~Bu :

~AuðxÞ : 5 uðt1 δ; xÞ22uðt; xÞ1 uðt2 δ; xÞ
δ2

;

~BuðxÞ : 5 uðt; x1 hÞ22uðt; xÞ1 uðt; x2 hÞ
h2

:

Thus, we have the following difference boundary value problem approximating

(PC):

inf Jδhðuðt; xÞÞ : 5
X

t50;...;12δ

x50;...;12h

δhgðuðt; xÞ; t; xÞ

ðPAÞ subject to ~AuðxÞ2 ~BuðxÞAFðuðt; xÞ; t; xÞ; ðt; xÞAωδh;
uð0; xÞ5ϕ0ðxÞ; uðδ; xÞ2 uð0; xÞ5 δϕ1ðxÞ; x5 h; 2h; . . . ; 12 h;
uðt; 0Þ5α0ðtÞ; uðt; 1Þ5α1ðtÞ; t5 δ; 2δ; . . . ; 12 δ:

First, for simplicity assume that (PA) is a discrete-approximation for problem

(PC), where R5 (0,1)3 (0,1), so that ωδh 5 fðt; xÞ : t5 0; δ; . . . ; 1; x5 0; h; . . . ; 1;
ðt; xÞ 6¼ ð0; 0Þ; ð0; 1Þ; ð1; 0Þ; ð1; 1Þg: In order to reduce the problem (PA) to a problem

of the form (PD), we introduce the multivalued mapping Q(�,t,x) : ℝ4n-P(ℝn),

defined as

Qðu1; u2; u3; u4; t; xÞ : 5 2ð12 θÞu3 2 u1 1 θðu4 1 u2Þ1 δ2Fðu3; t; xÞ; θ5
δ2

h2
:

ð6:245Þ

Then the problem (PA) can be formulated as follows:

inf JδhðuðU; UÞÞ; ð6:246Þ

subject to uðt1δ;xÞAQðuðt2δ;xÞ;uðt;x2hÞ;uðt;xÞ;uðt;x1hÞ; t;xÞ; ðt;xÞAωδh;

ð6:247Þ
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uð0;xÞ5ϕ0ðxÞ; uðδ;xÞ5ϕ0ðxÞ1δϕ1ðxÞ; x5h;2h; . . . ;12h;

uðt;0Þ5α0ðtÞ; uðt;1Þ5α1ðtÞ; t5δ;2δ; . . . ;12δ:

Applying Theorem 6.55, we see that for the optimality of f ~uðt; xÞg; ðt; xÞAωδh in

the problem in Eqs. (6.246) and (6.247), it is necessary that there exist vectors

fu�ðt; xÞg; fψ�ðt; xÞg; fξ�ðt; xÞg; fη�ðt; xÞg and a number λ5λδhA{0,1}, not all zero,

such that

ðψ�ðt; xÞ; ξ�ðt; xÞ; u�ðt2 δ; xÞ; η�ðt; xÞÞ
AQ�ðu�ðt; xÞ; ð ~uðt2 δ; xÞ; ~uðt; x2 hÞ; ~uðt; xÞ; ~uðt; x1 hÞ; ~uðt1 δ; xÞ; t; xÞ

1 f0g3 f0g3 fψ�ðt1 δ; xÞ1 ξ�ðt; x1 hÞ1 η�ðt; x2 hÞ2λ@gð ~uðt; xÞ; t; xÞg3 f0g;
ψ�ð1; xÞ5 0; 2u�ð12 δ; xÞAλh@g0ð ~uð1; xÞ; 1; xÞ; x5 h; . . . ; 12 h;

η�ðt; 0Þ5 0; ξ�ðt; 1Þ5 0; t5 δ; . . . ; 12 δ:
ð6:248Þ

Now we must express the LAM Q� in terms of F�.

Theorem 6.57. Let the cone of tangent directions Kgph Q( � ,t,x)(u1,u2, u3,u4,v), (u1,
u2, u3,u4,v)Agph Q( � ,t,x) be a local tent. Then

Kgph Qð:;t;xÞ u3;
v1 u1 2 θðu2 1 u4Þ22ð12 θÞu3

δ2

� �

is a local tent to gph F ( � ,t,x) and the following inclusions are equivalent:

a. ðu1; u2; u3; u4ÞAKgph Qð:;t;xÞðu1; u2; u3; u4; vÞ;
b. u3;

v1 u1 2 θðu2 1 u4Þ22ð12 θÞu3
δ2

� �
AKgph Fð:;t;xÞ u3;

v1 u1 2 θðu2 1 u4Þ22ð12 θÞu3
δ2

� �
:

& The proof is similar to the one for Theorem 6.31.’

The next step for the optimization of the discrete-approximation problem in

Eqs. (6.246) and (6.247) is an equivalence result for LAM.

Theorem 6.58. Let the cones of tangent directions Kgph Q( � ,t,x)(u1,u2, u3,u4,v) be
locally tent. Then the following inclusions are equivalent under the conditions that

v� 1 u�1 5 0; u�2 5 u�4 5 θψ� :

a. ðu�1; u�2; u�3; u�4ÞAQ�ðv�; ðu1; u2; u3; u4; vÞ; t; xÞ;
b.

u�
3
22ð12 θÞψ�

δ2
AF� v�; u3;

v1 u1 2 θðu2 1 u4Þ22ð12 θÞu3
δ2

� �
; t; x

� �
:

& With the use of Theorem 6.57, the proof is elementary (see also Theorem

6.32).’
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Remark 6.23. For the convex problem (PD), the results of Theorem 6.58 can be

obtained by a direct calculation of the subdifferential @uHF(u,v
�,t,x), u5 (u1,u2, u3,

u4) and expressing it via LAM of multivalued mapping F.

Consequently, by the equivalence in Theorem 6.58, the condition in Eq. (6.248)

has the form

u�ðt2 δ; xÞ2ψ�ðt1 δ; xÞ2 ξ�ðt; x1 hÞ2 η�ðt; x2 hÞ22ð12 θÞu�ðt; xÞ
δ2

AF�ðu�ðt; xÞ; ð ~uðt; xÞ; ~A ~uðt; xÞ2 ~B ~uðt; xÞÞ; t; xÞ2λ @gð ~uðt; xÞ; t; xÞ; ð6:249Þ

u�ðt; xÞ52ψ�ðt; xÞ; ξ�ðt; xÞ5 η�ðt; xÞ5 θu�ðt; xÞ
θ5

δ2

h2
; t5 δ; 2δ; . . . ; 12 δ; x5 h; 2h; . . . ; 12 h: ð6:250Þ

Clearly, by using Eq. (6.250), the left-hand side of the inclusion in Eq. (6.249)

can be written as

1

δ2
u�ðt2δ;xÞ1u�ðt1δ;xÞ2θðu�ðt;x1hÞ1u�ðt;x2hÞÞ22ð12θÞu�ðt;xÞ½ �

5
u�ðt1δ;xÞ22u�ðt;xÞ1u�ðt2δ;xÞ

δ2
1

u�ðt;x1hÞ22u�ðt;xÞ1u�ðt;x2hÞ
h2

:

ð6:251Þ

Moreover, from the boundary conditions in Eqs. (6.248) and (6.250), we have

u�ðt;0Þ50; u�ðt;1Þ50; t5δ; . . . ;12 δ; u�ð1;x2Þ50; x5h;2h; . . . ;12h

2u�ð12δ;xÞAλh@g0ð ~uð1;xÞ;1; xÞ: ð6:252Þ

Then denoting u�(t,x)/μ, ψ�(t,x)/μ, ξ�(t,x)/μ, η�(t,x)/μ (μ5 h/δ) by u�(t,x), ψ�(t,
x), ξ�(t,x), η�(t,x), respectively, and taking into account the relations in

Eqs. (6.249), (6.251), and (6.252), we have proved the following result.

Theorem 6.59. Let g(�,t,x) be a convex proper function and continuous at the

points on some feasible solution fu0ðt; xÞg; ðt; xÞAωδh: Then for the optimality of the

solution f ~uðt; xÞg in the convex problem (PA), it is necessary that there exist a num-

ber λ5λδhA{0,1} and grid functions fu�ðt; xÞg; ðt; xÞAωδh; not all equal to zero,

such that

i. ~Au�ðt; xÞ2 ~Bu�ðt; xÞAF�ðu�ðt; xÞ; ð ~uðt; xÞ; ~A ~uðt; xÞ2 ~B ~uðt; xÞÞ; t; xÞ2λ @gð ~uðt; xÞ; t; xÞ;
ii. u�ðt; 0Þ5 u�ðt; 1Þ5 0; t5 δ; . . . ; 12 δ;

u�ð1; xÞ5 0;
u�ð1; xÞ2 u�ð12 δ; xÞ

δ
Aλ@g0ð ~uð1; xÞ; 1; xÞ; x5 h; . . . 12 h:
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In addition, if the condition in Hypothesis H2 is satisfied, then these conditions

are also sufficient for the optimality of f ~uðt; xÞg; ðt; xÞAωδh:

Remark 6.24. Conditions (i) and (ii) of Theorem 6.59 are necessary for optimality

in the nonconvex case of the problem (PA) under Hypothesis H1.

3 Sufficient Conditions for Optimality for Differential Inclusions of
Hyperbolic Type

Applying the results of Subsection 2, we next formulate a sufficient condition for

optimality for a first boundary value problem of hyperbolic differential inclusions

(PC). Thus, by passing to the formal limit in conditions (i) and (ii) of Theorem 6.59

as δ,h-0 and setting λ5 1, we have

a. &u�ðt; xÞAF�ðu�ðt; xÞ; ð ~uðt; xÞ;& ~uðt; xÞÞ; t; xÞ2 @gð ~uðt; xÞ; t; xÞ ðt; xÞAR;
b. u�ð1; xÞ5 0; u�t ð1; xÞA@g0ð ~uð1; xÞ; 1; xÞ;
c. u�(t,0)5 0, u�(t,1)5 0.

Furthermore, we formulate the following condition, ensuring that the LAM F�

( � , � ,t,x) is nonempty for every fixed (t,x)AR (Theorem 2.1):
d. & ~uðt; xÞAFð ~uðt; xÞ; u�ðt; xÞ; t; xÞ:

Theorem 6.60. Let the functions g and g0 be continuous and convex with respect

to u and F(�,t,x) be a convex mapping for all fixed (t,x). Then for the optimality of

a solution ~uðU;UÞ in first boundary value problem for hyperbolic differential inclu-

sions (PC), it is sufficient that there exists a classical solution u�(�,�) such that

conditions (a) and (d) hold.

& By Theorem 2.1, F�(v�,(u,v),t,x)5 @uHF(u,v
�,t,x), vAF(u;v�,t,x). Then applying

Theorem 1.28 (Moreau�Rockafellar) from condition (a), we obtain

&u�ðt; xÞA@u½HFð ~uðt; xÞ; u�ðt; xÞ; t; xÞ2 gð ~uðt; xÞ; t; xÞ�; ðt; xÞAR:

Then

HFðuðt; xÞ; u�ðt; xÞ; t; xÞ2HFð ~uðt; xÞ; u�ðt; xÞ; t; xÞ
2gðuðt; xÞ; t; xÞ1 gð ~uðt; xÞ; t; xÞ# h&u�ðt; xÞ; uðt; xÞ2 ~uðt; xÞi:

In view of condition (d) of Theorem 6.60, we derive that

ðð
R

½gðuðt; xÞ; t; xÞ2 gð ~uðt; xÞ; t; xÞ�dx dt2
ðð
R

&ðuðt; xÞ2 ~uðt; xÞÞ; u�ðt; xÞ� �
dx dt

1

ðð
R

uðt; xÞ2 ~uðt; xÞ;&u�ðt; xÞ� �
dx dt$ 0: ð6:253Þ
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Since uðt; xÞ; ~uðt; xÞ are feasible solutions (see Eq. (6.234)) and by condition (b),

u�(1,x)5 0 it is easy to see that

ðð
R

uðt;xÞ2 ~uðt;xÞ;@
2u�ðt;xÞ
@t2

* +
dtdx2

ðð
R

@2ðuðt;xÞ2 ~uðt;xÞÞ
@t2

;u�ðt;xÞ
* +

dtdx

5

ðð
R

@

@t
uðt;xÞ2 ~uðt;xÞ;@u

�ðt;xÞ
@t

* +
dtdx2

ðð
R

@ðuðt;xÞ2 ~uðt;xÞÞ
@t

;
@u�ðt;xÞ

@t

* +
dtdx

2

ðð
R

@

@t

@ðuðt;xÞ2 ~uðt;xÞÞ
@t

;u�ðt;xÞ
* +

dtdx1

ðð
R

@ðuðt;xÞ2 ~uðt;xÞÞ
@t

;
@u�ðt;xÞ

@t

* +
dtdx

5

ðð
R

@

@t
uðt;xÞ2 ~uðt;xÞ;@u

�ðt;xÞ
@t

* +
dtdx2

ðð
R

@

@t

@ðuðt;xÞ2 ~uðt;xÞÞ
@t

;u�ðt;xÞ
* +

dtdx

5

ð1
0

½huð1;xÞ2 ~uð1;xÞ;u�t ð1;xÞi2huð0;xÞ2 ~uð0;xÞ;u�t ð0;xÞi�dx

2

ð1
0

½hutð1;xÞ2 ~utð1;xÞ;u�ð1;xÞi2hutð0;xÞ2 ~utð0;xÞ;u�ð0;xÞi�dx

5

ð1
0

huð1;xÞ2 ~uð1;xÞ;u�t ð1;xÞidx: ð6:254Þ

By virtue of u�(t,0)5 u�(t,1)5 0 and the boundary conditions in Eq. (6.234), by

analogy it can be proved thatðð
R

@2ðuðt;xÞ2 ~uðt;xÞÞ
@t2

;u�ðt;xÞ
� �

dtdx2

ðð
R

uðt;xÞ2 ~uðt;xÞ; @
2u�ðt;xÞ
@t2

� �
dtdx50:

ð6:255Þ

For convenience, in the next calculations, let us denote the difference of the sec-

ond and third integrals in Eq. (6.253) by Ω. Then summing Eqs. (6.254) and

(6.255), we have

Ω5

ð1
0

huð1; xÞ2 ~uð1; xÞ; u�t ð1; xÞidx

and Eq. (6.253) yieldsðð
R

½gðuðt; xÞ; t; xÞ2 gð ~uðt; xÞ; t; xÞdt dx1Ω$ 0: ð6:256Þ
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On the other hand, condition (b) implies that

g0ðuðt; xÞ; xÞ2 g0ð ~uðt; xÞ; xÞ$ hu�t ð1; xÞ; uð1; xÞ2 ~uð1; xÞi:

By integrating this inequality over the interval [0,1], we have

ð1
0

½g0ðuðt; xÞ; xÞ2 g0ð ~uðt; xÞ; xÞ�dx$Ω: ð6:257Þ

Consequently, adding Eqs. (6.256) and (6.257), we have that for any feasible

solution u( � , � ), Jðuðt; xÞÞ$ Jð ~uðt; xÞÞ; i.e., ~uðU;UÞ is an optimal solution.’

Corollary 6.5. Let the conditions of Theorem 6.60 be satisfied and let F(�,t,x) be a
closed mapping. Then conditions (a) and (d) of Theorem 6.60 can be rewritten as

follows:

i. &u�ðt; xÞA@uHFð ~uðt; xÞ; u�ðt; xÞ; t; xÞ2 @gð ~uðt; xÞ; t; xÞ;
ii. & ~uðt; xÞA@v�HFð ~uðt; xÞ; u�ðt; xÞ; t; xÞ:

Thus, conditions (i) and (ii) are equivalent to conditions (a) and (d) of Theorem

6.60.

Theorem 6.61. Let us consider the nonconvex problem (PC). Then for optimality

of ~uðU;UÞ in this nonconvex problem, it is sufficient that there is a classical solution

u�(�, �) satisfying the following conditions:

i. &u�ðt; xÞ1 u�ðt; xÞAF�ðu�ðt; xÞ; ð ~uðt; xÞ;& ~uðt; xÞÞ; t; xÞ;
ii. gðuðt; xÞ; t; xÞ2 gð ~uðt; xÞ; t; xÞ$ hu�ðt; xÞ; uðt; xÞ2 ~uðt; xÞi for all u,
iii. hu�ðt; xÞ;& ~uðt; xÞi5HFð ~uðt; xÞ; u�ðt; xÞ; t; xÞ;
where the LAM F�( � , � ,t,x) is given by the Hamiltonian function HF.

& By virtue of the LAM defined by a Hamiltonian function, it follows from condi-

tion (i) that for all feasible solution u(�,�), we have

HFðuðt; xÞ; u�ðt; xÞ; t; xÞ2HFð ~uðt; xÞ; u�ðt; xÞ; t; xÞ
# h&u�ðt; xÞ1 u�ðt; xÞ; uðt; xÞ2 ~uðt; xÞi; ðt; xÞAR;

which by condition (iii) implies that

h&ðuðt; xÞ2 ~uðt; xÞÞ; u�ðt; xÞi# h&u�ðt; xÞ1 u�ðt; xÞ; uðt; xÞ2 ~uðt; xÞi: ð6:258Þ

Thus, for any feasible solution u(�,�), from condition (ii) of theorem and the

inequality in Eq. (6.258), it easily can be seen that

gðuðt; xÞ; t; xÞ2 gð ~uðt; xÞ; t; xÞ2 h&ðuðt; xÞ2 ~uðt; xÞÞ; u�ðt; xÞi
1 huðxÞ2 ~uðxÞ;Δu�ðxÞi$ 0; ðt; xÞAR:
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Now, by integrating this inequality over R, we see that the obtained inequality

has the form in Eq. (6.253). Then in view of Eq. (6.253), it is easy to show (see

Theorem 6.60) that ~uðU;UÞ is optimal.’

Now we consider the example

inf JðuðU;UÞÞ5
ðð
R

gðuðt; xÞ; t; xÞdx dt1
ð1
0

g0ðuð1; xÞ; xÞdx ð6:259Þ

subject to &uðt; xÞ5Auðt; xÞ1Bwðt; xÞ; wðt; xÞAV ;

where A is an n3 n matrix, B is a rectangular n3 r matrix, VCℝr is a closed con-

vex set, and g is a continuously differentiable function on (t,x). It is required to

find a controlling parameter w(t,x)AV such that the feasible solution corresponding

to it minimizes J(u( � , � )).
By using the formula of LAM calculated for the problem in Eq. (6.176) and

Theorem 6.60, we have

&u�ðt; xÞ5A�u�ðt; xÞ2 g0ð ~uðt; xÞ; t; xÞ; ðt; xÞAR

u�ðt; xÞ5 0; u�t ð0; xÞ5 g00ðuð1; xÞ; xÞ; u�ðt; 0Þ5 0; u�ðt; 1Þ5 0 ð6:260Þ

hB ~uðt; xÞ; u�ðt; xÞi5 sup
wAV

hBu; u�ðt; xÞi:

Thus, the feasible solution ~uðU;UÞ corresponding to the control ~wðU;UÞ minimizes

J(u(�,�)) in the problem in Eq. (6.259) if there exists a classical solution u�(�,�)
satisfying the conditions in Eq. (6.260).

4 Multidimensional Optimal Control Problems for Hyperbolic
Differential Inclusions

In this section, we study the problem (PM) defined with elliptic operator L.

Theorem 6.62. Let g and g0 be continuous functions and convex with respect to u.

Moreover, let F(�,t,x) be a convex closed mapping for every fixed (t,x)AD. Then a

solution ~uðU;UÞ minimizes the functional J(u(�,�)) in the problem (PM) if there exists

a classical solution u�(�,�) of the following boundary value problem:

i. @2u�ðt;xÞ
@t2 2 L�u�ðt; xÞAF�ðu�ðt; xÞ; ~uðt; xÞ; L ~uðt; xÞ; t; xÞ2 @gð ~uðt; xÞ; t; xÞ;

ii. u�ð1; xÞ5 0; u�t ð1; xÞA@g0ð ~uð1; xÞ; xÞ; xAG

u�ðt; xÞ5 0; ðt; xÞAB;

iii. @2 ~uðt;xÞ
@t2 2 L ~uðt; xÞAFð ~uðt; xÞ; u�ðt; xÞ; t; xÞ; ðt; xÞAD;

where L� is the operator adjoint to L.
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& Analogously for Theorem 6.60, condition (i) implies that

HFðuðt; xÞ; u�ðt; xÞ; t; xÞ2HFð ~uðt; xÞ; u�ðt; xÞ; t; xÞ# gðuðt; xÞ; t; xÞ2 gð ~uðt; xÞ; t; xÞ
1 uttðt; xÞ2 L�u�ðt; xÞðuðt; xÞ2 ~uðt; xÞÞ:

Since by condition (ii)

HFð ~uðt; xÞ; u�ðt; xÞ; t; xÞ5 u�ðt; xÞðuttðt; xÞ2 L ~uðt; xÞÞ;

we have

ð1
0

ð
G

½gðuðt; xÞ; t; xÞ2 gð ~uðt; xÞ; t; xÞ�dx dt$
ð1
0

ð
G

u�ðt; xÞ½uttðt; xÞ2 ~uttðt; xÞ

2 Lðuðt; xÞ2 ~uðt; xÞÞ�dx dt2
ð1
0

ð
G

½u�ttðt; xÞ2 L�u�ðt; xÞ�ðuðt; xÞ2 ~uðt; xÞÞdx dt:

ð6:261Þ

According to Eq. (6.254), we find that

ð1
0

ð
G

u�ðt; xÞðuttðt; xÞ2 ~uttðt; xÞÞdx dt2
ð1
0

ð
G

u�ttðt; xÞðuðt; xÞ2 ~uðt; xÞÞdx dt

5

ð
G

ð1
0

½u�ðt; xÞðuttðt; xÞ2 ~uttðt; xÞÞ2 u�ttðt; xÞðuðt; xÞ2 ~uðt; xÞÞ�dt
8<
:

9=
;dx

52

ð
G

u�t ð1; xÞðuð1; xÞ2 ~uð1; xÞÞdx: ð6:262Þ

Further, using the boundary conditions, we deduce from Green’s formula that in

the multidimensional case

ð
G

½ðuðt; xÞ2 ~uðt; xÞÞL�u�ðt; xÞ2 u�ðt; xÞLðuðt; xÞ2 ~uðt; xÞÞ�dx5 0: ð6:263Þ

Thus, because of the conditions in Eqs. (6.261)�(6.263), we derive

ð1
0

ð
G

½gðuðt;xÞ; t;xÞ2gð ~uðt;xÞ; t;xÞ�dx dt$2

ð
G

u�t ð1;xÞðuð1;xÞ2 ~uð1;xÞÞdx: ð6:264Þ
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On the other hand, by integrating the inequality following from condition (ii),

we haveð
G

½g0ðuð1; xÞ; xÞ2 g0ð ~uð1; xÞ; xÞ�dx$ 2

ð
G

u�t ð1; xÞðuð1; xÞ2 ~uð1; xÞÞdx: ð6:265Þ

Thus, adding the inequalities in Eqs. (6.264) and (6.265), we conclude that for

all feasible u(�,�), Jðuðt; xÞÞ$ Jð ~uðt; xÞÞ; i.e., ~uðt; xÞ is optimal.’

Remark 6.25. In addition to the assumptions in Theorem 6.62, suppose that F(�,t,x)
is a closed mapping. Then conditions (i)�(iii) can be rewritten as follows (see

Corollary 6.5).

i. u�vtt ðt; xÞ2 L�u�ðt; xÞA@uMð ~uðt; xÞ; u�ðt; xÞ; t; xÞ2 @gð ~uðt; xÞ; t; xÞ;
ii. ~uvttðt; xÞ2 L ~uðt; xÞA@v�Mð ~uðt; xÞ; u�ðt; xÞ; t; xÞ:

Replacing the operator (@2/@x2) with an elliptic operator L and extending the

proof of Theorem 6.61 to the problem (PM) for a nonconvex case, it is not hard to

get Theorem 6.63.

Theorem 6.63. Let ~uðU;UÞ be some feasible solution of the nonconvex

problem (PM) and suppose u�(�,�) is a classical solution satisfying the following

conditions:

i.
@2u�ðt; xÞ

@t2
2 L�u�ðt; xÞ1 u�ðt; xÞAF�ðu�ðt; xÞ; ð ~uðt; xÞ; L ~uðt; xÞÞ; t; xÞ;

u�ð1; xÞ5 0; u�t ð1; xÞA@g0ð ~uð1; xÞ; xÞ; xAG;

ii. ~uttðt; xÞ2L ~uðt; xÞ5HFð ~uðt; xÞ; u�ðt; xÞ; t; xÞ; u�ðt; xÞ5 0; ðt; xÞAB;
iii. gðu; t; xÞ2 gð ~uðt; xÞ; t; xÞ$ u�ðt; xÞðu2 ~uðt; xÞÞ for all u,
where the LAM F�( � , � ,t,x) is given by Hamiltonian function. Then ~uðU;UÞ is

optimal.

Suppose now that we have the problem (PM) with homogeneous boundary con-

ditions and let H1(D) be the Hilbert space consisting of the elements u(�,�)AL2(D)

having square-integrable generalized derivatives on D, where the inner product and

norm are defined as in Remark 6.22.

By analogy with the classical theory of the Dirichlet problem for an elliptic

equation [164], we call a function u(�,�)AH(D) a generalized solution of our prob-

lem if it satisfies the integral identity

ð1
0

ð
G

ð2utηt 1 aijuxiηxj 1 biuxiη1 cuηÞdx dt2
ð
G

ϕ1ηð0; xÞdx5
ð1
0

ð
G

gη dx dt

for all ηðU;UÞAH13ðDÞ (for a more detailed study see, for example, Refs. [131,

178]). Here, g5 g(u,t,x) is an arbitrary measurable selection of the multivalued

mapping F.
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5 Duality in Problems for Hyperbolic Differential Inclusions

As in the previous sections, we can establish the duality problems for primary pro-

blems (PC) and (PM). Construction of (PM), the dual problem for (PC), is based on

duality for discrete-approximation problem and infimal convolution of convex

functions, where ϕ1(x)� 0, α0(t)� 0, α1(t)� 0. In the considered case,

J�ðu�ðt; xÞ; p�ðt; xÞÞ5
ðð
R

½MFð&u�ðt; xÞ2 p�ðt; xÞ; u�ðt; xÞÞ2 g�ðp�ðt; xÞ; t; xÞ�dt dx

2

ð1
0

½g�0ð2 u�t ð1; xÞ; xÞ2 u�ð0; xÞ;ϕ0ðxÞ� ��dx;
where u�(�,�)AC2(R), p�(�,�)AC(R). The following maximization problem under the

indicated constraints of feasible solutions is just the desired dual problem:

ðPCDÞ sup
u�ðt;xÞ;p�ðt;xÞ;ðt;xÞAR;

u�ðt;0Þ5 0;u�ðt;1Þ5 0:

J�ðu�ðt; xÞ; p�ðt; xÞÞ:

The dual problem for hyperbolic multidimensional problem (PM) (ϕ1(x)� 0,

xAG; α0(t,x)� 0, α1(t,x)� 0,(t,x)AB) is defined similarly, where

ðPMDÞ sup
u�ðt;xÞ;p�ðt;xÞ;
u�ðt;xÞ5 0;ðt;xÞAB;u�ð1;xÞ5 0

J�ðu�ðt; xÞ; p�ðt; xÞÞ

and

J�ðu�ðt; xÞ; p�ðt; xÞÞ5
ð1
0

ð
G

½MFðu�ttðt; xÞ2 L�u�ðt; xÞ2 p�ðt; xÞ; u�ðt; xÞÞ

2g�ðp�ðt; xÞ; t; xÞ�dt dx2
ð
G

½g�0ð2u�t ð1; xÞ; xÞ2 hu�ð0; xÞ;ϕ0ðxÞi�dx:

Here u� and p� are classical solutions; u�(�,�)AC2(D),p�(�,�)AC(D).

The duality theorems for problems (PCD) and (PMD) are true in the same formu-

lations of the preceding sections.

Remark 6.26. Notice that results analogous to those that we have seen in Chapters

4�6 for different discrete and differential inclusions may be stated in the vector-

optimization form with many cost functionals. To do this, it is necessary to intro-

duce the notion of a weakly efficient solution for multicriteria optimization in more
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general form. Let f5 (f1, . . ., fm) be a convex vector-function defined on ℝn; i.e.,

f : ℝn-ℝm. We call x0 a weakly efficient solution of PM, the minimization problem

of f over ℝn, if there are no xAℝn such that f(x). f(x0) [74,193]. Let f be continu-

ous at some point x1 and M 5 μ5 ðμ1; . . . ;μmÞ :
Pm

i5 1 μi 5 1;μi $ 0
� �

:

Lemma 6.4. In order for x0 to be a weakly efficient solution, it is necessary and

sufficient that there exists μAM such that 0A
Pm

i5 1 μi@fiðx0Þ:
& By Hurwitz’s theorem [74,193] for the weak efficiency of x0Aℝn, it is necessary

and sufficient that there is a vector μAM for which

hμ; f ðx0Þi5minhμ; f ðxÞi:

It follows that hμ, f(x)2 f(x0)i$ 0 or ϕ(x)2ϕ(x0)$ 0, where ϕðxÞ5Pm
i5 1 μifiðxÞ: Thus, 0A@ϕ(x0). It remains to observe that since the condition of PM

(Theorem 1.29, Moreau�Rockafellar) is satisfied, @ϕðx0Þ5
Pm

i51 μi@fiðx0Þ:’
The following result is immediate from Theorem 3.1 and Lemma 6.4.

Lemma 6.5. Let QCℝn be a convex set and x1AQ be a point at which f5 (f1, . . .,
fm) is continuous. Then in order for x0AQ to be a weakly efficient solution, it is

necessary and sufficient that there is μAMsuch that

K�
Qðx0Þ \

Xm
i51

μi@fiðx0Þ 6¼ [:

Then in the corresponding convex minimization problems we should use

Lemma 6.5. Therefore, in the adjoint differential inclusions for optimization pro-

blems, where the number of functionals is m; i.e., Ji, i5 1, . . ., m (and conse-

quently, gi, i5 1, . . ., m) the subdifferential @gð ~xÞ is replaced by
Pm

i51 μi@gið ~xÞ:
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Glossary of Notations

Operations and Symbols

’ universal quantifier, “for every”

. sign of implication, “. . . implies . . .”
& proof beginning

’ end of proof

hx,x�i scalar(or inner) product of elements xAX, x
�
AX

�

:� identically equal

:5 equal by definition

8 � 8 Norm

lim inf (lim sup) lower (upper) limit

HODI higher-order differential inclusion

HOADI higher-order adjoint differential inclusion

DSI and DFI discrete and differential inclusions, respectively

A� adjoint (transposed) matrix of A

Δ Laplace’s operator

& difference of second-order partial derivatives with respect to t

and x, respectively

L second-order elliptic operator

Oaij(x)O positively definite matrix

Ls sth order differential expression

L�s sth order adjoint differential expression

yJ(x) vertex defined by the index set JCI5 {1, . . . , m} the number

of which exactly is n.

L� operator adjoint to elliptic operator L.
~A difference operator defined on the three-point modelsP

½0;1�ð0;N0Þ family of solutions to ordinary differential inclusion (CP) with

the initial condition x(0)AN0 defined on [0,1]

S(τ,0,N0) section of family of solutions

div w
�
(x) divergence operation

Spaces

ℝ5 (2N,N) real line

ℝn n-dimensional Euclidean space

ℝm
1 positive orthant of ℝm

‘2 infinity dimensional coordinate-wise Hilbert space



CðGÞ and
C1ðGÞ

spaces of continuous functions and functions having a continuous

derivative in G, respectively

C2(D) space of functions u( � , � ) having second-order continuous

derivatives

C1,2(D) space of functions u, having first- and second-order continuous

derivatives in first and second arguments, respectively

H1(G) Hilbert space consisting of the elements u(x)AL2(G) having

square-integrable generalized derivatives on G

H2,1(D) Hilbert space of functions having generalized derivatives on D

with corresponding inner product

Wn
1;sð½t0; t1�Þ Banach space, endowed with the corresponding norms

W1,1(Q) Sobolev space

Sets

conv M convex hull of a set M

Lin M linear hull for a set M

AffM affine hull of a set M

int M and ri M interior and relative interior of a set M, respectively

M closure of M

01M recession cone of a set M

MO polar of a set M

K
�

dual cone to the cone K

cone M cone generated by M

P(Y) the family of all subsets of Y

K�
gph Fðx; yÞ dual to cone Kgph F(x,y)5 cone(gph F2 z)

KA(x) cone of tangent directions of the set A at a point xAA

D nondegeneracy domain of polytope F(x)

Functions

f : X-Y single-valued mapping from X to Y

rM(x) Minkovski’s (or gauge) function

f1"f2 infimal convolution of convex functions f1, f2
f � conjugate of function f

epi f epigraph of f

dom f domain of f

f0
1 recession function of f

HM( � ) support function of a nonempty set M

conv{fi : iAI} convex hull of the pointwise infimum of the collection I

f closure of f

f 0(x0,p) directional derivative of f at x0 with respect to a vector pAX5ℝn

@f(x0) subdifferential of f at x0
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δA( � ) indicator function of a set A

ρ(A,B) Hausdorff metric between A and B

CUA hðx;xÞ convex upper approximation of f at a point x

HF(x,y
�) Hamiltonian function of F

L(x,y�) Lagrangian of convex programming

Mappings

F : X-P(Y) multivalued (set-valued) mappings from X to Y

F
�

adjoint multivalued mapping (AM) from Y
�
to X

�

F�(y�;z) locally adjoint mapping (LAM) to F at a point zAgph F

gph F graph of F

dom F domain of F

F21:Y-P(X) inverse multivalued mapping to F

F11F2 sum of multivalued mappings of F1,F2

F13F2 cartesian product of multivalued mappings of F1 and F2

F13F0 composition multivalued mapping of F0 and F1

F(x;y�) argmaximum set of F(x) at a given y�

F�(y�,x) adjoint mapping (AM) to F at a point xAdom F
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